


































Aon Sig we 4 M ' 4 » ‘Cle PRCT Ee ATI Toe ey Bre val Jal eI 7 
e oo %4 7 ‘ sae ies s 7 wie rs To Bays eh by Seis Sa SS 
| ve: ; 1 i , : oe eb tin 
"3 vt ran “ > 
Ve es 
5 rer r* t 
owt 
. ‘ 
ja 7 eh 
wad y 3 ; 
’ . rh . * 
i 
dee é 1 ‘ 
: ; ! . My 
pt F ii rae 
‘ pf ’ Had 
, ‘ 1 r ’ ‘5 t ee Mia 
Cora wy - & 1 ‘ Pea Ih ae Sh JS 
‘ ir 7 a f 
¥ ae: .¢ 44 ‘ i : 
‘ 
ey bea . ee ie ei be \ ie vo dies 
Oia . rf , 7 8-S:: ie Pat? 3 bs I oa * | 
mu a4 ao fay 1 el ee ire RA Mid patiea He tee by? Mave) 
” F ft 5 eres bb Ct tae Ligh fe Yelena © poy oy tek 
‘on ad 4 ’ HA ' ; ere ie ere Seis dahon we -4 Rel iF K, 
; v9 Sees 
Wee be 
Ey ae 
< 







4" 
si 
24 SB Phe 
Piha 


i 
fe) 
F) 










5 







do) ane ae 
re ao) M 

Cv eeitf 8 APR BOF 
Pos area 50 













Waa bes 
eye 


“a 
itn 




























ean * uns Pe ahd Lh a ie Sh a ; 
* Pa ak rr a Vs sre was tH BD 
peas ise ay f ry tho Penh ek, ese 4 5 pr We B ’ ait 
ee 4 ry yoo At ree Sey rai a ‘ Lap, ota ie at Pri Fe 
, ; : tid A ae eh Gee MB ek hee 
ye thy ee Ny ‘ ? STI EAL ATE sth ye A de FG hin 
y sre i °?% : 
1 * : ee > 2 
‘ + 
“ , 
i? ‘ md 
+ oh ‘ 
Jae 7 16 * 
bi Pe. + 







ETEK Sip ied 


bic Ak teh Ae jj 













Natta Wate sty ASK 
nS A 

ew iece 

ty Hilt 


By 










4 wa 3 j Pske9 
ise ks 4 gia Oat ae 
pat Of 












ge 


~ 









i 
MN by Fgh ty 
hes is 
yea xe 



























iy eA fi 

Ltn ee Ei ie es SA pees Uy 

stew eh Beta ey joked 
<< Aa a 





Ls 









vie 
i Mis 


ata 
FY non : 









ceni Men eD 
‘Sora ds ae 


A y dy z ei 
ses ark Mev AD 
Dae ee 













Re ee km NOY 

















































































































“ Wor CDA AES Bo beter ( 
¥ a 7 Tk vey , 1, es Laas i Wiis Md ty Ay, asa 
. SPAY Ae pha ook eA a tte i 
i, tad a9 a ih We bi ; 1m 1 py Bat titers iM 
{iy 7 7 . yh ee aod lpia 4 
‘ 7 wit ‘ 4 Fels eas WAAC 
- Ay 1 so. ¥ a be A fh 
aisha ay 1+ 
% 4 ie eT 
Gre 1: to Lich he , 
i: 5 Fel he ihe Ye {ery 4 
r ' * fe t ‘ a pein, 3 
‘ 1 ant it : . Hs 
¥ wpea fia Geta putea { 
4 4 : Tape tit We ee ce Oe 
‘ if hehe VET i yon a, potas 
0 t ih a pete he be wee BRL ee Mas atnes 
A Far 14 t 
as , es 
‘4 ‘i 4 
ai 1 ba 
| at he Ak} 
> ‘ ‘ 
wary na ola 1 ‘ 
f rte ELEN Oe ¢ 
ou eee ; AMIE es espe i 
1+,< 4 ‘ : : Care 
: oh ave \ 
n hes. 
. ray ‘het an \ 
¢ ve ‘ ia bg 
, 4 
syehey ¥ 
Ged aaa 
ar rar Wed % 
* a. ¥ - Pe dent FARE gs : Y Ff 
‘ hak? \ ' Ripert ae ery th i Ms, ds 
a at : Ee 
ray ya ¢ 
: or Lak ef 
- i 
: i 5 ‘ 
> i 
x 7eata + 
44 & 
\ \ 
Y 
. ; ‘* es} 
\ i q g 
Pian 1a 
« " y nae pat ‘ ih 
: wy a 
tet iy ita wee ihe i vas 
* Ris ew het ee ty: hp 
: exe age por: Aye ah Oe 
r read 4A RN Paya Be behe 
DS eet nka SSeS Hd ays 
: me 
‘ i eats 
" ly a 
y apts 
t ‘ 5 4 awn 
' " eee 
* . i Le ery 
4 a 
‘ ‘ \ 
6 ‘ \e mi ene Vie 
fA S aLees 
4 ' Ar hy Seis psnabll yb ik yee 
: * 
' 4m 
: ‘ re 
§ ” NY 
- ob Beals 
x foe Peet +3 
be 4 Ah Ee ae aaa ae ‘: : 
t MTR ity whe P sau ' ‘ 
a »y Va eth 
v's 2 ' Ta tetatitek 
aL So Ah it Hy Woe i 
Rees es Re a 








VATHEMATICS 











volte, 


——“~ 





A COURSE 


OF 


MATHEMATICS, 


_ COMPOSED FOR 


THE USE OF THE ROYAL MILITARY ACADEMY. 


$+ 





BY 


CHARLES HUTTON, LO. Does: 


LATE PROFESSOR OF MATHEMATICS IN THAT INSTITUTION. 


A nef and carefully corrected Lrition, 
ENTIRELY RE-MODELLED, 


AND ADAPTED TO THE COURSE OF INSTRUCTION NOW PURSUED IN THE 
ROYAL MILITARY ACADEMY. 


Baws 





LONDON: 


PRINTED FOR THCMAS TEGG, No. 73, CHEAPSIDE, 


1846. 





we 


4 
re < 
+ t 
7 
“a 
. 
. 
(& 
. 
4 
* 





BRADBURY AND EVANS, PRINTERS, WHITE: 


R - 
> eee 
» >» 
- 
i q 
-_ 7 
. 
‘ de | ’ 
‘ f 
, i * Ne 
, 
“ 
% 
1 
ah ad ; 2% * 
tes Pes 
ie a. 
J ©) if Of 
i oy. a 
rag , a tie 
‘ i 
ow . 








LOWDON:S i 


ste 





me © 
oe ei 


MATHEMATICS 
LIBRARY, 





‘ne various works of Dr. Hutton have ever been held in high 
estimation by a numerous class of instructors, and the intrinsic 
excellence of his Course of Mathematics has been universally 
acknowledged. 

During the lapse of the last twenty or thirty years, the 
achievements in science have been varied and extensive. In 
the higher branches of Mathematics, several elegant and useful 
theoretical researches have added considerably to the previous 
stock of knowledge; while in the elementary branches many 
new and valuable arithmetical processes have been discovered, 
affording additional facilities to the practical computist. Were 
proof of this necessary, we have only to refer to the valuable 
discovery of M. Sturm for the separation of the real and 
imaginary roots of equations of all degrees—a subject on which 
energies of every order have been hitherto unavailingly exerted, 
but which has now yielded to the talents and industry of this 
ingenious and distinguished continental mathematician. Not less 
valuable and important have been the results of the researches 
of our countryman, the late W. G. Horner, of Bath, especially 
his beautiful, simple, and effective process for the evolution of 
the roots of numerical equations; which, combined with the 
theorem of Sturm, furnishes the student with ample means for 
the complete resolution of any numerical equation whatever. 

The Editor of this edition of Hutton’s Course has availed 
himself of these valuable discoveries; and, thinking that a work 
on elementary mathematics would now be considered incom- 
plete without them, he has not scrupled to devote a sheet or 
two of this work to the important subject of Equations. 


iv PREFACE. 


In this edition several alterations have been made, and, it is 
hoped, many improvements have been introduced. The whole 
of the work has been thoroughly revised; every example has 
been recomputed ; and the matter has also been subjected to a 
somewhat different arrangement. The plane, solid, and spheri- 
cal Geometry, and also the Geometry of the Conic Sections, 
have been placed continuously; and the Differential and In- 
tegral Calculus have been made to precede Mechanics. This 
arrangement has enabled the Editor to introduce into Mechanics 
the language of the Calculus, without which little or no progress 
can be made in Dynamics. To enumerate the various changes 
that have been made in the work would be altogether unneces- 
sary. The more prominent of these are—a new rule for the 
extraction of the cube root; new and simple demonstrations of 
the binomial and exponential theorems ; the complete analy- 
tical investigation of several important problems in trigonome- 
trical surveying; the method of least squares; besides many 
other investigations and examples, which, it is hoped, will be 
highly acceptable and useful to the student. 

The subject of Mechanics is now divided into Statics and 
Dynamics ; and several additions have been made to this part 
as well as to the Integral Calculus; though, from the limits of 
the work, the Editor has not been able to introduce so much 
on these interesting and highly useful branches of study as he 
could have desired. 

A new, correct, and improved edition of Hutton’s Course 
has been a desideratum for several years; and while the pre- 
sent edition is intended to supply the deficiency, it has likewise 
been assimilated to the course of instruction now pursued in the 
Royal Military Academy, over which the Author so ably pre- 
sided for many years; and, from the attention bestowed on the 
computations and investigations, and the exercise of a careful 
supervision of the work as it has emanated from the press, the 
Editor trusts that the present edition will be found to be the 
most correct of any extant. 


Royal Miltary Academy, Woolwich, 
November, 1840. 
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MATHEMATICS 


GENERAL PRINCIPLES. 


| 


| 1. Quanrrry, or Macnrrupe, is any thing that will admit of increase or de- 
crease ; or that is capable of any sort of calculation or mensuration : such as, 
umbers, lines, space, time, motion, weight. 

2. Maruemartics is the science which treats of all kinds of quantity whatever, 

' that can be numbered or measured.—That part which treats of numbering, is 
called Arithmetic ; and that which concerns measuring, or figured extension, 
is called Geometry.—These two, which are conversant about multitude and 
magnitude, and are the foundation of all the other parts, are called Pure or 
Abstract Mathematics ; because they investigate and demonstrate the proper- 
ties of abstract numbers and magnitudes of all sorts. And when these two 
parts are applied to particular or practical subjects, they constitute the branches 
or parts called Mizred Mathematics.—Mathematics is also distinguished into 
Speculative and Practical ; viz. Speculative, when it is concerned in discover- 
ing properties and relations; and Practical, when applied to practice and real 
use concerning physical objects. 

3. In Mathematics are several general terms or principles; such as, Defini- 
tions, Axioms, Propositions, Theorems, Problems, Lemmas, Corollaries, Scho- 
liums, &c. 

4. A Definition is the explication of any term or word in a science; showing 
the sense and meaning in which the term is employed.—Every Definition ought 
to be clear, and expressed in words that are common and perfectly well under- 
stood. 

5. A Proposition is domething proposed to be proved, or something required 
to be done; and is accordingly either a Theorem or a Problem. 

6. A Theorem is a demonstrative proposition ; in which some property is 
asserted, and the truth of it required to be proved. ‘Thus, when it is said that, 
The sum of the three angles of any triangle is equal to two right angles, this 
is a Theorem, the truth of which is demonstrated by Geometry.—A set or col- 
lection of such Theorems constitutes a Theory. 

7. A Problem is a proposition or a question requiring something to be done; 
either to investigate some truth or property, or to perform some operation. As, 
to find out the quantity or sum of all the three angles of any triangle, or to 
draw one line perpendicular to another.—A Limited Problem is that which 

i, ; 


Q - GENERAL PRINCIPLES 


has but one answer or solution. An Unlimited Problem is that which has in- 
numerable answers. Anda Determinate Problem is that which has a certain — 
number of answers. f 

8. Solution of a problem, is the resolution or answer given to it. A Nume- 
rical or Numeral Solution, is the answer given in numbers. A Geometrical 
Solution, is an answer given by the principles of Geometry. Anda Mechanical 
Solution, is one which is gained by trials. 

9. A Lemma is a preparatory proposition, laid down in order to shorten the 
demonstration of the main proposition which follows it. 

10. A Corollary, or Consectary, is a consequence drawn immediately from 
some proposition or other premises. 

ll. A Scholium isa remark or observation made on some foregoing propo- 
sition or premises. ; 

12. An Axiom, or Maxim, is a self-evident proposition ; requiring no ‘for- 
mal demonstration to prove the truth of it; but is received and assented to as 
soon as mentioned. Such as, The whole of any thing is greater than a part of 
it: or, The whole is equal to all its parts taken together; or, ‘Two quantities 
that are each of them equal to a third quantity, are equal to each other. 

13, A Postulate, or Petition, is something required to be done, which is. so 
easy and evident that no person will hesitate to allow it. 

14, An Hypothesis is a supposition assumed to be true, in order to argue 
from, or to found upon it the reasoning and demonstration of some proposition. 

15. Demonstration is the collecting the several arguments and proofs, and 
laying them together in proper order, to show the truth of the proposition un- 
der consideration. 

16. A Direct, Positive, or Affirmative Demenstration, is that which concludes 
with the direct and certain proof of the proposition in hand.—This kind of De- 
monstration is most satisfactory to the mind; for which reason it is called some- 
times an Ostensive Demonstration. 

17. An Indirect or Negative Demonstration, is that which shows a proposi- 
tion to be true, by proving that some absurdity would necessarily follow if the 
proposition advanced were false. This is also sometimes called Reductio ad- 
Absurdum ; because it shows the absurdity and falsehoed of all suppositions 
contrary to that contained in the proposition. 

18. Method is the art of disposing a train of arguments in a proper etn to 
investigate either the truth or falsity of a proposition, or to demonstrate it to 
others when it has been found out.—This is either Analytical or Synthetical. 

19. Analysis, or the Analytic Method, is the art or mode of finding out the 
truth of a proposition, by first supposing the thing to be done, and then reason- 
ing back step by step till we arrive at some known truth. ‘This is also called the 
Method of Invention, or Resolution ; and is that which is commonly used in 
Algebra. 

20. Synthesis, or the Synthetic Method, is the searching out truth, by first 
laying down some simple and easy principles, and pursuing the consequences 
flowing from them till we arrive at the conclusion.—This is also called the 
Method of Composition ; and is the reverse of the Analytic method, as this 
proceeds from known principles to an unknown conclusion; while the other ~ 
goes in a retrograde order, from the thing sought, considered as if it were true, 
to some known principle or fact. And therefore, when any truth has been 
found out by the Analytic method, it may be demenstrated by a process in the 
contrary order, by Synthesis. 


ARITHMETIC. 


Arirametic is the art or science of numbering ; being that branch of Mathe- 
matics which treats of the nature and properties of numbers.—When it treats 
of whole numbers, it is called Vulgar, or Common Arithmetic; but when of 
broken numbers, or parts of numbers, it is called Fractions. 

Unity, or an Unit, is that by which every thing is called one; being the 
beginning of number. As one man, one ball, one gun. 

Number is either simply one, or a compound of several units. As one man, 


__ three men, ten men. 


An Integer or Whole Number, is some certain precise quantity of units; as 
one, three, ten,— These are so called as distinguished from Fractions, which are 
broken numbers, or parts of numbers; as one-half, two-thirds, or three-fourths. 


NOTATION AND NUMERATION. 


Notation, or NuMERATION, teaches to denote or express any proposed num- 
ber, either by words or characters; or to read and write down any sum or 
number. 

The numbers in Arithmetic are expressed by the following ten digits, or 
Arabic numeral figures, which were introduced into Europe by the Moors about 
eight or nine hundred years since: viz, 1 one, 2 two, 3 three, 4 four, 5 five, 6 
six, 7 seven, 8 eight, 9 nine, 0 cipher or nothing, ‘These characters or figures 
were formerly all called by the general name of Ciphers ; whence it came to 
pass that the art of Arithmetic was then often called Ciphering. Also the first 
nine are called Significant Figures, as distinguished from the cipher, which is 
quite insignificant of itself. 

Beside this value of those figures, they have also another, which depends upon 
the place they stand in when joined together ; as in the following Table 
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Here any figure in the first place, reckoning from right to left, denotes only 
its own simple value; but that in the second place, denotes ten times its simple 
value; and that in the third place, a hundred times its simple value; and so 
on ; the value of any figure, in each successive place, being always ten times its 
former value. 

Thus, in the number 1796, the 6 in the first place denotes only six units, or 
simply six; 9 in the second place signifies nine tens, or ninety; 7 in the third 
place, seven hundred; and the 1 in the fourth place, one thousand; so that the 
whole number is read thus, one thousand seven hundred and ninety-six. 

As to the cipher 0, it stands for nothing of itself, but being joined on the right 
hand side to other figures, it increases their value in the same tenfold proportion : 
thus, 5 signifies only five; but 50 denotes 5 tens, or fifty; and 500 is five hun- 
dred; and so on. 

For the more easily reading of large numbers, they are divided into periods and 
half-periods, each half-period consisting of three figures; the name of the first 
period being units ; of the second, millions ; of the third, millions of millions, or 
bi-millions, contracted to billions; of the fourth, millions of millions of millions, or 
tri-millions, contracted to trillions; and soon. Also the first part of any period 
is so many units of it, and the latter part so many thousands. 

The following Table contains a summary of the whole doctrine: 





Periods. | Quadrill. Trillions; Billions; Millions; Units. 
peri oN Fema mt ee 1 


Half-per, | th, un. th, un. th. un, th. un. th. un. 


IAM RIM OMS R™M RMS RS OO OO 
, Figures, | 123,456; 789,098; 765,432; 101,234; 567,890. 


NumerarTion is the reading of any number in words that is proposed or set 
down in figures, which will be easily done by the help of the following rule, de- 
duced from the foregoing tablets and observations, viz. 

Divide the figures in the proposed number, as in the summary above, into 
periods and half-periods; then begin at the left-hand side, and read the figures 
with the names set to them in the two foregoing tables. 


EXAMPLES. 


Express in words the following numbers ; viz. 


34 15080 13405670 
96 72003 4'7050023 
180 109026 309025600 
304 483500 4723507689 
6134 2500639 274856390000 
9028 7523000 6578600307024 


Notation is the setting down in figures any number proposed in words; 
which is done by setting down the figures instead of the words or names belong- 
ing to them in the summary above; supplying the vacant places with ciphers 
where any words do not occur. 
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EXAMPLES, 


Set down in figures the following numbers : 

Fifty-seven. 

Two hundred and eighty-six. 

Nine thousand, two hundred and ten. 

Twenty-seven thousand, five hundred and ninety-four. 

Six hundred and forty thousand, four hundred and eighty-one. 

Three millions, two hundred and. sixty thousand, one hundred and six. 

Four hundred and eight millions, two hundred and fifty-five thousand, one hun- 
dyed and ninety-two. - 

Twenty-seven thousand and eight millions, ninety-six thousand, two hundred and 
four. 

Two hundred thousand and five hundred and fifty millions, one hundred and 
ten thousand, and sixteen. 

Twenty-one billions, eight hundred and ten millions, sixty-four thousand, one 
hundred and fifty. 


OF THE ROMAN NOTATION. 


Tue Romans, like several other nations, expressed their numbers by certain 
letters of the alphabet. ‘The Romans used only seven numeral letters, being the 
seven following capitals: viz. I for one ; V for five ; X for ten; L for fifty ; C 
for a hundred ; D for five hundred ; M for athousand. 'The other numbers they 
expressed by various repetitions and combinations of these, after the following 
manner : 


Rome 
2— II. As often as any character is repeated, so many 
B=. times is its value repeated. 
4 = IIIT or IV. A less character before a greater diminishes 
fa its value. 
Go VI A less character after a greater increases its 
1 pag ge value, 
a, V ELT. 
o.— LX. 
in — Xs. 
50; = LL. 
100 = C. 
500. = D or I). For every 0 annexed, this becomes ten times 
as many. 
1000 = Mor CI0. For every C and 9, placed one at each end, 
2000 = MM it becomes ten times as much. 
5000 = V or 1990. A bar over any number, increases it 1000 fold. 
6000 = VI 
10000 = X or CCIO9. 
50000 = Lor 1000. 
60000 = LX 
100000 = C or CCCIOND-. 
1000000 = M or CCCCINQON. 
2000000 = MM. 
&e. &e. 
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EXPLANATION OF CERTAIN CHARACTERS, 


THERE are various characters or marks used in Arithmetic and Algebra, to 
denote several of the operations and propositions; the chief of a are as 
follow : 

+ peey plus, or addition. 

. minus, or subtraction. 


AS eee multiplication. 
pan Witiene «5. Civision, 
. ... proportion. 
Soo ts oss <os COUALILY, i 
y ere square root. 
A csette st cube root, &c. 
Thus, 


5 + 3, denotes that 3 is to be added to 5. 

6 — 2, denotes that 2 is to be taken from 6. 

7 X 3, denotes that 7 is to be multiplied by 3. 

8 — 4, denotes that 8 is to be divided by 4. 

2:3:: 4: 6, shows that 2 is to 3 as 4 is to 6. 

6 ++ 4 = 10, shows that the sum of 6 and 4 is equal to 10, 


L 
V/ 3, or 3, denotes the square root of the number 3. 


1 
V 5, or 5°, denotes the cube root of the number 5, 
(*, denotes that the number 7 is to be squared. 

8* denotes that the number 8 is to be cubed. 

&e 


OF ADDITION. 


ADDITION is the collecting or putting of several numbers together, in order to 
find their sum, or the total amount of the whole. This is done as follows : 

Set or place the numbers under each other, so that each figure may stand 
exactly under the figures of the same value; that is, units under units, tens under 
tens, hundreds under hundreds, &c; and draw a line under the lowest number, 
to separate the given numbers from their sum, when it is found._Then add up 
the figures in the column or row of units, and find how many tens are contained 
in their sum.—Set down exactly below, what remains more than those tens, or 
if nothing remains, a cipher, and carry as many ones to the next row as there 
are tens.—Next add up the second row, together with the number carried, in the 
same manner as the first. And thus proceed till the whole is finished, setting 
down the total amount of the last row. 


TO PROVE ADDITION. 


First Method.—Begin at the top, and add together all the rows of numbers 
downwards, in the same manner as they were before added upwards; then if 
the two sums agree, it may be presumed the work is right.—This method of 
proof is only doing the same work twice over, a little varied. 

Second Method.—Draw a line below the uppermost number, and suppose it 
cut off_—Then add aJl the rest of the numbers together in the usual way, and 
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_ set their sum under the number that is to be proved.—Lastly, add this last found 
number and the uppermost line together ; then if their sum be the same as that 
found by the first addition, it may be presumed the work is right.—This method 
of proof is founded on the plain axiom, that “'The whole is equal to all its parts 
taken together,” 

Third Method.—Add the figures in the uppermost line 
together, and find how many nines are contained in their 
sum.—Reject those nines, and set down the remainder 3497 
towards the right hand directly even with the figures in the 6512 
line, as in the next example.—Do the same with each of the — g295 
proposed lines of numbers, setting all these excesses of nines ——— 
in a column on the right hand, as here 5, 5, 6. Then, if the 18304 
excess of 9’s in this sum, found as before, be equal to the 
excess of 9’s in the total sum 18304, the work is right——Thus, the sum of the 
right hand column 5, 5, 6, is 16, the excess of which above 9 is 7. Also the sum 
of the figures in the sum total 18304 is 16, the excess of which above 9 is also 
7, the same as the former.* 


EXAMPLE l. 


oe a, 





Excess of nines 


OTHER EXAMPLES. 














2, 3. 4, 
12345 12345 12345 
67890 67890 876 
98765 9876 9087 
43210 543 56 
12345 Ql 234 
67890 9 1012 

302445 90684 23610 
290100 78339 11265 
302445 90684: 23610 
Ex. 5. Add 3426; 9024; 5106; 8390; 1204 together. Ans, 271590. 


6, Add 509267; 235809; 72910; 8392; 420; 21; and 9 together. 

Ans. 826828 
7. Add2; 19; 817; 4298; 50916; 730205 ; 9120634 together. Ans. 9936891. 
8. How many days are in the twelve calendar months? Ans. 365. 


* This method of proof depends upon a property of the number 9, which, except the number 3, be- 
‘ougs to no other digit whatever; namely, “that any number divided by 9, will leave the same 
remainder as the sum of its figures or digits divided by 9;” whieh may be demonstrated in this manner. 

_Demonstration.—Let there be any number proposed, as 4658. This, separated into its several parts, 
becomes 4000 + 600 + 50+ 8. But 4000 =4 x 1000=4 X (999+ 1) = 4X 999-4. Inlike manner 
600= 6 X 99 +6; and50=5X9+5. Therefore the given number 4653 = 4x999+4+6 X 99 
+64+5X9+548=4xX 9994+6X994+5X94+4464+5+48; and 4658 + 9= (4 X 999 + 6 X 
99+5X9+446+5+45) +9. But 4 xX 999+6 X 99+5 X is evidently divisible by 9, without 
a remainder; therefore if the given number 4658 be divided by 9, it will leave the same remainder as 
44614548 divided by 9. And the same, it is evident, will hold for any other number whatever. 

In Jike manner, the same property may be shown to belong to the number 3; but the preference is 
usually given to the number 9, on account of its being more convenient in practice, 

Now, from the demonstration above given, the reason of the rule itself is evident; for the excess ot 
9’s in two or more numbers being taken separately, and the excess of 9’s taken also out of the sum of 
the former excesses, it is plain that this last excess must be equal to the excess of 9's contained in the 
total sum of all these numbers ; all the parts taken together being equal to the whole-—This rule was 
first given by Dr Wallis in his Arithmetic, published in the year 1657 ’ 
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9. How many days are there from the 15th day of April to the 24th day ot 
November, both days included ? Ans, 224, 

10. An army consisting of 52714 infantry * or foot, 5110 horse, 6250 dragoons, 
3927 light-horse, 928 artillery or gunners, 1410 pioneers, 250 sappers, and 406 | 
miners; what is the whole number of men ? | Ans. 70995. 


OF SUBTRACTION. 


Susrraction teaches to find how much one number exceeds another, called 
their difference or the remainder, by taking the less from the greater. The 
method of doing which is as follows : 

Place the less number under the greater, in the same manner as in Addition, 
that is, units under units, tens under tens, and so on; and draw a line below 
them.—Begin at the right, hand, and take each figure in the lower line or num- 
ber from the figure above it, setting down the remainder below it.—But if the 
figure in the lower line be greater than that above it, first borrow or add 10 to 
the upper one, and then take the lower figure from that sum, setting down the 
remainder, and carrying 1, for what was Porn s a to the next lower figure, with 
which proceed as before, ont so on till the whole is finished. 


TO PROVE SUBTRACTION. 


App the remainder to the less number, or that which is just above it, and if 
the sum be equal to the greater or uppermost number, the work is right.} 


EXAMPLES. 


iif: 
From 5386427 
Take 2164315 


Rem. 3222112 
Proof. 5386427 





2, 
From 5386427 
Take 4258'792 


Rem. 1127635 
Proof. 5386427 


De 
From 1234567 
Take 702973 


Rem. 531594 
Proof. 1234567 
Ans. 157888. 


4, From 5231806 ‘Take 5073918. 

5. From 7020914 Take 2766809. Ans. 4254105 

6. From 8503602 Take 574371. Ans, 7929231. 
7. Sir Isaac Newton was born in the year 1642, and he died in 1727 ; how old 
was he at the time of his decease ? Ans, 85 years. 
8. Homer was born 2573 years ago, and Christ 1840 years ago; then how long 
before Christ was the birth of Homer ? Ans. 733 years. 


* The whole body of foot soldiers is denoted by the word Infantry ; and all those that charge on 
horseback, by the word Cavalry.—Some authors conjecture, that the term infantry is derived from 
a certain Infanta of Spain, who, finding that the army commanded by the king her father had been 
defeated by the Moors, assembled a body of the people together on foot, with which she engaged 
and totally routed the enemy. In honour of this event, and to distinguish the foot soldiers, who 
were not before held in much estimation, they received the name of Infantry, from her own title 
of Infanta. 

+ The reason of this method of proof is evident: for if the difference of two numbers be added 
to the less, it must manifestly make up a sum equal to the greater. 
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9. Noah’s flood happened about the year of the world 1656, and the birth of 
Christ about the year 4000; then how long was the flood before Christ ? 
Ans. 2344 years. 
10. The Arabian or Indian method of notation was first known in England 
about the year 1150; then how long is it since, till this present year 1840 ? 
Ans. 690 years. 
1]. Gunpowder was invented in the year 1330 ; then how long was this before 
the invention of printing, which was in 1441 ? Ans. 111 years. 
12, The mariner’s compass was invented in Europe in the year 1302; then 
how long was that before the discovery of America by Columbus, which happened 
in 1492? Ans. 190 years. 


OF MULTIPLICATION. 


MULTIPLICATION is a compendious method of Addition, teaching how to find 
the amount of any given number when repeated a certain number of times. As 
4: times 6, which is 24. 

The number to be multiplied, or repeated, is called the Multiplicand.—The 
number you multiply by, or number of repetitions, is the Multiplier.—And the 
number found, being the total amount, is called the Product.—Also, both the 
multiplier and multiplicand are, in general, named the Terms or Factors. 

Before proceeding to any operations in this rule, it is necessary to learn off 
very perfectly the following Table of all the products of the first 12 numbers, 
sometimes called the Multiplication Table, or Pythagoras’s Table, from its 
inyentor. 


MULTIPLICATION TABLE. 


oO} Dm] a] OQ] or} S] WwW] % 


——s 
— 


110 | 121] 132 
120 | 132| 144 
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To multiply any Given Number by a Single Figure, or by any Number not 
more than 12. 


* Set the multiplier under the units figure, or right-hand place, of the multi- 
plicand, and draw a line below it.—Then, beginning at the right-hand, multiply 
every figure in this by the multiplier.—Count how many tens there are in the 
product of every single figure, and set down the remainder directly under the 
figure that is multiplied; and if nothing remains, set down a cipher.—Carry as 
many units or-ones, as there are tens counted, to the product of the next figures, 
and proceed in the same manner till the whole is finished, 


EXAMPLE, 
Multiply 9876543210 Multiplicand. 
By ‘sashinetnoednns sesame Multiplier. 
19753086420 Product. 


a ES 


To multiply by a Number consisting of Several Figures. 


+ Set the multiplier below the multiplicand, placing them as in Addition, 
namely, units under units, tens under tens, &c. drawing a line below it —Multi- 
ply the whole of the multiplicand by each figure of the multiplier, as in the last 
article; setting down a line of products for each figure in the multiplier, so as 
that the first figure of each line may stand straight under the figure multiplying 
by.—Add all the lines of products together, in the order as they stand, and their 
sum will be the answer or whole product required. 


- 


TO PROVE MULTIPLICATION. 


THERE are three different ways of proving Multiplication, which are as below: 

_ First Method—Make the multiplicand and multiplier change places, and 

multiply the latter by the former in the same manner as before.. ‘Then if the 
product found in this way be the same as the former, the number is right. 

Second Method.—{ Cast all the 9’s out of the sum of the figures in each of the 





5678 

4 
* The reason of this rule is the same as for the process in Addition, in which ao 8x 4 
1 is carried for every 10, to the next place, gradually as the several products 280 = 10 xX 4 
are produced, one after another, instead of setting them all down below each 2400 = 600 X 4 
other, as in the annexed Example. 20000 = 5000 X 4 








22712 = 5678 X 4 





+ After having found the product of the multiplicand by the 
first figure of the multiplier, as in the former case, the multi- 1234567 the multiplicand. 
plier is supposed to be divided into parts, and the product is 4567 
found for the second figure in the same manner: but as this —— 
figure stands in the place of tens, the product must be 10 times 8641969 





7 times the mult® 


its simple value; and therefore the first figure of this product 7407402 = 60 times ditto. 
must be set in the place of tens; or, which is the same thing 6172835 = 500 times ditto. 
directly under the figure multiplied by. And proceeding in this 4938268 = 4000 times ditto. 
manner separately with all the figures of the multiplier, it is ——-——- — — 


evident that we shall multiply all the parts of the multiplicand 5638267489 — 4567 times ditto. 
by all the parts of the multiplier, or the whoie of the multipli- . 


cand by the whole of the multiplier: therefore these several products being added together, will 


be equal to the whole required product: as in the example annexed. 
{ This method of proof is derived from the peculiar property of the number 9, mentioned in the proof 


of Addition, and the reason for the one may serve for that of the other, Another more ample demon. 
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\ two factors, as in Addition, and set down the remainders. Multiply these two 
' vemainders together, and cast the 9’s out of the product, as also out of the whole 
product or answer of the question, reserving the remainders of these last two, 
which remainders must be equal when the work is right.— Note, It is common 
_to set the four remainders within the four angular spaces of a cross, as in the 
example below. 

‘Third Method.—Multiplication is also very naturally proved by Division ; 
for the product divided by either of the factors, will evidently give the other. 
- But this cannot be practised till the rule of Division is learned. 














EXAMPLES, 

Mult. 3542 or Mult. 6196 
) nye 6196. Proof. by 3542 
! 21252 12392 

31878 24784: 
3542 30980 
21252 18588 
21946232 Product. 21946232 Proof. 
OTHER EXAMPLES. 
Multiply 123456789 by 3. Ans. 370370367. 
Multiply 123456789 by 4. Ans, 493827156. 
Multiply 123456789 by 5. Ans. 617283945. 
Multiply 123456789 by 6. Ans, 740740734. 
Multiply 123456789 by 7. Ans. 864197523. 
Multiply 123456789 by 8. Ans, 987654312. 
Multiply 123456789 by 9. Ans. 111111]101. 
Multiply 123456789 by 11. Ans. 1358024679. 
Multiply 123456789 by 12. Ans. 1481481468. 
Multiply 302914603 by 16. Aus. 4846633648. 
Multiply 273580961 by 23. Ans, 6292362103. 
Multiply 402097316 by 195. Ans. 78408976620. 
Multiply 82164973 by 3027. Ans. 248713373271. 
Multiply 7564900 by 579. Ans. 4380077100. 
Multiply 8496427 by 874359. Ans. 7428927415293. 
Multiply 2760325 — by 37072. Ans. 102330768400. 


ConTRACTIONS IN MULTIPLICATION. 
I. When there are Ciphers in the Factors. 


Ir the ciphers be at the right-hand of the numbers; multiply the other figures 
only, and annex as many ciphers to the right-hand of the product, as are in both 
the factors.—And when the ciphers are in the middle parts of the multiplier ; 
neglect them as before, only taking care to place the first figure of every line of 
products exactly under the figure by which the multiplication is made. 


stration of this rule may be as follows:—Let P and Q denote the number of 9’s in the factors to 
be multiplied, and a and 6 what remain; then 9P + a and 90 + 6 will be the numbers them- 
selves, and their product is (9P X 9Q) + (9P X 0) + (90 X a) + (a X 4); but the first three 
of these products are each a precise number of 9’s, because their factors are so, either one or 
both: these therefore being cast away, there remains only a X 6; andif the 9s be also cast out 
of this, the excess is the excess of 9’s in the total product: but @¢ and 0 ave the excesses in the 
factors themselves, and @ X / is their product; therefore the rule is true. 
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EXAMPLES. 
L. 2, 
Mult. 9001635 Mult. 390720400 
by ... 70100 by ... 406000 
9001635 23443224 
63011445 15628816 
631014613500 Prod. 158632482400000 
3. Multiply 81503600 by 7030. “Ans, 572970308000. 
4, Multiply. 9030100 by 2100. Ans. 18963210000. 
5. Multiply 8057069 by 70050. Ans. 564397683450. 


Il. When the Multiplier is the Product of two or more Numbers in the 
Table ; then 
* Multiply by each of those parts separately, instead of the whole number at 
once. 








EXAMPLES. 
1. Multiply 51307298 by 56, or by 7 times 8. 
51307298 
7 
359151086 
8 
7 2873208688 
2. Multiply 31704592 by 36. . Ans, 1141365312. 
3. Multiply 29753804. by 72. Ans, 2142273888, 
4, Multiply 7128368 by 96. Ans. 684323328. 
5. Multiply 160430800 by 108. Ans. 17326526400. 
6. Multiply 61835720. by 1320. Ans. 81623150400. 
7. There was an army composed of 104 + battalions, each consisting of 500 
men; what was the number of men contained in the whole? Ans, 52000. 


8. A convoy of ammunition } bread, consisting of 250 waggons, and each 
waggon containing 320 loaves, having been intercepted and taken by the enemy ; 
what is the number of loaves lost ? Ans, 80000. 


OF DIVISION. 


Division is a kind of compendious method of Subtraction, teaching to find 
how often one number is contained in another, or may be taken out of it, which 
is the same thing. 


* The reason of this rule is obvious enough; for any number multiplied by the component parts of 
another, must give the same product as if it were multiplied by that number atonce. Thus, in the Ist 
example, 7 times the product of 8 by the given number, makes 56 times the same number, as plainly 
as 7 times 8 makes 56. 

+ A battalion is a body of foot, consisting of 500, or 600, or 700 men, more or less. 

+ The ammunition bread is that which is provided for, and distributed to the soldiers; the usual 
allowance being a loaf of 6 pounds to every soldier, once in 4 days. 


- 
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The number to be divided, is called the Dividend.—The number to divide by, 
s the Divisor—And the number of times the dividend contains the divisor, is 
salled the Quotient.—Sometimes there is a Remainder left, after the ‘division is 
inished. 
_ The usual manner of placing the terms, is, the dividend in the middle, having 
he divisor on the left-hand, and the quotient on the right, each separated by a 
surve line ; as to divide 12 by 4, the quotient is 3, 


Divisor. Dividend. Quotient. 
4) 12 (3 
howing that the number 4 is 3 times contained in 12, or may be three times 
mbtracted out of it, as in the margin. 


* Rule.—Having placed the divisor before the dividend, as 12 
ibove directed, find how often the divisor is contained in as 4 subtr. 
nany figures of the dividend as are just necessary, and place the — 
iumber on the right in the quotient. Multiply the divisor by 8 


his number, and set the product under the figures of the divi- 4 subtr. 
lend before-mentioned.—Subtract this product from that part — 
if the dividend under which it stands, and bring down the next 4, 
gure of the dividend, or more if necessary, to join on the right 4 subtr. 
f the remainder.—Divide this number, so increased, in the ae 
ame manner as before; and so on till all the figures are 0 


‘ought down and used. 


N, B. If it be necessary to bring down more figures than one to any remain- 
‘er, in order to make it as large as the divisor, or larger, a cipher must be set 
n the quotient for every figure so brought down more than one. 


TO PROVE DIVISION. 


+ Mutipty the quotient by the divisor; to this product add the remainder, 
f there be any; then the sum will be equal to the dividend when the work is 
ight. 


* In this way we resolve the dividend into parts, and find by trial how often the divisor is contained 
i each of those parts, one after another, and arranging the several figures of the quotient one after 
nother, into one number. 
_ When there is no remainder to a division the quotient is the whole and perfect answer to the ques- 
on. But when there is a remainder, it goes so much towards another time as it approaches to the 
visor : so, if the remainder be half the divisor, it will go the half of a time more; if the 4th part of 
ie divisor, it will go one-fourth of a time more; and so on. Therefore, to complete the quotient, set 
‘ie remainder at the end of it, above a small line, and the divisor below it, thus forming a fractional 
art of the whole quotient, 


T This method of proof iz plain enough: for since the quotient is the number of times the divi- 


md aa the divisor, the quotient multiplied by the divisor must evidently be equal to the 
vidend, 


| There are also several other methods sometimes used for proving Division, some of the most useful 
‘which are as follow: 

Second Method.—Subtract the remainder from the dividend, and divide what is left by the quotient ; 
_ shall the new quotient from this last division be equal to the former divisor, when the work is 
ght. 

Third Method.—Add together the remainder and all the products of the several quotient figures by 
_1e divisor, according to the order in which they stand in the work.; and the sum will be equal to the 

vidend when the work is right. 
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EXAMPLES. ' 
1. 2, ° 
3) 1234567 (411522 Quot. 37 ) 12345678 (333666 Quot. 
12 mult. 3 : ie 37 
3 1234566 124 9335662 
3 add 1 131 1000998 
&  - 1234567 135 _ rem. 36 
3 Prook 111 12345678 
15 246 Proof. 
15 222 
6 247 
6 222 
for 258 
6 222 
Rem 1 Rem. 36 
3. Divide 73146085 by 4. Ans. 18286521, 
4, Divide 5317986027 by 7. Ans. 7597122894 
5. Divide 570196382 by 12. Ans, 47516365.2, 
6. Divide 74638105 by 37, Ans. 20172463. 
7. Divide 137896254, by 97. Ans, 142161084. 
8. Divide 35821649 by 764. Ans. 46886245, 
9, Divide 72091365 by 5201. Ans. 1386129%.. 
10. Divide 4637064283 by 57606. Ans. 8049611297 
11. Suppose 471 men are formed into ranks of 3 deep, what is the number i: 
each rank ? Ans. 157 


12. A party, at the distance of 378 miles from the head quarters, receivé 
orders to join their corps in 18 days; what number of miles must they marcel 


each day to obey their orders ? Ans, 2]. 
13. The annual revenue of a gentleman being 379601; how much a day is tha 
equivalent to, there being 365 days in the year? ' Ans, 1044, 


CONTRACTIONS IN DIVISION. 


THERE are certain contractions in Division, by which the operation in par- 
ticular cases may be performed in a shorter manner ; as follows: 


I. Division by any Small Number, not greater than 12, may be expeditiously 
performed, by multiplying and subtracting mentally, omitting to set down the 
work, except only the quotient immediately below the dividend. 


EXAMPLES, 
3) 56103961 4) 52019675 5 ) 1370192 
Quot. 187013202 
6 ) 38072940 7) 81390627 ss 8.) 23718620 
9) 43081962 11 ) 57014230 12) 27980318 





Cee 
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. IL, * When Ciphers are annexed to the Divisor ; cut off those ciphers from it, 
and cut off the same number of figures from the right-hand of the dividend 3 
.then divide the remaining figures, as usual. And if there be any thing remain- 
ing after this division, place the figures cut off from the dividend to the right of 
it, and the whole will be the true remainder; otherwise, the figures cut off only 
will be the remainder, 








EXAMPLES, 
1. Divide 3704196 by 20. 2, Divide 31086901 by 7100. 
2,0 ) 370419,6 71,00 ) 310869,01 ( 43782123. 
Quot. 185209 18 ae 
a 268 
| 213 
556 
497 
599 
568 
) 31 
| 3. Divide 7380964 by 23000. Ans, 32029264, 
_ 4, Divide 2304109 by 5800. Ans. 3971398, 


Ill. When the Divisor is the exact Product of two or more of the small Num- 
bers not greater than 12: + Divide by each of those numbers separately, instead 
‘of the whole divisor at once. 

_ N. B.—There are commonly several remainders in working by this rule, one 
‘to each division ; and to find the true or whole remainder, the same as if the 
division had been performed all at once, proceed as follows: Multiply the last 
‘remainder by the preceding divisor, or last but one, and to the product add the pre- 
‘ceding remainder; multiply thissum by the next preceding divisor, and to the pro- 
‘duct add the next preceding remainder ; and so on, till you have gone backward 
through all the divisors and remainders to the first. Asin the example following : 


EXAMPLES, 


| 1. Divide 31046835 by 56, or 7 times 8. 
\ 7) 31046835 6 the last rem. 


It. 7 d. di ri ° 
8) 4435262—1 first rem. mult. 7 preced. divisor 








a 42 
554407—6 second rem. add 1 the Ist rem. 
Ans, 55440748. 43 whole rem. 








oot 


* This method is only to avoid a needless repetition of ciphers, which would happen in the common 
way. And the truth of the principle upon which it is founded, is evident; for, cutting off the same 
iumber of ciphers, or figures, from each, is the same as dividing each of them by 10, or 100, or 1000, &c 
ieccording to thé number of ciphers cut off; and it is evident that as often as the whole divisor is con- 
ained in the whole dividend, so often must any part of the former be contained in alike part of the latter. 

¢ This follows from the 2d contraction in Multiplication, being only the converse of it; for the half 
of the third part of any thing, is evidently the same as the sixth part of the whole ; and so of any other 
‘aumbers.—The reason of the method of finding the whole remainder, from the sayeral particular ones, 
vill best appear from the nature of Vulgar age Thus, in the first example above, the first 
‘emainder being !, when the divisor is 7, makes 4; this must be added to the second remainder 6, 


naking 6! to the divisor 8, or to be divided by 8. But Sa vorn=s 73 and this divided by 8 
| | 
feo: 
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2. Divide 7014596 by 72. Ans. 974248, 
3. Divide 5130652 by 132. Ans, 38868,7,5,. 
4. Divide 83016572 by 240. Ans. 345902,23., 


IV. Common Division may be performed more concisely, by omitting the 
several products, and setting down only the remainders; namely, multiply the 
divisor by the quotient figures as before, and, without setting down the product, 
subtract each figure of it from the dividend, as it is produced ; always remem- 
bering to carry as many to the next figure as were borrowed before. 


EXAMPLES. 
1, Divide 3104679 by 833. 
833 ) 3104679 ( 3727.88. 


6056 
2257 
5919 
88 
2. Divide 79165238 by 238. Ans. 33262713. 
3. Divide 29137062 by 5317. Ans. 54795212, 
4. Divide 62015735 by 7803. ' Ans. 79473224, 


OF REDUCTION. 


Repuction is the changing of numbers from one name or denomination to 
another, without altering their value—This is chiefly concerned in reducing 
money, weights, and measures. 

When the numbers are to be reduced from a higher name to a lower, it is 
called Reduction Descending ; but when, contrariwise, from a lower name to a 
higher, it is Reduction Ascending. 

Before proceeding to the rules and questions of Reduction, it will be proper 


to set down the usual Tables of money, weights, and measures, which are as 
below : 


OF MONEY, WEIGHTS, AND MEASURES. 
TABLES OF MONEY.* 


2 Farthings = 1 Halfpenny 3 q's. d. 
4 Farthings = 1 Penny d. 4 =i Se 
12 Pence = Shilling ys. 48 ° = Wi eee £. 


20 Shillings 1 Pound of 960 


* £ denotes pounds, s shillings and d denotes pence. 
3, denotes 1 farthing, or one quarter of any thing. 
3 denotes a half-penny, or the half of any thing. 
} denotes 3 farthings, or three quarters of any thing. 


The full weight and value of the English gold and silver coin, is as here below. 





GoLp. Value. Weight. Sitver. Value. Weight. 

Spd dwt. gr. s. d. dwt. gr. 

A Guinea 1 ale8 5 93 A Crown 5 0 18 44 

Half-guinea 010 6 2 163 Half-crown2 6 9 27; 

Quarter-guinea 0 5 38 1 8} Shilling 1 0 3 15s; 

Sovereign L200 Pee. Be Sixpence 0 6 1 19y, 
Half-Sov. 010 0 2 13,2. 
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PENCE TABLE, | SHILLINGS TABLE, 
ds $d 8. d. 
20 are Fe <8 ] is 12 
30 7 A 26 2 are 24, 
40 — Be ae 5 — 36 
50 — 4 2 4, — 48 
60 — 5 O as" == 60 
70 — 5 10 6 as 72 
80 — 6 8 7 — 84 
90 an {i 6 8 a 96 
100 — 8 4 9 — 108 
110 _— a 10 — 120 
120 — 12-4 


TROY WEIGHT.* 


STAINS 5... 20.0...-.....0.... Marked pr. or. dwt. 
24 Grains make 1 Pennyweight dwt. pee | OZ. 
20 Pennyweights 1 Ounce 02. 48045 % 20) Lt lb, 


12 Ounces 1 Pound lb. 5760 20 12°=) 
By this weight are weighed Gold, Silver, and Jewels. 


APOTHECARIES’ WEIGHT. 





RRA es puch css ovynvs osha. Marked .. .xvs gr. 

20 Grains make 1 Scruple ws. 8G Or 5 
3 Scruples — 1 Dram sake Ge Ae dr. or 3 
eres eee) Ounce: 5 ace oz. or 3 

Pewanees —- 1 Pound -, -——. ..,.:.. Ib. or Ib. 

gr. SC. 

+t ee 1 dr. 

1 lke A a oz. 

Pa oe 1 Ib. 
eee og OG SS. 1S CS 


The usual value of gold is nearly £4 anounce, or 2d a grain; and that of silver is nearly 5s an ounce. 
Also, any quantity of gold is to the same weight of standard silver, nearly as 15 to 1, or more nearly 
as 15 and 1-14th to 1. 

Pure gould, free from mixture with other metals, usually called fine gold, is of such purity of nature, 
that it will endure the fire without wasting, though it be kept continually melted. But silver, not 
having the purity of gold, will not endure the fire like it: yet fine silver will waste but a very little 

“by being in the fire any moderate time; whereas copper, tin, lead, &c, will not only waste, but may 
be calcined or burnt to a powder. 

Both gold and silver, in their purity, are so very soft and flexible (like new lead, &c.) that they are 
‘not so useful either in coin or otherwise, (except to beat into leaf gold or silver) as when they are 

alloyed, or mixed and hardened with copper or brass. And though most nations differ more or less 
in the quantity of such alloy, as well as in the same place at different times, yet in England the stan- 
dard for gold and silver coin has been for a long time as follows, viz, .That 22 parts of fine gold, and 2 
parts of copper, being melted together, shall be esteemed the true standard for gold coin: And that 11 
ounces and 2 pennyweights of fine silver, and 18 pennyweights of copper, being melted together, is 
esteemed the true standard for silver coin, called Sterling silver, 

* The original of all weights used in England, was a grain or corn of wheat, gathered out of the 
middle of the ear, and being well dried, 32 of them were to make one pennyweight, 20 pennyweights 
“one ounce, and 12 ounces one pound. But in later times, it was thought sufficient to divide the same 
_ pennyweight into 24 equal parts, still called grains, being the least weight now in common use; and 
_frem thence the rest are computed, as in the Tables above, 

B 
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This is the same as Troy weight, only having some different divisions. 
Apothecaries make use of this weight in compounding their medicines; but 
they buy and sell their drugs by Avoirdupois weight. 


AVOIRDUPOIS WEIGHT, 


DBRS © oes cd'ti ny cnepcoce¥secessnedheds fs el ecineik an iene marked dr. 
Pisir | ERINA AE Os. deneee aesitne c make 1 Ounce. @ nee — OZ. 
1G OGRMCOSs c50030s0sscee cess —.. 'T Potthd ¢.ii eee ue Ib. 
25. Peunds *.... 68.5 ies pee — (] Quarter’ \......2..0te.ses — qr. 
A, Quarters-cérr..s..c.esecee — 1 Hundred Weight ...... — cwt. 
20 Hundred Weight ...... — iL Ton .-.tisveseeeeterees — ton 

dr. OZ. 
Léa = ] lb. 
266 = IG2— 1 qr. 
VGC. ase 4A3 em 28...s= 1 cwt. 
28672. = 1792 ==. 113.>— eee 1 ton, 
573440 = 35840 —) 2240 = 80° = oa ee 


By this Weight, are weighed all things of a coarse or drossy nature, as Corn, 
Bread, Butter, Cheese, Flesh, Grocery Wares, and some Liquids; also all 
Metals except Silver and Gold 


oz. dwt. gr. 





Note, that 1 Ib. Avoirdupois = 14 11 153 Troy. 
1 oz. = O 18 ) Gages 
ld — =: .0.....1.45330 
LONG MEASURE, 

3 Barley-corns ......... sence make 1 hGH oy. cos secescsseuae marked In, 
PAMRCHOS oisss co ssh ee den teweedees — 1 Foot....... PS — Ft. 
GOL Mieclavewie ine vakenscaeacee — Yard..3t5 aeseveeees — Yd. 
BOGE rs Waaekscsseece assis uns oe — 1 Fathom .........cses o— > Fth. 

5 Yards andahalf ......... — 1 Pole or Rod ......... — PL 
MDS ENG LPsiaa eves site nd oss Ore pni's — 5,1 Furlong. ...92sseenps — Fu, 

8 Furlongs <..i00....casedues--.) —~ 19) Mile d..) ee ae — Mile. 
PAVILION cures eat teeciete yes nsee — 1 League .........:..... — Lea. 
694 Miles nearly ............ soe. 1 Dopres i... conse — Deg. or® 
In. Ft. 
12. 3 1 Yd. 
864 = Bie 1 Pl. 
iyo 164 = 54 = 1 Fur 
7920 = 660 = 220 = 40 eee Mile. 
63360: “==°*5280 == 1160 "= "9320 SS ae ee 
CLOTH MEASURE. 

2 Inches and a quarter ...... make 1 Nail ..... sadeomen.t ete marked NI. 
A Nails ee ee ieid i eeet > lt Quarter OF Yard .1.. 00s, 
3 Quarters .......-.000. a8 Nigel —  1.Ell Flemish .......0...5.. — EEF 
A Quarters .....ccccccccerccves tou Nard: i2..c0 ab ton osdled We ew co Wee 
5 QAO is eo casero pean ace ss — 1 Ell English ......... ees, ——= HE 


4-Qrs 14Tnch .ovcccccseseseesss, mss 1 EL Scotch gee Seconenes: | stem gail aie 


— 
ie 
; 
. 
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es SQUARE MEASURE. 
144, Square Inches ............ TAO PE. BOOG See eet eases set eres marked Ft. 
geo pguare Feet ............... — 18q. Yard........ Rbhittriy: eee 
804 Square Yards ............ =] Sq: Pole ..80.. Pr ee 8 — Pole. 
MAE OOS <............ — 1 Rood ......0.5......0tbece sees — Rd. 
0 ee BL Are: cae Ricans dee cae — Aer. 
Sq. Inc. Sq. Ft ! 
44 = 1 Sq. Yd. 
1296 == 9% 1 Sq. Pl 
39204 = 2721 = 303 = 1 Rd. 
eee 10090 = “1210 = 40. = 1 Acr. 
Someone = «8649060 = 48402 (160 = 4 = 1 


By this measure, Land, Husbandmen and Gardeners work are measured ; also 
Artificers works, such as Board, Glass, Pavements, Plastering, Wainscotting, 
Tiling, Flooring, and every dimension of length and breadth only. 

When three dimensions are concerned, namely, length, breadth, and depth or 
thickness, it is called cubic or solid measure, which is used to measure Timber, 
Stone, &c. 

The cubic or solid Foot, which is 12 inches in length and breadth and thick- 
ness, contains 1728 cubic or solid inches, and 27 solid feet make one solid yard. 


DRY, OR CORN MEASURE. 


CB fey ke make | Quarto 04.06..2.22065 marked Qt. 
1 Cee. i eee te Ls F ORLIG sculls to's cd oe cain on reno Ot, 
7 ES aes le re LE GANOIT ., nee asa batting 517 
2 Crallons.,....... es sons Seen te LOO ris cates dens gus — Pee 
oS eee pe sel cause ites tee neeey et 
RPEMSIIORS Gov es dee ecssccceress eed (Garter. ys coe dss cee rons As 54 
OE UO, Ch SE a — 1 Weigh or Load ...... — Wey. 
SSIs cut <csvicsvees. «200 (1 Last ...a% be sftb Eide gs — Last. 
Pts. Gal. 
a 1 Pee 
Ioi-= 2 Gn 1 Ba 
64 = a) ice 4 J Qr. 
ee Grea. Sawa } Bence... | Wey. 
pee oe 1604s 40K. 5 = 1 Last. 
err Oat S90, se SO. oe oO os 2 


By this are measured all dry wares, as Corn, Seeds, Roots, Fruits, Salt, Coals, 
Sand, Oysters, &c. 
_ The standard Gallon dry-measure contains 268¢ cubic or solid inches, and the 
‘Corn or Winchester Bushel 21502 cubic inches; for the dimensions of the Win- 
chester bushel, by the Statute, are 8 inches deep, and 18} inches wide or in 
diameter. But the Coal bushe] must be 191 inches in diameter ; and 36 bushels, 
heaped up, make a London chaldron of coals, the weight of which is 3186 Ib. 
Avoirdupois. 


| ALE AND BEER MEASURE. 
EMME outa rOu ee vicigiteces widkerF Quart 228 i5..0 8 ak marked Qt. 
| 0 ae a ah Ee rs meer a> Gall. 
36 Gallons ....... “ile cies oe ——* "IBarrel ...005.. Goce aactas ase woe Bar. 
1 Barrel anda half ...... — 1 Hogshead ......... coeccee th) ast h Hibd. 


B 2 
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2 Barrels .......... Py Adore — 1 Puncheon ..2...disssece eee On 
2 Hogsheads .............. —-; 1 Batt \ ov. sie — Butt. 
BIoMSIELLA sere cets tet cances eee — J] Tan:ias cies eee i ee Dh 
Pts. Qt 
i tee 1 Gal. 
sc Le 1 Bar, 
239°. dd a ee Hhd. 
432. 22/216, = bie Sa Butt. 
864 = 1432. —> 108 ==3 =e 


Note,—TVhe Ale Gallon contains 282 cubic or solid inches, 


WINE MEASURE. 


eh 9 11 PO EE pe make 1 Quart .......0s00 ohh dette marked Qt. 
WB QUDTIS ov... sake cls aente +51 Gallon. ..J 29a as, Gal, 
AZ Gallons 22.5..tecuveste ses —.- L Tierce ss. aa uu. Tier 
63 Gallons or 13 Tier. .... — 1 Hogshead ............... — Hhd. 
By LETCOS 25s fe: acts eek ee ~- 1 Puncheon 4.isi...csieee i Pani 
2 Hogsheads .............. — 1 Pipe or Butt..i2. eee 
2 Pipes istic eased —e© 41 Tan .cclvateee ee ae “Tun: 
Pts. Qts. 
ope I Gal. 
So 4 ie 1 Tier. 2 
BG a be eee ee ae Hhd. 
O08) = 2 202 woe Oe ae eee Pun 
672 = 336 = 8S = 2 = l= 1 Pi. 
1008 +5504 .= 126 = goes. eee Tun 
2016 =. 1008 —_= 252 => 6. 40°93 32 


Note.—By this are measured all Wines, Spirits, Strong waters,-Cyder, Mead, 
Perry, Vinegar, Oil, Honey, &c. 

The Wine Gallon contains 231 cubic or solid inches. And it is remarkable 
that the Wine and Ale Gallons have the same proportion to each other, as the 
Troy and Avoirdupois Pounds have; that is, as one Pound Troy is to one 
Pound Avoirdupois, so is one Wine Gallon to one Ale Gallon. 


OF TIME. 


GO POCOMGS no) ct gets ccteectss make 1. Minute -........scessesews marked M or 
GON inutes <-.c.d-ccecs nora ss — § 1 Hour i....csh.cicerse ee 
SA IORTS (os scirs xk tae ce ane tense — 1 Day ......0.0 cep — Day. 
PA MAYS we cantoccchv ones caesth ~—! Ll Week. .isseccwesetoetinn — Wk. 
A Weeks viccccccscccecsessee. —— 1 Month’..i..0...eetee eee 
13 vieuths ele aay Oe ay a ae 1 Julian Year ...;c.cscsvas — 
or 365 Days, 6 Hours = § 
Sec. Min. 
60.4 1 Hr. 
3600 = 60 = 1 Day 
86400 = 1440 = OA si 1 Wk 
604800 = 10080 = 168 = ‘ea Mo, 
9419200 “= 40320 = 672 = ©2838 33s 
31557600. = 525960 = 8766 = 36622292 Year 
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Wk. Da. Hr. Mo. Da. Hr. : 
Seog 1 Gas 898 1 6 sees DL Julian Years 
Da. Hr. M. See. 
But 365 5 48.48 = 1 Solar Year, 


IMPERIAL MEASURES. 


By the late Act of Parliament. for Uniformity of Weights and Measures, 
which commenced its operation on the Ist of January, 1826, the chief part of 
the weights and measures are allowed to remain as they were; the Act simply 
prescribing scientific modes of determining them, in case they should be lost. 


The pound troy contains 5760 grains. 

The pound avoirdupois contains 7000 grains, 

The imperial gallon contains 277°274 cubic inches. 

The corn bushel eight times the above, or 2218°192 cubic inches. 


Hence with respect to Ale, Wine, and Corn, it will be expedient to possess a 


TABLE OF FACTORS, 


For converting old measures into new, and the contrary. 






































To convert new 


measures to old t 1.03153 | 1.20032 98324 | 


l By vulgar frac- 
By decimuis, | tions nearly, 
; Corn { Wine] Ale 
Corn Wine 
; Measure, Measure, | Pr eg pki Rey 
To convert old 
$i 
measures tonew, 96943 | -83311 | 1.or704 | 33 














$2 
31 


N, B.—For reducing the prices, these numbers must all be reversed. 


RULES FOR REDUCTION. 


I, When the Numbers are to be reduced from a Higher Denomination to 
a Lower, 


Muttipty the number in the highest denomination by as many of the next 
ower as make an integer, or 1, in that higher; to this product add the number, 
‘f any, which was in this Taken denomination aftr} and set down the amount. 

Reduce this amount in like manner, by multiplying it by as many of the next 

ower as make an integer of this, taking in the odd parts of this lower, as before. 
‘And so proceed through all the denominations to the lowest; so shall the num- 
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ber last found be the value of all the numbers which were in the higher deno- 
minations, taken together.* 


EXAMPLE. 


1. In 1234¢, 15s. 7d, how many farthings ? 


pe eS 
1234 15. 7% 
20 
24695 Shillings. 
12 
296347 Pence. 
4 


Answer 1185388 Farthings. 


_— 


Il. When the Numbers are to be reduced from a Lower Denomination to a Higher, 


DrivivE the given number by as many of that denomination as make 1 of the 
next higher, and set down what remains, as well as the quotient. 

Divide the quotient by as many of this denomination as make 1 of the next 
higher; setting down the new quotient, and remainder, as before. 

Proceed in the same manner through all the denominations, to the highest; 
and the quotient last found, together with the several remainders, if any, will be 
of the same value as the fixst number proposed, 


EXAMPLES. 
2. Reduce 1185388 farthings, into pounds, shillings, and pence. 
4) 1185388 
12) 296347 d 
2,0) 2469,5 s.—Td. 
12840, 15s, Td, 








3, Reduce 23/. to farthings. Ans. 22080. 
4, Reduce 337587 farthings to pounds, &c. Ans, 3514, 13s. 03d. 
5. How many farthings are in 35 guineas ? Ans. 35280. 
6, In 35280 farthings how many guineas ? Ans, 35, 
7. In 59 lb. 13 dwts. 5 gr. how many grains? , Ans, 340157. 
8, In 8012131 grains how many pounds, &c ? 


Ans. 1390 Ib. 11 oz. 18 dwt. 19 gr. 
9. In 35 ton. 17 ewt. 1 gr. 23 Ib. 7 oz. 13 dr. how many drams ? 


Ans. 20571005. 

10. How many barley-corns will reach round the earth, supposing it, according 

to the best calculations, to be 25000 miles ? Ans. 4752000000: 
rf 


* The reason of this rule is very evident ; for pounds are brought into shillings by multiplying them 
by 20; shillings into pence, by multiplying them by 12; and pence into farthings, by multiplying by 
4; and the reverse of this rule by Division.—And the same, it is evident, will be true in the reduction 
of numbers consisting of any denominations whatever, 
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11. How many seconds are in a solar year, or 365 days 5 hrs, 48 min. 48 sec. ? 
Ans, 31556928, 

12. in a lunar month, or 29 ds. 12 hrs. 44 min. 3 sec. how many seconds ? 
Ans. 2551443. 


COMPOUND ADDITION. 


Compounp ApDITION shows how to add or collect several numbers of different 
denominations into one sum. 


Ruir.—Place the numbers so that those of the same denomination may stand 
directly under each other, and draw a line below them.—Add up the figures in 
the lowest denomination, and find, by Reduction, how many units, or ones, of 
the next higher denomination are contained in their sum.—Set down the 
remainder below its proper column, and carry those units or ones to the next 
denomination, which, add up in the same manner as before-—Proceed thus 
through all the denominations, to the highest, whose sum, together with the 
several remainders, will give the answer sought. 


The method of proof is the same as in Simple Addition. 


EXAMPLES OF MONEY. 

















t 2. 3, 4, 
ae ae teh d. ££, FE £,. 480- d: 
713 3 147 8 15 17 10 53 14 8 
3 5 103 819 22 314 6 510 23 
618 7 eee 23 6 23 93 11 6 
0 2 53 291 2 9 sgnZ 7 OBE 0 
4 0 8 716 8} loaaBe: 4 20 9 
715 42 04 3 612 93 018 7 
> 3915 938 Maa 
32 2 63 reat ome ied: saci 
39 15 93 
5 6. 7 8 
25 8._ dd. te) Saud, £. 8s. d Coes Rie a 
140 72 37 15 8 61 3 22 472 15 3 
BI ES0.6 14 12 98 716 8 9 2 21 
62 4 7 Sy 671) 29 13 108 2712 62 
417 8 2310 93 814 0 370 16 22 
23 0 48 8 6 07 52 2 3 8 
6 6 7 14 0 53 24,13 0 610 53 
91 0 103 54 2 7 5 0 108 30 0 113 
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9. A nobleman, going out of town, is informed by his steward that his 
butcher’s bill comes to 1972, 13s. 73d. ; his baker’s to 591. 5s. 23d.; his brewer's 
to 85/.; his wine-merchant’s to 103/. 13s.; to his corn-chandler is due 75/. 3d.; 
tu his tallow-chandler and cheese-monger, 27/. 15s. 114d.; and to his tailor 55/. 
3s. 53d.; also for rent, servants’ wages, and other charges, 127/. 3s.: now, sup- 
posing he would take 1007. with him, to defray his charges on the road, for 
what sum must he send to his banker ? Ans. 8301. 14s. 62d. 

10. The strength of a regiment of foot, of 10 companies, and the amount of 
their subsistence,* for a month of 30 days, according to the annexed Table. are 
required ? 


























| Number. Rank, | Subsistence for a month. 
| aie mae & ae Ge ee 
l Colonel 0 
L Lieutenant Colonel 0 
1 Major 0 
vi Captains 0 
ll Lieutenants 0 
9 Ensigns 0 
1 Chaplain 0 
SY Adjutant 0 
1 Quarter-master 0 
1 Surgeon 0 
1 Surgeon’s Mate 0 
30 Serjeants 0 
30 Corporals 0 
20 Drummers 0 
2 Fifers 0 
390. Private men 0 
e007 Total. 





* Subsistence Money, is the money paid to the soldiers weekly, short of their full pay; beeause 
their clothes, accoutrements, &c. are to be accounted for, It is likewise the money advanced to 
officers till their accounts are made up, which is commonly onc2 a year, when they are paid their 
arrears. The following Table shows the fuil pay and subsistence of each rank on the English establish- 
ment : 
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COMMISSIONED OFFICERS’ REGIMENTAL PAY,—1824. 











Life Guards. Horse Guards, | Foot Guards. |}Dr. Gds,|R. Wag.| Foot, |R. Staff| Royal Artillery.) Royal || Royal || Militia 
wat Dee ; & Drs. | Train. Corps. . Eng. ||Marines|} and 
i a83 er 482 ‘i =e March-| Horse Fencib. 
Saat PS ef ae ASS 2 eo | eee, ing and |Brigade. 
oH SALE mS ZAee oe Base Invalid 
Sf |#3o2) £2 [Seok] os [85° Batta- 
gS, |prokl 2, |Pesk] 8, |Pass lion, 
aE |R2e2] 2s |ASE2] 28 |asee 
De mn Sa Ds n Ss GO “ont 2a 
am [£223] 28 |2353| 29 [22-3 
2 {S2a@mi] ? |joeaal] @ \|osaea 
SE er 2149313 0 01214931213 Ol]. . . 
Colonel Gant) csesce ss a won?) fre aes oho oe EL: Sap reals GP occ lao Se Ee See eater Memon! athe: re 2 
Coe ant coereees Wie Oli 160411 of8 LF oft 10 01129 of] 18101. : 211 8)6|i 1610]! 6.9/1 12 0 16 3/1 2 6li 2 6 
Lieutenant Colonel ....e¢.-+. E833 hi). Neon orem . 8. 601 er erie 8 “oh Seon igsie!0 17 Or 5 00 IS ees 1 {is 1 bi 0};0 15 11 
IME Gas Vutee s hn boo. ts oes 019 6/1 6 Ol 1 6/1 7 OF 018 GIT 4 61019 3/018 0/016 O}O19 3/9 1611}1 Ql}. . . 1016 O}0 14 1 
APCAl comets tots sae ChE oie « 012 0/016 OF 016 6)/1 1 6GHO12 6/016 61014 7/0712 61010 6/014 7/911 1/016 1/011 143010 6|010 6 
Ditto with Brevet of igh eet all) aS | See lean, eee ee ie LOTTE G0: 199 6) OB LOTS 110 Seb. HOLL 2G) ees 
or superior rank .......... 
Teen tetiant ee. 2 2. ec. ea eee 0 8 3/011 OF O01] 61/015 O00 6 010 7100 9 010*8 6/0 6 610 9 G/H 610/00 9 10j)0 6100 6 6I0 §6 OG 
Ditto above 7.years standing j|--- «|. - «jl* . +]. . «He. . «J. « .fle .°.10*9 6/0 7 6G]. . .1/0 710)0 1010/0 71070 7 Gi. . . 
Cornet, Ensign, and 2d Lieut. io 7 3/0 8 6011 01014 O10 4 610 5 10/0 8 O10 *7 310 5 Si0/S8_0/0 5 7). . .|0 5 70 5 8}0 ie 3 
Paritatetes. Hast: ieee th eke te es a lg fase ate. cole el O85 O10 1561.0 18 O10 15 90 1B Be Pe ee . || OF15 0 
AULA Meets base a teens 013 0/013 0/010 0/010 0/010 0/010 9/910 0/010 010 8 61010 0/0 86/010 6)0 6 OO §& 60 8 6 
Quarter Master ...0.0..sce0s 04 9/0 6 O/0 6 6/0 8 GIO 6 6/0 6 6/0*8 OO]. . .10 6 610 6 6/0 710}01010)0 6 OO 6 6/0 6 € 
DUP SCOM!VMAJON vaca. vate hibae s Wane [ee - 6 7 Somes eae O LOmeou nO" Oi re wnllncs nscc we Jou Peter] t yeime: [ae me MNGls oie wren\te! fay com | Scrap 
Battalion Surgeon ............ og oe od ee ee a aaa OTTO GO) OF TS! < Olle rete, [ee ics ee ay cl ce ono Cer oie Ma ese a Nite Poe ee eel eri to 
SUEMCOH tee tcatc teks teu.c ete ots 29 2010 19> 60 0= 98010 19-016 ee | ede oO APA LO 410 1) oh OL CA OIDAT Cece tae tee ee ee a 
Assistant Surgeon............ |9 8 6|0 8 6/0 8 6/0 8 6/0 7 6/0 7 6]0 8 6. . .j0 7 610 7 6]0 7 6]. . . J. . - fe - ee 
Surgeon’s Mate ....sesceceeee Ae sh) Tan OF Ra OD tate EE BR Ree ae ae ae Be ree se) SER Pa emcee | ae ee Ta 
Veterinary Surgeon .......... O38. 2612 8:20.10 82 ONO Se Olesen BOO lee come bo att Oc aie Ute, Bro meian bet role), oun vo mene cite ute, Tinga Ls 


~The difference | between the Subsistence and Gross 








Pay of the Officers of these Regiments, after deduct- 
ing Poundage, Hospital, and Agency, is paid as 


© Arrears.” 


* These rates include 2s. a day for a horse. + Ifsecond Captain 12s. 8d. 
Including pay as a Subaltern, 


§ If holding another Commission, Lieutenants of Militia receive only 4s. 8d., 


Ensigns 3s, 8d., and Surgeons’ Mates 3s. 6d. 





MEM.—Regimental Surgeons of the Line, those of the Royal Artillery, and Veterinary Surgeons, after certain periods of Service, receive the following Rates of Pay, viz. 
Surgeons of the Line and Royal Artillery. s, d. Veterinary Surgeons. 8. : 
After 7 years S€rviCe ...+..seeeseseeeeeees oeee 14 1 per diem. After 3 years Service ......eecccasscecceesssees 10 per diem. 
— 20 ditto ee ipeeaeeee cee crete Os isto. — 10 ditto gala Cai goles duces gereiinny te, Le * GItLO. 
if —— 20 ditto Be eere sere vesteraeeeeeeeees 15 ditto. 
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ARITHMETIC. 


EXAMPLES OF WEIGHTS, MEASURES, &c. 


TROY WEIGHT. 














HN 2. 
Ib. oz. dwt. oz. dwt. gr. 
17%) 315 Sti. eo Bet 
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23 11 12 34-0 ~19 
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CLOTH MEASURE, 
a. 10. 
yds. qr. nis. el. En. qrs. nls. 
2) waa | 210+ dA 220 
ia 1. 2 Di uae 
6 a B~4-0 8-22-71 
Zivig 3 0+, 3 ee 
ore oO 10.2 hare 0 
56 = 3. 524 4 Ae =) 
WINE MEASURE. 
13. 14, 
tr. hds. gal. hds. gal. pts. 
13wme3. 15 15--61--:5 
aes 35 Seg Like oe 
4 2 26 29-93-21. 
25 0 12 3, AD ie cd 
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APOTHECARIES WEIGHT. 
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COMPOUND SUBTRACTION 


~Compounp Svusrraction shows how to find the difference between any two 
numbers of different denominations.—To perform which, observe the following 
Rule : 


Rute.*—Place the less number below the greater, so that those parts which are 
of the same denomination may stand directly under each other; and draw a line 
below them. Begin at the right hand and subtract each number or part in the 
lower line from the one just above it, and set the remainder straight below it. 
—But if any number in the lower line be greater than that above it, add so 
many to the upper number as make | of the next higher denomination ; then 
take the lower number from the upper one thus increased, and set down the 
remainder.—Carry the unit borrowed to the next number in the lower line; 
after which subtract this number from the one above it, as before; and so pro- 
ceed till the whole is finished. Then the several remainders, taken together, 
will be the whole difference sought. 


The method of proof is the same as in Simple Subtraction. 


EXAMPLES OF MONEY, 








1. 2. 5 A. 
Sees ds Pe 60d, CA shee dy Gh. em So eel 
rom hae Wy eae es - 3 21 bh O10 251 13 O 
Take 35 12 42 —12 © 53-—--~29--13. | 34 85-4 73 
ES Se ey agate 


ey 





Proof. 79 17 82 103 3 2! 





5. What is the difference between 737. 5id. and 194 13s. 10d ? 
Ans. 53/. 6s. 73d. 
6. Alends to B 100/., how much is B in his debt, after A has taken goods of 
him to the amount of 73/. 12s. 43d? Ans. 261. 7s. 73d. 
7, Suppose that my rent for half a year is 10/. 12s., and that I have laid out 
for the land-tax 14s, 6d., and for several repairs 10. 3s. 34d., what have I to pay 
of my half year’s rent ? Ans. 81. 14s, 23d. 
§. A trader, failing, owes to A 35/. 7s. 6d., to B 911, 13s. O3d., to C 537. 71d, 
to D 87/. 5s., and to E1110. 3s. 53d. When this happened, he had by him in 
cash 23/. 7s. 5d., in wares 53/. 11s. 10jd., in household furniture 63/. 17s, 73d., 
and in recoverable book-debts 25/. 7s. 5d. What will his creditors lose by him, 
‘suppose these things delivered to them ? Ans. 2120. 5s. 33d. 


* The reason of this Rule will easily appear from what has been said in Simple Subtraction, for 
the borrowing depends upon the same principle, and is only different as the numbers to be subtracted 
are of different denominations, 
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EXAMPLES QF WEIGHTS, MEASURES, &c. 


TROY WEIGHT. APOTHECARIES WEIGHT, 








i. 2, 3. 

Ib, oz. dwt. gr. Ib. oz dwt. gr. Ib. oz, dr. ser. gr, 
From 7 3 14 11 49 #21 73 AS Ge > 04 
Take 3 7 5 19 3 Xe Gia 26° tule) 1) oe 
Ronee a ok a ce Sa arr Ree Se 
Proof, Dit ud {ee "eA 
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4. 5. 6. he 
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Proof. rs. hol +a 

DRY MEASURE, 
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Proof, 























COMPOUND MULTIPLICATION. ¢9 


20. The line of defence in a certain polygon being 236 yards, and that part 
of it which is terminated by the curtain and shoulder being 146 yards 1 foot 4 
inches; what then was the length of the face of the bastion ? 

Ans. 89 yds. 1 f. 8 in. 


COMPOUND MULTIPLICATION. 


Compounp Muttirtication shows how to find the amount of any given num- 
der of different denominations repeated a certain proposed number of times. 


Rute,—Set the multiplier under the lowest denomination of the multiplicand, 
ind draw a line below it.—Multiply the number in the lowest denomination by 
he multiplier, and find how many units of the next higher denomination are 
contained in the product, setting down what remains.—In like manner, multiply 
he number in the next denomination, and to the product carry or add the units, 
vefore found, and find how many znits of the next higher denomination are in 
his amount, which carry in like manner to the next product, setting down the 
rverplus.—Proceed thus to the highest denomination proposed; so shall the 
ast product, with the several remainders, taken as one compound number, be 
he whole amount required. 


The method of Proof, and the reason-of the Rule, are the same as in Simple 
Multiplication. 
EXAMPLES OF MONEY. 


1. To find the amount of 8lb. of Tea, at 5s. 84d. per Ib. 


oePod. 
5 8h 
8 


£.2 5 8 Answer. 


£e.$. a, 

. 2. Alb. of Tea, at 7s. 8d. per. Ib. Ans, 1°10) 98 
8. -6 lb. of Butter, at 93d. per Ib. Ans. 0 4 9 
4. 7 \b. of Tobacco, at 1s. 83d. per Ib. Ans. 0 11 11} 
5. 9 ewt. of Cheese, at 17, lls. 5d. per cwt. Ans.14 2 9 
6. 10 cwt. of Cheese, at 2/7. 17s. 10d. per ewt. Ans, 28 18 4 
7. 12 ewt. of Sugar, at 3/. 7s. 4d. per cwt. Ans. 40 8 0 

CONTRACTIONS. 


I. Ir the multiplier exceed 12, multiply successively by its component parts, 
stead of the whole number at once. 


2 
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EXAMPLES, 


l. 15 cwt. of Cheese, at 17s. 6d. per cwt. 


E. (8. ane 

0 17 6 
3 

B12 «6 
5 


oe 


13. 2 6 Answer. 


i 





f- & & 

2. 20 cwt. of Hops, at 4/. 7s. 2d. per ewt. Ans. 87 3 4 

3. 24 tons of Hay, at 3/. 7s. 6d. per ton. Ans. 81 0 @ 

4. 45 ells of Cloth, at 1s. 6d. per ell. Ans. 3.7 

5. 63 gallons of Oil, at 2s. 3d. per gallon. Ans, — "7 1 

6 70 barrels of Ale, at 1/. 4s. per barrel. Ans. 84 0 0 

7. 84 quarters of Oats, at 17. 12s. 8d. per qr. Ans. 137 4 0 

8. 96 quarters of Barley, at 1/. 3s. 4d. per qr Ans. 112 0 0 

9. 120 days’ Wages, at 5s. 9d. per day. Ans. 34 10 0 

10, 144 reams of Paper, at 13s. 4d. per ream. Ans. 96 0 0 


II, If the multiplier cannot be exactly produced by the multiplication of 
simple numbers, take the nearest number to it either greater or less, whicli can 
be so produced, and multiply by its parts as before.—Then multiply the given 
multiplicand by the difference between this assumed number and the multiplier, 
and add the product to that before found when the assumed number is less than 
the multiplier, but subtract the same when it is greater. 


EXAMPLES, 


1. 26 yards of Cloth, at 3s. 03d. per yard. 








fo in 2 
0 3 08 
5 

015 33 
5 

316 63 
3 03 


£319 74 Answer, 


bo Ss ae 
2 29 quarters of Corn, at 27, 5s. 33d, per quarter. Ans, 65 12 103 
3. 53 loads of Hay, at 3/. 15s. 2d. per load. Ans. 199 3 10 
4. 79 bushels of Wheat, at 11s. 53d. per bushel. Ans, 45 6 103 
5. 94 casks of Beer, at 12s. 2d. per cask, Ans, 57) :8 Bm 
6, 114 stone of Meat, at 15s, 33d. per stone. Ans. 87 5 


~ COMPOUND DIVISION. 3) 


EXAMPLES OF WEIGHTS AND MEASURES. 
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COMPOUND DIVISION. 


CompounD Division teaches how to divide a number of several denominations 
vy any given number, or into any number of equal parts. 


RuLz.—Place the divisor on the left of the dividend, as in Simple Division.— 
Begin at the left hand, and divide the number of the highest denomination by 
he divisor, setting down the quotient in its proper place.—If there be any 


vemainder after this division, reduce it to the next lower denomination, which 





udd to the number, if any, belonging to that denomination, and divide the sum 
dy the divisor.—Set down again this quotient, reduce its remainder to the next 
ower denomination again, and so on through all the denominations to the last. 


EXAMPLES OF MONEY- 


1. Divide 2252. 2s. 4d. by 2. 


peed S elie 7 es 
2) 225 2 4 


£ 112 ll 2 the Quotiens. 
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fel See We . 8... 
2. Divide 751 14 7 by 3 Ans. 250 11 6% 
3. Divide 82117 93by 4. Ans. 205 9 534 
4. Divide 2382 13 52 by 5. Ans. 476 10 8} 4 
5. Divide 28 2 liby 6 Ans. 413 8} 
6. Divide 55 14 O2by 7 Ans. 719 132 
7. Divide 6 5 4 by 8 Ans. 015 8 
8. Divide 1385 10 7 by 9. Ans. 156.1 299 
9. Divide 2118 4 by 10. Ans. 2 810 
10. Divide 227 10. 5 by 11. Ans. - 2018 894, 
11. Divide 1332 11 82 by 12. Ans. 111 0 11339 

CONTRACTIONS, 


I. If the divisor exceed 12, find what simple numbers, multiplied together 
will produce it, and divide by them separately, as in Simple Division. 


EXAMPLES. 


1, What is Cheese per cwt. if 16 cwt. cost 30/. 18s. 8d. ? 
pA Ri 
4)30 18 8 


‘“4) 7 14 8 


£1 18 8 the Answer. 


\ 2. If 20 ewt. of Tobacco come to 1202 10s., ‘ & 8... ds 
what is that per cwt.? Ans.6 0 6 
3..Divide 571. 3s. 7d. by 36. Ans.1 12 894% 
4. Divide 85/. 6s. by 72. . Ans.1 3 812 
5. Divide 317. 2s. 103d. by 99. Ans.0 6 384 
8. At 187. 18s. per cwt., how much per Ib. ? Ans.0 3 44 


II. If the divisor cannot be produced by the multiplication of small numbers, 
divide by the whole divisor at once, after the manner of Long Division, 


EXAMPLES, 


1. Divide 747. 13s. 6d. by 17. 
Fo thi. alla tent oee Beeaall 
17) 74 13 6 (4 7 i0 Answer. 
68 | 
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tes a £.' 8: di 
2. Divide 2315 7iby 37. 7 Ans. 0 12 10 
3. Divide 199 310 by 53. Ans.3 15 2 
4. Divide 675 12 6 by 138, | Ans. 417 11 
5. Divide 315 3 103 by 365. Ans.0 17 33 


EXAMPLES OF WEIGHTS AND MEASURES. 


1. Divide 23 lb. 7 oz. 6 dwts. 12 gr. by 7. Ans. 3 Ib. 4 oz. 9 dwts. 12 gr. 
2. Divide 18 lb. 1 oz. 2 dr. 0 scr. 10 gr. by 12. 
Ans. 1 lb. 1 oz. 0 dr. 2 scr. 1042 gr. 
- 3. Divide 1061 cwt. 2 qrs. by 28. Ans. 37 cwt. 3 qrs. 18 Ib. 
4, Divide 375 mi. 2 fur. 7 po. 2 yds. 1 ft. 2 in. by 39. 
Ans. 9 mi. 4 fur. 39 po. 0 yds. 2 ft. 83§ in. 


5. Divide 571 yds. 2 qrs. 1 nl. by 47. Ans. 12 yds. 0 qrs. 232 nls. 
6. Divide 51 ac. 1 ro. 11 po. by 51. Ans. 1 ac. 0 ro. 1 pl. 
7. Divide 10 tun 2 hhds. 17 gals. 2 pi. by 67. Ans. 39 gals. 6 pi. 


8. Divide 120 lasts, 0 qr. 1 bu.2 pk. by 74. Ans. 1 ae 6 oe 1 bu. 3 pk. 
9. Divide 120 mo. 2 wk. 3 da. 4 hr. 12 min. by x 





GOLDEN RULE, OR RULE O 


THE RULE OF THREE teaches how to find a fourth proportional to three num- 
bers given. Whence it is also sometimes called the Rule of Proportion. It is 
called the Rule of Three, because three terms or numbers are given, to find a 
fourth. And because of its great and extensive usefulness, it is often called the 
Golden Rule. 

This Rule is usually considered as of two kinds, namely, Direct, and Inverse. 

The Rule of Three Direct, is that in which more requires more, or less 
requires less. As in this; if 3 men dig 21 yards of trench in a certain time, 
how much will 6 men dig in the same time? Here more requires more, that is, 
6 men, which are more than 3 men, will also perform more work in the same 

. time. Or when it is thus; if 6 men dig 42 yards, how much will 3 men dig in 
the same time? Here then less requires less, or 3 men will perform propors 

tionally less work than 6 men in the same time. In both these cases, then, the 
Rule, or the Proportion, is Direct; and the stating must be 


‘thus, As3: 21 :: 6: 42, 
or thus, As 6 : 42 :: 3: 21. 


But the Rule of Three Inverse, is when more requires less, or less requires 
more. As inthis; if 3 men dig a certain quantity of trench in 14 hours, in 
_ how many hours will 6 men dig the like quantity ? Here it is evident that 6 

men, being more than 3, will perform an equal quantity of work in less time, or 
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fewer hours. Or thus; if 6 men perform a certain quantity of work in 7 hours, 
in how many hours will 3 men perform the same? Here less requires more, 
for 3 men will take more hours than 6 to perform the same work. In both these 
cases, then, the Rule, or the Proportion, is Inverse; and the stating must be 


thus, As 6: 14 23.330 
or thus, As3 3: 7 3: 6; 14. 


And in all these statings, the fourth term is found, by multiplying the 2d and 
3d terms together, and dividing the product by the Ist term. 

Of the three given numbers, two of them contain the supposition, and the 
third a demand. And for stating and working questions of these kinds, observe 
the following general Rule: 


Rvuize.—State the question, by setting down in a straight line the three given 
numbers, in the following manner, viz, so that the 2d term be that number of 
supposition which is of the same kind that the answer or 4th term is to be; 
making the other number of supposition the Ist term, and the demanding num- 
ber the 3d term, when the question is in direct proportion; but contrariwise, 
the other number of supposition the third term, and the demanding number the 
Ist term, when the question has inverse proportion. 

Then, in both cases, multiply the 2d and 3d terms together, and divide the 
product by the Ist, which will give the answer, or 4th term sought, of the same 
denomination as the second term. 


« Note, If the first and third terms consist of different denominations, reduce 
them both to the same: and if the second term be a compound number, it is 
mostly convenient to reduce it to the lowest denomination mentioned.—If, after 
division, there be any remainder, reduce it to the next lower denomination, and 
divide by the same divisor as before, and the quotient will be of this last deno- 
mination. Proceed in the same manner with all the remainders, till they be 
reduced to the lowest denomination which the second term admits of, and the 
several quotients taken together will be the answer required, 


Note also, The reason for the foregoing Rules will appear when we come to 
treat of the nature of Proportions.—Sometimes also two or more statings are 
necessary, which may always be known from the nature of the question. 


EXAMPLES. 
]. If 8 yards of cloth cost 12 4s., what will 96 yards cost ? 


yds. £. s. yds. £ 5. 
As 8’: 1 4 :: 96 : 14 8 the answer, 
20 


—— 


24 
96 


—_——— 


144, 
216 


8 ) 2304 
2,0) 28,85, 
£ 148 Answer. 


RULE OF THREE. 35° 


2. An engineer haying raised 100 yards of a certain work in 24 days with 5 
men; how many men must he employ to finish a like quantity of work in 15 
days ? 


da. men da. men 
meno hse S4e 5/8 Ans, 
5 
15) 120 (8 Answer. 
120 


3. What will 72 yards of cloth cost, at the rate of 9 yards for 5/. 12s. 
Ans. 44/. 16s. 
4, A person’s annual income being 146/.; how muchis that per day? Ans. 8s. 
5. If 3 paces or common steps of a certain person be equal to 2 yards; how 
many yards will 160 of his paces make ? Ans. 106 yds, 2 f£. 
6. What length must be cut off a board, that is 9 inches broad, to make a 
square foot, or as much as 12 inches in length and 12 in breadth contains ? 
Ans. 16 inches. 
- 7. If-750 men require 22,500 rations of bread for a month ; how many rations 
will a garrison of 1200 men require ? Ans. 36,0006. 
8. If 7 ewt. 1 qr. of sugar cost 262. 10s. 4a, what will be the price of 43 cwt. 
2 qrs. ? Ans. 1591. 2s. 
9. The clothing of a regiment of foot of 750 men amounting to 2831/. 5s.; 
what will the clothing of a body of 3500 amount to ? Ans. 13,212. 10s. 
10. How many yards of matting, that is 2 ft. 6 in. broad, will cover a floor 
that is 27 feet long and 20 feet broad ? Ans. 72 yds. 
11. What is the value of 6 bushels of coals, at the rate of 1/. 14s. 6d. the chal- 
we 2 Ans. 5s. 9d. 
. If 6352 stones of 3 feet long complete a certain quantity of walling ; how 
fey stones of 2 feet long will raise a like quantity ? Ans. 9528. 
13. What must be given for a piece of silver weighing 73 lb. 5 oz. 15 dwts. 
at the rate of 5s. 9d. per ounce ? Ans. 2531. 10s. 03d. 
14, A garrison of 536 men has provisions for 12 months, how long will 
these provisions last if the garrison be increased to 1124 men ? 
Ans. 174 days and $4 


Tiss 
15, What will the tax upon 763/. 15s. be, at the rate of 3s. 6d. per pound 
sterling ? Ans. 1332. 13s. led, 


16. A certain work being raised in 12 days, by working 4 hours each day ; 
how long would it have been in raising by working 6 hours per day ? 


Ans. 8 days. 
17, What quantity of corn can I buy for 90 guineas, at the rate of 6s. the 
yushel ? Ans. 39 qrs. 3 bu- 


18. A person failing in trade, owes in all 9777; at which time he has in 
-noney, goods, and recoverable debts, 4202. 6s. 31d; now supposing these things 
lelivered to his creditors, how much will they mee per pound ? Ans. 8s. 73d. 
19. A plain of a certain extent having supplied a body of 3000 horse with 
‘orage for 18 days; then how many days would the same plain have supplied a 
ody of 2000 horse ? Ans. 27 days. 


2). Suppose a gentleman’s income is 590 geuineas a vear, and that he spends 
pp g g year, Pp 
G2 
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19s. 7d. per day, one day with another; how much will he have saved at the 


year’s end ? Ans. 1672. 12s. 1d, 
21. What cost 30 pieces of lead, each weighing 1 cwt. 12 lb., at the rate of 
16s. 4d. per cwt. ? Ans. 271. 2s. 6d, 


22, The governor of a besieged place having provisions for 54 days, at the 
rate of 1ilb. of bread; but being desirous to prolong the siege to 80 days, in 
expectation of succour, in that case what must the ration of bread be ? 

Ans. 1,3, Ib. 

23. At half a guinea per week, how long can I be boarded for 20 pounds ? 

Ans. 38,2, weeks. 

24. How much will 75 chaldrons 7 bushels of coals come to, at the rate of 11. 
13s. 6d. per chaldron ? Ans. 1252. 19s. 03d. 

25. If the penny loaf weigh 9 ounces when the bushel of wheat cost 6s. 3d. ; 
what ought the penny loaf to weigh when the wheat is at 8s. 23d. ? 

Ans, 6 oz. 13127 dr. 

26. How much a year will 173 acres, 2 roods, 14 poles of land give, at the rate 


of 1d. 7s, 8d. per acre ? . Ans. 240). 2s. Tad. 
27. To how much amounts 172 pieces of lead, each weighing 3 cwt. 2 qrs. 
173 lb., at 82. 17s. 6d. per fother of 1935 cwt. ? Ans. 2862. 4s. 43d, 
28. How many yards of stuff, of 3 qrs. wide, will line a cloak that is 5} yards 
in length and 13 yard wide ? Ans. 9 yds. 0 qrs. 23 nl. 
29. If 5 ate of cloth cost 14s. 2d., what must be given for 9 pieces, contain- 
ing each 21 yards 1 quarter ? Ans. 271. 1s. 103d, 
30. If a gentleman’s estate’be worth 21077. 12s. a year; what may he spend 
per day, to save 500/. in the year ? Ans, 41. 8s. 132°.d, 
31. Wanting just an acre of land cut off from a piece which is 133 poles in 
breadth, what length must the piece be? Ans. 11 po. 4 yds. 2 ft. 038 in, 
32. At 13s. 2id. per yard, what is the value of a piece of cloth containing 
523 ells English ? Ans 43/. 10s. 113,d, 


33. If the carriage of 5 cwt. 14 lb. for 96 miles be 1/. 12s. 6d.; how far may 
I have 3 cwt. 1 qr. Saenied for the same money? Ans. 151 m. 3 fur. 3,1,. pol. 
34. Bought a silver tankard, weighing 1 lb. 7 oz. 14 dwts. ; what did it cost 
me at 6s. 4d. per ounce ? Ans. 61. 4s. 94d. 
35. What is the half year’s rent of 547 acres of land, at 15s. 6d. the acre? 
| Ans. 2112. 19s. 3d. 
36. A wall that is to be built to the height of 27 feet, was raised 9 feet high 
by 12 men in 6 days; then how many men must be employed to finish the wall 


in 4 days, at the same rate of working ? Ans. 36 men. 
37. What will be the charge of keeping 11 horses for a year, at the rate of 
113d. per day for each horse ? Ans, 1922. 7s. 83d, 
38. If 15 ells of stuff that is yard wide cost 37s. 6d. ; what will 40 ells of 
the same goodness cost, being yard wide ? Ans. 61. 13s. 4d, 
39. How many yards of paper that is 30 inches wide, will hang a room that 
is 20 yards in circuit, and 9 feet high ? Ans. 72 yds. 


40. If a gentleman’s estate be worth 384/. 16s. a year, and the land-tax be 
assessed at 2s. S3d. per pound, what is his nett annual income ? 

Ans. 3312 Is. oud. 

41, The circumference of the earth is about 25,000 miles; at what rate per 

hour is a person at the middle of its surface carried round, one whole rotatici 


being made in 23 hours 56 minutes ? ~ Ans. 1044,825, miles, 
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42. If a person drink 20 bottles of wine per month, when it costs 8s. a 
gallon; how many bottles per month may he drink, without increasing the 
expense, when wine costs 1Us. the gallon ? Ans. 16 bottles. 

43. What cost 43 qrs. 5 bushels of corn, at 1/. 8s. 6d. the quarter ? 

Ans. 621. 3s. 33d. 

44, How many yards of canvass that is ell wide, will line 20 yards of say that 
is 3 quarters wide ? Ans. 12 yds. 

45. If an ounce of gold cost 4 guineas, what is the value of a grain ? 

Ans. 24d. 

46. If 3 cwt. of tea cost 402 12s.; at how much a pound must it be retailed, 
to gain 10/. by the whole? Ans. 353.5%. 


COMPOUND PROPORTION. 


CompounD Proportion teaches how to resolve such questions as require two or 

more statings by Simple Proportion: and that, whether they be Direct or Inverse. 

In these questions, there is always given an odd number of terms, either five, 

or seven, or nine, &c, ‘These are distinguished into terms of supposition, and 

terms of demand, there being always one term more of the former than of the 
latter, which is of the same kind with the answer sought. 


Ruxe.—Set down in the middle place that term of supposition which is of 
the same kind with the answer sought.—Take one of the other terms of suppo- 
sition, and one of the demanding terms which is of the same kind with it; then 
place one of them for a first term, and the other for a third, according to the 

directions given in the Rule of Three.—Do the same with another term of sup- 
position, and its corresponding demanding term; and so on if there be more 
terms of each kind; setting the numbers under each other which fall all on the 
left hand side of the middle term, and the same for the others on the right hand 

side.—Then, to work. 

é 


| By several Operations.—Take the two upper terms and the middle term, in 
the same order as they stand, for the first Rule of Three question to be worked, 

‘whence will be found a fourth term. Then take this fourth number, so found, 

for the middle term of a second Rule of Three question, and the next two under 

‘terms in the general stating, in the same order as they stand, finding a fourth 

‘term from them. And so on, as far as there are any numbers in the general 
stating, making always the fourth number resulting from each simple stating to 
‘be the second term of the next following one. So shall the last resulting num. 
ber be the answer to the question. 







By One Operation.—Multiply together all the terms standing under each 
‘other, on the left hand side of the middle term; and in like manner, multiply 
. together all those on the right hand side of it. Then multiply the middle term 
by the latter product, and divide the result by the former product, so shall the 
/ quotient be the answer sought. 
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EXAMPLES. 


1. How many men can complete a trench of 135 yards leng in 8 days. when 
16 men can dig 54 yards in 6 days ? 


General Stating. 


yds. 54-: 16 men :: 135 yds. 
days 8 6 days 


432 810 
Te 16 
4860 
810 


432 ) 12960 ( 30 Ans, by one operation. 
1296 





The same by two operations. 





lst. | Qd. 
As 54 :.16 3: 1385 :.40 As 8: 40:: 6: 30 ~ 
16 6 
810 8 ) 240 (30 Ans. 
135 24, 
54) 2160 ( 40 rant 
216 — 
0 


ee ee 


2. If 1002. in one year gain 5/. interest, what will be the interest of 750/. for 
7 years ? Ans. 262/. 10 

3. Ifa family of 9 persons expend 1202 in 8 months; how much will served 
family of 24 people 16 months ? Ans. 6402. 

4, If 27s. be the wages of 4 men for 7 days; what will be the wages of M4 
men for 10 days ? Ans. 6/, 1 

5. If a footman travel 130 miles in 3 days, when the days are 12 hours tong 
in how many days, of 10 hours each, may he travel 360 miles? Ans, 9¢3 days, 

6. If 120 bushels of corn can serve 14 horses 56 days; how many days will 94 


bushels serve 6 horses ? Ans 1023 da 
7. If 3000 lb. of beef serve 340 men 15 days; how many lbs. will serve 12 
men for 25 days ? Ans. 1764 lb, 1134 0 


8. Ifa barrel of beer be sufficient to last a family of 7 persons 12 days ; how 
many barrels will be drunk by 14 persons in the space of a year? 
Ans. 608 barre 
9. If 240 men, in 5 days, of 11 hours each, can dig a trench 230 yards long, 
3 wide, and 2 deep; in how many days, of 9 hours long, will 24 men dig 
trench of 420 yards long, 5 wide, and 3 deep ? Ans. 278 $$ a | 


| 
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OF VULGAR FRACTIONS. 


A Fraction, ox broken number, is an expression of a part, or some parts, of 
something considered as a whole. 

It is denoted by two numbers, placed one below the other, with a line between 
them ; 


3 numerator 
thus, — 


ee : which is named three-fourths. 
4, denominator 


‘The Denominator, or number placed below the line, shows how many equal 
parts the whole quantity is divided into; and represents the Divisor in Division. 
And the Numerator, or number set above the line, shows how many of those 
parts are expressed by the Fraction; being the remainder after division.—Also, 
beth these numbers are, in general, named the Terms of the Fraction. 

Fractions are either Proper, Improper, Simple, Compound, or Mixed. 

A Proper Fraction, is when the numerator is less than the denominator ; as 
$, or 4, or 3, &c. 

An Improper Fraction, is when the numerator is equal to, or exceeds, the 
denominator; as $, or 3, or 7; &c. 

A Simple Fraction, is a single expression denoting any number of parts of 
the integer; as 2, or 3. 

_ A Compound Fraction, is the fraction of a fraction, or several fractions con- 
nected with the word of between them; as 3 of 3, or 2 of £ of 3, &c. 

A Mixed Number, is composed of a whole number and a fraction together ; 
as 34, or 124, &e. 

A whole or integer number may be expressed like a fraction, by writing 1 below 
t, as a denominator; so 3 is 4, or 4 is +, &e. 

A fraction denotes division ; and its value is equal to the quotient obtained by 
dividing the numerator by the denominator ; so 12 is equal to 3, and 22 is equal 
10 4, ; 

Hence then, if the numerator be less than the denominator, the value of the 
‘raction is less than 1. If the numerator be the same as the denominator, the 
raction is just equal to 1. And if the numerator be greater than the denomina- 
or, the fraction is greater than 1. 


: 


| REDUCTION OF VULGAR FRACTIONS. 
' Repuction of Vulgar Fractions, is the bringing them out of one form or 
enomination into another ; commonly to prepare them for the operations of 


‘Addition, Subtraction, &c. of which there are several cases. 
; 3 


’ PROBLEM. 
| 


: 
1 


To find the greatest common measure of two or more numbers. 


" 


Tue Common Measure of two or more numbers, is that number which will 
ivide them both without a remainder: so 3 is acommon measure of 18 and 24; 
‘he quotient of the former being 6, and of the latter 8. And the greatest number 
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that will do this, is the greatest common measure : so 6 is the greatest common 
measure of 18 and 24; the quotient of the former being 3, and of the latter 4 
which will not both divide farther. 


4 
: 


Rure.—If there be two numbers only; divide the greater by the less; then 
llivide the divisor by the remainder; and so on, dividing always the last divisor 
by the last remainder, till nothing remains; then shall the last divisor of all be 
the greatest common measure sought. 

When there are more than two numbers; find the greatest common measure 
of two of them, as before; then do the same for that common measure and 
another of the numbers; and so on, through all the numbers; then will the 
greatest common measure last found be the answer. 

If it happen that the common measure thus found is 1; then the numbers 


? 
are said to be incommensurable, or to have no common measure. 


EXAMPLES. 


1, To find the greatest common measure of 1998, 918, and 522, 


918 ) 1998 (2 So 54 is the greatest common measure 
1836 of 1998 and 918. 
162 ) 918 (5 Hence 54 ) 522 (9 
810 486 
108 ) 162 (1 36 ) 54( 1 
108 36 
54.) 108 (2 -18)36(2 
108 36 


—_ ——= 


© that 18 is the answer required. 


2. What is the greatest common measure of 246 and 372? Ans. 6, 
3. What is the greatest common measure of 336, 720, and 1736? Ans. 8, 


CASE 1. 
To abbreviate or reduce fractions to their lowest terms. 


Ru e.*—Divide the terms of the given fraction by any number that will divide 
them without a remainder ; then divide these quotients again in the same man- 


* That dividing both the terms of the fraction by the same number, whatever it be, will give 
another fraction equal to the former, is evident. And when those divisions are performed as often as 
can be done, or when the common divisor is the greatest possible, the terms of the resulting fraction 
must be the least possible. 


Note 1. Any number ending with an even number, or a cipher, is divisible, or can be divided by 2. 

2. Any number ending with 5, or 0, is divisible by 5. 

3. If the right hand place of any number be 0, the whole is divisible by 10; if there be two ciphers, 
at is divisible by 100; if 3 ciphers, by 1000; and so on; which is only cutting off those ciphers. 

4. If the two right hand figures of any number be divisible by 4, the whole is divisible by 4. And 
if the three right hand figures be divisible by 8, the whole is divisible by 8. And so on. 

5, If the sum of the digits in any number be divisible by 3, or by 9, the whole is divisible by 3, or by 9. 

6. If the right hand digit be even, and the sum of all the digits be divisible by 6, then the whole will 
be divisible by 6. 

7 A number is divisible by 11, when the sum of the Ist, 3d, 5th, &c., or of allthe odd places, is equal 
to the sum of the/2d, 4th, 6th, &c., or of all the even places of digits. 

8. If a number cannot be diyided by some quantity less than the square of the same, that number it 
a prime, or cannot be divided by any number whatever. 
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ner; and so on; till it appears that there is no number greater than 1 which 
will divide them; then the fraction will be in its lowest terms. 

Or, Divide both the terms of the fraction by their greatest common measure, 
-and the quotients will be the terms of the fraction required, of the same value 
as at first. 


EXAMPLES, 


1, Reduce 344 to its least terms. 
2 


40 — 185 = 38 = 38 = Y = 3, the answer. 
Or thus: 
144 ) 240 (1 Therefore 48 is the greatest common measure, and 
144, 48 ) 144 = 3 the answer, the same as before. 
96 ) 144(1 
96 
48 )96(2 
96 
2, Reduce 422 to ils lowest terms. Ans, i. 
3. Reduce 282 to its lowest terms. Ans, +5. 
4. Reduce 1344 to its lowest terms. Ans. 3, 
CASE II. 


To reduce a mixed number to its equivalent improper fraction. 


RULE.*—Multiply the whole number by the denominator of the fraction, and 
add the numerator to the product; then set that sum above the denominator 
for the fraction required. 





EXAMPLES, 
1. Reduce 232 to a fraction. 
. Or, 

23 sak de mica A . 

5 = ied ea , the answer. 
115 
2 
| 117 
7 
ee 







9, All prime numbers, except 2 and 5, have either 1, 3, 7, or 9, in the place of units; and all other 
umbers are composite, or can be divided. 


10. When numbers, with the sign of addition or subtraction between them, are to be divided by any 


‘umber, then each of those numbers must be divided by it. Thus, is 5 =5+4—2=7 


1]. But if the numbers have the sign of multiplication between them, only one of them must be 
10xX8xX8 10X4X3_10xXx4x1 10X2X1_ 20 

ivided. xo > Se aa See SH 0 

i ee Be 6X1 2x1 1X1 ta 

_™ This is no more than first multiplying a quantity by some number, and then dividing the result 

ack again by the same, which it is evident does not alter the value; for any fraction represents « 

ivision of the numerator by the denominator 
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2 Reduce 122 to a fraction. Ans. 115, 

3. Reduce 14,3, to a fraction. Ans. 42, 

4, Reduce 183.5 to a fraction. Ans =$48. 
CaSE IL, 


To reduce an improper fraction to tis equivalent whole or mixed number. 


Ru.e.*—Divide the numerato by the denominator, and the quotient will be 
the whole or mixed number sought. 


EXAMPLES. 


1. Reduce 12 to its equivalent number. 
Here 12 or 12 + 3 = 4, the answer. 

2. Reduce 4° to its equivalent number. 
Here 1° or 15 ~— 7 = 234, the answer. 

3. Reduce 449 to its equivalent number. 


Thus, 17 ) 749 ( 442, 


68 . 
69 Se that 74° = 44,4, the answer. 
68 
1 
4. Reduce %° to its equivalent number. Ans. 8. 
5. Reduce 138? to its equivalent number. Ans, 5432, | 
6. Reduce 221° to its equivalent number, Ans. 17144, 


CASE IV. 


Lo reduce a whole number to an equivalent fraction, having a given 
denominator. 


Rute.;—Multiply the whole number by the given denominator, then set the 
product over the said denominator, and it will form the fraction required. 


EXAMPLES. 


1. Reduce 9 to a fraction whose denominator shall be 7.. 
Here 9 X 7 = 63, then & is the answer. 
For %° = 63 + 7 = 9, the proof. 


2. Reduce 13 to a fraction whose denominator shall be 12. Ans, 135 
3. Reduce 27 to a fraction whose denominator shall be 11. Ans, 327. 


* This rule is evidently the reverse of the former; and the reason of it is manifest from the nature 
of Common Division. 

+ Multiplication and Division being here equally used, the result must be the same as the quantity 
first proposed, ; 
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CASE Vv. 
To reduce a compound fraction to an equivalent simple one. 


Ruie.*—Multiply all the numerators together for a numerator, and all the 
denominators together for the denominator, and they will form the simple frac- 
tion sought. 

When part of the compound fraction is a whole or mixed number, it must 
first be reduced to a fraction by one of the former cases. 

And, when it can be done, any two terms of the fraction may be divided by 
the same number, and the quotients used instead of them. Or when there are 
terms that are common, they may be omitted. 


EXAMPLES. 


—_ 


. Reduce 4 of 4 of 2 to a simple fraction. 


Ex 2X..3 6 1 
Here 2x3x4 ee rs = 4? the answer. 
1x2x3 
{ge sake SRA by omitting the twos and threes. 


%2x3 ae ae z 
Reduce % of § of 72 to a simple fraction, 
eel 60... 12) 4 
poe i) 165 ~ 33°— IP 


2 10 4, 
Or, 2x3 x10 _ = 7p the same as before. 


~ 


the answer 


Reduce 5 of ~ to a simple fraction. Ans, 33 
Reduce % of 3 of & to a simple fraction. Ans, 
Reduce 2 of 2 of 32 to a simple fraction. Ans. 
Reduce 2 3 of 2 of % of 4 to a simple fraction. Ans, 


eee Se 
me 


Hla Oa 
. 


« 


CASE VI. 


lo reduce fractions of different denominators to equivalent fractions, having a 
common denominator. 
Rurz.t—Multiply each numerator into al] the denominators except its own 
for the new numerators; and multiply all the denominators together for a 
common denominator. 


Note. It is evident, that in this and several other operations, when any of 
the proposed quantities are integers, or mixed numbers, or compound fractions, 
shey must be reduced, by their proper rules, to the form of simple fractions. 


* The truth of this rule ey be shown as follows: Let the oan fraction be 2 of $. 
Now + of § is $ +3, which is 5, ; consequently 2 of $ will be .% X 2 or 39; that is the numer- 
tors are multiplied together, and also the aMaomiikea as in the rulee—When the com- 
ound fraction consists of more than two single ones; having first reduced two of them as 
ove, then the resulting fraction and a third will be the same as a compound fractiou 
ff two parts; and so on to the last of all. 

+ This is evidently no more than multiplying each numerator and its denominator by 
he same quantity, and consequently the value of the fraction is not altered. 
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EXAMPLES. 
1. Reduce 3, %, and 2 to a common denominator. 
1x 3 X 4 = 12 the new numerator for 3 
2X 2.% 4 =Ab 4 eee ditto for 2. 
3X 2 Ke8 also eee ditto for 3. 
2x 3X 4 = 24 the common denominator. 


Therefore the equivalent fractions are 13, 7%, and 23. 
Or the whole operation of multiplying may be very well performed mentally, 


and only set down the results and given fractions thus: 3, 3, 3, = 33, 3%, 14 = 
is) x 7, by abbreviation. 
2. Reduce # and 3 to fractions of a common denominator. Ans. 24, 35, 
3. Reduce %, 3, 3, to a common denominator, Ans. 29, 35, a2: 
‘4, Reduce §, 23, and 4, to a common denominator. Ans. #6, 78, 13°. 


Note 1. When the denominators of two given fractions have a common mea- 
sure, let them be divided by it; then multiply the terms of each given fraction 
by the quotient arising from the other’s denominator. 

2. When the less denominator of two fractions exactly divides the greater, 
multiply the terms of that which hath the less denominator by the quotient. 

3- When more than two fractions are proposed ; it is sometimes convenient, 
first to reduce two of them to a cominon denominator; then these and a third ; 
and so on till they be all reduced to their least common denominator. 


CASE VII. 
To find the value of a fraction in parts of the integer. 


Rutr.—Multiply the integer by the numerator, and divide the product by the 
denominator, by Compound Multiplication and Division, if the integer be a 
compound quantity. ; 

Or, if it be a single integer, multiply the numerator by the parts in the next 
inferior denomination, and divide the product by the denominator, ‘Then, if 
any thing remains, multiply it by the parts in the next inferior denomination, 
and divide by the denominator as before; and so on as far as necessary: so 
shall the quotients, placed in order, be the value of the fraction required.* 


EXAMPLES, 
1, What is the 4 of 2/. 6s. ? 2. What is the value of 2 of 14? 
By the former part of the rule, By the 2d part of the rule, 
2, 6s. 2 
4 20 
5)9 4 3) 40 ( 13s. 4d. Ans. 
Ans, IZ. 16s. 9d, 23¢. i. 
ae 12 
3) 12( 4d. 


* The numerator of a fraction being considered as a remainder, in Division, and the denominator 
as the divisor, this rule is of the same nature as Compound Division, or the valuation of remainders 
in the Rule of Three, before explained, 
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3. What is the value of § of a pound sterling ? Ans. 7s. 6d. 
4, What is the value of 2 of a guinea? Ans, 4s. 8d. 
5. What is the value of 3 of half-a-crown ? Ans, Is. 103d. 
6. What is the value of 2 of 4s. 10d. ? Ans. Is. 1lgd. 
7. What is the value of 3 of a pound troy ? Ans, 7 oz. 4 dwts. 
8. What is the value of 5, of a ewt. ? Ans. 1 qr. 7 1b. 
9, What is the value of 2 of an acre? Ans, 2 ro. 20 po. 
10. What is the value of 3, of a day ? Ans. 7 hrs. 12 min. 
CASE VIII. 


To reduce a fraction from one denomination to another. 


Rore.*—Consider how many of the less denomination make one of the 
reater; then multiply the numerator by that number, if the reduction be toa 
ss name, or the denominator, if to a greater. 


EXAMPLES. 


i. Reduce % of a pound to the fraction of a penny 
eee ee 78° — 160 the answer. 

2. Reduce 2 of a penny to the fraction of a pound. 
i — — 1 > ‘ 

ae oe — 2, — oez, thé answer. 


3. Reduce -2,/. to the fraction of a penny. Ans. 32d, 
4, Reduce 3 of a farthing to the fraction of a pound. Ans. +229: 
5. Reduce 2 cwt. to the fraction of a lb. Ans, *? 
6. Reduce + dwt. to the fraction of a lb. troy. Ans. x45. 
7. Reduce 3 of a crown to the fraction of a guinea. Ans, +45,. 
8. Reduce £ of a half-crown to the fraction of a shilling. Ans. 23. 


ADDITION OF VULGAR FRACTIONS. 


To add fractions together that have a common denominator. 


_Rourr.—Add all the numerators together, and place the sum over the common 
‘mominator, and that will be the sum of the fractions required. 

If the fractions proposed have not a common denominator, they must be 
‘duced to one. Also compound fractions must be reduced to simple ones; 
id mixed numbers to improper fractions ; also fractions of different denomina- 
ms to those of the same denomination.} 





‘This is the same as the rule of Reduction in whole numbers, from one denomination to another. 

’ Before fractions are reduced to a common denominator, they are quite dissimilar, as much as 
lings and pence are, and therefore cannot be incorporated with une another, any more than these 
¥1, But when they are reduced to a common denominator, and made parts of the same thing, their 
| 0, or difference, may then be as properly expressed by the sum or difference of the numerators, 
the sum or difference of any two quantities whatever, by the sum or difference of their individuals. 
| hence the reason of the rule is manifest both for Addition and Subtraction. 

When several fractions are to be collected, it is commonly best first to add two of them together 
it most easily reduce to a common denominator ; then add their sum and a third, and so on. 
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EXAMPLES, 


1. To add 3 and ¢ together. 
Here 2 ai 4 = 12= 12, the answer. 


i: ieget at) 


2. Fo add 3 ¥ pe 8 together. 
$+ Sm ys = eS 132 the answer. 
3. To add § 7 7 and 3 of 2 together. 
S7i4+io0f8 =~ S+ +1 x—s+ Y+2= ¥ = 8§, the answer. 


4. To add $ and $ together. Ans. 12. 
5. To add 3 and 3 together. - Ans. 134. 
6. Add 2 and 3, together Ans. 5% 
7. What is the sum of 2 and 4 and 2? Ans. 1 398. 
8. What is the sum of 3 and 3 and 23? Ans. 338. 
9. What is the sum of 3 and i of i, aiid 955 Ans. 1024. 
10. What is the sum of 2 of a aoa and 3 of a ee ? 


Ans. 135s. or 13s. 10d, 22q. 


11. What is the sum of 3 of a shilling and +4 of a penny? Ans. sabe or 7d. 1439. 
12. What is the sum ye 1 of a pound, and 3 of a shilling, and {', of a penny ? 


Ans. 91396, or 3s, ld. 1429. 


SUBTRACTION OF VULGAR FRACTIONS. 


Ru.ir.—Prepare the fractions the same as for Addition; then subtract the 
one numerator from the other, and set the remainder over the common deno« 
minator, for the difference of the fractions sought. 


EXAMPLES. 


. To find the Sealey cas between $ and 2 


Here § — 4 = 4 = 2, the Se 


2. To find the difference between 3 and &. 
3—3— 21, 2° = ,1., the answer. 

3. What is the difference between -5, and ws? Ans. 3. 

4. What is the difference between 3 1s and 4; Ans, 355. 

5. What is the difference between 55, and 4% ts? Ans. 7. 

6 What is the difference between 52 and 7 of 42? Ans. 4.54. 

7. What is the difference between $ of a pound, oe % of 3 of a shilling ? © 
Ans. 195, or 10s. 7d. 13q. 

8. What is the difference between 3 of 52 of a pound, and § of a shilling ? 


Ans. 30237, or 12. 8s. 1125. 


MULTIPLICATION OF VULGAR FRACTIONS. 


Ruve.*—Reduce mixed numbers, if there be any, to equivalent fractions; 


* Multiplication of any thing by a fracticn implies the taking some part or parts of the thing; it 
may therefore be truly expressed by a compound fraction ; which is resolyed by multiplying together 
the numerators and the denominators, 
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then multiply all the numerators together for a numerator, and all the denomi- 
iators together for a denominator, which will give the product required. 


EXAMPLES, 
I, Required the product of 3 and 2. 
. Here, ? X 3 = f; = 4, the answer. 
3 — 1 — 
Or,?X$=3X5=4h 
2. Required the continued product of %, 33, 5, and 2 of $. 


Here 2 v4 43 x + x te x = peor ESP a . . = = =. 47, answer. 
3. Required the product of 2 and 4. Ans. 35. 
4, Required the product of 4, and .3,. Ans. +5. 
_5. Required the product of #, 4, and 14, Ane o, 
6. Required the product of 4, 2, and 3. Ans. 1. 
7. Required the product of 3, 2, and 4 55. Ans, 254. 
8. Required the product of 8, and 3 of §. Ans. 29; 
9. Required the product of 6, and 2 of 5. Ans. 20. 
10, Required the product of 2 of 8, and § of 32. Ans, 23. 
Il, Required the product of 32, and 434. Ans, 14.324, 
12, Required the product of 5, %, % of %, and 42, Ans. 25%. 


DIVISION OF VULGAR FRACTIONS. 


Rute.*—Prepare the fractions as before in Multiplication ; then divide the 
imerator by the numerator, and the denominator by the denominator, if they 
ll exactly divide; but if not, then invert the terms of the diviser, and multi- 
y the dividend by it, as in Multiplication. 


EXAMPLES, 
e . 5 
Il. Divide 25 by . 
Here 25. - § = 5 = 12, by the iirst method. 


Heref+ % =} XIf=4 xX = 25= 44, by the latter way. 


3. Divide 18 by 4. Ans. 4. 
4, Divide ,% by 3. Ans. +35. 
5. Divide 34 by 2. Ans. 14. 
6. Divide $ by 45. Ans. +35. 
‘7. Divide 32 by 3. Ans. 4. 
8. Divide 2 by 3. Angs.2 2 
9, Divide 53, by 3. Aus, +5. 
0. Divide 2 by 2. Ans. +35. 
1, Divide 74 by 98. Ans, $3. 
2. Divide 2 of 3 by 4 of 73. Ans. +2, 


hee A fraction is best multiplied by an integer, by dividing the denominator by it; but if it will 
; exactly divide, then multiply the numerator by it. 

’ Division being the reverse of Multiplication, the reason of the Rule is evident. 

‘Note. A fraction is best divided by an integer, by dividing the numerator by it; but if it will not 
, actly divide, then multiply the denominator by it. 
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RULE OF THREE IN VULGAR FRACTIONS. 


Rute.*—Make the necessary preparations as before directed ; then multip| 
continually together, the second and third terms, and the first with its tern 
inverted as in Division, for the answer. 


EXAMPLES, 


1. If $ of a yard of velvet cost % of a pound sterling; what will 5, of a yar 
cost ? 


. Bee 5558 2 5 
3 oa 8 See ee abe — = 11, = 6s. 8d. th er. 
Here, wer ce Ta x 5 x Vike: 41, = 6s. 8d. the answer 
2. What will 33 oz. of silver cost, at 6s. 4d. an ounce ? Ans, 1d. 1s. 43¢ 


3. If . of a ship be worth 273/. 2s. 6d., what is 5 of her worth ? 
Ans. 2277, 12s. 1: 
4. What is the purchase of 12302. bank-stock, at 1083 per cent ? 
Ans. 13361. 1s. 9% 
5. What is the interest of 2737. 15s. for a year, at 34 per cent ? 
Ans. 81. 17s. 112: 
6. If } of a ship be worth 73/. 1s. 3d., what part of her is worth 250/. 10s. ? 
Ans. ; 
7. What length must be cut off a board, that is 73 inches broad, to contain 
square foot, or as much as another piece of 12 inches long and 12 broad ? 
Ans. 1838 inche 
8. What quantity of shalloon, that is 3 of a yard wide, will line 94 yards « 
cloth, that is 23 yards wide ? Ans. 312 yd: 
9. If the penny-loaf weigh 6,8, oz. when the price of wheat is 5s. the bushel 
what ought it to weigh when the wheat is at 8s. 6d. the bushel? Ans. 4,4 0: 
10. How much in length, of a piece of land that is 113} poles broad, wi 
make an acre of land, or as much as 40 poles in length and 4 in breadth ? 
Ans, 13,8, pole 
11. If a courier perform a certain journey in 355 days, travelling 133 how 
a-day; how long would he be in performing the same, travelling only 11; 
hours a-day ? - Ans. 40835 day; 
12. A regiment of soldiers, consisting of 976 men, are to be new clothe: 
each coat to contain 24 yards of cloth that is 18 yard wide, and lined wit 
shalloon ~ yard wide; how many yards of shallcon will line them ? 
Ans. 4531 yds. 1 qr. 28 nail 


DECIMAL FRACTIONS. 


A DecimaL Fraction is that which has for its denominator, a unit (1) wit 
as many ciphers annexed as the numerator has places ; and it is usually expresse 
by setting down the numerator only, with a point before it on the left han 


* This is only multiplying the second and third terms together, and dividing the product by tl 
first, as in the Rule of Three in whole numbers, ‘ 
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Thus, x5, 1s °5, and 525, is :25, and ,25, is 075, and 7;424,5 is -00124; where 
tiphers are prefixed to make up as many places as are in the numerator, when 
here is a deficiency of figures. 
’ A mixed number is made up of a whole number with some decimal fraction, 
he one being separated from the other by a point. Thus 3:25 is the same as 
328, or 355. 

Ciphers on the right hand of decimals make no alteration in their value 3 for 
5 or *50 or *500, are decimals having all the same value, being each = 5 or 4. 
But if they are placed on the left hand, they decrease the value in a tenfold 
woportion. Thus °d is ,; or 5 tenths, but -05 is only +, or 5 hundredths, and 
005 is but +55 or 5 thousandths, 
_ The first place of decimals, counted from the left hand towards the right, is 
salled the place of primes, or 1(0ths; the second is the place of seconds, or 100ths ; 
he third is the place of thirds, 1000ths; and so on. For, in decimals, as well 
is in whole numbers, the values of the places increase towards the left hand, and 
lecrease towards the right, both in the same tenfold proportion ; as in the fol- 
owing Scale or Table of Notation. 
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ADDITION OF DECIMALS. 
 Rutse.—Set the numbers under each other according to the value of their 
places, like as in whole numbers; in which state the decimal separating points 
will stand all exactly under each other. Then, beginning at the right hand, add 
‘up all the columns of numbers as in integers ; and point off as many places, for 
decimals, as are in the greatest number of decimal places in any of the lines that 

are added ; or place the point directly below all the other points. 


EXAMPLES. 


1. To add together 29-0146, and 3146°5, and 2109, and °62417 and 14-16, 


29°0146 
3146°5 


5299-29877, the sum. 





D 
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2, To find the sum of 276°25 -+-+ 86°125 +4- 637-4725 -+- 6:5 +- 41°02 4. 
358'865. Ans. ee | 
3. Required the sum of 3°5 -+ 47°25 ++ 20073 +- 92701 + 15. : 
Ans. 981 2673, 
4 Required the sum of 276 4- 54°321 -+- 112 + 0°65 + 12°5 +4 °0463. 
Ans. 455°5 178. 


SUBTRACTION OF DECIMALS. 


Ru.e.—Place the numbers under each other according to the value of their 
places, as in the last rule. Then, beginning at the right hand, subtract as in 
whole numbers, and point off the decimals as in Addition. 


EXAMPLES. 


1. To find the difference between 91°73 and 2°138. 


91°73 
2°138 


Ans. 89-592. the difference. 


ee ee! 


2, Find the difference between 1°9185 and 2°73. Ans, 0°8115. 
3. Find the difference between 214°8] and 4°90142, Ans. 209°90858. 
4. Find the difference between 2714 and :916, Ans. 2713°084. 


MULTIPLICATION OF DECIMALS. 


Ruve.*—Place the factors, and multiply them together the same as if they 
were whole numbers.—Then point off in the product just as many places of 
decimals as there are decimals in both the factors. Butif there be not so may 
figures in the product, then supply the defect by prefixing ciphers. 


EXAMPLES. 


1, Multiply -321096 
by °2465 


1605480 
1926576 
1284384 
642192 


Ans. ‘0791501640 the product. 





* The rule will be evident fromthis example: Let it be requirea to multiply ‘12 by -361; 
these numbers are equivalent to 435 and 364, the product of which is 73335 ='04332, 
by the nature of Notation, which consists of as many places as there are ciphers, that is, of 
as many places as there are in both numbers, And in like manner for any other numbers. 
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2. Multiply 79°347 by 23:15. Ans. 1836°88305 
3. Multiply *63478 by °8204. Ans. *520773512, 


4, Multiply *385746 by 00464. Ans. 00178986144. 


CONTRACTION I. 
To multiply decimals by \ with any number of ciphers, as 10, or 100, or 1000, gc. 


‘Tuts is done by only removing the decimal point so many places farther to 
the right hand as there are ciphers in the multiplier; and subjoining ciphers 
if need be. 


EXAMPLES, 


1. The product of 51°3 and 1000 is 51300 
_ 2. The product of 2°714 and = 100 is 

3. The product of *916 and 1000 is 
_ 4, The product of 21:31 and 10000 is 


CONTRACTION Il. 


To contract the operation, so us to retain only as many decimals in the product 
as may be thought necessary, when the product would naturally contain several 
more places. 


_ Ser the units’ place of the multiplier under that figure of the multiplicand 
whose place is the same as is to be retained for the last in the product; and 
‘lispose of the rest of the figures in the inverted or contrary order to what they 
ire usually placed in.—Then, in multiplying, reject all the figures that are more 
o the right than each multiplying figure; and set down the products, so that 
heir right hand figures may fall in a column straight below each other; but 
bserving to increase the first figure of every line with what would arise from 
he figures omitted, in this manner, namely 1 from 5 to 14, 2 from 15 to 24, 3 
rom 25 to 34, &c.; and the sum of all the lines will be the product as required, 
sommonly to the nearest unit in the last figure. 


EXAMPLES. 


lL To multiply 27:14986 by 92°41035, so as to retain only four places of 
| iecimals in the product. 








Contracted way. Common way. 
27°14986 27°14986 
53014°29 92°41035 
94434874, . 13|574930 

542997 81/44.958 
108599 2714/986 
2715 , 108599/44, 

81 * §4299712 
14 24434874 
2508°9280 2508°9280,650516 


+, Multiply 480°14936 by 2°72416, retaining only four decimals in the product. 

3. Multiply 2490-3048 by °573286, retaining only five decimals in the product. 

. Multiply 325-701428 by °7218393, retaining only three decimals in the product. 
D2 


52 ARITHMETIC. 


DIVISION OF DECIMALS. 


Ru.e.—Divide as in whole numbers; and point off in the quotient as many 
places for decimals, as the decimal places in the dividend exceed those in the 
divisor.* 

When the places of the quotient are not so many as the rule requires, let the 
defect be supplied by prefixing ciphers. 

When there happens to be a remainder after the division; or when the 
decimal places in the divisor are more than those in the dividend; then ciphers 
may be annexed to the dividend, and the quotient carried on as far as required. 





EXAMPLES. 
1. 2. 
179 ) 48624097 ( °00271643 | ‘2685 ) 27:00000 ( 100°55865 
1282 15000 
294 15750 
1150 23250 
769 17700 
537 15900 
000 24750 
3. Divide 234°70525 by 64°25. Ans. 3°653. 
4, Divide 14 by °7854. Ans. 17°825. 
5. Divide 2175-68 by 100, Ans, 21°7568. 
6. Divide 8727587 by °162. Ans. 5:38739. 


CONTRACTION I. 


Wuen the divisor is an integer, with any number of ciphers annexed ; cut off 
those ciphers, and remove the decimal point in the dividend as many places 
farther to the left as there are ciphers cut off, prefixing ciphers if need be; then 
proceed as before.+ 


EXAMPLES. 
1, Divide 45°5 by 2100. 


21-00 ) 455 ( 0216, &. 
35 
140 
14 


2. Divide 41020 by 32000. 
3. Divide 953 by 21600. 
4, Divide 61 by 79000. 


* The reason of this rule is evident ; for, since the divisor multiplied by the quotient gives the 
dividend, therefore the number of decimal places in the dividend is equal to those in the divisor and 
quotient taken together, by the nature of Multiplication; and consequently the quotient itself must 
contain as many as the dividend exceeds the divisor. 

+ This is no more than dividing both divisor and dividend by the same number, either 10, or 100, or 
1000, &c., according to the number of ciphers cut off; which, leaving them in the same proportion, 
does not affect the quotient. And, in the same way, the decimal point may be moved the same num- 
ber of places in both the divisor and dividend, either to the right or left, whether they have 
ciphers or not. , 
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CONTRACTION II. 
Hence, if the divisor be 1 with ciphers, as 10, or 100, or 1000, &c, ; then the 
quotient will be found by merely moving the decimal point in the dividend so 


many places farther to the left as the divisor has ciphers ; prefixing ciphers if 
need be. 


So, 217°3. — 100 = 2173. and 419 ~ JO= 
And 5:16 ~ 100 = , and 2] — 1000 — 


CONTRACTION III. 


Wuen there are many figures in the divisor; or only a certain number of 
decimals are necessary to be retained in the quotient, then take only as many 
figures of the divisor as will be equal to the number of figures, both integers 
and decimals, to be in the quotient, and find how many times they may be con- 
tained in the first figures of the dividend, as usual. 

Let each remainder be a new dividend; and for every such dividend, leave 
out one figure more on the right hand side of the divisor; remembering to carry 
for the increase of the figures cut off, as in the 2d contraction in Multiplication. 

Note. When there are not so many figures in the divisor as are required to 
be in the quotient, begin the operation with all the figures, and continue it as 
usual till the number of figures in the divisor be equal to those remaining to be 
found in the quotient, after which begin the contraction. 


EXAMPLES. 


1. Divide 2508-92806 by 92-41035, so as to have only four decimals in the 
quotient, in which case the quotient will contain six figures. 


Contracted. Common way. 
92°4103,5 ) 2508°928,06 ( 27-1498 92°4103,5 ) 2508-928,06 ( 27°1498 
660721 | 66072106 
13849 13848610 
4608 46075750 
912 91116100 
80 79467850 
6 5539570 


2. Divide 4109-2351 by 230-409, so that the quotient may contain only four 
decimals. 

3. Divide 37-10438 by 5713-96, that the quotient may contain only five 
decimals. 

4, Divide 913:08 by 2137-2, that the quotient may contain only three decimals. 


REDUCTION OF DECIMALS. 


CASE I, 


| To reduce a vulgar fraction to its equivalent decimal. 
| 

Ruxe.—Divide the numerator by the denominator as in Division of Deci- 
‘mals, annexing ciphers to the numerator as far as necessary ; so shall the quotient 
‘be the decimal required. 


he 
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EXAMPLES, 


- Reduce 3, to a decimal. 


24234 6. Then 4 ) 7° 
6 ) 1-750000 . 
291666, &e, 





2. Reduce 4, and 3, and 3, to decimals. Ans, ‘25, and °5, and °75. 

3. Reduce 3 to a decimal. Ans *375, 

4. Reduce a's to a decimal. Ans. ‘04, 

5. Reduce 52, to a decimal. Ans. ‘015625. 

6. Reduce 273. to a decimal. Ans. 071577, &e. 
CASE II 


To find the value of a decimal in terms of the inferior denominations. 


Rute.—Multiply the decimal by the number of parts in the next lower 
denomination ; and cut off as many places for a remainder, to the right hand, 
as there are places in the given decimal. 

Multiply that remainder by the parts in the next lower denomination again, 
cutting off for another remainder 4s before. 

Proceed in the same manner through all the parts of the integer; then the 
several denominations separated on the left hand, will make up the answer. 

Note. This operation is the same as Reduction Descending in whole numbers. 





EXAMPLES. 
1. Required to find the value of 775 pounds sterling. 
‘775 
20 
s. 15-500 
12 Ans, 15s. 6d. 
d, 6°000 
2. What is the value of ‘625s. ? Ans. 74d, 
3. What is the value of ‘86352 ? Ans. 17s, 3:24d. 
4. What is the value of 0125 lb. troy ? vA Ans. 3 dwts, 
5. What is the value of 4694 Ib. troy ? Ans. 5 oz. 12 dwt. 15°744 gr, 
6. What is the value of °625 cwt. ? Ans. 2 qr. 14 Ib. 
7. What is the value of 009943 miles ? Ans. 17 yd. 1 ft. 598848 in, 
8. What is the value of 6875 yd. ? Ans. 2 qr. 3 nls. 
9. What is the value of °3375 ac. ? Ans. 1 rd. 14 poles. 
10. What is the value of ‘2083 hhd. of wine? Ans. 13°1229 gal, 
CASE IIL 


To reduce integers or decimals to equivalent decimals of higher denominations. 


Rute.—Divide by the number of parts in the next higher denomination; 
continuing the operation to as many higher denominations as may be necessary, 
the same as in Reduction Ascending of whole numbers. 
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EXAMPLES. 


mm 


. Reduce 1 dwt. to the decimal of a pound troy 


20 | 1 dwt. 
12 10°05 oz. 
0°004166, &c. lb. answer, 


——— 





2. Reduce 9d. to the decimal of a pound. Ans, *0375/. 
3. Reduce 7 dr. to the decimal of a pound avoird. Ans. 02734375 lb. 
4, Reduce ‘26d. to the decimal of a £. Ans. 70010833, &c. £. 
5, Reduce 2°15 Ib. to the decimal of a cwt. Ans. :019196 +- cwt. 
6. Reduce 24 yards to the decimal of a mile. Ans. 7013636, &c. miles. 
7. Reduce ‘056 poles to the decimal of an acre. Ans. *00035 ae. 
8. Reduce 1:2 pints of wine to the decimal of a hhd. Ans, 00238 -+- hhd. 
9, Reduce 14 minutes to the decimal of a day. Ans, °009722, &c. da. 
10. Reduce 21 pints to the decimal of a peck. Ans. °013125 pec. 


Nore.— When there are several numbers, to be reduced all to the decimal of 
the highest. 


Set the given numbers directly under each other, for dividends, proceeding 
orderly from the lowest denomination to the highest. 

Opposite to each dividend, on the left hand, set such a number for a divisor 
as will bring it to the next higher name; drawing a perpendicular line between 
all the divisors and dividends, 

Begin at the uppermost, and perform all the divisions; only observing to set 
the quotient of each division, as decimal parts, on the right hand of the dividend 
next below it; so shall the last quotient be the decimal required. 


EXAMPLES, 
}, Reduce 15s. 93d. to the decimal of a pound. 
4| 3 
12} 9°75 
20: 158125 
£ 0°790625, answer. 


2, Reduce 19/. 17s. 3d. to £. Ans. 19°86354166, &c. £. 
3. Reduce 1s. 6d. to the decimal of a £. Ans. ‘775£. 
4, Reduce 73d. to the decimal of shil, Ans. °625s. 
5. Reduce 5 oz. 12 dwts. 16 gr. to lbs. Ans. ‘46944, &e. Ib. 


RULE OF THREE IN DECIMALS. 
_ Rute.—Prepare the terms by reducing the vulgar fractions to decimals, any 
compound numbers either to decimals of the higher denominations, or to inte- 
gers of the lower, also the first and third terms to the same name: then mul- 
_tiply and divide as in whole numbers. 
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Note. Any of the convenient examples in the Rule of Three or Rule of Fiye 
in Integers, or Vulgar Fractions, may be taken as proper examples to the same 
rules in Decimals.—The following example, which is the first in Vulgar Frac- 
tions, is wrought here to show the method. 


If § of a yard of velvet cost 27, what will 58; yd. cost ? 





yd. l, yd. l. + 26. 
& = 375 375 : °*4 3: °3125 : 333, ke or 6 8 
“4 
a= “4 ‘375 ) *12500 ( -333333, &e. 
1250 20 
125 are 
#, = °3125 s. 666666, &e. 
12 
Answer, 6s. 8d. d. 7°99999, &c. = 8d, 





—_—_—_—- 








DUODECIMALS. 


Buopecimats, or Cross Muuripiication, is a rule made use of by workmen and 
artificers, in computing the contents of their works, 

Dimensions are usually taken in feet, inches, and quarters ; any parts smaller 
than these being neglected as of no consequence. And the same in multiplying 
them together, or casting up the contents. 


Rurx.—Set down the two dimensions, to be multiplied together, one under 
the other, so that feet stand under feet, inches under inches, &e. 

Multiply each term in,the multiplicand, beginning at the lowest, by the feet 
in the multiplier, and set the result of each straight under its corresponding 
term, observing to carry 1 for every 12, from the inches to the feet. 

In like manner, multiply all the multiplicand by the inches and parts of the 
nultiplier, and set the result of each term one place removed to the right hand 
of those in the multiplicand ; omitting however what is below parts of inches, 
only carrying to these the proper number of units from the lowest denomination. 

Or, instead of multiplying by the inches, take such parts of the multiplicand 
as these are of a foot. . 

Then add the two lines together, after the manner of Compound Addition, 
carrying | to the feet for 12 inches, when these come to so many. 





EXAMPLES, 
1, Multiply 4 f 7 ine. 2, Multiply 14 f. 9 ine. 
by6 4 by 4 6 
oti wD 59 0 
1 6} 7 44 


Answer, 29 3 Answer, 66 43 
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3. Multiply 4f7 inc. by 9f6 ine. Ans. 43 f. 63 inc. 
4, Multiply 1275 inc. by 6f.8 ine. Ans. 82 94 
5. Multiply 35 f. 43 inc. by 12 f. 3. ine. Ans, 433 43 
6. Multiply 646 inc. by 8 f. 93 inc Ans. 565 88 


INVOLUTION 


Invo.uTion is the raising of Powers from any given number, as a root, 
A Power is a quantity produced by multiplying any given number, called the 
Root, a certain number of times continually by itself. Thus, 


2= 2 is the root, or first power of 2. 
2X2= Ais the 2d power, or square of 2. 
2x 2x 2= 8 is the 3d power, or cube of 2. 
2% 2X 2X 2= 16 is the 4th power of 2, &c. 


And in this manner may be calculated the following Table of the first nine 
powers of the first nine numbers. 


TABLE OF THE FIRST NINE POWERS OF NUMBERS. 


itst| 2d | 3d Sth 9th | 











WEL Toby: Se ee er 
2! 4 256 512 
3/9 |a7| 81 | 243 729 6561 | 19683 










65536 262144 


ee 


256 | 1024 | 4096 | 
390625 | 1953195 _ 


a 


~ 1679616 | 10077696 


5764801 | 40353607 
16777216 | 134217728 


43046721 | 387420489 | 











279936 
823543 


2097152 


— 


4.782969 















343 | 2401 | 16807 
| 8 | 64 | 512| 4096 | 32768 | 262144 
729 | 6561 | 59049 | 531441 
The Index or Exponent of a Power, is the number denoting the height or 
degree of that power; and it is 1 more than the number of multiplications used 
in producing the same. So 1 is the index or exponent of the 1st power or root, 
2 of the 2d power or square, 3 of the 3d power or cube, 4 of the 4th power, and 
30 on. 


Powers, that are to be raised, are usually denoted by placing the index above 
the root or first power. 


















So 2? = 4 is the 2d power of 2. 
23 = 8 is the 3d power of 2. 
2* = 16 is the 4th power of 2. 
540* is the 4th power of 540, &c. 


When two or more powers are multiplied together, their product will be that 
‘power whose index is the sum of the exponents of the factors or powers mullti- 


“fied 
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plied. Or the multiplication of the powers, answers to the addition of the indi- 
ces. ‘Thus, in the following powers of 2. 


Ist 2d 3d 4th Sth 6th 7th Sth Oth 10th 

2 4 8 16 32 64 IQS 256 "512 s026 
or, 21° 2? 28 Bt B.S a 
Here, 4X 4 16, and 2 + 2 


— 4 its index ; 
and 8 X 16 = 128, and 3 + 4 


7 its index; 


also 16 xx 64 1024, and 4 ++ 6 10 its index. 
OTHER EXAMPLES, 
1, What is the 2d power of 45? Ans. 2025, 
2. What is the square of 4°16 ? Ans. 17°3056. 
3. What is the 3d power of 3°5? Ans. 42°875, 
4, What is the 5th power of 029? Ans. ‘000000020511149. 
5. What is the square of 2? Ans. 4. 
6. What is the 3d power of §? Ans. 733+ 
7. What is the 4th power of 3? Ans. 35: 


EVOLUTION. 


EvoLurion, or the reverse of Involution, is the extracting or finding the roois 
of any given powers. 

The root of any number, or power, is such a number, as being multiplied into 
itself a certain number of times, will produce that power. Thus, 2 is the square 
root or 2d root of 4, because 22 = 2 X 2 = 4; and 8 is the cube root or 3d 
root of 27, because 3? = 3 X 3 X 3 = 27. 

Any power of a given number or root may be found exactly, namely, by 
multiplying the number continually into itself. But there are many numbers 
of which a proposed root can never be exactly found. Yet, by means of decimals 
we may approximate or approach towards the root, to any degree of exactness. 

Those roots which only approximate, are called Surd roots; but those which 
can be found quite exact, are called Rational roots. Thus, the square root of 3 
is a surd root; but the square root of 4 is a rational root, being equal to 2: also 
the cube root of 8 is rational, being equal to 2; but the cube root of 9 is surd 
or irrational, 

Roots are sometimes denoted by writing the character 4/ before the power, 
with the index of the root against it. Thus, the third root of 20 is expressed 
by <{/20; and the square root or 2d root of it is 4/20, the index 2 being 
always omitted, when the square rvot is designed. 

When the power is expressed by several numbers, with the sign +--+ or — 
between them, a line is drawn from the top of the sign over all the parts of it: 
thus, the third root of 45 — 12 is {/45 — 12, or thus, {/(45 — 12), inclosing 
the numbers in parentheses. 

But all roots are now often designed like powers, with fractional indices: 


if 1 

thus, the square root of 8 is 8*’ the cube root of 25 is 25°’ and the 4th root of 
cea aR Eh 1 

45 — 18 is 45 — 18|* or, (45 — 18), 
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TO EXTRACT THE SQUARE ROOT. 


Ruve.*—Divide the given number into periods of two figures each, by setting 
a point over the place of units, another over the place of hundreds, and so on, 
over every second figure, both to the left hand in integers, and to the right in 
decimals, 

Find the greatest square in the first period on the left hand, and set its root 
on the right hand of the given number, after the manner of a quotient figure 
in Division. 
| Subtract the square thus found from the said period, and to the remainder 
, annex the two figures of the next following period, for a dividend. 

' Double the root above mentioned for a divisor; and find how often it is con- 
tained in the said dividend, exclusive of its right hand figure; and set that 
quotient figure both in the quotient and divisor. 

_ Multiply the whole augmented divisor by this last quotient figure, and subtract 
| the product from the said dividend, bringing down to the next period of the 

given number, for a new dividend. 

Repeat the same process over again, viz. find another new divisor, by doubling 
all the figures now found in the root; from which, and the last dividend, find the 
next figure of the root as before ; and so on through all the periods, to the last. 


_ Note. The best way of doubling the root, to form the new divisors, is by adding 
the last figure always to the last divisor, as appears in the following examples.— 
AJso, after the figures belonging to the given number are all exhausted, the 
operation may be continued into decimals at pleasure, by adding any number 
_ of periods of ciphers, two in each period. 


* The reason for separating the figures of the dividend into periods or portions of two places each, 
is, that the square of any-single figure aever consists of more than two places; the square of a num. 
ber of two figures, of not more than four places, and so on. So that there will be as many figures in 
the root as the given number contains periods so divided or parted off. 

And the reason of the several steps in the operation, appears from the algebraic form of the square of 
) any number of terms, whether two, or three, or more. Thus, @ + 6l° = a2 + 2ab + 02 = a8 + 2a + b.b, 

the square of two terms ; where it appears, that a is the first term of the root, and 0 the second term ; 

also @ the first divisor, and the new divisor-is 2a -++ 4, or double the first.term increased by the 
second. And hence the manner of extraction is thus : 


Ist division @ ) a2 -+- 2ab + b? (a+ 6 the root 
y aa 


: 2d divisor 2a +b; 2ab-- 62 
b | 2ab + bP 


Again, for a root of three parts a, 0, c, thus: 


' aba —a2+ 2ab + 52 + 2ac + Lhe + c%= 

: a2 + 2a+6.b6+ 2a + 26 + c.e, the square of three terms ; 
where a is the first term of the root, 6 the second, and c the third term ; also a@ the first divisor, 2a + 

the second, and 2a + 2b + c the third, each consisting of the double of the root increased by the next 

_ term of the same. And the mode of extraction is thus: 


Ist divisor @ ) a2 + 2ab + 62 + 2ac + 2be +c? (a+b6-+ ¢ the root. 
a 


24 divisor 2a +b | 2ab + 6? 
6 | 2ab + 02 


8d divisor 2a + 26+ c | 2ac + 2be + c? 
c | 2ac + 2be + c?, 
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EXAMPLES. 
l. To find the square root of 29506624. 
29506624 ( 5432 the root. 
25 


104 | 450 

4 | 416 
1083 | 3466 
3 | 3249 


10862 | 21724 
2 | 21724, 





NotE.—When the root is to be extracted to many places of figures, the work 
may be considerably shortened, thus : 


Having proceeded in the extraction after the common method till there be 
found half the required number of figures in the root, or one figure more ; then, 
for the rest, divide the last remainder by its corresponding divisor, after the 
manner of the third contraction in Division of Decimals; thus, 


2. To find the root of 2 to nine places of figures. 


2 ( 14142 
1 


24 | 100 
4) 96 


281 | 400 
1 | 281 


———— 


2824 | 11900 
4 | 11296 


28282 ; 60400 
2 | 56564 


28284 ) 3836 ( 1356 
1008 
160 
19 
2 
Answer, 1:41421356 the root required. 





3. What is the square root of 2025 ? Ans. 45, 
4, What is the square root of 17-3056 ? Ans. 4°16. 
5. What is the square root of -000729 ? Ans. ‘027. 
6. What is the square root of 3 ? Ans. 1°732050. 
7.. What is the square root of 5? Ans, 2°236068, 
8. What is the square root of 6 ? Ans, 2449489, 
9. What is the square root of 7 ? Ans, 2°645751, 
10. What is the square root of 10 ? Ans. 3°162277, 
11. What is the square root of 11? Ans. 3°316624. 


12. What is the square root of 12? Ans. 3°464101. 
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RULES FOR THE SQUARE ROOTS OF VULGAR FRACTIONS AND 
MIXED NUMBERS. 


First, prepare all vulgar fractions, by reducing them to their least terms, 
both for this and all other roots. Then, 

1, Take the root of the numerator and of the denominator for the respective 
terms of the root required. And this is the best way if the denominator be a 
complete power: but if it be not, then, 

2. Multiply the numerator and denominator together; take the root of the 
product: this root being made the numerator to the denominator of the given 
fraction, or made the denominator to the numerator of it, will form the fractional 
root required. 


' @_ Vfa_ fab _ a 
Rake ibhat: of beat 3 Sab 





And this rule will serve whether the root be finite or infinite. 

3. Or reduce the vulgar fraction to a decimal, and extract its root. 

4, Mixed numbers may be either reduced to improper fractions, and extracted 
by the first or second rule; or the vulgar fraction may be reduced toa decimal, 
ihen joined to the integer, and the root of the whole extracted, 


EXAMPLES, 
1, What is the root of 24? Ans. 2, 
2. What is the root of 27, ? Ans, 3. 
3. What is the root of {9,7 Ans. 0°866025. 
4, What is the root of 55, ? Ans. 0°645497. 
5. What is the root of 173 ? Ans. 4°168333. 


By means of the square root also may readily be found the 4th root, or the 
3th root, or the 16th root, &c.; that is, the root of any power whose index is 
ome power of the number 2; namely, by extracting so often the Square root as 
's denoted by that power of 2; that is, two extractions for the fourth root, three 
or the Sth root, and so on. 


So, to find the 4th root of the number 21035°8, extract the square root two 
imes as follows ; 





21035'8000 ( 145:037237 (120431407, the 4th root. 
1 l 
24) 110 22 | 45 
41 96 2| 44 
285 | 1435 . 2404, | 10372 
5 | 1425 4 | 9616 
29003 | 108000 24083 | 75637 
6| 87009 6 72249 
20991 ( 7237 | 3388 ( 1407 
687 980 
107 17 


20 
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TO EXTRACT THE CUBE ROOT. 


i. Drvivz the page into three columns (1), (11), (111), in order, from left to 
right, so that the breadth of the columns may increase in the same order. 
In column (m1) write the given number, and divide it into periods of three 
figures* each, by putting a point over the place of units, and also over every 
third figure, from thence to the left, in whole numbers, and to the right in 
decimals. 

2. Find the nearest less cube number to the first or left-hand period; set its 
root in column (111), separating it from the right of the given number by a 
curve line, and also in column (1); then multiply the number in (1) by the 
root figure, thus giving the square of the first root figure, and write the result 
in (11); multiply the number in (11) by the root figure, thus giving the cube of 
the first root figure, and write the result below the first or left-hand period. 
in (111); subtract it therefrom, and annex the next period to the remainder for 
a dividend. 

3. In (1) write the root figure below the former, and multiply the sum of 
these by the root figure; place the product in (11), and add the two numbers 
together for a trial divisor. Again, write the root figure in (1), and add it to 
the former sum. | 

4. With the number in (11) as a trial divisor of the dividend, omitting the 
two figures to the right of it, find the next figure of the root, and annex it to 
the former, and also to the number in (1). Multiply the number now in (1) 
by the new figure of the root, and write the product as it arises in (11), but 
extended two places of figures more to the right, and the sum of these two 
numbers will be the corrected divisor; then multiply the corrected divisor by 
the_last root figure, placing the product as it arises below the dividend; sub- 
tract it therefrom, aunex another period, and proceed precisely as described 
in (3), for correcting the columns (1) and (1). Then with the new trial 
divisor in (11), and the new dividend in (111), proceed as befores> 

Note I. When the trial divisor is not contained in the dividend, after two 
figures are omitted on the right, the next root figure is 0, and therefore one 
cipher must be annexed to the number in (1); two ciphers to the number in 
(11); and another period to the dividend in (111). 


* The number is divided into periods of three figures each, because the cube of one figure never 
amounts to more than three figures; the cube of two figures to more than six, but always more than 
three; andsoon. Fora similar reason, a number is divided into periods of m figures, when the wth 
root is to be extracted. 

+ The truth of this rule will be obvious from the composition of the algebraic expression for the 
eube of a binomial. Thus (2+b)3=a3+3 a? 6+3 ab2+6%; then by the rule 


(1) (11) (1) 


a a? a3 + 3a°b+3ab? +63 (a+b=root. 
a 2a" ye 
2a 3a2 3a7b+3ab2+5° 
a 3ab+b2 3a2b+3ab2+b)3 
3a 3a? +3ab +b? 2s ae ee y 
+é 
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Note 11. When the root is interminable, we may contract the work very 
considerably, after obtaining a few figures in the decimal part of the root, 
if we omit to annex another period to the remainder in (111); cut off one 
figure from the right of (11), and two figures from (1), which will evidently 
have the effect of cutting off three figures from each column; and then work 
with the numbers on the left, as in contracted multiplication and division of 
decimals. 


EXAMPLE. 


Find the cube root of 21035°8 to ten places of decimals. 


(1) (11) (111) 
































2 4 210358 (27°60491055944 
2 8 8 
4 T.. 13035 
2 46 11683 
67 1669 1352800 
7 518 1341576 
74 9187... TIO ue 
7 4896 9142444864 
816 223596 2081555136 
6 4932 2057415281 
8 22 228528.... 24139855 
6 331216 22860923 
8 28 04 2285611216 1278932 
7 ele 331232 1143046 
8 2808 22859424418 135886 
4 74531 114305 
|-8|28|12 22860169 4 21581 
7453] 20575 
2286091 5\1 1006 
8\3 914 
22860923) | 92 
8/3 91 
24218|6|0] 9] 3] 2 1 


EXAMPLES FOR PRACTICE. 


Required the cube roots of the following numbers:— 


(1) 48228544, 46656, and 15069223. Ans. 364, 36, and 247. 
(2) 64481-201, and 28991029248. Ans. 46-1, and 3072. 

(3) 12821119155125, and :000076765625. Ans. 23405, and :0425. 
(4) 23824, and 16. Ans. 24, and 2°519842. 


(5) 914, and 72. Ans. 4:5, and 198802366. 


; 


64 ARITHMETIC. 
TO EXTRACT ANY ROOT WHATEVER.* 


Let N be the given power or number, 7 the index of the power, A the assumed 
power, 7 its root, R the required root of N. 

Then, as the sum of n -+ 1 times A and x — 1 times N, is to the sum of » + 
1 times N and x — 1 times A, so is the assumed root 7, to the required root R. 

Or, as half the said sum of n + 1 times A and x — 1 times N, is to the 
difference between the given and assumed powers, so is the assumed root 7, to 
the difference between the true and assumed roots; which difference, added or 
subtracted, as the case requires, gives the true root nearly. | 

That is,n 4-l.A++-n—1.Nin-1.N+n—1. Atirr:R. 
Or,n-+1.4A-+n—1.3N:AMNiz: 7: RO? 

And the operation may be repeated as often as we please, by using always the 

Jast found root for the assumed root, and its mth power for the assumed power A. 


EXAMPLE, 
To extract the 5th root of 21035°8. 


Here it appears that the 5th root is between 7°3 and 7-4. ‘Taking 7°3, its 5th 
power is 20730°71593. Hence then we have, 
N = 210358; y = 7:3; n= 5; 3.n+1=>38; dn—1=2. 
A = 20730°716 
N— A = 805°084 
«A = 20730-716 N = 21035'8 
3 2 


3A = 62192°148 42071°6 
2N = 42071°6 


As 104263'7 : 305084 :: 78 : 0913605 
73 


915252 
2135588 


104263°7 ) 2227-1132 ( °0213605, the difference, 
14184 73—=r add 








3758 | 
630 7°321360 = R, the root, true to the 
5 last figure. 
OTHER EXAMPLES. 
1. What is the 3d root of 2 ? " Ans. 1°259928 
2. What is the 4th root of 2? Ans. 1:°189207. 
3. What is the 4th root of 97-41 @ Ans. 3°1415999, 
4. What is the 5th root of 2? Ans. 1°148699, 
5. What is the 6th root of 21035°8 P Ans. 5:°254037. 
6. What is the 6th root of 2 Ans. 1:122462, 
7. What is the 7th root of 21035°8 ? Ans. 4°145392, 
8. What is the 7th root of 2? Ans. 1°104089. 
9, What is the 8th root of 21035°8 ? Ans. 3°470323. 
10 What is the 8th root of 2? Ans. 1°090508. 
11. What is the 9th root of 21035°8 ? Ans. 3022239, 
12. What is the 9th root of 2? Ans. 1°080059. 


* This is a very general approximating rule for the extraction of any root of a given number, and 
is the best adapted for practice, and for memory, of any that Ihave yet seen. It was first discovered 
by myself, and the investigation and use of it were given at large in my Tracts, vol. 1, p. 45, &e. 
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OF RATIOS, PROPORTIONS, AND PROGRESSIONS. 


_ NumBers are compared to each other in two different ways : the one comparison 
considers the difference of the two numbers, and is named Arithmetical Relation ; 
ind the difference sometimes the Arithmetical Ratio: the other considers their 
juotient, and is called Geometrical Relation, and the quotient the Geometri- 
sal Ratio. So, of these two numbers 6 and 3, the difference, or arithmetical 
tatio, is 6 — 3 or 3; but the geometrical ratio is $ or 2. 

There must be two numbers to form a Ropar: the number which is com- 
yared, being placed first, is called the Antecedent; and that to which it is com- 
vared, the Consequent. So, in the two numbers above, 6 is the antecedent, and 
3} the consequent. 

If two or more couplets of numbers have equal ratios, or equal differences, 
he equality is named Proportion, and the terms of the ratios Proportionals. 
50, the two couplets, 4,2 and 8,6, are arithmetical proportionals, because 4. — 2 
= 8 —6 = 2; and the two couplets 4,2 and 6,3, are geometrical proportionals, 
vecause 4 = $ = 2, the same ratio. 
_ To denote numbers as being geometrically proportional, a colon is set between 
he terms of each couplet, to denote their ratio; and a double colon, or else a 
nark of equality, between the couplets or ratios. So, the four proportionals, 
t, 2, 6, 3, are set thus, 4: 2:: 6:3, which means, that 4 is to 2 as 6 is to 3; or 
hus, 4: 2= 6: 3; or thus, 4 = $, both which mean, that the ratio of 4 to 2, 
's equal to the ratio of 6 to 3. 
' Proportion is distinguished into Continued and- Discontinued. When the 
lifference or ratio of the consequent of one couplet and the: antecedent of the 
iext couplet, is not the same as the common difference or ratio of the couplets, 
he proportion is discontinued. So, 4, 2, 8, 6, are in discontinued arithmetical 
»roportion, because 4 — 2 = 8 — 6 = 2, whereas, 2-8= — 6; and 4, 2, 6, 3, 
re in discontinued geometrical proportion, because 4 = § = 2, but 2 = } 
| vhich is not the same. 

But when the difference or ratio of every two succeeding terms is the same 
juantity, the proportion is said to be continued, and the numbers themselves a 
eries of continued proportionals, or a progression. So, 2, 4,6, 8, form an 
rithmetical progression, because 4 — 2 = 6 — 4 = 8 — 6 = 2, all the same 
ommon difference; and 2, 4, 8, 16, a geometrical progression, because 4 = ? 
= 1S = 2, all the same ratio. 

When the following terms of a Progression exceed each other, it is called an 
iscending Progression or Series; but ifthe terms decrease, it is a heeding one, 
So, 0, 1, 2,3, 4, &e., is an ascending arithmetical progression, 
but 9, 7, 5,3, 1, &c., is a descending arithmetical progression : 
Also, 1, 2, 4, 8, 16, &c., is an ascending geometrical progression, 
and 16, 8,4, 2, 1, &c., is a descending geometrical progression. 


2 


ARITHMETICAL PROPORTION AND PROGRESSION, 


Tue first and Jast terms of a Progression, are called the Extremes; and the 
iher terms, lying between them, the Means.. 
The most useful part of arithmetical proportions, is contained in the following 
leorems : EB 





rade 
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Turorrem 1,—If four quantities be in avithmetical proportion, the sum of the 
two extremes will be equal to the sum of the two means. ; 

Thus, of the four 2, 4, 6, 8, here 2 -- 8= 44-6= 10. | 

TuEorEM 2.—In any continued arithmetical progression, the sum of the two 
extremes, is equal to the sum of any two means that are equally distant from 
them, or equal to double the middle term when there is an uneven number of 
terms. 

Thus, in the terms 1, 3, 5, itis 1 -—- 5= 34+3=6. 

And in the series 2, 4, 6, 8, 10, 12, 14, it is 2 + 424+ 12=6+4 10= 
8t+8= 16. ; 

Turorem 3.—The difference between the extreme terms of an arithmetical 
progression, is equal to the common difference of the series multiplied by one 
less than the number of the terms. 

So, of the ten terms, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, the common difference 
is 2, and one less than the number of terms 9; then the difference of the 
extremes is 20 — 2 = 18, and2 xX 9 = 18 also. 

Consequently, the greatest term is equal to the least term added to the product 
of the common difference multiplied by 1 less than the number of terms. 

‘Trrorem 4.—The sum of all the terms, of any arithmetical progression, is 
equal to the sum of the two extremes multiplied by the number of terms, and 
divided by 2; or the sum of the two extremes multiplied by the number of the 
terms gives double the sum of all the terms.in the series. 

This is made evident by setting the terms of the series in an inverted order 
under the same series in a direct order, and adding the corresponding terms 
together in that order. Thus, 

in the series Lion By +64. eee Ll, las 7 ae; 

ditto inverted, 15, 13, 11, 9, 7, 5 at beh veubass 

the sums are 16-4 16-+16+4 16 + 16416 + 16 + 16, 
which must be double the sum of the single series, and is equal to the sum of 
the extremes repeated so often as are the number of the terms. . 

From these theorems may readily be found any one of these five parts; the 
two extremes, the number of terms, the common difference, and the sum of all 
the terms, when any three of them are given; as in the following Problems: 


PROB. I. 
Given the extremes, and the number of terms ; to Jind the sum of all the terms. 
Rue.—App the extremes together, multiply the sum by the number of terms 


and divide by 2. 
EXAMPLES. 


1. The extremes being 3 and 19, and the number of terms 9; required the 
sum of the terms ? 





19 
3 
22 19 -+ 3. 2 eee ¥. 
2 Os, —E= KOE ZX IH11 X 9= 9. 
2) 198 


Answer, 99 


2, It is required to find the number of all the strokes a clock strikes in ont 
whole revolution of the index, or in 12 hours? Ans, 73 


> 


i 
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2 3, How many strokes do the clocks of Venice strike in the compass of the 
_ day, which go right on from 1 to 24 o’clock ? Ans. 300. 

4. What debt can be discharged in a year, by weekly payments in arithmeti- 
al progression, the first payment being 1s., and the last or 52d payment 5/. 3s. ? 
4 ‘ Ans. 1351, 4s, 


PROB, II. 
Given the extremes, and the number of terms ; to find the common difference. 


Rute.—Subtract the less extreme from the greater, and divide the remainder 
by 1 less than the number of terms, for the common difference. 


EXAMPLES. 


1, The extremes being 3 and 19, and the number of terms 9; required the 
‘common difference ? 





19 

3 "eo Ss +16 

oat Or, 9_1-3s-* 
8) 16 
Ans. 2 


2. If the extremes be 10 and 70, and the number of terms 2 L; what is the 
‘common difference, and the sum of the series ? 
Ans. the com. diff. is 3, and the sum is 840, 
3. A certain debt can be discharged in one year, by weekly payments in 
arithmetical progression, the first payment being Is., and the last 5/. 3s.; what 
is the common difference of the terms ? Ans. 2. 


PROB. III. 


( é . 
Given one of the extremes, the common difference, and the number of terms; to 
Jind the other extreme, and the sum of the series. 


| RuLe.—Maultiply the common difference by 1 less than the number of terms, 
and the product will be the difference of the extremes : therefore add the product 
to the less extreme, to give the greater; or subtract it from the greater to give 
the less, 
| EXAMPLES. 
i, Given the least term 3, the common difference 2, of an arithmetical series 
of 9 terms; to find the greatest term, and the sum of the series ? 
( 2 
8 
16 
3 


19 the greatest term. 
3 the least. 


—_——— 


22 sum. 
9 number of terms. 


2) 198 


: 





99 the sum of the series, 


—_ 


E 2 


a a * 
Cpe: 
Aes 


2. Ifthe greatest term be 70, the common difference 3, and the number of 
terms 21; what is the least term and the sum of the series ? 

Ans. the least term is 10, and the sum is 840, 

3. A debt can be discharged in a year, by paying ls. the first week, 3s. the 

second, and so on, always 2s. more every week; what is the debt, and what will, 

the last payment be? Ans. the last payment will be 5/. 3s., and the debtis 1352 4s, 
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PROB. IV. 
To find an arithmetical mean proportional between two given terms. 
Ruie.—Add the two given extremes or terms together, and take half their 
sum for the arithmetical mean required. Or, subtract the less extreme from the 
greater, and half the remainder will be the common difference; which being added 
to the less extreme, or subtracted from the greater, will give the mean required- 


EXAMPLE. 
To find an arithmetical mean between the two numbers 4 and 14. 
Here, 14 Or, i4 Or, 14 
- 4 A, 6 
2)18 2) 10 9 
Ans. 9 5 the com. dif. 
_- 4 the less extreme. 
9 


So that 9 is the mean required by both methods. ‘ 
PROB. VY. 
To find two arithmetical means between two given extremes. 
Rute.—Subtract the less extreme from the greater, and divide the difference 


by 3, so will the quotient be the common difference ; which being continually 
added to the less extreme, or taken from the greater, gives the means. 


EXAMPLE. 
To find two arithmetical means between 2 and 8. 
Here 8 
Q 
y6 Then 2 + 2 = 4 the one mean, 


: and 4 -+-- 2 = 6 the other mean. 
com. dif. 


vO 


PROB. VI. 
To find any number of arithmetical means between two given terms or extremes. 
Ruie.—Subtract the less extreme from the greater, and divide the difference 
by 1 more than the number of means required to be found, which will give the 
common difference ; then this being added continually to the least term, of 
subtracted from the greatest, will give the mean terms required. 


EXAMPLE, 
To find five arithmetical means between 2 and 14. 
Here 14 
2 
g yw Then by adding this com. dif. continually, 


the means are found 4, 6, 8, 10, 12. 
com, dif. 2 


Note. More of Arithmetical Progression is given in the Algebra, 
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GEOMETRICAL PROPORTION AND PROGRESSION, 


_ Tue most useful part of Geometrical Proportion, is contained in the following 
' theorems : 


TnEoreM 1.—If four quantities be in geometrical proportion, the product of 
_ the two extremes will be equal to the product of the two means. 
Thus, in the four 2, 4, 3, 6, itis2 X 6=3X4—= 12. 
And hence, if the product of the two means be divided by one of the extremes, 
the quotient will give the other extreme. So, of the above numbers, the product 
_of the means 12 ~- 2 = 6 the one extreme, and 12 + 6 = 2the other extreme; 
_and this is the foundation and reason of the practice in the Rule of Three. 
Turorem 2.—In any continued geometrical progression, the product of the 
two extremes is equal to the product of any two means that are equally distant 
from them, or equal to the square of the middle term when there is an uneven 
number of terms, 
Thus, in the terms 2, 4, 8, itis2 X 8 4X 4=16. 
And in the series 2, 4, 8, 16, 32, 64, 128, 
it is2 x 128=4 x 644=8 X 32=16 x 16= 256. 


— 


~~. 





Tuerorem 3.—The quotient of the extreme terms of a geometrical progres- 
sion, is equal to the common ratio of the series raised to the power denoted by 
| 1 less than the number of the terms. 

So, of the ten terms 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, the common 
' ratio is 2, one less than the number of terms 9; then the quotient of the ex- 





. 1024 
tremes Is 3 


Consequently the greatest term is equal to the least term multiplied by the 
said power of the ratio whose index is 1 less than the number of terms, 

Tueorem 4,—The sum of all the terms, of any geometrical progression, is 
found by adding the greatest term to the difference of the extremes divided by 
1 less than the ratio. 


So, the sum of 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, (whose ratio is 2,) is 


1024 — 2 
| 1024 ‘+ ae 1024 +- 1022 = 2046. 


= 512, and 2° = 512 also. 


_ The foregoing, and several other properties of geometrical proportion, are 
, demonstrated more at large in the Algebraic part of this work. A few examples 
May here be added of the theorems, just delivered, with some problems con- 
| cerning mean proportionals. 


EXAMPLES. 





1. The least of ten terms, in geometrical progression, being 1, and the ratio 
2; what is the greatest term, and the sum of all the terms ? 
Ans, the greatest term is 512, and the sum 1023. 
2. What debt may be discharged in a year, or 12 months, by paying 1/, the 
fixst month, 2/. the second, 4/. the third, and so on, each succeeding payment 
being double the last ; and what will the last payment be ? 
Ans. the debt 40957. and the last payment 20482. 
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PROB, I. 
To jsind one geometrical mean proportional between any two numbers. 


Ruir.—Multiply the two numbers together, and extract the square root of 
the product, which will give the mean proportional sought. \ 

Or, divide the greater term by the less, and extract the square root of the _ 
quotient, which will give the common ratio of the three terms: then multiply 
the less term by the ratio, or divide the greater term by it, either of these will 
give the middle term required. 


EXAMPLE. 


To find a geometrical mean between the two numbers 3 and 12. 


First way. Second way. 
12 3 ) 12 ( 4, its root is 2 the ratio. 
3 
36 ( 6 the mean. Then, 3 X 2 = 6 the mean, 
36 Or, 12—2=>6 dite. 
PROB. I. 


To find two geometrical mean proportionals between any two numbers. 
Rute.—Divide the greater number by the less, and extract the cube root of 
the quotient, which will give the common ratio of the terms. ‘Then multiply 
the least given term by the ratio for the first mean, and this mean again by the 
ratio for the second mean: or, divide the greater of the two given terms by the 
ratio for the greater mean, and:divide this again by the ratio for the less mean, 


EXAMPLE, 


To find two geometrical mean proportionals between 3 and 24. 
Here, 3 ) 24 ( 8, its cube root, 2 is the ratio. : 
Then, 3X 2= 6, and 6 X 2= 12, the two means, 
Or, 24-—-2=12,and12—2= 6, the same. 
That is, the two means between 3 and 24, are 6 and 12. 


PROB. III. 
To find any number of geometrical mean proportionals between two numbers. 


Rure.—Divide the greater number by the less, and extract such root of the 
quotient whose index is 1 more than the number of means required, that is, the 
2d root for 1 mean, the 3d root for 2 means, the 4th root for 3 means, and so 
on; and that root will be the common ratio of all the terms. ‘Then with the 
ratio multiply continually from the first term, or divide continually from the 
last or greatest term. 


EXAMPLE. 


To find four geometrical mean proportionals between 3 and 96. 


Here, 3) 96 ( 32, the 5th root of which is 2, the ratio. 

Then, 3X 2= 6,and 6X 2= 12, and 12 xX 2= 24, and 24% 2= 48. 

Or, 96 =~ 2=—48, and 48 ~— 2= 24, and 24 + 2=12 andi12— 2= @ 
That is, 6, 12, 24, 48, axe the four means between 3 and 96. 


OF MUSICAL PROPORTION. 


THERE is also a third kind of proportion, called Musical, which being but of 
little or no common use, a very short account of it may here suffice. 
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Musical Proportion is when, of three numbers, the first has the same propor- 


tion to the third, as the difference between the first and second, has to the dif- 
ference between the second and third. 


As in these three, 6, 8, 12; 
Wherer6: 12 +: 8 — 6:12 — 8, 
satis? Gai-1232 2: 4, 


When four numbers are in Musical Proportion; then the first has the same 
Proportion to the fourth, as the difference between the first and second has to 
the difference between the third and fourth. 


As in these, 6, & 12,18; 
where, 6: 18 :: 8—6: 18 — 12, 
thatis,6:18:: 2: 6. 


When numbers are in Musical Progression, their reciprocals are in Arith- 
| “metical Progression; and the converse, that is, when numbers are in Arith- 
_metical Progression, their reciprocals are in Musical Progression. 


So, in these Musicals 6, 8, 12, their reciprocals 3, 4, ~:, are in arithmetical 
progression; for 3 -++ j= §4.=41; and}+3=2=14; that is, the sum of 
the extremes is equal to double the mean, which is the property of arithmeticals. 


The method of finding out numbers in Musical Proportion, is best expressed 
by letters in Algebra. 

| 

| 


FELLOWSHIP OR PARTNERSHIP. 


FELLowsuiP is a rule, by which any sum or quantity may be divided into any 
‘number of parts, which shall be in any given proportion to one another. 


By this rule are adjusted the gains, or losses, or charges of partners in com- 
pany ; or the effects of bankrupts, or legacies in case of a: deficiency of assets 
or effecis; or the shares of prizes, or the numbers of men to form certain 
detachments ; or the division of waste lands among a number of proprietors. 


Fellowship is either Single or Double. It is Single, when the shares or por- 
| tions are to be proportional each to one single given number only; as when 
the stocks of partners are all employed for the same time: and Double, when 
each portion is to be proportional to two or more numbers; as when the stocks 
of partners are employed for different times, 
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SINGLE FELLOWSHIP, 


GenERAL Rute.—Add together the numbers that denote the proportion of 
the shares. ‘Then, 
As the sum of the said proportional numbers, 
Is to the whole sum to be parted or divided, 
So is each several proportional number, 
To the corresponding share or part. 
Or, As the whole stock, is to the whole gain or loss, 
So is each man’s particular stock, to his particular share of the gain or loss.. 
To prove the work.—Add all the shares or parts together, and the sum will 
be equal to the whole number to be shared, when the work is right. 


EXAMPLES, 


1. To divide the number 240 into three such parts, as shall be in proportion 
to each other as the three numbers 1, 2, and 3. 
Here 1 4- 2 -+- 3 = G the sum of the proportional numbers. 
Then, as 6 : 240 :: 1: 40 the Ist part, 
and, as6: 240 :: 2: 80 the 2d part, 
also as 6: 240 :: 3: 120 the 3d part. 


Sum of all 240, the proof, 


2. Three persons, A, B, C, freighted a ship with 340 tuns of wine; of which, 
A loaded 110 tuns, B 97, and C the rest: in a storm the seamen were obliged 
to throw overboard 85 tuns; how much must each person sustain of the loss ? 

Here, 110 + 97 = 207 tuns, loaded by A and B; 
theref., 340 — 207 = 133 tuns, loaded by C. 
hence, as 340 ; 85 :: 110 
or, as 4: 1:: 110: 273 tuns = A’s loss; . 
and, as 4: 1:: 97: 241 tuns= B's loss; 
also,as 4: 1+: 133 : 332 tuns = C’s loss. 


Sum 85 tuns, the proof. 


3. Two merchants, C and D, made a stock of 120/.; of which C contributed 
751, and D the rest; by trading they gained 30/.; what must each have of it? 
Ans. C 182. 15s., and D LIZ. 5s. 

4, Three merchants, E, F, G, made a stock of 7002; of which E contributed 
1232, F 3587, and G the rest; by trading they gain 125/. 10s. ; what must each 


have of it? Ans, E must have 227, 1s. Od. 2.2.9. 
PF cee 64 3 8 08% 
G .caee sae 39. 6 8) Jaa 


5, A general imposing a contribution * of 700/., on four villages, to be paid 
in propurtion to the number of inhabitants contained in each; the Ist contain- 
ing 250, the 2d 350, the 3d 400, and the 4th 500 persons: what part must each 


village pay ? Ans. the Ist to pay 1162. 13s. 4d. 
the 2d wadatae 163 6 8 
the 3d: ......... 186: 13 3a 
the 4th seesanps . 233. ..6, 8 


* Contribution is a tax paid by provinces, towns, villages, &c., to excuse them from being plan — 
fiered, and is paid in provisions or in money, and sometimes in beth, 

a 

| 

ad i 
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6. A piece of ground, consisting of 37 ac. 2 ro. 14 ps. is to be divided among 


_ three persons, L, M, and N, in proportion to their estates: now if L’s estate be 
‘Worth 5002 a year, M’s 320/., and N’s 75/,; what quantity of land must each one 


|. have ? Ans. L must have 20 ac. 3 ro. 39132 ps, 
ILE concedes eh 13 1 30.43; 
N TC Oe. 0 23173 


7. A person is indebted to O 571. 15s., to P 1082 3s. 8d., to Q 22/. 10d., and 
to R 737.; but at his decease, his effects are found to be worth no more than 
1702, 14s.: how must it be divided among his creditors ? ; 


Ans. O must have 37], 15s, 5d. 2.8392.9, 


10439 
ee eee Le rl Sis oO ae TA 
ih Baek: od A eh Bit 4ey” OSTRS. 


Re isiassie At dd 1h. Basse. 
8. A ship worth 900/., being entirely lost, of which 4 belonged to S, 3 to T, 


_and the rest to V; what loss will each sustain, supposing 5407. of her were in- 


sured ? Ans. S$ will lose 452, T 902, and V 2257. 
9, Four persons, W, X, Y, and Z, spent among them 25s, and agree that W 


: shall pay } of it, X 4, Y 1, and Z 1; that is, their shares are to be in proportion 


as, $, 3, 3, and 4; what are their shares ? Ans. W must pay 9s. 8d. 342. 
Sale ee eee ey te ce 
RY IR A) kaa WE) 
4 EOE soared gh O Owe 


10. A detachment, consisting of five companies, being sent into a garrison, 
in which the duty required 76 men a day; what number of men must be fur- 


_nished by each company, in proportion to their strength; the Ist consisting of 





_ 54. men, the 2d of 51 men, the 3d of 48 men, the 4th of 39 men, and the 5th of 


36 men? Ans. The Ist must furnish 18, the 2d 17, the 3d 
16, the 4th 13, and the 5th 12 men.* 


DOUBLE FELLOWSHIP. 


Dovusie FreLtowsnir, as has been said, is concerned in cases in which the 


| stocks of partners are employed or continued for different times, 


Ruxe.;—Multiply each person’s stock by the time of its continuance; then 
divide the quantity, as in Single Fellowship, into shares in proportion to these 


|. products, by saying, 


As the total sum of all the said products, 

Is to the whole gain or loss, or quantity to be parted, 
So is each particular product, 

To the corresponding share of the gain or loss. 


* Questions of this nature frequently occurring in military service, general Haviland, an officer of 
great merit, contrived an ingenious instrument, for more expeditiously resolving them; which is 


| distinguished by the name of the inventor, being called a Haviland. 


+ The proof of this rule is as follows ; when the times are equal, the shares of the gain or loss are 


_ evidently as the stocks, as in Single Fellowship ; and when the stocks are equal, the shares are as the 
) times: therefore, when neither are equal, the shares must be as their products. 
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EXAMPLES. 


1. A had in company 502. for 4 months, and B had 60/. for 5 months; at the 
end of which they find 242. gained: how must it be divided between them ? 
Here 50 60 
A 5 


200 + 300 = 500. 


Then, as 500 : 24:: 200: 92 = 90. 12s. = A’s share, 
and, as 500 : 24::: 300: 142 = 14 8 = B’s share. 

2. C and D hold a piece of ground in common, for which they are to pay 36/. 
© put in 23 horses for 27 days, and D 21 horses for 39 days; how much ought 
each man to pay of the rent ? Ans. C must pay 15/. 10s. 6d. 

DELS vensee WO gree oie 

3. Three persons, E, F, G, hold a pasture in common, for which they are to 
pay 307. per annum ; into which E put 7 oxen for 3 months, F put 9 oxen for 
5 months, and G put in 4 oxen for 12 months; how much must each person pay 


of the rent ? Ans. E must pay 54 10s. 6d. 1,59. 
BY pce Qienaee 11. 1610 O08; 
Gi svepnensepeee 12812 7 28.8 


4, A ship’s company take a prize of 1000, which they agree to divide among 
them according to their pay and the time they have been on board: now the 
officers and midshipmen have been on board 6 months, and the sailors 3 months ; 
the officers have 40s. a month, the midshipmen 30s., and the sailors 22s. a 
month ; moreover, there are 4 officers, 12 midshipmen, and 110 sailors: what 
will each man’s share be? Ans. each officer, must haye 23/. 2s. 5d. 0,935q. 

each midship., .........++. if 6 O* SSA 
each seaman, — ..sseeeeeee 6 7 2 0,8. 

5. H, with a capital of 1000/., began trade the first of January, and, meeting 
with success in business, took in I as a partner, with a capital of 15002, on the 
first of March following. Three months after that they admit K as a third 
partner, who brought into stock 2800/. After trading together till the end of 
the year, they find there has been gained 17762. 10s. : how must this be divided 
among the partners ? Ans. H must have 457/. 9s. 43d. 

| AR = Pi acs 571 16 82 
Kc. ceneso snus Sw es ee 

6. X, Y, and Z, made a joint-stock for 12 months; X at the first put in 202, 
and 4 months after 207. more; Y put in at the first 30/., at the end of 3 months” 
he put in 20/7. more, and 2 months after he put in 40]. more; Z put in at first — 
60/., and 5 months after he put in 102 more, 1 month after which he took out 
302, ; during the 12 months they gained 507; how much of it must each have ? — 

Ans. X must have 107. 18s. 6d. 322q. 
Wee eae 22.-8 1 oO 
Vides scutes tan 16 AS 4 8 


SIMPLE INTEREST. 


InrEREsT is the premium or sum allowed for the loan, or forbearance of money. 
The money lent, or forborn, is called the Principal. 
The sum of the principal and its interest, added together, is called the Amount 


per annum, or interest of a 100/ for a year, is called the Rate of Interest :—So 


INTEREST. 75 


Interest is allowed at so much per cent. per annum ; which premium per cent. 


? 
When interest is at 3 per cent. the rate is 3; 


PR een vs vhs (SoBe ss ave A per cents ..ccccccssss AG 
Soeveacecoeesece sosseeee 9 per Cent, seeecees OF 
SUR Seesevecsccsccscsees 6 per Cont, ....ccceeeee 6. 


But, by law, interest ought not to be taken higher than at the rate of 5 per 
cent. 

Interest is of two sorts; Simple and Compound. 

Simple Interest is that which is allowed for the principal lent or forborn 


only, for the whole time of forbearance. 


As the interest of any sum, for any time, is directly proportional to the prin- 


cipal sum, and also to the time of continuance; Irence arises the following 


| 


general rule of calculation. 


GENERAL Rutr.—As 1001. is to the rate of interest, so is any given principal 
to its interest for one year. And again, 

As 1 year is to any given time, so is the interest for a year, just found, to the 
interest of the given sum for that time. 

Otherwise.—Take the interest of 1 pound for a year, which, multiply by the 
given principal, and this product again by the time of loan or forbearance, in 


"years and parts, for the interest of the proposed sum for that time. 


| 


| 
| 





Note. When there are certain parts or years in the time, as quarters, or 


months, or days; they may be worked for either by taking the aliquot or like 
parts of the interest of a year, or by the Rule of Three, in the usual way. Also, 


to divide by 100, is done by only pointing off two figures for decimals. 


EXAMPLES, 
1. To find the interest of 2307. 10s., for 1 year, at 4 per cent. per annum. 


Here, as 100 : 4 :: 2302 10s. : 91 4s. 42d. 
4, 
100 ) 9|22 0 
20 


A| 40 

: 12 
4| 80 

4 


—_—_— 


3}20 Ans, 91. 4s. 43d, 





2, To find the interest of 5472. 15s., for 3 years, at 5 per cent. per annum, 


As, 100: 5:: 54715: 
Or, 20: 1:: 547°75 : 27.3875 interest for 1 year. 


3 

i, 82.1625 ditto for 3 years. 
20 
&  3]2500 


12 
d. 3]00 Ans. 82, 3s. 3d. 
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3. To find the interest of 200 guineas, for 4 years, 7 months, and 25 days, at 
45 per cent. per annum. 


ds. if ds. 

210 as, 365 2 O45. 32520 4a 

43 or, .73 2:19:45; (baGaia 
840 5 ., 
105 73) 47°25 ( 6472 
9.45 interest for 1 year. 345 

4, 530 

19 


37°80 = ditto 4 years. 
4°725 ditto 6 months. 
*7875 ditto 1 month. 
6472 ditto 25 days. 
1, 4319597 
20 


s. 19|1940 
12 


d. 2|3280 
4 
q. 1|3120 Ans. 432, 19s. 24d. 
4, 'To find the interest of 450/., for a year, at 5 per cent. per annum. 
Ans. 22/. 10s. 
5. To find the interest of 2307. 10s., for a year, at 4 per cent. per annum. 
Ans. 91. 4s. 43d. 
6. To find the interest of 715/. 12s. 6d., for a year, at 45 per cent, per annum. 
Ans. 321. 4s. 03d. 
7. To find the interest of 7202, for 3 years, at 5 per cent. per annum. 
Ans. 1082. 
_ 8. To find the interest of 3557. 15s., for 4 years, at 4 per cent. per annum, 
Ans, 561. 18s. 43d. 
9. To find the interest of 32/. 5s. 8d., for 7 years, at 45 per cent. per annum. 
Ans. 91. 12s. 1d. 
0. To find the interest of 170/.,-for 14 year, at 5 per cent. per annum. 
Ans. 12/. 15s. 
11. To find the insurance of 205/. 15s., for 1 of a year at 4 per cent. per annum. 
Ans. 2/, 1s. 13d. 
12. To find the interest of 3197. 6d., for 53 years, at 33 per cent. per annum. 
Ans, 687, 15s. 93d. 
13. To find the insurance on 107/., for 117 days, at 43 per cent. per annum. — 
Ans. 1l. 12s, Td. 
14, 'To find the interest of 177. 5s., for 117 days, at 43 per cent. per annum. 
Ans. 5s. 3d. 
15, To find the insurance on 712. 6s., for 8 months, at 73 per cent. per annum, 
Ans. 35/1. 12s. 34d. 
Note. The rules for Simple Interest, serve also to calculate Insurances, or 
the Purchase of Stocks, or any thing else that is rated at so much per cent. 
See also more on the subject of Interest, with the algebraical expression and 
investigation of the rules, at the end of the Algebra, next following. 


6mo. = 
i mo. = 


Qi Vix 
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COMPOUND INTEREST 


Compounn Interest, called also Interest upon Interest, is that which arises 
from the principal and interest, taken together, as it becomes due, at the end of 
‘each stated time of payment. 

_ Although it be not lawful to lend money at Compound Interest, yet in pur- 
chasing annuities, pensions, or leases in reversion, it is usual to allow Compound 
Interest to the purchaser for his ready money. | 


Rutes.—]. Find the amount of the given principal, for the time of the first 
payment, by Simple Interest. Then consider this amount as a new principal 
for the second payment, whose amount calculate as before. And so.on, through 

all the payments to the last, always accounting the last amount as a new princi- 
_ pal for the next payment. The reason of which is evident from the definition 
of Compound Interest. Or else, 

2. Find the amount of | pound for the time of the first payment, and raise or 
involve it to the power whose index is denoted by the number of payments. 

Then that power multiplied by the given principal, will produce the whole 
-amouut. From which the said principal being subtracted, leaves the Compound 
Interest of the same. As is evident from the first rule. 


EXAMPLES, 


1. To find the amount of 7202, for 4 years, at 5 per cent. per annum. 
Here, 5 is the 20th part of 100, and the interest of 1/. fora year, is 3, or ‘05, 
and its amount 1:05. Therefore, 


1. By the Ist rule. 2. By the 2d rule. 
Part, Si. a 1:05 amount of 17. 
29 ) 720 O O Ist year’s principal. 1:05 





36 0 O Ist year’s interest, 1°1025 2d power of it. 


20 ) 756 0 O 2d year’s principal. 11025 ditto. 


ees! A ea 121550625 Ath power of it. 


20 ) 793 16 0 3d year’s principal. 720 
39 13 93 3d year’s interest. 

















ae 1, 875|1645 

20 ) $33 9 95 4th year’s principal. 20 
41 13 532 4th year’s interest. “s, 3|2900 ° 

£875 3 3: the whole amount, 12 

or answer required, | d, 3|4800 


—— 





2. To find the amount of 502, in 5 years, at 5 per cent. per annum, compound 
interest. ji Ans. 63. 16s. 33d. 
3. To find the amount of 50/., in 5 years, or 10 half years, at 5 per cent. per 
annum, compound interest, the interest payable half yearly. Ans. 64/. Os. 1d. 
4, To find the amount of 50/., in 5 years, or 20 quarters, at 5 per cent. per 
annum, compound interest, the interest payable quarterly. Ans. 642, 2s, 02d. 
5. To find the compound interest of 3702, forborn for 6 years, at 4 per cent. 
per annum. Ans, 981. 3s. 43d, 
6. To find the compound interest of 4102, forborn for 25 years, at 43 per 
cent, per annum, the interest payable half yearly. Ans. 482, 4s. 114d. 
7. To find the amount, at compound interest, of 2177, forborn for 24 years, 
at 5 per cent. per annum, the interest payable quarterly. Ans. 2422 13s. 43d, 
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POSITION. 


Pos!TIon is a method of performing certain questions, which cannot be resolved — 
by the common direct rules. It is sometimes called False Position, or False 
Supposition, because it makes a supposition of False numbers, to work with, the 
same as if they were the true ones, and by their means discovers the true num- 
bers sought. It is sometimes also called Trial and Error, because it proceeds 
by trials of false numbers, and thence finds out the true ones by a comparison 
of the errors. 

Fosition is either Single or Double. 


SINGLE POSITION. 


SINGLE Position is that by which a question is resolved by means of one 
supposition only. 

Questions which have their results proportional to their suppositions, belong 
to Single Position; such as those which require the multiplication or division 
of the number sought by any proposed number; or when it is to be increased 
or diminished by itself, or any parts of itself, a certain proposed number of times. 


Rurze.—Take or assume any number for that required, and perform the same 
operations with it, as are described or performed in the question. 

Then say, as the result of the said operation, is to the position, or number — 
assumed ; so is the result in the question, to the number sought.* 


EXAMPLES. 


1. A person, after spending 4 and 1 of his money, has yet remaining 60/.; 
what had he at first ? 


Suppose he had at first 1207. Proof, 


Now 4 of 120 is 40 + of 144 is 48 
4 of it is 30 i of 144 is 36 
their sum is 70 their sum 84 
which taken from 120 taken from 144 
leaves 50 leaves —«60 as per question. 


Then, 50 : 120 :: 60: 144, the answer. 


2. What number is that, which multiplied by 7, and the product divided by 
6, the quotient may be 14 ? Ans. 12. 


* The reason of the rule is evident, because it is supposed that the results are proportional to the 
suppositions, 


Thus, 24: 4-35 na sa, 


x x a a 
or, —+ =, &e.: 7: —-+4--, &e. : 
ary) a am’ &e n + m &e. 3 a, 


and so on, 
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3, What number is that, which being increased by 4, 4, and 3 of itself, the 


i sum shall be 125 ? Ans. 60, 


4, A general, after sending out a foraging 4 and 3 of his men, had yet remain- 


- ing 700; what number had he in command ? Ans, 4200. 


5. A gentleman distributed 78 pence among a number of poor people, con- 
sisting of men, women, and children ; to each man he gave 6d., to each woman 
4d., and to each child 2d.: moreover there were twice as many women as men, 
and thrice as many children as women. How many were there of each ? 

Ans. 3 men, 6 women, and 18 children. 

6. One being asked his age, said, if 3 of the years I have lived, be multiplied 
by 7, and 4 of them be added to the product, the sum will be 292. What was 


_his age ? Ans, 60 years. 


DOUBLE POSITION. 


Dovstx Position is the method of resolving certain questions by means of 
two suppositions of false numbers. 

To the Double Rule of Position belong such questions as have their results 
not proportional to their positions: such are those, in which the numbers 
Sought, or their parts, or their multiples, are increased or diminished by some 


_ given absolute number, which is no known part of the number sought. 


Ruts I.*—Take or assume any two convenient numbers, and proceed with each 
of them separately, according to the conditions of the question, as in Single 
Position ; and find how much each result is different from the result mentioned 
in the question, noting also whether the results are too great or too little. 

Then multiply each of the said errors by the contrary supposition, namely, the 
first position by the second error, and the second position by the first error. 

If the errors are alike, divide the difference of the products by the difference 
of the errors, and the quotient will be the answer. 

But if the errors are unlike, divide the sum of the products by the sum of the 


errors, for the answer. 


Note. 'The errors are said t0 be alike when they are either both too great, 
or both too little; and unlike, when one is too great and the other too little. 


* Demonstration.—The rule is founded on this supposition, namely, that the first error is to the 
second, as the difference between the true and first supposed number, is to the difference between the 
true and second supposed number ; when that is not the case, the exact answer to the question cannot 
be found by this rule.—That the rule is true, according to that supposition, may be thus proved. 
’ Let a and 6 be the two suppositions, and A and B their results, produced by similar operations ; 
also r and s their errors, or the differences between the results A and B from the true result N 3 and 
_ let » denote the number sought, answering to the true result N of the question. 
_ Then,isN~—A=r,andN—B=s. And, according to the supposition on which the rule is 
| founded, 7 ; 8 i: ma; ¥—b; hence, by multiplying extremes and means, 77 — 7d = sy — sq ; 
_ then, by transposition, rx — sx — rb — sa; and, by division, x = = — = the number sought, 
which is the rule when the results are both too little. 
If the results be both too great, so that A and B are both greater than N; then N— A= — r, and 
‘N—B =—s, or 7 and s are both negative; hence—r:—5s::7—-a:4— 6, but —7 :—s; 
+r: + 8, therefore r :s:: v—a: «— 6, and the rest will be exactly as in the former case, 
But if one result A only be too little, and the other B be too great, or one error 7 positive, and the 
rb +.sa 
r+s 


other s negative, then the theorem becomes x = » which is the rule in this case, or when the 





; : 
~ errors are unlike, 
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EXAMPLE, 


1, What number is that, which being multiplied by 6, the product increased 
by 18, and the sum divided by 9, the quotient shall be 20. 


Suppose the two numbers, 18 and 30. ‘Then, 
\ 


First. position, Second position. Proof, 
18 30 27 
6 mult, 6 6 
108 180 | 162 
18 add, 18 18. 
9 ) 126 9 ) 198 9 ) 180 
14 results. 22 20 
20 true res. 20 sexy 
+- 6 errors unlike.  —2 
2d pos. 30 mult. } 18 Ist pos. 
bis 180 36 
errors. wuts 
6 36 





sum _ 8 _)- 216 sum of products. 


—— 


27 answer sought. 


—_— 


Rute I1.*—Find, by trial, two numbers, as near the true number as possible, 
and operate with them as in the question; marking the errors which: arise from 
each of them. : 

Multiply the difference of the two numbers, found by trial, by the least error, 
and divide the product by the difference of the errors, when they are alike, but 
by their sum when they are unlike. 

Add the quotient, last found, to the number belonging to the least error, when - 
that number is too little, but subtract it when too great, and the result will give 
the true quantity sought. 


EXAMPLES. 


1. A son asking his father how old he was, received this answer: Your age 
+s now one fourth of mine; but 5 years ago, your age was only one fifth of 
mine. What then are their two ages? - Ans. 20 and 80, 

9. A workman was hired for 30 days, at-2s. 6d. per day, for every day he 
worked; but with this condition, that for every day he played, he should forfeit 
1s. Now it so happened, that upon the whole he had 2/7. 14s, to receive. How 
many of the days did he work ? Ans. 24, } 

3. A and B began to play together with equal sums of money: A first won 
20 guineas, but afterwards lost back 3 of what he then had; after which, B had» 
4 times as much as A. What sum did each begin with ? Ans. 100 guineas. 

4, 'T'wo persons, A and_B, have both the sameincome. A saves } of his ; but 
B, by spending 50/. per annum more than A, at the end of 4 years finds himself 
1002 in debt. What does each receive and spend per annum ? i 

Ans. ‘They receive 125/. per annum ; also A spends 100/., and B spends 1502, 
per annum. : » 


He e 
* For since, by the supposition, 7 : $i: ®—@ i X— b, therefore by division, r—s:s::b—4 
x —}, which is the 2d rule. 
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PRACTICAL QUESTIONS IN ARITHMETIC. 


1, Tue swiftest velocity of a cannon-ball is about 2000 feet in a second of 
_ time. Then in what time, at that rate, would such a ball move from the earth 
to the sun, admitting the distance to be 100 millions of miles, and the year to 
contain 365 days 6 hours ? Ans. 842,98. years. 
2. What is the ratio of the velocity of light to that of a cannon-ball, which 
issues from the gun with a velocity of 1500 feet per second; light passing from 
the sun to the earth in 8: minutes ? Ans. the ratio of 704000 to 1. 
3. The slow or parade-step being 70 paces per minute at 28 inches each 
pace, it is required to determine at what rate per hour that movement is ? 
| Ans. 1443 miles, 
4. The quick-time or step in marching, being 2 paces per second, or 120 
per minute, at 28 inches each; at what rate per hour does a troop march on 
a route, and how long will they be in arriving at a garrison 20 miles distant, 
allowing a halt of one hour by the way to refresh ? 

Ans. The rate is 3,2, miles an hour, and the time 72 hours, or 7 hours 
172 min. 

5. A wall was to be built 700 yards long in 29 days. Now, after 12 men 
had been employed on it for 11 days, it was found that they had completed 
only 220 vards of the wall. It is required to determine how many men must 
be added to the former, that the whole number of them may just finish the 
wall in the time proposed, at the same rate of working ? 
. Ans. 4 men to be added. 
| 6. Determine how far 500 millions of guineas will reach, when laid down 
in a straight line touching one another; supposing each guinea to be an inch 
in diameter, as it is very nearly? Ans. 7891 miles, 728 yds., 2 ft. 8 in. 

7. Two persons, A and B, being on opposite sides of a wood, which is 536 
yards about, begin to go round it, both the same way, at the same instant 
of time; A goes at the rate of 11 yards per minute, and B 34 yards in 3 
minutes; the question is, how many times will the wood be gone round before 
the quicker overtake the slower ? Ans. 17 times. 

8. A can do a piece of work alone in 12 days, and B alone in 14; in what 
ime will they both together perform a like quantity of work ? 

Ans. 6,5, days. 

9. A person who is possessed of a 2 share of a copper-mine, sold 3 of his 
nterest in it for 1800/.; what was the reputed value of the whole at the same 
ate? | Ans. 40001. 

10, A person, after spending 20/. more than + of his yearly income, had 
hen remaining 30/. more than the half of it; what was his income ? Ans. 2007. 
11. The hour and minute-hands of aclock are exactly together at 12 o’clock; 
vhen are they next together ? Ans. 12; hr., or 1 hr. 5,8, min. 
f 12. If a gentleman, whose annual income is 1500/., spend 20 guineas a-week; 
rhether will he saye or run in debt, and how much in the year ? 

Ans. Save 408/, 
__13. A person bought 180 oranges at 2 a penny, and 180 more at 3a penny; 
fter which he sold them out ‘again at 5 for 2 pence; did he gain or lose by the 
argain ? Ans. He lost 6 pence. - 
_ ‘14, If a quantity of provisions serves 1500 men 12 weeks, at the rate of 20 
unces a-day for each man; how many men will the same provisions maintain 


or 20 weeks, at the rate of 8 ounces a-day for each man ? Ans. 2250 men, 
fs 
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15. In the latitude of London, the distance round the earth, measured on 
the parallel of latitude, is about 15,550 miles; now, as the earth turns round in 
23 hours 56 minutes, at what rate per hour is the city of London carried from 
west to east ? Ans. 649222 miles an hour. 

16. A father left his son a fortune, + of which he ran through in 8 months; 
3 of the remainder lasted him 12 months longer; after which he had 8201. left. 
What sum did the father bequeath his son ? Ans. 19131. 6s. 8d. 

17. If 1000 men, besieged in a town, with provisions for 5 weeks, allowing 
each man 16 ounces a-day, be reinforced with 500 men more; and supposing 
that they cannot be relieved till the end of 8 weeks; how many ounces a-day 
must each man have that the provision may last that time? Ans. 63 ounces. 

18. A younger brother received 8400/., which was just Z of his elder brother's 
fortune. What was the father worth at his death ? Ans. 19,2001. 

19. A person looking on his watch, was asked what was the time of the day, 
~ who answered, “It is between 5 and 6;” but a more particular answer being 
required, he said “that the hour and minute-hands were then exactly together.” 
What was the time? Ans. 27.3, min. past 5. 

20. If 20 men perform a piece of work in 12 days, how many men will 
accomplish another, thrice as large, in one-fifth of the time ? Ans. 300. 

21. A father devised +7, of his estate to one of his sons, and 7%, of the 
residue to another, and the surplus to his relict for life. The children’s 
,egacies were found to be 5141. 6s. 8d. different. What money did he leave 
the widow the use of? Ans. 12701. 1s. 944d. 

22. A person making his will, gave to one child 13 of his estate, and the rest 
to another. When these legacies came to be paid, the one turned out to be 
12007. more than the other. What did the testator die worth? Ans. 4000/. 

23. Two persons, A and B, travel between London and Exeter. A leaves 
Exeter at 8 o’clock in the morning, and walks at the rate of 3 miles an hour, 
without intermission; and B sets out from London at 4 o’clock the same 
evening, and walks for Exeter at the rate of 4 miles an hour constantly. Now, 
supposing the distance between the two cities to be 180 miles, where will they 
meet ? Ans. 693 miles from Exeter. 

24. One hundred eggs being placed on the ground, in a straight line, at the 
distance of a yard from each other; how far will a person travel who shall 
bring them one by one to a basket, which is placed at one yard from the first 
egg ? Ans. 10,100 yards, or 5 miles and 1300 yards. 

25. The clocks of Italy go on to 24 hours; then how many strokes do they 
strike in one complete revolution of the index ? Ans. 300. 

26. One Sessa, an Indian, having invented the game of chess, showed it to 
his prince, who was so delighted with it, that he promised him any reward he 
should ask; on which Sessa requested that he might be allowed one grain of 
wheat for the first square on the chess-board, 2 for the second; 4 for the third, 
and so on, doubling continually to 64, the number of squares. Now, supposing 
a pint to contain 7680 of these grains, and one quarter or 8 bushels to be 
worth 27s. 6d., it is required to compute the value of all the corn. 

Ans. 6450468216285/. 17s. 33d. 32232. 

27. A person increased his estate annually by 100/. more than the 4 part 
of it; and at the end of 4 years found that his estate amounted to 103427. 3s. 9d. 
What had he at first ? Ans. 4000/: 

28. Paid 10122. 10s. for.a principal of 750/., taken in 7 years before; at what 
rate per cent. per annum did I pay interest ? Ans. 5/. per cent. 
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29. Divide 1000/7. among A, B, C; so as to give A 120/. more, and B 95i. 

» Tess than C. Ans. A 445/., B 2302., C 3257. 

__ 30. A person being asked the hour of the day, said, the time past noon is 
_ equal to ths of the time till midnight. What was the time ? 

Ans. 20 min. past 5. 

31. Suppose that I have 43, of a ship, whose whole worth is 1200/7.; what 

part of her have I left after selling 2 of 4 of my share, and what is it worth? 

Ans. 33,3; worth 185/. 

32. What number is that, from which if there be taken 2 of 2, and to the 


j 


“remainder be added + of =5,; the sum will be 10? Ans. 923. 
33. There is a number which, if multiplied by 2 of 4 of 12, will produce 1. 
_ What is the square of that number ? Ans. 1,3,. 


34. What length must be cut off a board, 84 inches broad, to contain a 
square foot, or as much as 12 inches in length, and 12 in breadth ? 
Ans. 1612 inches, 
35. What sum of money will amount to 138/. 2s. 6d. in 15 months, at 5 per 
cent. per annum simple interest ? Ans. 1801. 
86. A father divided his fortune among his three sons, A, B, C, giving A 4. 
'as often as B 8, and C 5 as often as B 6; what was the whole legacy, sup- 
‘posing A’s share was 40007. Ans. 95000. 
_ 87. A young hare starts 40 yards before a greyhound, and is not perceived 
by him till she has been up 40 seconds; she scuds away at the rate of 10 miles 
an hour, and the dog, on view, makes after her at the rate of 18. How long 
will the course hold, and what ground will be run over, counting from the out- 
setting of the dog? ; Ans. 60,3, sec., and 530 yds. run. 
_ 38. Divide 9360/. among A, B, and C, in such a manner that A’s share may 
be to B’s as 7 to 6, and B’s to C’s as 4 to 31, 
: Ans. A’s share 3640/.; B’s 3120/.; and C’s 26001. 
39. If 4 of a steam-ship be purchased for 15,360/. 13s. 4d., how much will 
be gained per cent. by selling half the vessel for 12,9022. 19s. 22d.? 
Ans. 122. per cent. 
40. Find the cube root-of -068 to eight places of decimals, contracting the 
work for the last four figures. Ans. °40816551. 
_ 41. Suppose 27. and 4 of 4 of a pound will purchase 3 yards ana 2 of 2 of a 
yard of cloth; how much may be purchased by 9 shillings and ¢ of a shilling ? 
| Ans. 3 of a yard. 
42. Divide 43/. 12s. 9d. among 7 men, 9 women, and 3 boys, and give a 
woman 2 of a man’s share, and a boy £ of a woman’s. 
Ans. A boy’s share 1/. 12s. 21 42d. 


A woman’s bd Tin 68 298. 
Aman 1.8) 257k 3%. 


, 43. A workman was hired for 24 days, at 4s. 6d. per day, for every day he 
worked; but for every day he was absent he was to forfeit ls. 6d. How 
many days did he work when the balance due to him was 3i. 18s.; and also 
ow many days was he absent, when he had to receive only one day’s wages ? 
To be done without position. 

Ans. 19 days, in the former case; and 173 days, in the latter case, 
| 44. The interest of a certain sum for 12 years and 9 months, at 4J. per cent. 
jimple interest, was found to be 185/. more than the interest of the same sum 
jor 62 years, at 5/. percent. Find the sum without the aid of the rule of 
osition ? Ans. 10002. 
| FQ 
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DEFINITIONS AND NOTATION, 


~ 


1. AxceEsra is that department of Mathematics which enables us, by the aid 
of certain symbols, to abridge and generalize the reasoning employed in the 
solution of all questions relating to numbers. 

These questions are of two kinds:— 

The Theorem, whose object is to demonstrate certain properties and relations 
which exist in numbers which are known and given. 

The Problem, whose object is to discover certain numbers which are un- 
known by means of other numbers which are known, and which bear a relation 
to the unknown numbers, indicated by the conditions of the problem. 

2. The principal symbols employed in algebra are the following:— 

I. The letters of the alphabet, a, b, c, &c., which are employed to denote 
the numbers which are the object of our reasonings. 

II. The sign + which is named plus, and is employed to denote the addition 
of two or more numbers. 

Thus 12 + 30 signifies 12 plus 30, or, 12 augmented by 30. In like manner 
a+b signifies a plus b, or, the number designated by a augmented by the 
number designated by 6. 

III. The sign — which is named minus, and is employed to denote the sub- 
traction of one number from another, 

Thus 54 — 23 signifies 54 minus 23, or, 54 diminished by 23. In like 
manner a — b signifies a minus b, or, the number designated by a diminished 
by the number designated by 0. 

The sign ~ is sometimes employed to denote the difference of two num- 
bers, when it is not known which is the greater. Thus a ~ 3 signifies the 
difference of a and 6, when it is not known whether the number designated 
by a be less or greater than the number designated by 6. 

IV. The sign X which is named znéo, and is employed to denote the multi 
‘plication of two or more numbers. 

Thus 72 X 26 signifies 72 into 26, or, 72 multiplied by 26. In like manner, 
a x b signifies a into b, or, a multiplied by b; and a X 6b X e signifies the 
continued product-of the numbers designated by a, 6, c; and so on for any 
number of factors. 

The process of multiplication i is also frequently indicated by placing a point 
between the successive factors; thus,a.b.c. a signifies the same thing as 
axbxcxd. 
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In general, however, when numbers are represented by letters, their multi- 
plication is indicated by writing the letters in succession, without the interpo- 
‘sition of any sign. Thus a3 signifies the same thing as a. b, or a X b; and 
‘abc dis equivalent toa.b.c.d,oraxbxexd. 

It must be remarked, that the notation a.b or abd can be employed only 
when the numbers are designated by letters; if, for example, we wished to re- 
present the product of the numbers 5 and 6 in this manner, 5.6 would be 
confounded with an integer followed by a decimal fraction, and 56 would 
signify the number /ifty-siz, according to the common system of notation. 

For the sake of brevity, however, the multiplication of numbers is some- 
times expressed by placing a point between them in cases where no ambiguity 

can arise from the use of this symbol. Thus, 1.2.3.4, may represent the 
| ge S may represent 


continued product of the numbers, 1, 2, 3, 4; and = fi 


ie} 


6 
Ek 

V. The sign + which is named dy, and when placed between two numbers 
‘is employed to denote that the former is to be divided by the latter. 

Thus 24--6 signifies 24 by 6, or, 24 divided by 6. In like manner a-+-b 
signifies a by b, or, a divided by b. 

In general, however, the division of two numbers is indicated by writing the 
dividend above the divisor, and drawing a line between them. Thus 24+6 
a 
b 

VI. The sign = which is named és equal to, and when placed between two 

numbers denotes that they are equal to each other. 
_ Thus 56 + 6 = 62 signifies that the sum of 56 and 6 is equal to 62. In 
like manner, a = 6 signifies that a is equal to b, and a+b=c—d sig- 
nifies that a plus b is equal to c minus d, or, that the sum of the numbers 
designated by a and 6 is equal to the difference of the numbers designated 
by ¢ and d. 

VII. The sign Z which is named is unequal to, and when placed between 
two numbers denotes that one of them is greater than the other, the opening 
of the sign being turned towards the greater number, 

_ Thusew 7 6 signifies that a is greater than b, anda Z b signifies that a is 
‘ess than b. 

VIII. The coefficient is a sign which is employed to denote that a number 
Jlesignated by a letter, or some combination of letters, is added to itself a cer- 
-ain number of times. 

Thus instead of writing a+a+a+a-+a, which represents 5 a’s added 
ogether, we write 5a. In like manner 10 a 0 will signify the same thing as 
t6+ab+ab+ab+ab4+tab+tab+ab+ab + ab, or ten times 
he product of a and bd. 

The coefficient, then, is a number written to the left of another number, 
epresented by one or more letters, and denotes the number of times hat the 
‘iven letter, or combination of letters, is to be repeated. 

When no coefficient is expressed, the coefficient 1 is always understood; 
hus 1 a and a signify the same thing. . 
_ IX. The exponent or index is a sign which is employed to denote that 


number designated by a letter is multiplied by itself a certain number of 
mes. 


the product of 5. Z and 


; 24 
and a+b are usually written 73 and 


, 
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Thus instead of writing aX aXaxXaXa,oraaaaa, which represents 
five a’s multiplied together, we write a®, where 5 is called the exponent or 
index of a. Similarly} xbxbxXxbxbxbxXbXKbXbXb, or b.b.b. 
6.b.b.b.b.6.b, or bbb6b66bb665; or the continued product of 10 0’s is 
written more briefly 5°, where 10 is the exponent or index of b. 

The exponent or index of a number is, therefore, a number written a little 
above a letter to the right, and denotes the number of times which the number 
designated by the letter enters as a factor into a product. When no ex- 
ponent is expressed, the exponent 1 is always understood; thus a’ and a 
signify the same thing. 

The products thus formed by the succussive multiplication of the same 
number by itself, are in general called the powers of that number. Thus a is 
the first power of a; a X a= aa =a?’ is the second power of a, or the square 
of a; aaa=<a' is the third power, or cube of a; aaaaa= a’ is the fifth 
power of a, andaaaa.....ton factors = a", is the nth power of a, or the 
power of a designated by the number z. 

X. The square root of any expression is that quantity which, when multi- 
plied by itself will produce the proposed expression, and, in numbers, is 
generally denoted by the symbol 4/, which 1s called the radical sign. Thus 
the square root of 9 is ,/9 = 8, and ./a? =a, is the square root of a’; for i in 
the former case 3 x 83 = 9, and in the latter a x a= a’. 

XI. The cube root of any expression is that quantity which, when multi- 
plied twice by itself, will produce the proposed expression. The fourth, or 
biquadrate root of any expression is that quantity which, when multiplied 
three times by itself, produces the given expression; and the nth root of any 
expression is that quantity which, multiplied (n—1) times by itself, produces 
the proposed expression. Thus the cube root of 8 is 2; for2x2x2=8, 
the fourth root of atis a; fora.a.a.a=a'‘, and the nth root of 2" y® is 
vy; forzyXxyXxy....ton factors=2.2.2%.2.... to m factors 
XY-Y¥Y-Y-y....ton factors = 2 y". 

The roots of expressions are frequently designated by fractional or decimal 
exponents, the figure in the numerator of the fractional exponent denoting 
the power to which the expression is to be raised or involved, and the figure 
in the denominator denoting the root to be extracted or evolved. Thus the 


symbol of operation for the square root of a is either ./a or a?; for the 
1 


cube root it is 4/a, or a®; for the fourth root 4/a, or a*; and 3/a, or a* 
denotes the nth root of a. Also 4/a°, or a®, denotes the sixth root of the 
Ae power of a; and a, or 4/a™, signifies the nth root of the mth power 
of a 

XII. A rational quantity is that which has no radical sign, or fractional 
exponent annexed to it, as 3mn, or 5a” y’. | 

XIII. An irrational quantity is that which has no exact root, and is ex- 
pressed by means of the radical sign 4/, or a fractional exponent, as 4/2 
/a, or wt y? 

XIV. The reciprocal of any quantity is unity divided by that quantity; 


Spe WS 
thus the reciprocals of a, 23, y*, 23, are respectively a?’ #3’ y®’ a; but the 
following eres is generally tised’ as being more commodious : thus the 


ee 1 


> 
fractions a?’ #3’ 5 ra are expressed by a~*, a3, y~, 274. 
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| XV. The following characters are used to connect several quantities 
together, viz.:— 
‘ vinculum or bar 

parentheses ( ) 


' braces or brackets } : 

Thus m+n. x, or (m+n) x signifies that the quantity denoted by m-+-2 is 
to be multiplied by x, and }2 —+t t. j2—2 signifies that =+2 is to be 
multiplied by 2—2. 

XVI. The signs .. therefore or consequently, and *.* because, are used to 

‘avoid the too frequent repetition of these words. 

. XVII. Every number written in algebraic language, that is, by aid of 
‘algebraic symbols, is called an algebraic quantity, or, a literal quantity, or, 
an algebraic expression. 

Thus 3 a is the algebraic expression for three times the number a; 5 a? is 
the algebraic expression for five times the square of the number a; 7 a° 8° is 
‘the ‘algebraic aepresdon for seven times the fifth power of a multiplied by the 
cube of d. 

_ 8a@—6 }' c is the algebraic expression for the difference between three 
times the square of a and six times the cube of 4 multiplied by the fourth 
power of c. 

| 2a—36? +4 d' é° f® is the algebraic expression for twice a, diminished 
py three times the square of 6 multiplied by the cube of c and augmented by 

‘our times the fourth power of d multiplied by the product of .the fifth power 

of e and the sixth power of f- 
_ XVIII. An algebraic quantity, which is not combined with any other by 

‘he sign of addition or subtraction, is called a monomial, or, a quantity of one 
, kee. or simply, aterm. Thus, 3a”, 407, 6c, are monomials. 

) An algebraic expression, which is periosed of several terms, separated 
rom each other by the signs + or — is called generally a polynomial. Thus, 
3a +4b°—6c + d, is a polynomial. 

A polynomial, consisting of two terms only, is usually called a binomial; 
-vhen consisting of three terms, a trinomial. Thus, a+ 6, 3?c —x z, are 
Jinomials, and a + b —c, 3m? n® — 6 p? r + 9 d, are trinomials, 

XIX. The numerical value of an algebraic expression is the number which 
-esults from giving particular values to the letters which compose the expres- 
‘ion, and performing the arithmetical operations indicated by the algebraic 

ymbols. This numerical value will, of course, depend upon the particular 

‘alues assigned to the letters. Thus the numerical value of 2 a? is 54 when 
ve make a = 3, for the cube of 3 is 27, and twice 27 is 54. The numerical 
alue of the same expression will be 250 if we make a = 5; for the cube of 5 
3 125, and twice 125 is 250. 

_ The numerical value of a polynomial undergoes no change, however we 
iay transpose the order of the terms, provided we preserve the proper sign 
f each. Thus the polynomials 4a?—3a2b+5ac?,4a2+ 5ac—8 a’ b, 

'ac’—3a’b + 4a’, have all the same numerical value. This follows mani- 
»stly from the nature of arithmetical addition and subtraction. 

XX. Of the different terms which compose a polynomial, some are preceded 
vy the sign +, others by the sign—. The former are called additive, or 
vositive terms, the latter, subtractive, or negative terms, 
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The first term of a polynomial is not in general preceded by any sign; in 
that case the sign + is always understood. 

Terms composed of the same letters, affected with the same exponents, are 
called similar terms. 

Thus, 7a and 3a are similar terms,so are 6 a’ c and 7 a’¢; also, 10 abbcid 
and 2ab* cd; for they are composed of the same letters, and these letters 
in each are affected with the same exponents. On the other hand, 8 ab*e 
and 3. a26%c are not similar terms, for although composed of the same letters, 
these letters are not affected with the same exponents in each. 


Examples of the numeral values of algebraic expressions:— 


Let a = 4, b = 3, c = 2; then will 
Q)a+6—c=4+4+3—2=>7—-2=5 
(2) @+ab4+P=—444x848= 164+124+9=>37 
(3) ac—ab+t+be=4x2-—-4xX%384+3xX2=>8—12+4+6=2 
(4) e+P—¢ S: 47 4+ 3— 2? eee 16-}O eet pel 
ab—ac+bc”  4X3—4X2+3x2  12—8-45 990 
(o) J(atb)c —(a—b) & = V (4438) X2— /(4—3) XP = /14— V8 
= 3°7416574 —2 = 1:°7416574 
(6) a+b 4 a—e a—b 7 2 Skee ee 


a—c Sic tga ee! mee 7 oe 
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1. Appition is the collecting of several similar quantities into one term or 
sum, and the connecting of dissimilar quantities by their respective signs. 
The rule of addition may be divided into two cases:— 
\ (1) When the quantities are similar, and have the same signs. 
(2) When the quantities are similar, and have different signs. 


Case I. 


2. When the quantities are similar, and have the same signs. 


Add the coefficients; affix the letter or letters of the similar terms, and 
prefix the common sign + or — .* 
Thus a+2a+3a+4a+5a=(14+2+4+3+44+5)a=l5a 
(—a)+(—2a)+(—3a)+(—4a)= —(14+24+38+4)a= —10a 
(2a4+3b)+(4a+5b)=(2a+4a)+ (386+ 56)=6a+ 8d. 


® The truth of this rule is evident; for suppose 3a and 5a are to be added together; then by the 
definition of a coefficient we have 

5a atatratata 
3a atata 

Hence 5a + 3a Q+t+atatatatatata = 8a. 

Similarly, — 5@ = (—a) + (—a) + (—a) + (—a) + (—a) 

—3a = (—a) + (—a) + (—a). 
Hence — 5a + (—3a) = (—a) + (—a) + (—a) + (—a) + (—a@) + (—-a) + (—a) + (—a) 
=.§ (—a) = —8a. 


Huon do a 


(1) @) 
3a abe 
7a 2abe 
Qa 7abe 
aa 3abe 
6a abe 
8a 5abe 





27 a 19abe 





(6) 
38a7+ BF 
2a°+30 
60+ 52 

e’+7P 
7+é6, 
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EXAMPLES. 
(3) 

- Qaxy 
3axy 
7axy 
Oaxy 

axy 
Saxy 





Case II. 


(4) 
— 5bx 
— Qhex 
— bx 


— bz 
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? (8) 
200 (@—B)F-15 Jey 








Af 7/2? — y? 
w/e — fea y¥ 
4 (a? —B)t— 8 (a? —y")? 
EAD Cr Ss 





3. When the quantities are similar, and have different signs. 
Collect into one sum the coefficients affected with the sign +, and also 
those affected with the sign —; to the difference of these sums affix the 
common literal quantity, and prefix the sign + or —, according as the sum of 


the + or — coefficients is the greater.* 


Thus a — 2a + 8a— 4a+ 5a=(143+45)a—(2+4)a=9a—6a =3a 
And 32+ 4y—2x+ 3y =(8—2)2#+(44+3)y=a47y. 


EXAMPLES. 
(1) (2) Le Poe 2 (3) 
a+ 5b xy— ab Ve +y — m+ n?—Qmn 
—2a+3b 2xry+38ab —2/2e?+y? + 38m?—3 n?+5mn 
3a—4b —S5xy+7ab —5f/e+y? — 4m?+5 F—Tmn 
—5a+6b — ry—3ab  ~—-2 (a? + y)44 12 m?§—21n? + mn 
7a— Bb 8xy—9ab 8 (a? + y?)7— 8m?— in?—6mn 


4a+5b 


5a 
—3 a 





=atat+at+at+a 
= (—a) + (—a) + (—a) 


=ata=2a. 


= + (—a) + (—a) + (—a) 


=3(—a) = — 3a, 


* The truth of this will be obvious; for to add 5a and— 3a together, we have 


Hence 5a +(—3a)=a+atatatat (—a) + (—a) + (—a). 


Similarly 2@ + (—5 a) =a +a + (—a) + (—a) + (—a) + (—a) + (—«a) 
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(4) (5) 
Sax® — uty + (a—b) 2/aypaztyz + /ae+by 
— Ta/x+2 (a+y)>— 3(a—b) — 5Jfaytaz+yz —8 (av+by)* 
lQa/x—8/ety +12(a—d) 12 (wy+az+yz)? +5 (anttuye 
— 8a/e—4/e+y — (a—bd) — 8/aytaztyz —24/ax+by 
— ax + (x+y)>— 3(a—b) (wy +az+yz)? + (ax+by)* 
(6) ee Sd 
a+b+c+d+e—f 4(a+b)/f/e’—y? — 2a—b)/2?+y" 
a+b+c+d—e+f — 3(a+b)Jf/eP—y + (a—b)/2??4+y? 
atb+c—dtet+f — (a+b) (a—y*)? + 8(a—b) (a*+y")? 
atb—ctdtet+f  6(a +b) (#®—y*)*¥ — (a—b) (2 +y?)? 
a—b+c+d+tet+f 10(a+b)/e—y — 5(a—b) (a2+y)* 
—a+b+ce+d—e4+f — 2(a+b) (a®—9)? + 4(a—b) fe +y* 


4, Dissimilar quantities can only be collected by writing them in suc- 
cession, and prefixing to each its respective sign. Thus 92y,— 5cd, and 
3.a)5, are dissimilar quantities, and their sum is 9ay +3ab—5ecd. In like 
manner 2 ab, 3a6", 4a 6° are dissimilar quantities, and their sum is 2a 5 + 
8ab?+4ab’; which, however, admits of another form of expression, as will 
be explained in the rule of Division. When several polynomials, containing 
both similar and dissimilar quantities, are to be collected into one polynomial, 
the process of addition will be much facilitated by writing all the similar terms 
under each other in vertical columns. 


EXAMPLES. 


(1.) Add together ax + 2by +e2; /ex + JS/y+ Jz; By? —20* +327: 
4cz—S8ax—2by; 2ax—Anr/y— 227. 
G9 + 2 bY FAS bint atin ata 
—8ax—2Qby+4ez—2a* + 3y? +32? 
Qax —4/y—227 
5cez— J/x+2/z = sum required. 


(2.) Add together, 


407b4+30d—9m'n; 4mn+a?+50d+7a7b; 6 nin—-3ed--4 0 
—8al’?; 7Imv’?+60d—d5mn—6 2b; 7e0d—10al?—8mn— 104; 
and 12 a2b—6ab?4+2cd+mn. 
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Arranging the similar terms in vertical columns, we have 
4@0b+ 30d— 9m'n 
7@b+ 58d+ 4mn+ abl 
50d+ 6m'n— 8al?+4mn? 


— 606+ 6ed— 5m'n + 7Tmn 
, + 7ed— 8mn—10al? — 10d' 
Wa?b+ 2cid — 6a +mn 


1706+ 18e0d—12m'?n — 23a? + ll mn? —10d'*+ mn=sum. 


(3.) Add lldc+4ad—8ac+5icd; 8ac+7bc—2ad+4mn; 2cd 
—8ab+5ac+an; and9an—2bc—2ad-+ 5ed together. 


- (4.) Add together 

2ab?+38ac— Sea?+ 9x — Bhy?—1l0ky 

5@8—4aP— 7TbxX— Bux — 4hy?—lbhy 

Shy — hy t+lle +1407 —22ac?—102 
19a?—S8Bhx+ 9a + CGhy + Qkhy?+ 2a, 
_ (5.) Add together a? — 6° + 3a7b—5ab*; 3a° —4a°b4 3'—3ab’; 
?+6°9+3 a7); 2a8—45>—5ab’?; 6076+ 10ad’, and —6a°—7a@?2b + 
tab? + 25%. 
6.) Add Je + P—/#— PF —5xy; —3(a? —y*)* + 8ay—2 (@+y?)*; 
Lfe+y? —B8xey—5 fe? —y; Try +10 fe? —y? —12 fe? + y’, and 
ry + /f/a*—y? + 2? + y’ together. 


ANSWERS. 


(3.) 16b6c+5ac+ 12cd+4mn—3ab-+ l0an, 
(4.) 5a°+ 14 0?—8c a?—7 ba? — 24+ 1la—9hy?—2hy?—5khy—9hy. 
(5.) @+a@b+ ab? + b*. 
(6.) 2/e—yY—10 /P@ +¥ +4 Bry. 
_ 5. When the coefficients are literal instead of numeral, that is, denoted by 
etters instead of numbers, their sim may be found by the rules for the addition 


of similar and dissimilar terms; and the sum thus found being enclosed in a 
yarenthesis, and prefixed to the common literal quantity, will express the sum 


equired. 


EXAMPLES. 
| (1) : (2) 
— at+by+ecz Bax+ (a+b) (x+y) +2mn2 
'  be+cy+az —ax—2(a+b) (e@+y)—Sbmn# 
— extay+bz 4mnz*+5(a+b) (x+y) + l0ax 


2pgq2+(p+q) (@#+y) + 2px 





(a+b+c)zx Se eT Ga, ace aed, SR RE eed 8 

iF(o+et+a)y =sum. (12a+2p)a+ } 4(a+d)+p+4 (PYG S Fn 

‘t(e+a+b)z - Aaa 
+(mn+2pq)2" 
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(3) (4) 
(a—b) fa + (m—n)V/Sy + /2 (m+n) y’—( a— b)a*+axy 
(atc) «7 — (m—n)y? 424/2 (n—p) y°—(2a+ b)a*— bay 
(b—c) Je +3(m—n)Vy —34/2 (p—2n)y’—( c—8a)x?+ cay 
(c—a) x —5(m—n)V/y —64/2 (q—m)y? —( e+2d)x°—day 














(5) Add aa’ + by + ¢ to dx t+thy+hk. 

(6) Add together a? 4+ x#y+y"; aa°—axy ta y*?; and — by?+bay+b2° 
2 Cpe 2 

(7) Add 4 («+y) and 4(#—y). Also EHedtY ang SU 


(8) What is the sum of (a+6)a# + (c—d)y — «V2; (a—b) e+ 
(B3c+2d)y+52/2;2ba + 3dy —2x4/2; and —3bx—dy—4 xA/2. 


ANSWERS. 


(3) (a+ c)V/x —2(m—n) Sy — 6/2. 

(4) gy®?—(c+2d)2?+ (a—b+c—a)zy. 

(5) (atd)2+(O+h)jyteth. 

(6) (lta+b)2°4+—a+b)ry+(+a—h)y. 
(7) First part x | _Second part a + y’. 

(8) (2Qa—b)x+ (4c4+384d)y — 22/2. 


SUB TRA Calor 


6. Tue subtraction of monomials is indicated by placing the sign — be- 
tween the quantity to be subtracted and that from which it is to be taken. 
Thus a—d signifies that the quantity denoted by & is to be subtracted from 
that denoted by a; and if 2 xy is to be subtracted from x? + y*, the result is 
represented by a? +7? —2ay. 

Place the quantity to be subtracted under that from which it is to be taken; 
change the signs of all the terms in the lower line from + to — and from — 
to +, or else conceive them to be changed, and then proceed as directed in 
Addition. 

It is evident, that if all the terms of the quantity to be subtracted are 
affected with the sign +, we must take away, in succession, all the parts 
or terms of the quantity to be subtracted; and this is indicated by affecting all 


: 
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‘its terms with the sign —. Also, if e—d is to be subtracted from a + b, 
then ¢ taken from a + d is expressed by a+ b —c; but if c— d, which is less 
‘than ¢ by the quantity d, be taken from a + b, the former difference, a +b—c, 
will obviously be too small, and will require the addition of d to make up the 
deficiency; and therefore c —d taken from a + bd is expressed bya+b— 
e +d, which is equivalent to the addition of -c+dtoa+b. Hence the 
reason for the change of the signs in the quantity to be subtracted. Or thus: 
Since c—d is to be subtracted from a+ d; then, if ¢ be subtracted, we 
shall have subtracted too much by d; hence the remainder a + b —¢ is too 


small by d; and therefore, to make up the defect, the quantity d must be 
added. 7 





| EXAMPLES. 
(1) (2) 
From 4a+3b—2c+8d From = 12ay+3y?—1727+3,/2 
Take a+26b+ c+5d Take — 5xy+7y?—192°+2,/2 
Rem. 8a+ b—8c+3d Rem. 17ry—4y?+ 227+ 4/2 
(3) (4) (5) 


32a+ 3d 28ax°— 16a?x? +-25a3x—13a4 2(a+b)+3(a—z) 
5a+17b 18ax'+20a°x?—24a?x— 7a‘ (a+6)—3(a—a) 






































(8) (7) 
6aby—3yx+4zeur Ve —y+4(e +y ) —8/f/ate 
—2aby+6zx+2yxr 3 («+y)—2(#’—y?)? +3 (ate)? 
(8) (9) | 
| w+ Qny +y" x'— ey +y?+(a°—y)+ (2ey—y’) 
Sw —2ay+y? w+ 2ay—y" +(x? +y?)—2(2ay—y") 
| 
(10) 


2a°+ axt+ 2x#’—12a°x+20ax°— 473 + 6a? z’?—10ax* 
a’—3ax+2x°—16a7x+ 12ax?—12ax3—473 + 2a?x? 
ree ee i a Se Aa pt te NET We hin 


rn er 
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(1) 
4y°—4ayx+2°—2a(x+y)+6/ae—e—8 Vy 
42°—4ry +y°—4a(x+y)—10 /b—y* + 4/a—a8 - 


—_—— 








7. Inorder to indicate the subtraction of a polynomial, without actually per- 
forming the operation, we have simply to enclose the polynomial to be sub- 
tracted within brackets or parentheses, and prefix the sign —. Thus, 2a? 
—3a°> +4ab°—(a*+b'+ab?) signifies that the quantity a’+b'+ab? is to 
be subtracted from 2a3—3a°>+4ab®>. When the operation is actually per- 
formed, we have by the rule 

2a°—3a°b +4ab°—(a°+0'+ ab’ )=2a*—3a°b +4ab?—a—b?—ab’ 
= a—3a°b+3ab’>—b*. 

8. According to this principle, we may make polynomials undergo several 
transformations, which are of great utility in various algebraic calculations. 
Thus, 

a—sa°b+3ab?—b=a—(3a°b—3ab*? +b?) 
=a°—l’—(3a°b—3ab’) 
=a'+3ab°>—(3a*b +5*) 
= —(—a’+3a°b—3a°b +5*) 
And 2=22y+y=2°—(22y—y’ )=y’—(22y—2’). 


EXAMPLES OF QUANTITIES WITH LITERAL COEFFICIENTS. 


(1) (2) 
From ax’ +byz+cy’ From (a+b)/2*+y?+(a+c) (at+2} 


Take dx’?—hxy+hky’ Take (a—b)/2*+y?+ c (atx 





Rem. (a—d)z*°+(b+h)zy+(c—k)y*. Rem. 2b,/z*+y’+a(a+z). 





(3) From mn? z°—2mnpqzx+p'¢ take p’ g v’—2pgqmnz+m Nn. : 
(4) From a(x+y)—b «y+ce (zy) take 4(e+y)+(a+b) xy—7 (2—y)- 
(5) From (a+4) (x+y)—(c—d) («—y)+/* take (a—b) (ety)+(e+@) 
(x—y)+F’. \ : 
(6) From (2a—5b)./z+y + (a—b) x y—c2 take 38 bx y—(5+e) 7— 


(3 a—b) (1+y)*. 
(7) From 22—y+(y—2z)—(x—2y) take y—2x—(2y—x)+(4+2y). 
(8) To what is a+b+c—(a—b)—(b—c)—(—4) equal ? 


ANSWERS. 


( 3) (m?* n?—p* q’) x? + p* g°—m* nz or (m? n?—p* q’) x?—(m* n?—p* gq’). 
(4) (a—4) (xt+y)—(a+2b) xy+(c+7) (z—y). 

(5) 2b (x+y)—2c (c—y) + h?—k?. 

(6) (5a—6 b)./x+y+(a—4b) cy+5z* 

(7) y—*. 

(8) 2b+42c. 
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MULTIPLICATION. 


9. MuctiPricaTion is usually divided into three cases: — 


(1) When both multiplicand and multiplier are simple quantities. 

(2) When the multiplicand is a compound, and the multiplier a simple 
quantity. 

(3) When both multiplicand and multiplier are compound quantities. 


Case I. 


10. When both multiplicand and multiplier are simple quantities. 
To the product of the coefficients affix that of the letters. 
Thus, to multiply 5 a2 by 4a2y, we have 

5X4=>20; ax Xary=a’x’y; 

“ SaxuxX4axry = 20 X ax?y = 2a?xty = product. 


« 


Rute or Siens IN MULTIPLICATION.* 


The product of quantities with like signs, is affected with the sign +; the 
wroduct of quantities with unlike signs, is affected with the sign — 
or 
+ multiplied by + and — multiplied by — give +; 
+ multiplied by — and — multiplied by + give —; 
or 
like signs produce + and unlike signs —. 
The truth of this may be shown in the following manner:— 
(1) Let it be required to multiply + a by + 6. 

Here a is to be taken as often as there are units in 2, and the sum of 
any number of quantities affected with the sign +, being +, the 
product ab must be affected with the sign + , and is cee +ab. 

-Q) Multiply + a by — b, or — aby + 8. 

In the former case — 6 is to be taken as often as there are units in a, 
and in the latter — a is to be taken as often as there are units in 3; 
but the sum of any number of quantities affected with the sign — is 
also — ; hence in either case the product ad must be affected with 
the sign —, and is therefore — ad. 


»* Let N represent either a number or any quantity whatever, and put 


@=+N;5=—N 
Then, since @ = + a, and 6 = + 3, we shall have 
+a=tN; +d=>—N 
—a=—N; —db=4+N. 


Now, if in these four last equations we substitute the values of a and 5 from the first two equa- 
ons, we have 

+ (+N) = +N; + (—N) =—N 

—(4+ N) =—N; —(—N)=4+N. 
Now, in each of these formulas, the sign of the second number is what is named the product v= the 
'o signs of the first number ; hence the truth of the rule of signs. 


i 
UJ 
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(3) Multiply — a by — d. 

Since by the last case + a multiplied by — bd produces — a db; and 
since — a multiplied by — 6 cannot produce the same product as + a 
multiplied by — 4, it is evident that the product of — a and — d can 
only be + ab. 


11. Powers of the same quantity are multiplied by simply adding their 
indices; for since by the definition of a power 
a = aaaaa; a’ = aaaaaaa 
a X a’ = aaaaa X aaaaaaa = aaaaaaaaaaaa = a® 
Also a“ = aaa.... tom factors; a" = aaa.... ton factors 
a" XxX a =aaa....tom factors X aaa.... ton factors 
= Candas. «7s to (m+n) factors 
— qu+., 
It is proved in the same manner that a™ Xa" X a® X ak = q™t+ntht+k, 


EXAMPLES. 
v 


(ly) 420°? cd x 8ab0C @ = Vweea. 

(2.) Way x4bz 48bx/fay. 

(3.) bt gy ee ee 33 23 y? 27. 

(4.) 13a RB yx —Sabry= — 65a? bt x4 y'*. 
(5.) — 5a™my® X —4a7y™ + 20 2" yee 
(6.) — 20a? 61x 5a™hc = — 100 a™tP O41", 


Case II. 


12. When the multiplicand is a compound, and the multiplier a simple 
quantity. 
Multiply each term of the multiplicand by the multiplier, beginning at the 
left hand; and these partial products being connected by their respective signs, 
will give the complete product. 


EXAMPLES. 
(1.) Multiply a? + ab + 6’ (2.) Multiply a? —2ab + 8? 
By 4a By 38xy 
Product 4a3 + 4a°b + 4a’. Product 3a’ «#y—6ab«y+8b'? xy. 


(3.) Multiply 5 mn + 3 m?—2n? by l2abn. 

(4.) Multiply 3az2—5by+7xy by —T7abey. 

(5.) Multiply — 15 a*b + 3a b?— 125% by —5ab, 

(6.) Multiply az? — bd a* + ¢x—d by —2”°. 

(7.) Multiply /a + 6 + /x?—y*? —82ry by —2 /z. 
(8.) Multiply a™ 2" + b™y" — ct y™ —d" x™ by xy". 
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Case III. 


13. When both multiplicand and multiplier are compound quantities. 
- Multiply each term of the multiplicand, in succession, by each term of the 
multiplier, and the sum of these partial products will give the complete product. 

















EXAMPLES. 
(1) (2) (3) 
a+b- a+b a—b 
a+b a —b a—b 
a’+ ab a*+ab a®*— ab 
+ ab+b? —ab—b? — ab+bd* 
a’+2ab+b? a®— §? a—2ab+ 6? 
(4) (5) 
ab-+ted @+2ab+4+82 
ab—cd a’— 2 
a’b*+abcd at't+ 2 a®b +a? b?2 
—abcd—c d? — a’ b®?—2ab*—}! 








a? b2— ¢2 2 





at#+2a2b—2abh'—b! 





(6) Multiply 4a*—5a*b—8ab? +253 by 2a®—3ab—4b*. 
ne 4a®— 5a2b— 8ab2+ 253 
2a*— 8ab— 462 





8a°—10atb—16a°b?2+ 4a2b3 
—12a‘db + 15a%b?+24a2b3>— bab! 


—16a*b*? +20a*b?+32ab+—8b* 





8a°—22a*b—1 7a°b* + 48a°b? + 26ab*—8b* = product. 


- 


| 





(7) Multiply a'b—ab! by h'k—A?’. 
a'b—ab!' 


Wk—hk! 





abh'k—ab'h'k 


—a'bhk' +ab'hk' 





a'bh'k—ab'h'h—a'bhk'+-ab'hk' = product. 





> 


G 
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(8) Multiply e™+a2™—ly + 2™—*y?+a2™—y34, &e., by «+y. 
em am—ly + om—*y? far + yet es 
x+y 


gm+l + amy + (pean i + Lyrica + ees 
tary +2™—y?+a™— y+ ...... 


xm+l}4Qamy4+2am—ly249qm—2y3t .,,, 


(9) Multiply 2*+-y* by 2*—y?*. 

(10) Multiply 2*+2z2y+y* by «=y. 

(11) Multiply 5a*—2a*b+4a*b* by a’—4a*b +26%. 
(12) Multiply z2*+223+32°+22+1 by z*—2zr+1. 
(13) Multiply $2°+8ar—ja? by 27*°—a2—1a*. 
(14) Multiply a*+2ab+6* by a®@—2ab+6*. 

(15) Multiply z?+2ay+y* by z2—ay+y*. 

(16) Multiply 2*+y*?+2*—2xy—xz—yz by 4+y+z. 
(17) Multiply together z—a, z—b, and a—e. 


ANSWERS. 


(9) ri—y?. 
(10) 28+ 22y—zy’— y'. 
(11) 5a’—22a°d + 12a°b’—6a'b?—4a°h* + 8a7h’. 
(12) 2°—223+1. 
(13) 521+ fax?—107a*x* +203 x + Za‘, 
(14) at—2a*b?+ b+. 
(15) 24+22y?+y%. 
(16) 2§+y?+27—32ryz. 
(17) #®—(a+b+c)z?+ (ab+ac+bce)r—abe. i 


MULTIPLICATION BY DETACHED COEFFICIENTS. 


14. In many cases the powers of the quantity or quantities in the multi- 
plication of polynomials may be omitted, and the operation performed by the 
coefficients alone; for the same powers occupy the same vertical columns, 
when the polynomials are arranged according to the successive powers of the 
letters; and these successive powers, generally increasing or decreasing by a 
common difference, are readily supplied in the final product. 


EXAMPLES. 


(1.) Multiply 23+2°y+2zy?+y* by z—y. 
Coefficients of multiplicand 1+1+1+1 
multiplier 1—1 


1+1+1+1 
—-|-—1—-]---1 


1+0+0+0—1 
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Since zx x = x‘, the highest power of a is 4, and decreases successively by 
unity, while that of y increases by unity; hence the product is 

‘ w+ Oxy +027 Y + 0-2y%—y! = 2t—yt = product. 

_ (2.) Multiply 3a? + 4axz — 52? by 2a? — 6ax + 42°. 





| Be hes B 
a Br 4 
6+ 8—10 
— 18 —24 + 30 
+12 + 16—20 
6 — 10 —22 + 46 —20 


__ Product = 6a* — 10a°z — 22a? x? + 46ax3 — 202+. 
| (3.) Multiply 2a — 3ab? + 563 by 2a%— 582 
Here the coefficients of a? in the multiplicand, and a in the multiplier, are 
ach zero; hence, 
2+0-- 8+ 5 
2+0— 5 


4+ 0— 6+4+10 
—10+ 0+15—25 


fre 16-1015 — 25 
Hence 4a° — 16a° b? + 10 a2b3 + 15ab!— 2505 = product. 
The coefficient of at being zero in the product, causes that term to dis- 
ppear. 
| (4.) Multiply 2? — 32% + 82—1 by 22—22 +1 
(5.) Multiply y?— ya + 4a? by y? + ya— +a? 
6.) Multiply az — bz? + ca? by 1 —a2 + a®§— x3 4-274. 











ANSWERS. 
| 
| 








(4.) a’ —5 at + 10a* — 10a? + 5a —1. 
(5.) y4*—a’y’ + sa*y — ya". 
| (6.) az—a | ze? +a} w?—a| xt+a)| 2®—) | 2 4 cx? 
—b b —b +06 —c 
c —cC +c 





f Or, ax—(a+b)a®+(a+b+c)22®—(a+b +c)z*+(a+b+c)2°—(b+e)x*+¢27. 


DIVISION. 


\ 15. Tux object of algebraic division is to discover one of the factors of a 
jven product, the other factor being given; and as multiplication is divided 
|to three cases, so in like manner division is also divided into the three fol- 
i wing cases, 

| (1) When both dividend and divisor are monomials. 

(2) When the dividend is a polynomial, and the divisor a monomial. 

(3) When both dividend and divisor are polynomials. 

G2 


i 
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Case I. 


16. When both dividend and divisor are monomials. 

Write the divisor under the dividend, in the form of a fraction; cancel like 
quantities in both divisor and dividend, and suppress the greatest factor com= 
mon to the two coefiicients. 

17. Powers of the same quantity are divided by subtracting the exponent 
of the divisor from that of the dividend, and writing the remainder as the 
exponent of the quotient. 





Thus a’ = aadaaaaa; at=aaaa 
% aa _facaaag, * ee 
a aaaa 
Generally a"=aaaa..... to m factors; a*"=aaa....to n factors 
b=bObDR.uae « to p factors; 63=66) .... to g factors 
_ a@b?_aaa....to m factors Xbbb....to p factors 
"@b' aaa.... to nfactorsXb66... to g tactors 
=aaa...to (m—n) factors Xbbb.... to (p—gq) factors 
sire hah 


From this reasoning it follows that every quantity whose exponent is 0, is 
equal to 1. 





a= q= 
For — = a" = a; but — = 
phe ao 
tL ty raed 
So@iieag@adiay Sie ee 
Again, = = Sa ees 
a aaaaa aa a® 


But we may subtract 5, the greater exponent, from 8, the less, and affect the 
difference with the sign — ; hence 


€ rE a = be 
a° a as j 
$n] ota ee 
Cs iQ 
a 
Similarly, = (atx) ; J =(#t+y) 5? = Shos3 
a+«a (a+y)* a— 
] eae) 1 
An ~ == (a?+y*) (x*—y’*)”*; and so on, 


d 
(x2 +y%)3(a2—y? ¥ 


For more information on negative exponents, see a subsequent article. 


18. In multiplication, the product of two terms, having the same sign, is 
affected with the sign +; and the product of two terms, having different signs, 
is affected with the sign —; hence we may conclude, 

(1.) Thatif the term of the dividend have the sign +, and that of the divisor 
the sign +, the resulting term of the quotient must have the sign +. 

(24, That if the term of the dividend have the sign +, aaa that of the 
divisor the sign —, the resulting term of the quotient must have the sign — : 

(3.) That if the term of the dividend have the sign —, and that of the 
divisor the sign +, the resulting term of the quotient must have the sign —. 

(4.) That if the term of the dividend have the sign —, and that of the 
divisor the sign —, the resulting term of the quotient must nave the sign te 
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Ru te oF Siens 1n Division. 


+ divided by +, and — divided by — give + 
— divided by +, and + divided by — give —; 











or, 

me ao" op oes =<abp sate ssi AG te oa 

“ke oe te 23 +a Sd ; 
EXAMPLES. 


(1.) Divide 48a? 5? c* d by 12ab* c 
3 3 2 
48a? b°¢c d _ 48aaabbbccd AA SPOR 
12ab* ¢ lQa bbe 
58 ce 3 
C2.) Sea Sa Cae = 5a" OF CG. 
— 16a? b? c* 
34.) 2 Sane 
+e: — 4abe 
L5a2™ gon y An 
Ae) 3 
( ) 3am zy 
— 48a™ be ie Pen ee 
(OG Seal reat hi = OES oo, 
(6.) — 63a? bt cd’ xz? yz 
—Ta* bed xy’ z® 


= da*—! O°! =.4abe, 


— 5q2>—n gon—2n le namae = 5a®™® x v— 


eae 9a.b° c* a> a—"4j—* a 


Case II. 


19. When the dividend is a polynomial, and the divisor a monomial. 


Divide each of the terms of the dividend separately by the divisor, and con- 
nect the quotients with their respective signs. 


EXAMPLES. 
(1.) Divide 6a* x* y® — 12a3 a3 ¥6 + 15a* 2° y? by 8a? x? y’, 
6a? «ty — 12a? 2 y® + ldatx® y® 
= ar 


(2.) Divide 15a*bc—20acy*+5 cd* by —dabe. 


= 22° y'\—4a « y'+5a’? x y. 


oe E 

Aion, Sapo 2 oe 

eT, b ab. 
(3.) Divide 2°+!—a"t+*42"+3_y"+4 by 2, Ans. —2z*+4+23—24, 


(4.) Divide 5 (a+6)?>—10 (a+6)?+15 (a+6) by—5 (a+d). 
Ans. — (a+6)*?+2 (a+b)—3. 
_ (5.) Divide 12a* yS—16a’ y°+20a* y*—28a’ y* by —4at y’. 
Ans. —8y*+4a y?—5a*y47a’*. 


Case III. 


20. When both dividend and divisor are polynomials. 
wm Arrange the dividend and divisor according to the powers of the same 
etter in both. 

2, Divide the first term of the dividend by the first term of the divisor, and 
he result will be the first term in the quotient, by which multiply all the 
.erms in the divisor, and subtract the product from the dividend. 
| 3. Then to the remainder annex as many of the remaining terms of the 
| ividend as are necessary, and find the next term in the quotient as before. 
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EXAMPLES. 


(1.) Divide a'—4a* z+6a? z*—4a x°+-2* by a*@—2a x+-2%. 
a’—2a x+2°) ai—4a’ c+ 6a? c*—4a 23-2! (a®—2a «+2* 
at—2a3 z+. a’ x? 


—2a* x+5a* xz*—4a x 
—2a' x-+-4a* 2*—2a x 


a 2°—2a w°-+24 
a? x’°’—2a 2-24 


Arranging the terms according to the descending powers of z, we have 
z*—2a x+4-a*) «*—4a z*+6a? 2*@—4a3 x+a'* (4*—2a r-+-a* 
zi—2a 2°-+ a*2* 


—2a #3 4+-5a* «*—_4a3 « 
—2a 234-40? 2*—2a x 


a? x*—2a' x+-a* 
a® x*—2a' x+a'*. 
(2.) Divide 2t-+-2? y*-++y* by «°-+-2y+y". 
epaoyty’) o-pey ty (e—aryt+y* 
afaty fa°y! 


—a*y +y" 

—ey—r’ yr—ay® 
ey+tey+y* 
xtyteyty, 


(3.) Divide a’—a’ b?-+-2a? b°—a bt+-b° by a®@—a b+0%. 


& 
at—a b+b?) a’—ab?--2a? b§—a b*-+- 0° (a°+a* b—a ar ory 
a’—a'tb + a? b? 
at b —2a* b?-+42a? b® 
aib — ab? a? b? 
— @&b?+ a*b’—a 
— 2+ a’? bab 
none te * 4D%, 
Arranging the terms according to powers of 5, we get 
5 —a' b+a’° 
b2—a b-+-a*) b°—a b*4-2a* b’—a? b?-+-a° ee b+ Rab pa 


b’—ab'4+ ab? 


a? b8§—a? b?-+a5 
a? b°—a’? b?-+a*b 


—a' b+a’ 
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The results we have obtained in these two arrangements are apparently 
different; but their equivalence will be established as follows:— 
(1) (a®—a b-+-6) (a?-+-a* b—a b*) = a'—a’b?4-2a*b?—a b* 





Add remainder <s -+-° 
Proof . . . . a’—a’b?-++2a?bi—a b*+-b° 
(2) (62—ab-+-a*) (b?+-a? db) = b’—a b'+2a* b3—a? b?-+-a*b 
Add remainder = —a'b+a’ 
Proof . . . . b®’—abt+2a*b?—a*b?-+a’. 





EXAMPLES FOR PRACTICE. 


(1.) Divide a*—2ab+08? by a—bd. 
(2.) Divide a?+4aa+42* by a+2z. 
(3.) Divide 122*—192 by 32—6. 
(4.) Divide 62°—6y* by 22°*—2y?. 
(5.) Divide a®—8a‘*b?-+-3a? b*+—b° by a®—3a* b4+-8a b°—6%. 
(6.) Divide z3+45a? y+day?+y by 2?+42 y+y*. 
(7.) Divide 2°—y> by a—y. 
(8.) Divide at—b* by a®+a*b+a b?+08%. 
(9.) Divide «z?—92*+4-27x—27 by «—3. 
(10.) Divide 2x*+y1 by x+y. 
(11.) Divide 482°—76a 2*—64a* x+105a* by 22a—8a. 
(12.) Divide 42°+2°+37+3 by 4x-41. 


ANSWERS. 
(1.) a—d. (8.) a—b. 
(2.) a+2zr (9.)  2%—6x-+-9. 


(3.) 4a°4822+162-+432. roe et Seg hye tod 


(4.) 324-32? y?+3y1, r+y 
(5.) a+3a* b+38a b?+08%, (11.) 242°.--2a —35n% 
(6.) 2+y. (12.)  z?--3. 


(7.) eta ype? ytoyty* 


EXAMPLES WITH LITERAL EXPONENTS. 


(1.) Divide 2a*°—6a*" b°-+-6a" 6°—2b* by a™—b". 
a°—b") 2a°—6a™ b°+-6a" b"™—2b* (2a°"—4a" b"4-2b™ 
2q72"I2q2" 2 


—4a*" 6"+-6a" b* 
—4a™ b°+4a" 6 


2a" 6%—2QH% 
i ; 9a" 6222 hs, 
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(2.) Divide emt omy ta ympy™t} by amty™, 
(3.) Divide a"—a™ by a—z. : 
(4.) Divide ain fe gn y2n 4 tn by 2 fg yt ym, 


(5.) Divide a™+" 6" — 4a™+"—! b® — 27a™+n--2 b% 4 42qm+2—3 6 by 


a® b°—7qa7»— 622, 


ANSWERS. 
(2.) x+y. 
(3.) qe— + a—a + aq — 3 x2 + 


(4.) en — az y" + per 
(5.) a™ + 8a™—! 6? — 6a™—* 5, 


a— x — a 
a—x . 


EXAMPLES WITH LITERAL COEFFICIENTS. 


(1.) Divide az’+ax*+b etaxetbsetex't+taxr?+b22+cx*+bu+cr+e 


by az*+ba-+e. 


Arrange the terms of the dividend in the following manner, in order to 


keep the operation within the breadth of the page. 
azx’+baz+c) ear lb g's w+tal\er+blate (a3+2*+2+1. 
b b b c 











C\ Cc 


azv+b atte x 


a xi+a\z+a\x* 
b b 
c 





a x'*+6 w+c x* 


a 


a x+ajz?+b 
oI c 





ax®+ba*+ceu 


ax?’t+bate 
ax*+ba+e 
(2.) Divide 2°+a 2*+ba2+e by x—r, 
a—r) B8+a2*+b ute (2*+ (r+a) e+ (7?+ar+6) 


Sas 
(rta)z*+bx 
(ra) 2*—(7?+a1r) x 





(7?+ar+b)u+e 
(r?+ar+b) s—(r+ar+br) 


rtaretbr+t+ec Remainder. 


In the preceding and similar examples, the remainder differs only from the 


dividend in having 7 instead of z. 
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__ (8.) Divide z?—a 2*+6 x—e by «—r. 
 (4,) Divide z3—(a+b+ ce) a +(ab+bce+ca)«t—abec by r—. 
(5.) Divide 2°—(a+2) 2?+(2a+b) x—2b by «—2. 
(6.) Divide 11 a®b—19 abc+10 a—15 a? c+ 3ab?+15dc2?8—5 be ¢ by 
5a*+3a b—5b c. 
(7.) Divide z°—(a+6+d) 2*+ (ad+b d+c)x—cd by #®—(a+b)a+c. 


ANSWERS. 
(3.) 2?+ (r—a)x +(7*—ar+b), and remainder is 7°—a 7? -+b r—c, 
(4.) 22— (a+b) z+ab. (5.) 2%—aa+od, 
(6.) 2a+ (b—3c). (7.) « —d. 


21. In those cases in which the division does not terminate, and the 
quotient may be continued to an unlimited number of terms; then the quotient 
is terméd an infinite series, and the successive terms of the quotient are 
generally regulated by a law, which in most cases is readily discoverable. 














EXAMPLES. 
(1.) Divide 1 by l—z. 
I1—z) 1 (ltat2?+z3tettos4 . oo. 
1—z 
+2 
+a—a2? 
+22 
+ 7% 33 
+28 





The quotient in this case is called an infinite series, and the law of formation 
of this series is that any term in the quotient is the product of the imme- 
diately preceding term by z. 


(2.) Divide 1 by 1+z2. Ans, l—2+ 2®—z3 +aI—..., 
(3.) Divide 14+ by 1—z, Ans. 1422422242734 2244 ..., 
(4.) Divide 1 by x+1. Ans, 2——27—2.4. g—8_g¢—t g—b__ 


(5.) Divide z—a by x—o. 
Ans. 1—(a—b) x—1_(a—b) br—*—(a—b) b?a—-—, 
(6.) Divide 1 by 1—22+-22, Ans. 1+2274+822+4234 5¢4+ .... 
22. When a polynomial is the product of two or more factors, it is often 
requisite to resolve it into the factors of which it is composed, and merely to 
indicate the multiplication. This can frequently be done by inspection, and 
oy the aid of the following formulas:— 


(x+a)(«#+b) = w+(a+byatab i. (1) 
| (vx +a) (a#—b) = 224+ (a—b)zt—ab...., (2) — 
| (Bea) (ep Ob) = 2's? (as bbe igh yer: (3) 
(zx—a) (x—b) = Grea (G.-- b) 2 ab oe. (A) 
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(a+b) (a—d), => a? — 26 ee ee ing hl 

(na +1) (m+1) = n?+2m4+1.....26020 (6) 

(n—1) (n—1) = n?—2n4+1.....-..-. op ADD 
EXAMPLES. 


(1.) Resolve a x*+62z*—c 2* into its component factors. 
Here a #?+6 22—c #* =x? (a+b—c). 
(2.) Transform the expression n?+2 n*+-n into factors 
Here n?+2n?+n = n (n?+2n+1) 
= n(n+1) (n+1) by (6) 


= n (n+1)*. 
(3.) Decompose the expression z*—2x—72 into two factors. 
By inspecting formula (3) we have — 1 = —9+8, and —72 = —9 x8; 


hence x2—z—72 = (x—9) (x+8). 
(4.) Decompose 5a? c+10ab* c+15ab c* into two factors. 
(5.) Transform 3m*n’—6m n’ p+3m? n‘ p* into factors. 
(6.) Transform 3b? c—3d c? into factors. 
(7.) Decompose z?+82z+15 into two factors. 
(8.) Decompose 2°—2z*—15z into three factors. 
(9.) Decompose 2*—x—30 into factors. 
(10.) Transform a*—b?+2d c—c? into two factors. 
(11.) Transform a*az—z° into factors. 


ANSWERS. 
(4.) 5abc(a+26+3c). (8.) « (v+3) (x—85). 
(5.) 3m? n* (mn—p)?. (9.) | (w—5) (+6). 
(6.) 36c (6+c) (b—c). (10.) (a+b—c) (a—b+c). 
(7.) (+3) (+5). (11.) x (a+2) (a—z). 


23. By the usual process of division we might obtain the quotient of | 
a"—b" divided by a—d, when any particular number is substituted for x; but 


we shall here prove generally that a*—d" is always exactly divisible by a—d, 
and exhibit the quotient. 


It is required to divide a"—b" by a—b. 
a—b) Q—b" (a4 b (a—— pF 





a—b 
a—a"—} 
a*—15—h" 
or 6 (a"—'—D"—") 
n n Rack! sh nl 
Hence = = oe ee + > pe ee 


Now it appears from this result, that a"—b" will be exactly divisible by 
a—b, if a°—'—b"—' be divisible by a—d; that is, if the difference of the 
same powers of two quantities is divisible by their difference; then the dif- 


ference of the powers of the next higher degree is also divisible by that 
difference, 
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But a?—@? is exactly divisible by a—é, and we have 


_ And since a*—@? is divisible by a—d, it appears from what has been just 
proved, that a*—4* must be exactly divisible by a—d; and hence, by putting 
3 for nin formula (1), we get 








ene ynl= ye 
a oa oh a—bh 
= a’+b. (a+b) by (2) 
et ab Oe CI ei Tie Be eee (3). 


__ Again, a‘—b* must be exactly divisible by a—d, since a*—0? is divisible 
_by a—6; hence, by writing 4 for n in formula (1), we have 


| a’i—b4 sg ae—b3 
: 27 aa epee 
= a’+6 (a’+a b+?) by (3) 
= @+a8§db tal+B od es (4). 


‘Hence, generally, a*—&" will always be exactly divisible by a—é, and give 
‘the quotient 
qu— : 


es =a"—'+a™ b+a"3)24+°. 2... Cb A+1ap—2+p—1 __,, (5). 





In a similar manner we find, when n is an odd number, 
a"+h 








— gqn—1__ pn—2 eed / jr a ee nv n=) re i 
cag wae ae +a b +a*b ab +5 (6) 
_And when x is an even number, 
a°—b"_ Net on 9 no 3 £2 _ 4 at 2 fn—3 ee Pt) 
samy =a ee Oa bee a* b"-3+ab Pa ae (ae 


By substituting particular numbers for n, in the formulas (5), (6), (7), we 
may deduce various algebraical formulas, several of which will be found in 
the following deductions from the rules of multiplication and division. 


Userut Axtcesraic ForMULAS. 


(1.) a®—b? = (a +d) (a—d). 
(2.) at—b* = (a®+b2) (a2?) = (a®+5*) (a+b) (a—d). 
(3.) @—b5 = (a*+ab+52) (a—d). 
(4.) a+? = (a*@—ab+b2) (a+b). 
(5.) a°—b® = (a3+63) (a3—b3) = (a3 +53) (a2+a b+5?) (a—b). 
(6.) a&—b = (a'+5') (a®—b*) = (a3—b?) (a2—a b+5*) (a+d). 
(7.) a&—b§ = (a3+5%) (a®—b) = (a?—282) (ata? b?+ 5%). 
(8.) a’—b§ = (a+b) (a—b) (atta b+6*) (a®@—ab+0b"*). 
(9.) (a2—6*) + (a—b) = a +0. 
(10.) (a8—0*) + (a—b) = a®+ab+0% 
C11.) (a§+*) + (a+b) = a®@—ab+b%, 
(12.) (at*—d*) + (a+b) = a&—a%+ab2—5'. 
(13.) (a°—b°) + (a—b) = at+a5b +a? b2+4 +54, 
(14.) (a°+0°) + (a+b) = at—a’b +a? b°—a b3 +51, 
(15.) (a®&—6d°) + (a2—b*)=a'!+a2b2+54, 
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DivisIoN BY DETACHED COEFFICIENTS. 


24, Arrange the terms of the divisor and dividend according to the sue- 
cessive powers of the letter or letters common to both; write down simply the 
coefficients with their respective signs, supplying the coefficients of the absent 
terms with zeros, and proceed as usual. Divide the highest power of the 
omitted letters in the dividend by that of the suppressed letters in the divisor, 
and the quotient will give the literal part of the first term in the quotient. 
The literal parts of the successive terms follow the same law of increase or 
decrease as those in the dividend. The coefficients prefixed to the literal 
parts will give the complete quotient, omitting those terms whose coefficients 
are zero. 


EXAMPLES. 


(1.) Divide 6a*—96 by 38a—6. . 
38—6) 6+ 0+ 0+0—96 (2+4+4+8+16 © 


6—12 
12 
12—24 
24 
24—48 
48—96 
48—96 





But a*+-a=a', and the literal parts of the successive terms are therefore a’, 
a’, a’, a°, or a’, a®, a, 1; hence, 2a*+4a*+8a-+ 16=quotient. 
(2.) Divide 8a°—4a* x—2a’* x*+a* x’ by 4a°—2*. 
4+0—1) 8—4—2+1 (2—1 
8+0—2 


—4+0+1 
—4—0+1 








Now, a’--a’=a*; hence a* and a*® x are the literal parts of the terms in the 
quotient, for there are only two coefficients in the quotient; therefore 
2a’—a* x=quotient required. 
(3.) Divide «*—3a 2*—8a? x*+ 18a? e—8a‘ by x*+2a x—2a*, 
(4.) Divide 3y3+3x y*—4a* y—4a' by x+y. 
(5.) Divide 10a*—27a' x+34a? 2®—18a x*?—8x* by 2a*—3a «+4a*, 
(6.) Divide a'+ 4a°—8a*—25a° + 35a? +21la—28 by a*+5a+4. 


ANSWERS. 


(3.) «#—5ax+4a*, (5.) 5a®—6a x—22*, 
(4.) —4a°+3y?. (6.) at—a’—7a*+14a—7, 
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Syntuetic Division. 


- 25. In the common method of division, the several terms in the divisor 
are multiplied by the first term in the quotient, and the product subtracted 
from the dividend; but subtraction is performed by changing all the signs of 
the quantities to be subtracted, and then adding the several terms in the lower 
line to the similar terms in the higher. If, therefore, the signs of the terms in 
the divisor were changed, we should have to add the product of the divisor 
and quotient instead of subtracting it. And since the process would be the 
same for every step in the operation, the successive products of the divisor 
and the several terms in the quotient would all become additive. By this 
_ process, then, the second dividend would be identically the same as by the 
usual method; but the second term in the quotient is found by dividing the 
first term of the second dividend by the first term of the divisor; and since the 
sign of the first term in the divisor has been changed, it is obvious that the 
sign.of the second term in the quotient will also be changed. To avoid this 
change of sign in the quotient, the sign of the first term in the divisor might 
remain unchanged, and then omit altogether the products of the first term in 
the divisor by the successive terms in the quotient; because in the usual 
method the first term in each successive dividend is cancelled by these pro- 
ducts. Omitting, therefore, these products, the coefficients of the first term 
in any dividend will be the coefficient of the succeeding term in the quotient, 
the coefficient in the first term of the divisor being unity; for in all cases it 
can be made unity, by dividing both divisor and dividend by the coefficient of 
the first term in the divisor. This being the case, the coefficients in the 
quotient are respectively the coefficients of the first terms in the successive 
dividends. The operation, thus simplified, may however be further abridged 
_ by omitting the successive additions, except so much only as is necessary to 
_ show the first term in each dividend, which, as before remarked, is also the 
coefficient of the succeeding term in the quotient, and writing the products of 
the modified divisor, and the several terms of the quotient as they arise, 
diagonally, instead of horizontally, beginning at the upper line. Hence the 
following 


Ru.e.* 


(1). Divide the divisor and dividend by the coefficient of the first term in 
_ the divisor, which will make the leading coefficient of the divisor unity, and 
the first term of the quotient will be identical with that of the dividend. 
| (2). Change all the signs of the terms in the divisor, except the first, and 
| multiply all the terms so changed by the term in the quotient, and place the. 
| products successively under the. corresponding terms of the dividend, in a 
diagonal column, beginning at the upper line. 
, (8). Add the results in the second column, which will give the second term 
| of the quotient; and multiply the changed terms in the divisor by this result, 
| placing the products in a diagonal series, as before. 








| * The rule here given for Synthetic Division is due to the late W. G. Horner, Esq., of Bath, 
) whose researches in science have issued in several elegant and useful processes, especially in the 
higher branches of algebra, and in the evolution of the roots of equation of all dimensions. 
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(4). Add the results in the third column, which will give the next term in 
the quotient, and multiply the changed terms in the divisor by this term in the 
quotient, placing the products as before. 

(5). This process continued till the results become 0, or till the quotient is 
determined as far as necessary, will give the same series of terms as the usual 
mode of division when carried to an equivalent extent. 


EXAMPLES. 


(1.) Divide a’—5a* x+ 10a* a*—10a* «°+ 5a x4—a? by a®@—2aa+27, 
1 | 1—5+10—10+5—1 
Ea ek aol pnp 
—1 — 1+ 3—3+1 
1—3+ 3— 1 * * 
Hence a*—3a? x+3a x®—a2*=quotient. 

In this example the coefficients of the dividend are written horizontally, 
and those of the divisor vertically, with all the signs changed, except the first. 
Then + 2 and — 1, the changed terms in the divisor, are multiplied by ih 
the first term of the dividend or quotient; and the products + 2 and — 1 are 
placed diagonally, under — 5 and + 10, the corresponding terms of the dividend. 
Then by adding the second column we have — 3 for the second term in the 
quotient, and the changed terms + 2 and — 1 in the divisor, multiplied by— 3, 
give —6 and + 3, which are placed diagonally under + 10 and—10. The 
sum of the third column is + 3, the next term in the quotient, which multi- 
plied into the changed terms of the divisor, gives +6—3, for the next diagonal 
column. The sum of the fourth column is — 1, and by this we obtain the last 
diagonal column —2+1. The process here terminates, since the sums of the 
fifth and sixth columns are zero; and the quotient is completed by restoring 
the letters, as in detached coefficients. 

Having made the coefficient of the first term in the divisor unity, that co- 
efficient may be omitted entirely, since it is of no use whatever in continuing 
the operation here described. 

(2.) Divide x°—5a’ + 15a*—24a°+272°—13a+5 by at—2a°+4a°—2r+1. 





1 | 1—5+15~24-£97—18-+-5 
+9 | —o2 6416 
ay — 4412—20 
+2 AAD B10 
all | ny Be 





I1-3+ 5 0 O 90 0 
Pence 2?—3x+5=quotient required. 
(3.) Divide a°+2a*b+3a* b?—a? b°—2a b4—30° by a®+2ab+362. 





14248198 
—2| —2+0+0+2 
—8| —8+40+0+8 

1+0+0—1 


Hence a?+0:a? b+0-a b°—b’=a*°—b*=quotient. 
(4.) Divide 1—#x by 1+a. Ans, 1—2e+2a?—2a°+, &e. 
(5.) Divide 1 by 1—z. Ans. 1+a+a*+a°+, &e. 
(6.) Divide 2’—y’ by a—y. = Ans. a®+a°y+atyr+taytarytey+y®. 
(7.) Divide a’~—3a‘ «?+3a? at—a* by a®§—3a2x+8a 22—z", 
Ans. a°+ 8a? 2+3a 2?+2° 
e 
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THe Greatest Common MEASURE. 


26. A measure of a quantity is any quantity that is contained in it exactly, 
or divides it without a remainder; and, on the other hand, a multiple of a 
quantity is any quantity that contains it exactly. 


27. A common measure, of two or more quantities, is a quantity which is 
contained exactly in each of them. 


28. The greatest common measure, of two or more quantities, is the greatest 
factor which is common to each of the quantities. Thus 5 is a measure of 15, 
and 15 is a multiple of 5; for 5 is contained in 15 exactly 3 times, and 15 con- 

tains 5 exactly 3 times; also 3z is a common measure of 12az and 18b2, and 
6z is the greatest common measure of 12ax and 18bz. 


29. To find the greatest common measure of two polynomials. 


Arrange the polynomials according to the powers of some letter, and 
divide that which contains the highest power of the letter by the other, as in 
division; then divide the last divisor by the remainder arising from the first 
division; consider the remainder that arises from this second division as a 
divisor, and the last divisor the corresponding dividend, and continue this 
‘process of division till the remainder is 0; then the last divisor is the greatest 
common measure. 


Note 1. When the highest power of the leading quantity is the same in 
both polynomials, it is indifferent which of the polynomials is made the 
divisor, the only guide being the coefficients of the leading terms of the poly- 
nomials. 


Note 2. If the two polynomials have a simple common measure, it may be 
suppressed to simplify the process; but as it is a factor of the greatest common 
measure, it must be restored in the final divisor, and therefore the last divisor 
must be multiplied by the common factor at first rejected. 


Note 3. If any divisor contains a factor, which is not a factor also of the 
lividend, that factor must be rejected before commencing the division, as 
uch factor can form no part of the greatest common measure. 


Note 4. If the coefficient of the leading term of any dividend be not divisible 
ly that of the divisor, it may be rendered so by multiplying every term of the 
‘ividend by a proper factor, to make it divisible. 


In order to prove the truth of this rule, we shall premise two lemmas. 


Lemma 1. If a quantity measures another quantity, it will also measure 
ny multiple of that quantity. Thus, if d measures a, it will also measure m 
imes a, or ma; for let a=hd, then ma=mhd, and therefore d measures ma, 
he quotient being mh. 


_ Lemma 2. Ifa quantity measures two other quantities, it will also measure 
oth their sum and difference, or any multiples of them. For let a=hd, and 
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b=kd, then d measures both a and d; hence atb=hdtid=d (hth), 
and therefore d measures both a+ and a—b, the quotient being h+k in the 
former case, and h—A in the latter; and by lemma 1, d measures any multiples 
of a+b and a—b. 


Now, let a and & be two polynomials, or the terms of a fraction, and - 








let a divided by 6 leave a remainder c b) a (m 
Rite ss ee F C5 6 toa sete oe Brits d m b 
eee nat, a d leave no remainder, as is shown 
in the marginal scheme. Then we have, by the nature c) 6 (n 
of division, these six equalities, viz.: ie 
om bee eli Ss shh a=mb+c.... (4) | d)c(p 
bee sed SR) Ba b=netd.... (5) pd 


ee: ea eee bes id bcs 0riee (6) eae 


Where the equalities marked (4), (5), (6), are not deduced from those marked 
(1), (2), (8), but from the consideration that the dividend is always equal to 
the product of the divisor and quotient, increased by the remainder. 


Now, by (6) it is obvious that d measures ¢, since c=p d; hence (Lemma 1) 
d measures nc, and it likewise measures itself; therefore (Lemma 2) d mea- 
sures nc-+d, which by (5) is equal to b; hence again d, measuring 6 and C, 
measures m b+ c, by the Lemmas | and 2. 


., d measures a, which is equal to m b+ by (4). 


Hence d measures both the polynomials a and 4, and is consequently a 
common measure of these polynomials; but d is also the greatest common 
measure of a and 0; forif d! is a greater common measure of a and 6 than d is, 
it is obvious that by (1) d’ measures a—m 6, or c; and d’ measuring both b 
and ¢, it measures b—n c, or d by (2); hence d' measures d, which is absurd, 
since no quantity measures a quantity less than itself; therefore d is the 
greatest common measure. High OR D. 


Again, let a=ha' and b=hd'; then the greatest common measure of a 
and will be hd’, where d! is the greatest common measure of a’ and D. 
For let a! = d'm, and b'=d'n; thena=ha'=hd'm, and 6= hb'=hd'n; 
then m and m contain no common factor, for d’ is the greatest common mea- 
sure of a’ and b/; hence Ad! is obviously the greatest common measure of 
hd'm and hd'n, or of a and b; and this proves the truth of Note 2. 


Moreover, if any divisor contains a factor, which is not a factor also of the 
corresponding dividend, it must be rejected before b) a (m 
commencing the division. For as in the marginal m b 
scheme, let ¢ contain a factor h, which is not a factor — 





also of a and 4; then rejecting h, the remaining c=he 

factor c! is employed as a new divisor, instead of c, and c’) a (n 

so on. For, by the nature of division, we have ne 
g—mbsshe .*. > A) a=mb + he' ea Ge dha 
h—ne'xakd' . 2... (2) b=ne +hd'.... (5) d') ¢ (p 


c—pd'=0 .', . .‘(3) a 1 elie ah (6) pd 
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Now, by (6) we see that d’ is a measure of c’; hence d’, measuring nc! and 
hd, it also measures nc! +d’, or b; therefore d’, measuring c and db, mea- 
‘sures m 6b+/c’, or a; hence d' measures both a and 3, and it is also the 
greatest common measure. For if d be a greater common measure than d’, 
then d, measuring both a and 6, measures a—m 8, or Ac’ by (1); but d does 
not measure /, and it must therefore measure c’; hence d measures nc’ and b; 
therefore it measures b—nc’, or kd! by (2); but again, d does not measure &, 
and hence it must measure d’; but d is greater than d’, and cannot therefore 
measure it; hence d! is the greatest common measure. This is the proof of 
note 3, and in very nearly the same manner it is proved, that if any dividend 
be multiplied by a factor, which is not a factor of the greatest common mea- 
sure, in order to make the leading term of the dividend divisible by that of 
the divisor, the final divisor, or resulting greatest common measure, will re- 
main unchanged. 


Thus it appears that, to avoid the difficulty of operating with fractional 
quotients, we can always remove from the divisor, or introduce into the divi- 
dend any factor which may obstruct the exact division of the leading coefficient 
of the dividend by that of the divisor. These remarks will be fully exem- 
plified in the subsequent examples; and as the process for finding the greatest 
common measure of any two polynomials is now very important, being em- 
ployed in the general solution of equations, we have endeavoured to explain 
the reasons of the several steps in the process, with perspicuity and clearness, 
as far as our limits will permit. 


30. If the greatest common measure of three quantities be required, find 
the greatest common measure of two of them, and then that of this measure 
and the remaining quantity will be the greatest common measure of all three. 
For let a,b, c, be the quantities, and let d be the greatest common measure of 
a and 6, and d’ the greatest common measure of ¢ and d; then any measure of 
d will evidently measure a and 6, and whatever measures c and d will also 
measure a, b,c; hence the greatest common measure of c¢ and d is also the 
greatest common measure of a, 6, c, and therefore d’ is the greatest common 
measure of a, b, c. This reasoning may be extended to any number of 
uantities, 


4 
b 


sreatest common measure, then we may put a=da’', and b= dJ’; hence 
td a! a’ 


ee and consequently, by dividing both numerator and denominator 


_ 31. If the two polynomials be the terms of a fraction, as“, and d_ their 


f a fraction by the greatest common measure of the terms of the fraction, the 
esulting fraction will be simplified to its utmost extent, and thus the proposed 
raction will be reduced to its lowest terms. 


EXAMPLEs, 
! 
(1.) What is the greatest common measure of 4x2 yz and 824 y? 22? 
Here 4 is the greatest common measure of 4 and 8, and x? y? z? is that of 
he literal parts; hence 42? y* z® is the greatest common measure required, 
; : H 


; 
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3 3 
(2.) Find the greatest common measure of poe : 


—y* 
w—y") wry? (x 
x —xy* 





xy’?+y=y* (w«+y); rejecting the factor y* 
ety) x—y* (w—y 
x? vy 





—ay—y* 
—ay—y* 
Hence x+y is the greatest common measure sought, and 
ety? _ (ety )Hety) _ e—ayty*® _ ti 
Po (ey) ei reduced fraction. 
(3.) Required the greatest common measure of the two polynomials 
6ae— 6a*y+2ay?—2y? .... (a) 





12a7—l5ay +3y ..... (d). 
Here 6a°— 6a*°y+2ay*—2y*? = 2 (8a°—3a*y+ay?—y’) 
12a?—l5ay +3y? = 8 (4a°—5ay +y?); 


And therefore, by suppressing the factors 2 and 3, which have no common 
measure, we have to find the greatest common measure of 
3a°—3a*y +ay*—y* and 4a*—5ay+y?*. 
4a°—5ay+y") Sa 8a°y+ ay’— y 
4 


12a°—12a*y+4ay°—4y* (3a 
12a°—l5a*y+3ay? 


3a’y+ ay’— 4y° 
4 


l2a°y+ 4ay’—16y* (3y 
12a’°y—ld5ay?+ 38y* _ 


19ay?—19y°=19y? ( a—y) 
Or, a—y) 4a°—5ay+y’? (da—y © 
4a°—4ay 


— ayty? 
— ayy’. 


Hence a—y is the greatest common measure of the polynomials aandd. * 
(4.) Required the greatest common measure of the terms of the fraction 
ak&—azx4* 
a+ aa—ata*—arn® 
Here a* is a simple factor of the numerator, and a’ is a factor of the deno- 
minator; hence a® is the greatest common measure of these simple factors, 
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| o 
which must be reserved to be introduced into the greatest common measure of 
the other factors of the terms of the proposed fractions; viz.: 
a'—zx* and a® +a°a—ax*—2". 
a+a7x—ax°—x*) at—x' (a—x 
at +a’x—a?x’—ax* 
—a?x+ a?x? + axe®—at* 
—ae—a'*x?+ax*+2* 


2a7x?—2xt=22" (a?—2x"); rejecting 2x” 
a—x) a+a?x—ax*—x' (a+e 


@—ax? 
a*x—ax* 
aax—x? 





Therefore a® (a*—z*) is the greatest common measure; and hence 


Bee tal (a°—a?at) + a? (a?—2")  @4 x 
@+ex—ae—ae ~ (a+ ax—ate’—ax*) +a? (a?—2") a*+axr 


ADDITIONAL EXAMPLES. 


(1.) Find the greatest common measure of 2a*x?, 4x*y*, and 62%y. 
' (2.) Find the greatest common measure of the two polynomials a—a*h + 
ar 82 and a*—5ab+40?. 
_ (3.) What is the greatest common measure of #*—ay? and a*+2xy+y? ? 
(4.) Find the greatest common measure of x°+y°* and x8—y8, 
(5.) Find the greatest common measure of the polynomials 
(6—c) x’—b (2b—c)x +h? .... (a) 


(6+c) #®—b (2b+c) #+b8x..... (d). 
(6.) Find the greatest common measure of the polynomials 
wi— 823+2la®—20%+4.... (a) 
227—12277+217 —10 fie cosas (d). 
ANSWERS. 
Ch. yeaa (4.) #—y. 
(2.) a—b. (5.) x—b. 
(3.) w+y. (6.) w2—2. 


Tue Least Common MULTIPLE. 


32. We have already defined a multiple of a quantity to be any quantity 
‘hat contains it exactly; and a common multiple of two or more quantities is 
quantity that contains each of them exactly. 
_ The least common multiple, of two or more quantities, is therefore the least 
uantity that contains each of them exactly. 


33. To find the least common multiple of two quantities. 


| Divide the product of the two proposed quantities by their greatest 
‘ommon measure, and the quotient is the least common multiple of these 
; H 3 


. 
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quantities; or divide one of the quantities by their greatest common measure, 
and multiply the quotient by the other. 

‘Let a and b be two quantities, d their greatest common measure; and m 
their least common multiple; then let 

a= hdjand 6= ka; 

and since d is the greatest common measure, h and & can have no common 
factor, and hence their least common multiple is 44; therefore hkd is the 
least common multiple of 2d and kd; hence, 


we _hkd* _hdxkd_axb_ab 
EXAMPLES. 


(1.) Find the least common multiple of 2a*x and 8a%x%. 
2 33 
Here m = ab _ 2a'ex8a'e" _ 98,573 — least common multiple. 
(2.) Find the least common multiple of 42? (x2—y*) and 122° (2°—y’). 
Here d = 42* (x—y), and therefore we have 


m = 28 — 40° ey") X 1228 9") = 1005(@+-y) (2°—y"); 
or m = 12274 122%y— 12aty?—122°7/*. 
(3.) Find the least common multiple of 2*-+2xy+y* and #°—z y?*. 
Here d = x+y, and therefore we get 
2 2 
m == ne Maes ae. (2?—2 y*) 
= («+y) (#—«xy"*) 
= x (4+y) (2*—y?) = least common multiple. 

(4.) What is the least common multiple of «*—52°+ 92*— 7x + 2, and 
2*—622+8xr—3 ? 

By the process for finding the greatest common measure, we find 

d= x°—32*?+3r—1 
4 3 2 
m= aa («!—622+82—3) 
= («—2) (x*—6z*+82—3) 
= 7°—224— 62° +20x*—19z+6, the least common multiple. 

(5.) Find the least common multiple of a®@—2ab+6%, and at—b'. 
(6.) Find the least common multiple of a*—d%, and a*+d°. 
(7.) Find the least common multiple of 2*—y’*, and 2°—y’. 
(8.) Find the least common multiple of y?—8y+7, and y*-+-7y—8. 


ANSWERS. 
(1.) (a—b) (at—b'). (3.) (ety) (9) 
(2.) (a—b) (a°+8"). (4.) y°—57y+56. 


34, Every common multiple of two quantities, a and b, is a multiple of m, 
the least common multiple. 

For let m’ be a common multiple of @ and 4, then, because m! is greater 
than m; and if we suppose that m’ is not a multiple of m, we have, as in the 
annexed scheme, m) m' (h 

mi=hmt+kh... (1) hm 


m'—hm=k... (2) k = remainder. 
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Now the remainder is always less than m the divisor; hence, since a and } 
measure m and m’, it is evident by (2) that a and d measure m'—h m, or h; 
therefore % is acommon multiple of a and 6, and it has been proved to be less 
than m, the least common multiple, which is absurd; hence m must measure m’, 
or mm’ is a multiple of m. 


35. To find the least common multiple of three or more quantities. 


Let a, 5, c, d, &c., be the proposed quantities; 
find m the least common multiple of a and b 
ee. and m 
OM ee d and m! 
&e. &e. 
_ Then, since every multiple of a and } measures m, their least common mul- 
ple, the quantity sought, z, measures m; but x also measures ¢c; therefore x 
1easures both ¢ and m, and thence it measures m! ; but z measures d and m’, 
nd therefore must measure m"; hence x cannot be less than m", and there- 
ore m'' is the least common multiple. 


EXAMPLES. 


(1.) Find the least common multiple of 2a”, 4a3 2, and 6a }%. 
Here taking 2a? and 4a? 62, we find d= 2a*, and, therefore, 
ab 2a? x 4a 52 3 72 
eerese ee BS b*, 
m 7 a2 4a 
Again, taking m, or 4a3 b*, and 6a b?, we find d= 2a 6°; hence 
r—_em _ 6ab ?x 4a3 $2 
a = 
d 2a b? 
(2.) Find the least common multiple of a—x, a?—z2, and a?—z23, 
Taking a—z and a’—zx*, we have d=a—zx; and hence 
me . dx 
7 ae 
Again, taking a2—2z? and a’—x’, we find d=a—z; hence 
mo” — (a—2') (a? 
d a—z 





= 12a° 5° = answer required. 


X (a@—z*?) =a2—z°?. 





8 
2a (a+2) (a3—z?)= answer sought. 


(3.) Find the least common multiple of 15a? b2, 12a 3, and 6a3 5. 


(4.) Find the least common multiple of 6a? x2 (a—z), 82° (a%—2*) and 
12 (a—z)?. 


“5.) Find the least common multiple of 2 — x2y — vy? +y', a — ay 4+ eyt—y’; 
and zt+—y?, 


6.) Find the least common multiple of (a+b)?2, (a?—0*), (a—b)%, and 
— @+3a*b+3a b2+_°, 
j 


ANSWERS. 


4 °(3.). 600° 3°. (5.) #2 y—aty+yi, 
» (4.) 24a? x? (a—z) (a*’—z?) (6.) (a+b) (a?—6*)?, 
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Or ALGEBRAIC FRACTIONS. 


36. Algebraic fractions differ in no respect from arithmetical fractions; ant 
all the observations which we have made upon the latter, apply equally to th 
former. We shall therefore merely repeat the rules already deduced, adding 
a few examples of the application of each. It may be proper to remind th« 
reader, that all our operations with regard to fractions were founded upon the 
three following principles:— 

. In order to multiply a fraction by any ‘hone we must multiply th 
aad or divide the denominator of the fraction by that number. 

2. In order to divide a fraction by any number, we must divide the nume 
rator, or multiply the denominator of the fraction by that number. 


3. The value of a fraction is not changed, if we multiply or divide botl 
the numerator and denominator by the same number.* 


REDUCTION OF FRACTIONS. 
1. To reduce a fraction to its lowest terms. 


37. Ru.te.—Divide both numerator and denominator by their greates 
- common measure, and the result will be the fraction in its lowest terms. 


When the numerator and denominator are, one or both of them, monomials. 
their greatest common factor is immediately detected by inspection; thus, 


2 “oO xC- 6 C 
a’be__@0XC __© +» its lowest terms. 


Barb? a2b Xx ab Xbb 5b 
So also, 


2 
ax xXx ar at at %s 
xaz __ % in its lowest terms. 


ax+ae x(a+a) ate 





If, however, both numerator and denominator are polynomials, we mus! 
have recourse to the method of finding the greatest common measure of two 
algebraic quantities, developed in a former article. Thus, let it be required 
to reduce the following fraction to its lowest terms: 

6a'—Ga*y +2ay?—2y* 
12a?— 15a y+3y? 


* These principles will be obvious from the following considerations :— 

1. If the numerator of a fraction be increased any number of times, the fraction itself will de 
increased as many times; and if the denominator be diminished any number of times, the fraction 
must still be increased as many times. 

2. If the denominator of a fraction be increased any number of times, or the numerator dimi- 
nished tne same number of times, the fraction itself will in either case be diminished the same 
number of times. 


3. If the numerator of a fraction be increased any number of times, the fraction is increased the 
same number of times; and if the denominator be increased as many times, the fraction is agai 
diminished the same number of times, and must therefore have its original value. 
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_ The greatest common measure of the two terms of this fraction was found in 
page 114 tobea—y; therefore, dividing both numerator and denominator by 
this quantity, we obtain as our result the fraction in its lowest terms 5 or, 
—_— — 6 a*?+2Qy? 
l2Za—s3y = 
4a4*—4a?b? +4ab63— $4 

| 6a*+ 4a°b — 9a?b? 3ab*?4+ 268 
_the greatest common measure of the two terms is found to be 2 a*+2ab 

—5*; and dividing both numerator and denominator by this quantity, the 
_reduced fraction is, 


In like manner, taking the fraction 


2a*—_2ab-+ 52 
3a*— ab —~2 6? 


Examples for practice. 


Za°— l62—6 


(1.) Reduce to: 


to its lowest terms. 


48 7? +364? — 15 ; 
2.) Reduce ———~~—_t "~~~ "to its lowest te ms. 
) 24 23 22 7? +17 & —6 gown : 


20 27*-+- 7? — ] 5 
3.) Reduce ———~__T “_“"~ to its] terms. 
(3.) u Setpsctics tr fs owest terms 


5 3 2 ‘ 
Sete te? et 1 ss lowest teriam 
15 ¢*—223-+ 102%? a¢+ 2 


zi Rod 4a8cx —4a08dx + 24a°bex — 24a°*bdxr+36ab’cx—36ab*dx to its 
( ) CAUCE Fihca8—Tabdas + 7acta8 — Facd23 — 21b'dx3 +-21b'ca8+ 21bc*a8--2 lbcdas O11 


lowest terms. Ans. Tt 
38. It frequently happens, however, that when the polynomials which form the 
numerator and denominator of a fraction which can be decomposed are not very 
‘complicated, we are enabled by a little practice to detect the factor and effect 
‘the reduction, without performing the operation of finding the greatest common 
measure, which is generally a tedious process. The results to which we called 
he attention of the reader, at the end of algebraic division (see page 107), will 
ye found particularly useful in simplifications of this nature. 
_ Thus for example: 





(6) —3u?ytSay?_—_ ay(aty) — _Sy(tty) ty 
OO see peny tay = Satye = = Setyety) = Bey 
7) 2 _ (a—b)(a+3) _ a 
| OC) Bee — “(a—by? ee ea 








(8.) 5a*+-10a7b+-5ab? __ 5a(a?+4-2ab+40? )__ 5a(a--b)* __ 5(a-+ 8) 
4 8a3-E-8a aye ORE Sie 


Sa34+8a°b = ~—8a®(a4-b) 0 —«88a® (a+b) 
a*__23 (4? -an+2%? )\(a—x)_ a? arpa" 


\) a? —2ag+a (a—z) a—x 
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(10.) ac+-bd--ad+-be __(a+6)c4-(a+b)d _‘ne poybely 
* of -2ba+2aa+bf — (a+b) fp 2n(a+b) Fp Be 








6ac+- 10bc-+- 9ad+-15bd 3a(2c-+-3d)-+-5d( 2c-+-3d 3a-+4-55 
6e*+-9cd—2e—3d  —3e(20-4+-3d)—(2c+-3d) ~~ 3c—1 
(12) aum—bamtt —_ a™—'ag—ba?) _ — w™ "axa? a Lm 
peu ate f'g)) y tba ei bu(a-+-bx)(a—bx) ~ b(a+-ba) 


Il. To reduce a mixed quantity to an improper fraction. 


39. RuLe.— Multiply the integral part by the denominator of the fraction, and to 
the product add the numerator with its proper sign; then the result placed over 
the denominator will give the improper fraction required. Thus, 








a _ ato 
(L)Sp1 = Ste 
a’_a? _ a*+a*+a*_a? Qa 
(2.) eRe ay a?-+-z* an a?--g? 


abo—c*?d—2cd* __ abc-++-c?2d+4-2abd-4-2cd? +-abc—c2d—2cd? 
(3.) ab--cd [a epee = ee ee eee ol 
2abc+-2abd 
c-+-2d 
2ab(c-4-d) 
c+2d 


b*?-+c*—a? _ 2bc4+b?+4c?~—a* _ (b-4-c)?—a@ 
AES 2bc ye 2bc rig 2be 


40. It is to be remarked that when a fraction has the sign —, it signifies that the 
whole fraction is to be subtracted, and consequently the negative sign applies 
to the numerator alone; and when the numerator is a polynomial, the negative _ 
sign extends to every term of the polynomial; thus, | : 





z b get Gib 
(os) Aor poe ite 
; ef _ cd—ef : 
(6.) eee SE SE ’ 
y 
. a*—2ab-+6? _ a? +b% —(a*__2ab+B?) 2ab6 7 
OD Beare Srey ST Tie a a? B ~ @ 
b?+-c®_a@ _ 2bc—(b?+c*~—a?*) i 
at Cla TLR TTS RET | 
— a*—(b?—2bc+c*) 
= 2be 
— a—(b—c)* 
mit 2bhe 
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3__ 2 72 48 
(9) 22-4 2a y+ tig lt BS Dedrh 3 a gt Y” 


ety 
u* +30? y+3ay? +y>—(x*_ 3a*y+3ay'_y%) 
ary 
62° y+-2y? 
rey 
— 2y(34?+y*) 
by 
2mn*?— 2pqn __ m2%n—mpq-+-mn*—npg—(2mn? —Bpgn) 
| (10) mn— pq ae Se = (itt Goat 1 a ees 
-  _ m?n—mpq—mn?-+- pgn 
ene | m-+-n 
— mn(m—n) —pq(m—n) 
ee m--n 
= nm — pgm —n) 
m+n 


Ill. Zo reduce fractions to others equivalent, and having a common denomi- 
nator. 


41. Rure.— Multiply each of the numerators, separately, into all the denomi- 
nators, except its own, for the new numerators, and all the denominators together 
for a common denominator, 


Thus: reduce 7 and + to equivalent fractions having a common deno- 


minator. 
a X d is the new numerator of the first, 
c X 6 is the new numerator of the second, 
6 X d is the common denominator ; 

bc 


. ‘ ad 
Therefore the fractions required are ae and pee 





Gn £). € km : 
Reduce See ihe + y hAS Te, to a common denominator. 


Wdyhin chfhin  ebdhin gbdfin. kbdfhn mbdfhi 
bdfhin’ badfhin’ bdfhkin' bdfhin’ bdfhin’ bdfhin’ 
we the fractions required. 


to a common denominator. 





Reduce Use wy aha L+o 

l1—z 1 — z 1— 
1+2)(1—a? )i—# ) (+2? )(1—2x)(1—23 ) (1+-2? )(1—a)(1—2? ) 
1—a)(1—2?) (I—a8 )’ (l—#)(1—w?)(1—2? )’ - (1—a)(1—2? (Ia ) 
re the fractions required. 


ADDITION OF FRACTIONS. 





42, Rute.—Reduce the fractions to a common denominator, add the numerators 
gether, and subscribe the common denominator. Thus: 


a ne 6a bc _ ad+5e 
mene ao > sa ta = 
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aym Py. & _ anqy mbqy pony rbhng 
@otat ot y = tangy tT tuqy b Oagy? Bngy 


—_ anqgy + mbqy + pbhny + xbngq 





Be bnay 
a c € _ anse. cb fat ebda 
(2) ce as Ts Fe ~ bdf x 2 ba fae or bd fas 
_ adfa + bcfxt + bdex? 
To RT CEP ye ; 
Vasko 1 — 2° mes Cae (l—2*y 
ioe tree > 2dr) Gee 
_— +27P+(l—2’)? 
~ (L—a2?)(1+ 27) 
a. 20+ 24) 
—~  j—ga 
1 l % 1—z 1 +2 
©) reg bh Tor = Gedy ae) 
l—az+1+2 


T+ 2)(1—2) 
2 


Lee 


SUBTRACTION OF FRACTIONS, 


43. Rute.—Reduce the fractions to a common denominator, subtract the nume- 
rator or the sum of the numerators of the fractions to be subtracted, from the 
numerator or the sum of the numerators of the others, and subscribe the common 


_ denominator. 





are 


anqgy , mbqy — pbny ___xbnq 

bngy bnqy —— buqy —— bngy 

angy + mbgy — pbny — abng 
bngy 


a p x 
POR kl a kere ays 


a é eon feel hho bef ha® bedha? bdfgx® 
bafha® T bdfha® — bdfha” — bafhal 


adfhx® + befha® — bedha! — bdfgx® 








ee bdf ha 
(4) a+ 6 ey a—b_ (a+6)*—(a—b)? 
a—b at+tb~ (a+ 6) (a—d) 


4ab 


he a? vm §2 
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(5) os Et here 4 2d he 1— x2)? 
1— g¢? i-a? ~ (l—2x*) (1+ 2?) ~ (l—2#*) (14-27) 
_ G+«x*)?—(1—z*? 
Te fhm we CL F< 25) 
4 4? 
- toe 


' 44, When the denominators of the fractions which it is required to reduce are 
expressed in numbers, the result will frequently be much simplified by finding 
the least common multiple of the denominators, and then reducing the fractions 
to their least common denominator, according to the method explained in 
Arithmetic. 

Thus, if we are required to reduce the following fractions: 

a—3ur 3a—52z 3a—52 
4. + 9) x 20 

The least common multiple of 4 and 5 is 20, the denominator of the third 
fraction ; therefore the fractions, when reduced to their least common denomi- 
nator, are 





9a—ld@ , l2a—2e , 8a—S5r 5a—ld544 12a—202+3a—5x 








ari eon tt 3. 20 
_ 20a—40z2 
= 20 
= @4—22 
So also, . 
Sie 0.2 5242 61 2x45 29-+- 42 5—37 4 
Pe 6. ist 3 is) Sie = 


the least common multiple of 3, 4, 6 is 12, which will be the least common de- 
nominator, and the above fractions become 


2a | Sl—27z lor+4 61, 8x+20 29442 5-372 

eet is st ie tt is toi 

Or, 

i2u + 81-27 2 — 10a— 4 — 61+ 8x + 204 294 405437" 242-460 
12 =~ i2 


= 22+5 


MULTIPLICATION OF FRACTIONS. 


45, Rute.—Multiply all the numerators together for a new numerator, and all 
ie denominators together for a new denominator. Thus, 

a c ac 
eh he 


a m P een E 
em a 8g (XFS Bagg 





a+b e—f k+l p—g_ (atd)(e—f) (ht) (p—9) 
Mg hk * muan as +e) (7h) (mn) Es 
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DIVISION OF FRACTIONS, 


46, Rute.—Jnvert the divisor and proceed as in Multiplication. 


d _ ad 


ES) 
x 
e | 


COS ai ths 














Sa — + 


ca * e—f ~ (+4) FS) 
yan let. life lp at eae 


l—as*~ [fet Tog? % Toe 5 ele 


a) at _e—f a+b g—h _ (a+ 5) (g—A) 





24 — }* | ads ol 2*—b54 eb 
i?) auch ace £—b = 5*_dbaqpo% * z*+be 
= (z*—b*) (x—b) 
~ (72? 2b2+4+b?) (x?+ 62) 
_ (@2—b*) (e+ b%) (@—5) 
ia (c—b)*.2.(a44+ 6) 
— @+5) @—4b) @*+b*) @—4) 
Ps x2 (a—b) (w—b) (x+ 6) 
erp 


v 


47. Miscellaneous Examples in the operatwns performed in Algebraic Fractions 











(1 3a Sf 2 _ 4aey+ 35d — 8bez 
144+ -Se Diy 56 bey 
: 2a 5 4:F deg _ l6abc + licdf—ideg 
ake tt B.Dtel Tb) erin 24 b* c? 
g* i" m 6efg(e—f)—39*t2frt' 

(3) Ti IEG OT 7 6efg 

a c d _ a—cxe+azr't* 
(2) nice cask divenshs? a aim ae 


bte—S5ab*c+a*_ 2ab*—be*+3abe’—a? 








(5) c-+ 2ab—3ac— —> 5 bt he 
a b aH 
(6) SEP 4 SS = 
Sty, 
fj te ee S = 


(8) 5 


— b 





(9) 


(10) = + 


OD apa 


3 
(2) g7— 





(13) b 


(14) 
(15) = 


a 
b 
16) = 


a 
a7) +t 


a+vz 
a ¢ 


a+e2 


a—wz 


(1s) 





l+ 


1 — 


(19) 


(20) 


‘13a—5b 


23D 


b? 
etx 


z?+3n-+4+2 
z*4+2x-+4 1 


fs 


3 


<> eg 


3 
4 (1— x)? + 8(1—2) 17 8(1-+ 2) 


a— 


a+ d 


x?—9x-+ 20 
an 4G £ 


mI] Alo 


b 


Fae ab 
b 


a—wTz 


tr gia e 
RE, 


~— ate 











a®’—a*zrz+ax*?—x? 
a>’—atz+a*x?*—a*zi+-azt—az 


8a-20 
6 


a?—b*?—ab _ 


a 


G@+bhttapot 


b 





£2 bee a 
z*+7a+4 12— 
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89 a — 55b 
60 


3a 


— 
——— 


cng la—4c 
12 


85 a — 208 


Te om 


acd—4b*+ a? 
bcd 


bcd 


b b 


a*-+ ab?-+ b3 
Sree atyvaeg 


bine tT 


4(1-- 2”) 


1 1+-a2-+ 2? 


=~ 1—a—ai+a! 


eg a? +b? 
~ a*+2ab+6? 


x? —13xr-4+ 42 _ 
5 Se 


x? —11a-+-- 28 
Eled 


x+- 2 
zL+3 


(ad + be) fh 
(eh+ fg) bd 


67° at 06 


ee ee 


2Q@:2¢ 


_ at— at 
a® — x 
aet+ 2 
“a eE TH 
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ON THE FORMATION OF POWERS, AND THE EXRACTION OF ROOTS OF ALGEBRAIC 
QUANTITIES, 


48. We begin by considering the case of monomials, and, in order to simplify 
the subject as much as possible, we shall first treat of the formation of the square 
and the extraction of the square root only, and then proceed to generalize our 
reasonings in such a manner as to embrace powers and roots of any degree 
whatsoever. 

Derinition.—The square root of any expression is that quantity which, when 
multiplied by itself, will produce the proposed expression. Thus the square root of 
a? isa, because a, when multiplied by itself, produces a*; the square root of 
(a + 5)? is a + b, because a + 6, when multiplied by itself, produces 
(a-+ 5)?; in like manner 8 is the square root of 64, 12 of 144, andso on. The 
process of finding the square root of any quantity is called the extraction of the 
square root. 

The extraction of the square root is indicated. by prefixing the symbol \/ to 
the quantity whose root is required. Thus 1/ a® signifies that the square 
root of a‘ is to be extracted; / a? -+ 2ab + 6? signifies that the square 
root of a?-+4+-2ab-+ b? is to be extracted, &e. 

In order to discover the method which we must pursue in order to extract 
the square root of a monomial, let us consider in what manner we form its 
square. According to the rule for the multiplication of monomials, 


(5a*b%c)? = 0020" CXS at) oe = 25,0705 a8 

So, 

(9ab2¢c%d*)?. = 9ab2c% d*X9a)*c? d* = sae 
And, 

Are yrzh---)? =AxL™ y"zr---X Aa™ y® z---= A292 Sig SB ae 


49, Hence it appears, that, in order to square a monomial, we must square tts 
coefficient, and multiply the exponents of each of the different letters by 2. There- 
fore, in order to derive the square root of a monomial from its square, we 
must, 

I. Extract the square root of its coefficient according to the rules of Arith- 
metic. ' 

II. Divide each of the exponents by 2. 

Thus we shall have, 


V/64a%°b* = 8a*d? 
This is manifestly the true result, for 
(Sa°b*)* — 8a*b*® X% 8a*b? = 64a%b! 
Similarly, 
4/625 a*b®c& = 2aG*c8 
Here also, 


(25ab*e*)*? = 25ab*c® X 25ab*c* — 6254707 G* 


50. It appears from the preceding rule, that a monomial cannot be the square of 
another monomial unless its coefficient be a square number, and the exponents of 
the different letters all even numbers. Thus 98 a 6 * is not a perfect square, for 
98 is not a square number, and the exponent of a is not an even number. In 
this case we introduce the quantity into our calculations, affected with the sign 
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/ , and it is written under the form 7/98 ab 4 Expressions of this nature 
are called Surds, or Radicals, of the Second degree. 

51. Such expressions can frequently be simplified by the application of the 
following principle :-- The square root of the product of two or more factors is 
equal to the product of the square roots of these factors. Or, in algebraic 
language, | we Hy 

Vabed----- =vVa x Vb X Ve X Vd----- 

In order to demonstrate this principle, let us remark, that, according te our 

definition of the square root of any expression, we have, 





ae ) Renee Cd. nial 3 
Again, 
(Vax VOxXVexVd---)? = (Vax (Vd)? xX (Ve)? X (Va)? --- 
=abecd----- 
Hence, since the squares of the quantities 1/ a 6 c d----- sand fa . Vb 


Vc. Wd--- are equal, the quantities themselves must be equal. 
This being established, the expression given above 1/98 ab * may be put un- 
der the form 1/49 64 xX 1/24, but 1/49 b? is by (Art. 49) = 7 5°; hence 


V98 bta = V/49 6? x VY 2a — 7b*\/2a 
Similarly, 


/45a*b®c*d =V9a*b*c*xX5bd VY9a*b*?c*® X Y5bad 
= 8abcvV5ba 
So also, 
/864 a? bF cl = V/144a* bc" xX 6be = Vidda’ bitch X V6be 


= l2ab'c' VY6bc 


In general, therefore, in order to simplify a monomial radical of the second 
legree, separate those factors which are perfect squares, extract their root (Art. 
49), place the product of all these roots before the radical sign, under which are 
‘0 be included all those factors which are not perfect squares. 

In the expressions, 7b? 1/2 a,3abciW/5bd, l2ab? c® V/6 bc, &e. the 
juantities 7°, 3abc, 12ab*c'*, are called the coefficients of the radical. 
52. We have not hitherto considered the sign with which the radical may be 
iffected. But since, as will be seen hereafter, in the solution of problems we are 
ed to consider monomials affected with the sign —, as well as the sign ++, it is 
lecessary that we should know how to treat such quantities. Now the square 
if a monomial being the product of the monomial by itself, it necessarily fol- 
ows, that whatever may be the sign of a monomial, its square must be affected 
vith the sign-+. Thus, the square of + 5 a? 53, or of — 5 a? 63, is 
+ 25 a*b 8, 
_ Hence we conclude, that if a monomial be positive its square root may be either 
ositive or negative. Thus, \/9 a* = + 3a*, or —3 a2, for either of these 
uantities, when multiplied by itself, produces 9 a*; we therefore always affect 
he square root of a quantity with the double sign +, which is called plus or 
jinus. Thus, /9 a*= + 34%, /144a2b*c8= + 12ab2c3, 

_ 53. If the monomial be affected with a negative sign, the extraction of its:square 
oot is impossible, since we have just seen that the square of every quantity, 
vhether positive or negative, is essentially positive. Thus,\/— 9,/—4a" 


t 
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4/ — 5, xre algebraic symbols which represent operations which it is impossible 
to execute. Quantities of this nature are called imaginary, or, impossible, quan- 
tities, and are symbols of absurdity which we frequently meet with in sata 
quadratic equations. 

By an extension of our principles, however, we perform the same operations 
upon quantities of this nature as upon ordinary surds. Thus, by (Art. 51), 


Y—9 =vVv9x—l = 4/9 tah itt Vane 
VY —4a?=V4a?KX—1 —V4a?V —1 eee tay 1 


J 88 b= V 2X40 XOX—1 = VA XV BXV —1 = 2a %/ —1. 


54. Let us now proceed to consider the formation of powers and extraction 
of roots of any degree in monomial algebraic quantities. 

Derinition.—The cube root of any expression is that quantity which, multiplied 
twice by itself, will produce the proposed expression, The fourth, or, biquadrate 
root of any expression is that quantity which, multiplied three times by itself, 
will produce the proposed expression; and in general, the n” root of any ex- 
pression is that quantity which, multiplied ( — 1) times by itself, will produce 
the proposed expression. Thus, the cube root of a* 6% is a b, because a6, mul- 
tiplied by itself twice, produces a? 6%; for the same reason, (a ++ 0) is the 6" 
root of (a-++ 5) ®, 2 is the seventh a of 128, &c. 

55. Let it be Racine to form the fifth power of 2 4° b* 


(20°62) = 2a*b* xX 2a'b* X 2a b* Ka eee 
— B2a¥ $7, 


Where we perceive, 1°. That the coefficient has been raised to the fifth 
power ; 2°. That the exponent of each of the letters has been multiplied by 5. 
In like manner, 


(Sa*b%c)*. = 8a7b'c X 8 a*h*e xXx Sa ae 
— 83 qg2+24+2h434843 614141 
= alee? pen 
So also, 
(24.07 c*.d tor 2ab*c*'d*X%2ab*cid4 Xx =saae to n factors 


Qnqrf2n cen d4, 


Hence we deduce the following general 


RULE TO RAISE A MONOMIAL TO ANY POWER. 


Raise the numerical coefficient to the given power, and multiply the exponents 
of each of the letters by the index of the power required. 
And hence reciprocally we obtain a 


RULE TO EXTRACT THE ROOT, OF ANY DEGREE, OF A MONOMIAL 


1°. Extract the root of the numervcal coefficient according to the rules of arith- 
metic, 


bs Ya 
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2". Divide the exponent of each letter by the index of the required root, 

Thus, 
| V 64 a 558 = 4a%bc? 
Viéatb@c¥qi = 2g a Or 0% a, 


96 According to this rule, we perceive that in order that 2 monomial may be 
a perfect power of that degree whose root is required, its coefficient must be a 
perfect power of that degree, and the exponent of each letter must be divisible 
by the index of the root. 

When the monomial whose root is required is not a perfect power of the re- 
juired degree, we can only indicate the operation by placing the sign, /~_ pe- 
ore the quantity, and writing within it the index of the root. Thus, if it be re- 
juired to extract the cube root of 4425 *, the operation will be indicated by 
vriting the expression, 

/ 4425 ®, 
Expressions of this nature are called surds, or, crrational quantities, or, radicals 
if the second, third, or, n degree, according to the index of the root required, 

57. We can frequently simplify these quantities by the application of the fol- 
owing principle, which is merely an extension of: that already proved in (Art. 
1). 

The n* root of the product of any number of factors is equal to the product 
f the n® roots of the different factors. Or, in algebraic language, 





muged-..>-— = VaXVOXVex VIX --- 
Raise each of these expressions to the power of x, then 
Vabcd--.-- a tt ee 
Again, >, 
Vax 1/5 Xx i/o X% \/d---)" = (Va) X CVE X CVE Cay" 
= abecd---.- 


Hence, since the n powers of the quantities {/ ab ed,and V/a.¥/b.%/c. 
\Adi= =~ «abe equal, the quantities themselves must be equal. 


This being established, let us take the expression \/ 54 a7 5% c¢2 , whose root 
annot be exactly extracted, since 54 is not a perfect cube, and the exponents of 
and ¢ are not exactly divisible by 3. 

We have, 


Gy /stath®c*? = 8727 X2xX a> xXaKB Xa? | 
= V27XVAEXVE x VY BaF 
y the principle just proved, 
=o. 0.0 V2ac* 
So also, 


(2) Visar beet = VIGX SX a*X aX DIX CK EF 

V16xX Vat x Vb %% Vet xX V3x Vax Var 
2ab2cV3ac% 

GB) Via be” = VEX BX a KaXD ROH | 

| VEE xVal x Very VExVaxVsB 
2ac? /3ab,. 


lI 





II 


I 
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In the above expressions, the quantities 346, 2ab*c, 2ac?, placed before 
the radical sign, are called the coefficients of the radical. 

58. There is another principle which can frequently be employed with advan- 
tage in treating these quantities ; this is, 

The m” power of the n* power of any quantity is equal to the mn power of 
that quantity. Or, in algebraic language, 

{an}™ = am, 

For we have, 
ai a*x a* X a*® 
art+3+34+3 — git, 


{a*}4 


IT Il 


And in general, 
a®" Xa" Xa" X a®--- to m factors, 


a x+"*+" 12... to m terms, 


am. 


{a}™ 


And reciprocally, 
The mn* root of any quantity is equal to the m" root of the n™ root of that 


quantity. Or, in algebraic language, 
Va = lyr 


For let x/ weet Meme UP 


Raise the two quantities 





to the power of m, Va oo. Dal 
Again, raise both to the 

power of n, a = p™, 
Extract the mn” root, "a_ =a) 1528 
But by supposition, WATE = Pp, 


e mn — m m3 
ee a =e, ae 


Hence, as often as the index of the root isa number composed of two or more 
factors, we may obtain the root required by extracting in succession the roots 
whose indices are the factors of that number. Thus, 





(.) Vea= = XV Fa? 
ra A 2/4 a2 by the above principle, 
= 8/24 
(2.) “Y36a?b? = J VaeateF 
= vV6ab 


(3.) In general, 
VE = ol ya 
= “/a 


That is to say, that when the index of the radical is multiplied by a certai’ 
number n,and the quantity under the radical sign is an exact n” power, we can: 
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without changing the value of the radical, divide its index by n, and extract the 
n” root of the quantity under the sign. 


Thus, 
V25atb%c® = *X4/5% ath C2Xe 
= V5a%bcs 
V2ImEn pe = °Xt/ZimsxtpIxI pixt 
= V/ 3m n? p* 


59. This last proposition is the converse of another not less important, which 
consists in this, that we may multiply the index of a radical by any number, pro- 
vided we raise the quantity under the sign to the power whose degree is marked 
by that number, or, in algebraic language, 

Va = "Van 


For in fact, a is the same thing as '{/a™, and therefore, 
g ; 


St A es 
wes 


60. By aid of this last principle, we can always reduce two or more radicals of 
different degrees to others which shall have the same index. Let it be required, 
for example, to reduce the two radicals {/2 a@ and 1/30 c to others which 
shall be equivalent, and have the same index. If we multiply 3 the index of 
he first, by 5 the index of the second, and at the same time, raise 2 a to the 
ith power; if, in like manner, we multiply 5 the index of the second, by 3 the 
ndex of the first, and at the same time raise 3 4c to the 3d power, we shall 
1ot change the value of the two radicals, which will thus become 


Via = 'XY¥@a? = VRe 
V3be = ***/(Bbc)? = V/27b5c8 
We shall thus have the following general 


RULE, 
In order to reduce two or more radicals to others which shall be equivalent and 
ave the same index, multiply the index of each radical by the product of the in- 
ices of all the others, and raise the quantity under the sign to the power whose 
egree is marked by that product. 
Thus, let it be required to reduce 4/ 24, V/3b2c3, Vidte® F®, to the 
ime index, 


2a = PXPXI/Zarxe = R/gb ge 
/3b7%c8 = *®X°X1/(3 6% C38)? XS = 4/30 G% eH 


V4adter f6 — 2X 8X X/(4dte5 f*)? ~3= 45 de ei) fae 


The above rule, which bears a great analogy to that given for the reduction 
: ‘fractions to a common denominator, is susceptible of the same modifications. 
ot it be required, for example, to reduce the radicals, 1/a, {/5 6, ¥/2c, to 
6 same index: since the least common multiple of the numbers 4, 6, 8, is 24, 
will be sufficient to multiply the index of the first by 6, of the second by 4, 
d of the third by 3, raising the quantitiessunder the radical in each case to 
2 powers of 6, 4, 3, respectively, ; 
Va = *Va*, V56b = 462504, Ve = 8/273 
12 
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61. Let us now proceed to execute upon radicals, the fundamental operations 
of arithmetic. 


ADDITION AND SUBTRACTION OF RADICALS, 


DeEFIniT1I0ON.—Radicals are said to be similar when they have the same in 
dex, and when the quantity under the radical sign is the same in each; thus uy 
shes 12 aca, 15 ba, are similar radicals, as are also, 4a?b7/m n* p® 
5L 4/mn? ps, %d\i/mn2 p*, &e. 
~ This being premised, in order to add or subtract two similar radicals we | 
the following 


RULE» 


Add or subtract their coefficients, and place the sum or difference, as a coeffi 
cient, before the common radical, For example, 


(1.) 83V8 + 2V0 5/5 

(2.) 34/5 — 2/5, yee 

(3) 3pgVmn+4lV/ mn = (3pq+t+4)V/mn 
(4.) 9edVa—4edVa =S5cedVa 


If the radicals are not similar, we can only indicate the addition or subtrac 
tion by interposing the signs ++ or —. 


It frequently happens, that two radicals, which do not at first appear similar 
may become so by simplification; thus, 


(5.) V 48 ab?+4+ bia = V3xX 16x axb? + b/3K2%xKa 
= 4b/3a+ 5bV3a 
— 9by/3a 


(6.) 26/45 — 3 5 = 2/5X9—38Y5 

= 3/75 

(7.) /8a%b-16ai§—+/ 54+ 2ab? = 4/805 (64-20) — V/ b3 (04-22) 
= (2a—b) V2a+ 


(.)3V4a? +220  =38/2a+42V 2a. 
— 52a 


MULTIPLICATION AND DIVISION OF RADICALS. 


62. In the first place, with regard to radicals which have the same index, let : 
be required to multiply or divide (/a by 1/4, then we shall have 


Vax Vb = Vap,and \/ a2 3) be i 


For if we raise {/a X W/O, and \/a4, each to the power of 7, we obtain th 
same result a; hence these two expressions are equal, 


—— 
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n 


In like manner, “E and uf if when raised to the nth power, give + 
hence, the two expressions are equal. We shall thus have the following 


RULE, 


’ In order to multiply or divide two radicals which have the same index, multi 
ply or divide the quantities under the sign by each other, and affect the result 
with the common radical sign. If there be any coefficients, we commence bi yy 
multiplying or dividing them separately. Thus, 


e.g SEED _ gg EEE 


_ 6a?’ (a? + 5%) 











Ved 
(2) 83a V8a? xX 2b V4atc = 6ab t{/Rate 
= 12a*b V/2¢ 
(3) 2aVbcxX 3bVabexaV2a = 6a2%b\/2a*b*c? 
= 6a dtc? 
VA b 
0) 7s [ aE 
25 a2bVmin _ 2a2b j/min 
@) 5ab?2/mn? —~ 5ab2V mn? 
sa Ley 
=F —- 
_ dam ie 
= wee 
i/ a? bh? +54 3 8 b (a*®b?-+ b4) 
(6) “Ss jat—o? Pr Ses 
/> 8b | 
3 Ja*-+- 5b? 
=a a D Py ad 


If the radicals have not the same index, we must reduce them to others hay- 
ing the same index, and then operate upon them as above; thus, 





3a°V/b* X 5b*/8ec3 


(7.) 8a\/B X 5b 2c = 
= 15ab*/8b%c8 


V 125 a*b%c9 x 1/4 ab? c* 
\/500 a? bc 
| ac? {/500ab*c 


 (&) /sabc?xX </2a*bc* 
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FORMATION OF POWERS, AND EXTRACTION OF ROOTS OF RADICALS, 


63. Let it be required to raise '\/ a to the nth power; then, 
(Va) = Vax /axr Va. to n factors, 
= 'Va®* according to the rule for multiplication just established. 
Hence we have the following sé 


RULE, 


In order to raise a radical quantity to any given power, raise the quantity 
under the sign to that power, and affect the result with the radical sign with its 
original index, If there be any coefficient, we must raise the coefficient separate- 
ly, to the required power. Thus, 


CG.) (Via)? = Viéae 
= 2a Vat 


3° %/32a5 
243 1/32 4° 
486 a {/4a2 


(2) (3 V2a)* 


Hott 


When the index of the radical is a multiple of the exponent of the power 
which we wish to form, the operation may be simplified. 


Let it be required for example, to square 1/2 a, we have seen (Art. 58,) that 





‘/2a= We V/ 2a; but in order to square this quantity, it is sufficient to sup- : 
press the first radical sign, hence, (4/24)? = \/2a. Again, let it be re- 


5 
quired to raise \/abc to the power of 5; now, ¥/abc = Sh V/abe, but in 
order to raise this quantity to the power of 5, it is sufficient to suppress the first 
radical sign; lence, CY abc)' = abc, andin general, ; 
C¥a i= Ya 
that is to say, 

If the index of the radical be divisible by the index of the required power, we 
may divide the index of the radical by the index of the power, and leave the 
quantity under the sign unchanged. 

64, With regard to the extraction of roots, by virtue of the principle established 
in (Art. 59), we shall manifestly have the following 


RULE. 


In order to extract any root of a radical quantity, multiply the index of the 
radical by the index of the root required, and leave the quantity under the sign > 
unchanged. If there be any cvefficient, we must extract its root separately. Thus, 





3 
(1.) ae = Wc 
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3 
(3.) Scti/a?b = 2c Vad 


If the quantity under the sign be a perfect power of the same degree as the 
root required, we may simplify. Thus, 


@ /vsa = -/ysn + 


= 4/Fq 


(5.) Od ysat ae Rae sas 


= V3a 











Examples. 


GQ)V%4 +V5—V6 = WE 

(2.) /12 + 24/27 4- BV 75 + 9/48 = 59/3 
(3.) V8l_ — 24/24 4+ 1/28 4+ 2/63 = 8/7 — Y/3 
(4) V45e — 808 + Vide = (a—c)/5e 





(5.) /18a5S? + 4/50a3b3 = (3a° + 5ab)\/ 2ab 


(6.) V24aFe — VAX SIPS + VIX Ctabic 
= (8a° — 5ab*c -+- 6b) \/ 4abe 


7) 3 /27taz Vk aie ey a 7 
UN hay, a (DY SF 





(8.) V54a"Fe _ View 4+ Year 4. YI 
= (8a6— ae a+ -b c) V/2a™ 


~~ 














ee SP hs xe 
Vd'g V sed f= 3cd S°g 
Sat 16a ea 242 37-So- 
Bm o/ (+ BE) eae a ma 
(CL) V3ace46abe+ 362% = (a+b)V3e 
((12.) f4a>b?— 2000? +2508 = (2a? — 5b) fab? 


' * It is manifest that, in general, V Was "Vax Wear a, for by (Art. 58)/each of these expressions is 
= a avn a. 
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(13 coy z—2an® +g eae 
Va@+2ar+x at2 
(4) SF ie) VEC ne te Vac 
a+b Va—2ab+o? a+b 
a+b / Aaa ae Ja+tb 
oy a—b “Vat+téb ma ao 
(16.) 7/2 x vas x V3 se sane 
7.) V4 *% V3 x VE =  %/3981312 
(18) @VzxX bVy XCVz = abe ™*/arymr zma 
12 “a 8 fqu Pets 24 f/qim+2 
ue Sax Vo = ov Totem 
bcd y Vode LY -€7.aee7 
(20.) pre - ree ee MA Perr ce Piers prce, ‘bd “de 


65. Let us now consider the sign with which the monomial may be affected. 
We have seen (Art. 52) that, whatever may be the sign of the monomial its 
Square is always positive; and it is evident that, in like manner, every even 
power must be positive, whatever may be the sign of the original monomial, 
and that every uneven power will be affected with the same sign as the original 
monomial, 
Thus — a when raised to different powers in succession will give 
—a, +a*, —a', +a’, — a’, + a°, —a’, &e. 
And + a in like manner rl give 
+a, -a*, +a, -a', ast + a®*, +a’, 
In fact, every even power 27 may be considered as the square of fhe nth power, 
or a*" = (a")?, and must therefore be positive; and in like manner, every 
power of an uneven degree (2 ++ 1) may be considered as the product of the 


2n‘ power by the original monomial, and must therefore have the same sign 
with the monomial. 


Hence it appears, 


I. That every root of an uneven degree of a monomial quantity, must be 
affected with the same sign as the quantity itself. Thus: 


V+8a* = 2a; Y—8@ = —2a; V—32R = —2a2d 
II. That every root of an even degree of a positive monomial may be affected 
with the sign +-, or the sign —, indifferently. Thus: 
V/8lato® = + 348; {/64a® = + 203 
Ill. That every root of an even degree of a negative monomial is an impos- 
sible root. For no quantity can be found which, when raised to an even power, 
can give a negative result. Thus \/—a, (/—c,... are symbols of opera- 


tions which cannot be performed, and are called impossible, or, imaginary 
quantities, as NY Slt) Af me, AD (Art, 58). 
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66, The different rules which have been established for the calculation of 
radicals, are exact so long as we treat of absolute numbers; but are subject to 
some modifications, when we consider expressions or symbols which axe purely 
algebraical; such as the imaginary expressions just mentioned. 

Let it be required, for example, to determine the product of /—a by 


V —a; by the rule given in (Art. 62.) 





wea x 1/— a = aon 
= VFa" 
But y/-++a? = ta, so that there is apparently a doubt as to the sign with 


which a ought to be affected, in order to answer the question. However, the 
true result is — a; because, in general, in order to square ,/m it is sufficient 
to suppress the radical sign; but 1/ —a X V—a is the same thing as 
(/—a)*, and consequently is equal to — a. 

Next, let it be required to determine the product of /—a by /—6; by 
the rule, (Art. 62.) 


wa: X ¥ Gam © — Gt 
= v+ab 
soul \/ tO 


The true result, however, is —1/ a , so long as we suppose the radicals »/ — a, 
V—b to each preceded by the sign ++; for we have, according to (Art. 53.) 


aa — ih CL Vee | 
7D — VA AVE B 
Hence, fea 
peed eb Vab (f—1)? 
a /abX —!1 

eed Af ot 


According to this principle, we shall find for the different powers of “%—l 
the following results : 


(SD ay a 
(V—1} = (v—l)': Vv—!1 
= etal 
(v— 1) = (v=1)' xX (V—1) 
—— —1 x —!1 
es +1 


Since the four following powers will be found by multiplying -- 1 by the 
first, the second, the third, and the fourth, we shall again find for the four new 


powers ++/— 1, —1, —\/— 1, +1; so that all the powers of 1/—], will 
ferm a repeating cycle of four terms, being successively, +4/ — 1, —1, —»/—I 
+1.* 
_ & This may be expressed in its most general form thus, if m be any whole number: 

(aV—1)*" a’™ x +1 = an 


j (aV—1)*2+! _ qittl x $V GT = ginttl, Vo=T 
; (aV—1)*2 +2 = git t2 Soha ¥ = —qgitt2 


(aV—pis+3 oo 4043 See Vom F —~gint2? . YI 
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Finally let it be required to determine the product of / Gg by 7/ See 


x? eee ’ 
which according to the rule would be /-+ 46. To determine the true result, 
we must observe that, 














‘/—a as ‘/a + sap oe 

/—ob — Vp 47 oe 
And .*. 

V—@x Y=b = 9 Vab-(VTy 
But, 

7 iP as (Va ; 

yer 

Hence, 


EY OT SI aS ON {/ab.. till 


The above principles will enable the student to operate upon these quantities 
without embarrassment, 


THEORY OF FRACTIONAL AND NEGATIVE EXPONENTS. . 


67. This is the proper place to explain a species of notation which is found 
extremely useful in algebraic calculations. 

I. Let it be required to extract the n™ root of a quantity such as a™. We 
haye seen by (Art. 55.) that, if m is a multiple of m, we must divide m, the 
index of the power, by m, the index of the root required. But if m is not 
divisible by n, in which case the extraction of the root is algebraically impos- 
sible, we may agree to indicate that operation, by indicating the division of the 
exponents. We shall thus have, 


s/a™ = a> 


m 
the expression a being understood to signify the n™ root of a™, by a conven- 
tion founded upon the rule for the extraction of roots of monomial quantities. 
According to this convention or definition, we shall have, 


a 2 
ey Be rere +/a)) Sa 
II. Let it be required to divide a™ by a®. According to the rule in (Art, 


17.) we must subtract the index of the divisor, from the index of the dividend ; 
so that, 
q™ 
| eo 
it is to be remarked, however, that here it is supposed, that m <— n, But 
if m > n, in which case the division is algebraically impossible, we may agree 
to indicate the division by subtracting the index of the divisor, from the index 
of the dividend. Let p be the absolute difference of m and n; so that n = m 
-++ p, we shall then have 


a qu—n 





a™ a™ 
a" ag a+? 
a™—(™+P) 


a7” 
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But may also be put under the form = by suppressing the factor a™, 


a” 
a0 
common to both terms of the fraction; we shall then have 

qr = roi 

The expression a—? is then the symbol of a division which cannot be executed ; 
and the true value of the expression is unity divided by the same letter a, affected 
with the exponent p, taken positively. According to this convention, we 
shall have, 


eke . i 1 
a ey Poe a 8 ge ae 
Ger ai? 


III. By combining the two last conventions, we arrive at a third notation, 
which is the negative and fractional exponent. 





Let it be required to extract the n” 


1 —in o ar cae hh [Sey a ° 
In the first place, a= 4 ms hence ™ = = /a™ = a ™ substitut- 


ng the fractional exponent for the ordinary sign of the radical. 


As in words, a™ is usually enunciated a to the power of m, m being a positive 
’ m ae 5 . 
nteger; so by analogy, au, a", a@ , are usualiy enunciated, a to the 
rower of m by n, a to the power of minus m, and, a to the power of minus m 
YY n. 

All that has been hitherto said, with regard to fractional and ievalite 
xponents, must be considered as a mere matter of definition ; in short, that by 


convention among algebraists, aa is be a to mean the same thing as 
1 1 
Ya", a f ™ to be the same as > and an as gnu We shall now pro- 


eed fo prove, that the rules already established for the multiplication, division, 
ormation of powers, and extraction of roots, of quantities affected with positive 
ategral exponents, are applicable without any modification, when the exponents 
re fractional or negative. We shall examine the different cases in succession. 


3 . 
68. Muti:piication. Let it be required to multiply a° by a, then it is 
‘sserted, that it will be sufficient to add the two exponents, and that, 


a® wid at os a ibe 

19 

a? LP. 

For by our definition, 
as = Var 
And, 
a® = i/a?_ 
a? Xa® = Vax Va? 

= W/ai9 


19 
= at by definition in (Art. 67. I.) 
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. at} 5 
Again, let it be required to multiply a * by a °, then it is asserted that — 


wag 5 pi Sen: 
Aer Bris Ben fs i -f- § 
this —2+i? \ 
~live 
~—— Oe. 


For, 


II 
8 


a’*” by definition in (Art. 67. L) 


Generally, let it be required to multiply a ry by aa, then 


m m 
a yee = a Tae 
np—mq 
—Sh,0588 
For, 
= See e 
a. adn »/ am and a’ = {/aP 





=a “* “by denmise 


69. Hence we have the following general 


RULE OF EXPONENTS IN MULTIPLICATION. 


In order to multiply quantities expressed by the same letter, add the exponents 
of that letter, whatever may be the nature of the exponents. 

This is the same rule as was established in (Art. 11), for quantities affected 
with integral and positive exponents. According to this rule we shall find 


$.—f —!1 4.8 GY ,—t —F 
a*~ b c a2) ic — ee c 

4 Es. a 
3a-2b* xX 2a hice 6a ® ye 2 


3 
70. Division. Let it be required to divide a* by at ; then it is asserted, 
that it will be sufficient to subtract the index of the diviate from the index of : 
the dividend, and that we shall thus have | 
{ 
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a $—} 
aati = a 
a4 

5 

= 


For, 
27 3 yo 
a= Vat,anda* = YG, 
bles kT 
fie : 
ae -- 2), 
7 by (Art. 62) 

20 Tyee 


5 
= a“ by definition. 





a 


{fn like manner, we can prove that 


= 4—(—2) 


= a 





Generally, let it be required to divide a 2 by as’ 


Then, 
m Pp meas p 
eis £oy — gas a 
mq—np 
=k din 
For, 








I] 
i=] 
ae 

j] 

5 

2 

| 

=} 

| 


P 
= a@ 14 ~ by definition. 


71. Hence we have the following general 


RULE OF EXPONENTS IN DIVISION. 


* of the exponents. 
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In order to divide quantities expressed by the same letter, subtract. the expon- 
| ent of the divisor from the exponent of the dividend, whatever m 


ay be the nature 


This is the same rule as that established in (Art. 17), for quantities affected 
with integral and positive exponents. According to this rule we have 
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~Y 
I 
is 
He |] 
82 a 


8 
| 
8 
lI 
8 


2 3 ee 9 “Geere 
a> bt~a 248 —_ 10% $ 


72. ForMATION OF PowERS. In order toraise a monomial to any power, the 
rule given in the case of positive and integral exponents was, to multiply the 
index of the quantity by the index of the power sought. We have now to prove 
that this holds good, whatever may be the nature of the exponent. 


5 
Let it be required to raise a’ to the 4** power. 


Then, 


at = Yai md(at) = (ya), 


But, 
1/~=5 


(Yas)* = a*, by (Art. 63.) 
20 
7 
led 


Generally, let it be required to raise a1 to the power of p. 


Then, 
(oF)’ = oe* 
Qu —=5 Qn 
mp 
—- aun 
For, 
as a mp —— 
Ci "/a™, and (a= ) — (Va*™)?®, 
But, 


The demonstration will manifestly be precisely the same if we suppose one or 
both of the indices to be negative. 
73. Hence we have the following general 


RULE FOR RAISING A MONOMIAL TO ANY POWER. 


Multiply the exponent of the monomial by the exponent of the power required, 


whatever may be the nature of the exponents. 
This is the same rule as that established in (Art. 55) for quantities affected 


with positive integral exponents, According to this rule we have 
B35 By 5 
(2%) 4 ae % 
a 


= a 
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(a?) 


(@a—* 5%)’ ts Dueeon 


ol I 
oa 
g 
a 


| 
fon) 
nS 
Es) 
~ 


~ 


74. ExTRACcTION or Roots, In order to extract the n” root of any quantity 
according to the rule in (Art. 55), we must divide the exponent of each letter by 
the index n of the root. Let'us examine the case of fractional exponents, 


Ss 
Let it be required to extract the cube root of a °, 





Then, 
5 § . 3 
3 ¥ a 
Ca G 
5 
a vd 
For, 
5 af 
ie —— Ahi: Ss a ane, 
my = */a>s and «2/4 ——— Sve 
But, 


J Via 


V/ a>, ' 


5 
= a” by definition. 


’ Generally, let it be required to extract the p” root of a=. 





Then, 
Pfa" = anp 
For, 
a off m vA 
e/a, and. .* Ja re An Ve 
But, 





of om — "h/a™, (by Art, 58.) 
= a?, by definition. 
75. Hence we have the following 


RULE FOR THE EXTRACTION OF ANY ROOT OF AN ALGEBRAIC MONOMIAI» 


| Divide the exponent of the monomial by the exponent of the root required, 
-hatever may be the nature of the exponents. Thus, 


2 3-5 
TR = a* 
| re 
2 222.3 
—" 5. = . 
JS 4 oF Ae 


| 


II 
8 
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Bene +7 —2+/7 
Jats — ae b 
ae em 


76. We shall close this discussion by an operation which includes the demon. 
stration of every possible variety of the two preceding rules, 


: — i 
Let it be required to raise a ™ to the power of ——; we must prove that 


m ¥ m r 
gone 22 56s 
n 6 


) pe eel FP 


(a 


If we recur to the origin of this notation, we find that 


(az) vee Ja 














= "/a—"", by definition. 


eon wee a 
77. The notation above explained can be extended to polynomials, by including 
them within brackets, in the same manner as was explained in the case of in- 


tegral exponents. 
Thus, (x ++ a) % signifies the same thing as Va + a, or, the square root of 


x -4- a. 

So, (t+ a) ® is equivalent to Sees or, unity divided by the square 
root of x -+- a. 

In like manner, (« ++ a + b)% will be the same ay (a + a+ )®, or, 
the fourth root of the third power of the quantity x -4+-a-+-6, and («+a 
-+ b)— will be unity divided by the last mentioned quantity. Since the ex- 
ponent unity is always understood, when no other index is expressed 


1 
(x -+-a) — | is the same as z+ a, and so on.—The same rules which have been 


established for the treatment of monomials affected with exponents will also 
manifestly apply to polynomials under the same restrictions. 





Examples. 
— 3 —i 18th,h J 1 
(1.) a Xa es = atsqs 
1 3 ry 
er ie ho 


(2.) Ae on ob gd * c 


i 
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a a pw. ph | iy At 
(3.) 4 3 $ a a® 54g ‘= aV ac? 
Go: co \ 
vd P_m at esi | 
(4A)a = +a < = aa 2 ra bay oa 
a Packt e nS 
mayen dat a nor et ee 
3 7 b@ 
3, En a, —{ Stet a®* 
(6.) a°b a b c= = 
29 1 ul 34 
(7.) oar a 4 a? = a* pi® 
ct gs ’ be cfa® 
uu 2 
(8.) (a*3%)3 = atp® 
(9.) Gage et) ty t 2 ts 





(10.) {<4 i} = epee 
(a +5)? (a+ by * 
(11.) (oF paretpatet ys oop atat a st) x (at_p)aos_ pe 


(13) (a* 4 y*) x Coty) oe peg hi, ete 


78. Having thus discussed the formation of powers, and the extraction of roots 
| monomial quantities, we shall now direct our attention to polynomials ; and 


? 


\ the first place, let it be required to determine the square of x +4- a; then, 


(+a), = (« +a) X («4a) 


= £?+22a+a* by rules of multiplication. 
K 
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Next let it be required to form the square of a trinomial (v7-++a@-+ 0). Let 
us represent, for a moment, the two terms, x -++ a, by the single letter z. 


Then, 
(e@fatb)? = (248)? 
= z<*+22b+ 5? 
But, 
z* =< (2 -+a4)* 
= x£*+2n2a+a? 
And, 
226 = 2b(%+ a) 
= 22b+2ab 


Therefore, substituting for z * and 2 z 6 their values, we find, 
g 


(efats)? = #2+0?+b2+4220+22b+4+208 


Hence it appears, that the square of a trinomial is composed of the sum of the 
squares of all the terms, together with twice the sum of the products of all the 
terms multiplied together two and two. 

We shall now prove, that this law of formation extends to all polynomials 
whatever may be the number of terms. In order to demonstrate this, let us 
suppose that it is true for a polynomial consisting of n terms, and then endea. 
vour to ascertain whether it will hold good for a polynomial composed of 


(n +- 1) terms. 


Let eta+tb+c+---- +A+/1 be a polynomial consisting of »-4- I 
terms, and let us represent the sum of the n first terms, by the single letter z; 
then, 


(wfapb-fep --- PRI) = (240 
and, .*. (w--a-+-b-+c+- - - - +h+41)? = (241)? 
= 27+ 22/41? 
or putting for z its value, = (a+a+b+c+ --- +h)? + 2(a-+-a-+0 
fof ----P REE 


But, the first part of this expression, being the square of a polynomial con- 
sisting of n terms, is, by hypothesis, composed of the sum of the squares of all 
the terms, together with twice the sum of the products of all the terms multi. 
plied two and two: the second part of the above expression is equal to twice 
the sum of the products of all the n first terms of the proposed polynomial, 
multiplied by the (n + 1)” term7Z: and the third part is the square of the 
(n ++ 1)* term 7. 

Hence, if the law of formation already enounced, holds good for a ae | 
mial composed of » terms, it will hold good for a polynomial composed of 
(n +1) terms, ° 

But we have seen above that it does hold good for a polynomial composed of 
three terms; therefore it must hold for a polynomial composed of four terms, 
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and therefore for a polynomial of jive terms, and so on in succession, There- 
fore, the law is general, and we have the following 


RULE FOR THE FORMATION OF THE SQUARE OF A POLYNOMIAL. 


The square of any polynomial is composed of the sum of the squares of all 
the terms together, with twice the sum of the products of all the terms multiplied 
‘ogether two and two. According to this rule, we shall have, 


= (a+b+c+d+e)*= a?+4-b*+ c?4+ d?4e2+4 2 ab+-2ac4-2 ad+-2 ae4-2 be 
++- 2bd+-2be+- 2cd+4- 2ce+-2de. 


2. (a—b—c+d)* = a*+6?+c? +.d*—2ab—2ac-+- 2ad4-2%e—%hd—2cd. 


_ If any of the terms of the proposed polynomial be affected with exponents 
© coefficients, we must square these monomials according to the rules already 
stablished. 


3.) (2a—4b* ¢3)? = 4.a?+ 16b4c&— 16 ab?2¢3 


4.) (3a*—2ab+ 462%)? = 9a* + 4a* 5b? + 1654 — 12 a3 8 
+ 240252 16453 
= 9a*—12a3b4-28 a2b?_16 ab?-+16b* ar- 
ranging according to powers of a, and 
reducing. 


+) (a*b—4abc+-6be*—3a*c)? = 25 ath? +4. 16 a2b2c?2 4+- 36 523 +9atc? 
— 40 a*b*?c + 60a? b? c2? —30 at bc 
—48ab*c3 + 24a% bc? — 36 a2bc3. 
= 25 a*h?— 40a°b?c4+-76a2b2¢2—48 ab2c3 
+ 366%c* — 30a1bc 4+ 24aidbc? 

— 36a*bcit 9atcr 


79. Let us now pass on to the extraction of the square root of algebraic¢ 
antities. : 
Let P be the polynomial whose root is required, and let R represent the root 
‘ich for the moment we Suppose to be determined ; let us also suppose the two 
lynomials P and R to be arranged according to the powers of some one of 
' letters which they contain; a, for example. 
If we reflect upon the law of the formation of the square, it will be seen, that 
' two first terms of the polynomial P, when thus arranged, will enable us at 
xe to determine the two first terms of the root sought; for, 
\°. The square of the first term of R must involve a, affected with an ex- 
rent greater than any that is to be found in the other terms which compose 
square of R. 
”. Twice the product of the first term of R by the second, must contain a, 
»eted with an exponent greater than any to be found in the succeeding 
us, 
K 2 
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Hence, the two terms of which we speak not being susceptible of reduction — 
with any other terms, will necessarily form the two terms of P, affected with the — 
highest exponent of a, and the one immediately inferior. It follows from this, — 
that if P be a perfect square, | 

\ 

I. The first term must be a perfect square; and the square root of this term, 
when extracted according to the rule for monomials (Art. 49), is the first term 
of R. 

Il. The second term must be divisible by twice the first term of R thus found, 
and the quotient will be the second term of R. ; 

ILI. In order to obtain the remaining terms of R, square the two terms of R 
already determined, and subtract the result from P; we thus obtain a new poly- 
nomial P’, which contains twice the product of the first term of R. by the third 
term, together with a series of other terms. But twice the preduct of the first 
term of R by the third, must contain a, affected with an exponent greater than 
any that is to be found in the succeeding terms, and hence this double product 
must form the first term of P’. 

1V. The first term of P! must be divisible by twice the first term of R, and 
the quotient will be the third term of R. 

V. In order to obtain the remaining terms of R, square the three terms of 
the root already determined, and subtract the result from the original polyno- 
mial P; * we thus obtain a new polynomial P’, concerning which we may rea- 
son precisely in the same manner as for 1”, and continuing to repeat the ope- 
ration until we find no remainder, we shall arrive at the root required. 

The above observations may be collected and embodied in the following 


j 


RULE FOR THE EXTRACTION OF THE SQUARE ROOT OF ALGEBRAIC POLYNOMIALS. 


1°. Arrange the polynomial according to the powers of some one letter. 

2°, Extract the square root of the first term according to the rule for mono- 
mials, and the result will be the first term of the root required. 

3°. Square the first term of the root thus determined, and subtract it from the 
original polynomial. 

4°, Double the first term of the root, and divide by it the first term of the re- 
mainder, and annex the result (which will be the second term of the root) with 
its proper sign to the divisor. 
_ 5°. Multiply the whole of this divisor by the second term of the root, and sub- 
tract the product from the first remainder. , 

6°. Divide this second remainder by twice the two first terms of the root al- 
ready found, and annex the result ( which will be the third term of the root) 
with its proper sign to the divisor. 

7°, Multiply the whole of this divisor by the third term of the root, and sub- 
tract the product from the second remainder ; continue the operation in this 
manner until the whole root is ascertained. 


The above process will be readily understood by attending to the following 


examples :-— 


* In practice this operation is dispensed with by following the precepts 5°, ‘7, in the following rule, 
which evidently come to the same thing, 
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Example 1. 
Extract the square root of 10 x4 — 1023 —12a°+52°+92°—2e2+l. 
Or, ‘arranging according to the powers of 2, 


9x°—12x%% 4+ 1024— 1022+ 54%—2a-+ 1 | 323 —2a?-+4+2—l 


92° 
Gx*—22x7|—1227°+ 1024— 1027%*+ 57?—2r+ 1 


—I12r°+ 421 
6r3— 472+ 47/6271 l0Ozi'§+5r2?—2e4+1 
Gxet— 47'-+- 27? 
623 —4¢?4+2x7—i1|—627°+47?~—22+4 1 
—6 e434 402 2a+1 
0. 





Having arranged the polynomial according to powers of x, we first extract 
the square root of 9 2° the first term, this gives 3 2° for the first term of the. 
root required; this we place on the right hand of the polynomial as in division: 
squaring this quantity, and subtracting it from the whole polynomial, we obtain 
for a first remainder, —127°5°+1024— 1023+ 52*—22+4 1; we now 
double 3 x* and place it as a divisor on the left of this remainder, and dividing 
by it — 1245, the first term of the remainder, we obtain the quotient — 2 x? 
{the second term of the root sought), which we annex with its proper sign to the 
double root 6 23; multiplying the whole of this quantity, 6 2° — 2 x *,by—22°, 
and subtracting the product from the first remainder, we obtain for a second 
remainder, 6 2*— 102°4 542*%—224 1. Next doubling 32% — 22%, 
the two terms of the root thus found, and dividing 6 x *, the first term of the 
new remainder, by 6 x %, the first term of the double root, we obtain x for a quo- 
tient, (which is the third term of the root sought,) and annex it to the double 
root 6 «* — 4 x*, multiplying the whole of this quantity 6 7? — 42° 4+ x by 
x, and subtracting the product from the second remainder, we obtain a third 
remainder — 6 4°+ 4477-24 + 1, we now double 3 x? —2 x4* 4 @, the 
three terms of the root already found, and dividing — 6 #%, the first term of 
the new remainder, by 6 2%, the first term of the double root, we obtain — 1] 
for the quotient, (which is the fourth term of the root sought, ) and annex it to 
the double root 6 x? — 4 7? + 22, multiplying the whole of this quantity 
62° —47* + 2x4 — 1 by — 1, and subtracting it from the third remainder, 
we find 0 for a new remainder, which shows that the root required is 

3a2%>—2e7*% +-r—l 
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(9) Extract the square root ot 
rs er 3 rhe 
ei act y*+6a*zi-ay* + l2y"z° 492 
3 
Ans, z* + 2y 


14 
3 


fy473 


(10) Extract the square root of 
a 2 ed . 5 7 
Aca +192 tytats* 162320 *c ! 20a oe 
Ste oo 5 Phy tones re Ge 
—UMb* yy? co? 2* 305 * yd? + l6c'z>4+40c° 2° d° 4+ 25d’ 
oak 2? 3 $2 t 
Ans. 22 7a7+36*y* —4c*z*—5d 


80. If the proposed polynomial contain several terms affected with the same 
power of the principal letter, we must arrange the polynomial in the manner 
explained in division (Art. 20.); and in applying the above process we shall be 
obliged to perform several partial extractions of the square roots of the coeffi- 
cients of the different powers of the principal letter, before we can arrive at the 
root required. Such examples however very rarely occur. 

Before quitting this subject we may make the following remarks :— 

I. No binomial can be a perfect square ; for the square of a monomial is a 
monomial, and the square of the most simple polynomial, that is, a binemial, 
consists of three distinct terms, which do not admit of being reduced with each 
other. Thus, such an expression as a* -+ 5? is not a square; it wants the 
term -+ 2a 6 to render it the square of (a -+ b). 

II. In order that a trinomial, when arranged according to the powers of some 
one letter, may be a perfect square, the two extreme terms must be perfect 
squares, and the middle term must be equal to twice the product of the square 
roots of the extreme terms. When these conditions are fulfilled, we may obtain 
the square root of a trinomial immediately, by the following 


RvLE. 


Extract the square roots of the extreme terms, and connect the two terms thus 
Sound by the sign +, when the second term of the trinomial is positive, and by 
the sign —, when the*second term of the trinomial is negative. Thus the ex- 


pression 
9a*® — 48 a* bh? + 64a? b* 


is a perfect square; for the two extreme terms are perfect squares, and the mid- 
dle term is twice the product of the square roots of the extreme terms, hence 
the square root of the trinomial is 


/9a*' — /64a2b3 
Or, 
83ai_8a6* 


An expression such as 4 a* -+- 12 a 6— 9 6? cannot be a perfect square, al- 
though 4 a? and 9 6 *, considered independently of their signs, are perfect squares, 
and 12ab = 2a X 65, for — 9 6” is not a square, since no quantity, when 
multiplied by itself, can have the sign —, 
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IIL In performing the operations required by the general rule, if we find 
that the first term of one of the remainders is not exactly divisible by twice the 
first term of the root, we may immediately conclude that the polynomial is not 


_ a perfect square. 


IV. We may apply to the square roots of polynomials which are not perfect 
squares, the simplifications already employed in the case of monomials (art. 51). 
Thus, in the expression, 


Yat?hb+4a2b?+4ab3 


‘The quantity under the radical is not a perfect square, but it may be put un- 
der the form 


Vab(a?+4ab64+462) 


The factor within brackets is manifestly the square of @ +- 2 5, hence 


Vatb+ 407d? +4065 =Vab(a?+4ab4+4b%) 
=V/ab(a+26)? 
= (a+2b)Vab 


81. Let us next proceed to form the Cube of x + a. 


(@ + a)? = (w@ +4) xX (© Ha) xX (ex +0) 
=2r°+32r%a4+32xa*?+a* by rules of multiplication. 


Let it be required to form the cube of a trinomial (x +- a +- 5); represent the 
two last terms a + d by the single letter s, then 


(a+ b)°= (e453 

re4+32x*s4+34s5*%+ 583 

c?+ 347 (a+ b)4+ 32 (a+ 6)? + (a+ b)3 

ee+3a*a+32*b+324a%?+64a6+ 3262+ 03 
+3a76+ 34672463 


This expression is composed of the sum of the cubes of all the terms, toyether 
with three times the sum of the squares of each term, multiplied by the simple 
power of each of the others in succession, together with six times the product of 
the simple power of all the terms. 

By following a process of reasoning analogous to that employed in (Art. 78), 
we can prove that the above law of formation will hold good for any polynomial 


_ of whatever number of terms. We shall thus find 


(¢+6-+¢4d)* =a *-+-b §+-¢ 3+4-d 34-34? 64-30? c4-3a? d-+-30? a4-30? c4-30? d 
+3? a+-3c? b+-3¢? d4+-3d? a4-3d? b+-3d? c+ 6abcd 
(2a? —4ab+-3b ° = 8 a — 640° 53 4 2755 — 48.495 436 a4 52 -+.96 045? 
+ 144 a? bt + 54a? b¢ — 108 a Bb — 144.43 53 
= 8a° —48 a’ 64-132 at 6? —208 a3 b 34-198 a? ht —108 4b! 
+ 27 b& 


In a similar manner, we can obtain the 4th, 5th, &c. powers of any poly- 
nomial, 


i -yie 
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82. We shall now explain the process by which we can extract the cube root 
of any polynomial, a method analogous to that employed for the square root, and 
which may easily be generalized, so as to be applicable to the extraction of 
roots of any degree. 

Let P be the given polynomial, R its cube root. Let these two polynomials 
6e arranged according to the powers of some one letter, a for example. It fol- 
lows, from the law of formation of the cube of a polynomial, that the cube of R 
contains two terms, which are not susceptible of reduction with any others; these 
are, the cube of the first term, and three times the square of the first term mul- 
tiplied by the second term; for it is manifest that these two terms will involve 
a affected with an exponent higher than any that is to be found in the succeed- 
ing terms. Consequently these two terms must form the two first terms of P 
Hence, if we extract the cube root of the first term of P, we shall obtain the 
first term of R, and then, dividing the second term of P by three times the 
square of the first term of R thus found, the quotient will be the second term of 
R. Having thus determined the two first terms of R, cube this binomial, and 
subtract it from P. The remainder P’ will contain three times the product of 
the square of the first term of R by the third, together with a series of terms 
involving a, affected with a less exponent than that with which it is affected in 
this product, which consequently forms the first term of P’, Dividing the first 
term of P’ by three times the square of the first term of R, the quotient: will be 
the third term of R. Forming the cube of the trinomial root thus determined, | 
and subtracting this cube from the original polynomial P, we obtain a new po- 
lynomial P’, which we may treat in the same manner as P’, and continue the 
operation till the whole root is determined. 


EXTRACTION OF THE SQUARE ROOT OF NUMBERS, 


83. We have already given rules in our Arithmetic, by which we are enabled to 
extract the Square and Cube Roots of any proposed number; we shall now 
proceed to explain the principles upon which these rules are founded, 


The numbers 
1, 2, 3, 4 5, 6, %,.:8, 9, ) 10, 
when squared become 
1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 10000, 1000000, 


and reciprocally, the numbers in the first line are the square roots of the num- 
bers in the second. 

Upon inspecting these two lines we perceive, that among numbers expressed 
by one or two figures, there are only nine which are the squares of other whole 
numbers; consequently, the square root of all the rest must be a whole number, 
plus a fraction. 

Thus the square root of 53, which lies between 49 and 64, is 7 plus a frac- 
tion. So also, the square root of 91 is 9 plus a fraction. 

84. It is however very remarkable, that the square root of a whole number, 
which is not a perfect square, cannot be expressed by an exact fraction, and is 
therefore incommensurable with unity. 





} 
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To prove this, let = a fraction in its lowest terms, be, if possible, the 


a a 
square root of some whole number N, then the square of FZ? OF pz must be 


equal to N. But since a and b are, by supposition, prime to each other, a? and 


b* are also prime to each other; therefore, as is an irreducible fraction, 
and cannot be equal to a whole number. 

85. The difference between the squares of two consecutive whole numbers is 
greater in proportion as the numbers themselves are greater; the expression 
for this difference can easily be found. 


Let a and a-+-]) be two consecutive whole numbers; 
Then 
(a+ 1)? = a®*-+2a+1 


Hence 


(a+1~P—a@ = 2a+1 


that is to say, the difference of the squares of two consecutive whole numbers, is 
equal to twice the less of the two numbers, plus unity. 

Thus the difference between-the squares of 348 and 347 is equal to 
2X 347 + 1, or 695. 

Let us now proceed to investigate a process for the extraction of the square 
root of any number, beginning with whole numbers. 


Extraction of the square root of whole numbers. 


86. If the number proposed consist of one or two figures only, its root may be 
found immediately, by inspecting the squares of the nine first numbers in 


(Art, 83.). Thus, the square root of 25 is 5, the square root of 42 is 6 plus a 


fraction, or 6 is the approximate square root of 42, and is within one unit of 
the true value; for 42 lies between 36, which is the square of 6, and 49, which 
is the square of 7. 

Let us consider, then, a number composed of more than two figures, 6084 
for example, 


Since this number is comprised between 100, which is the 60'84. 78 
square of 10, and 10000, which is the square of 100, its root pa aes 
must necessarily consist of two figures, that is to say, of tens 148 | | dee 
and units. Designating the tens in the root sought by a, io 
and the units by 5, we have o, 


6084 = (a+b)? = a2?+2ab+4+B? 


which shows, that the square of a number consisting of tens and units, is com- 
posed of the square éf the tens, plus twice the product of the tens by the units, 
plus the square of the units. 

This being premised, since the square of a certain number of tens can contain 
nothing lower than hundreds, it follows that the squares of the tens contained in 
the root must be found in the part 60 (or 60 hundreds), to the left of the two 
last figures of 6084 (which written at full length is 6000 4-80-+-4 ); we 
therefore separate the two last figures from the others by a point. The part 
60 is comprised between the two squares 49 and 64, the roots of which are 7 
and 8, hence 7 is the figure which expresses the number of tens in the root 
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sought; for 6000 is evidently comprised between 4900 and 6400, which are the 
squares of 70 and 80, and the root of 6084 must, therefore, be comprised between 
70 and 80; hence, the root sought is composed of 7 tens and a certain number . 
of units less than ten. 

The figure 7 being thus found, we place it on the right of the given number, ~ 
separating them by a vertical line as in division ; we then subtract 49, which is 
the square of 7, from 60, which leaves as remainder 11, after which we write 
the remaining figures 84. The number 1184 which results from this first 
operation contains, as we have seen above, twice the product of the tens mul- 
tiplied by the units, plus the square of the units. But the product of the tens 
multiplied by the units cannot be less than tens, and therefore the last figure 4 
cannot form any part of the product of the tens by the units; hence this pro- 
duct is contained in the part 118 to the right of the figure 4, which we there- 
fore separate from the others by a point. 

If we double the tens, which gives 14, and divide 118 by 14, the quotient 
8 is the figure of units in the root sought, or a figure greater than the 
one required. It may manifestly be greater than the figure sought, for 118 
may contain, in addition to twice the product of the tens by the units, other 
tens arising from the square of the units. In order to determine whether 8 
expresses the real number of units in the root, it is sufficient to place it on the 
right of 14, and then multiply the number 148, thus obtained, by 8. In this 
manner we form, 1°, the square of the units; 2°, twice the product of the 
units by the tens. This operation being effectea the product is 1184, a number 
equal to the result of the first operation ; subtracting this product the remainder 
is 0, which shows that 6084 is a perfect square, and 78 the root sought. 

It will be seen, in reviewing the above process, that we have successively 
subtracted from 6084, the square of 7 tens or 70, plus twice the product of 70 
by 8, plus the square of 8, that is, the three parts which enter into the compo- 
sition of the square of 70 +- 8, or 78; and since the result of this subtraction is 
0, it follows that 6084 is the square of 78. 


Take as a second example the number 841. 8/41 | 29 
This number being comprised between 100 and 10000, its 4 
root must consist of two figures, that is to say, of tens and 49 | 44/1 
units. We can prove, as in the last example, that the root a 


of the greatest square contained in 8, or in that portion of 
the number to the left of the two last figures, expresses the number of tens in 
the root required. But the greatest square contained in 8 is 4, whose root is 
2, which is therefore the figure of the tens. Squaring 2, and subtracting the 
result from 8, the remainder is 4; bringing down the figures of the second 
period 41, and annexing them on the right of 4, the result is 441, a number 
which contains twice the product of the tens by the units, plus the square of 
the units. 

We may further prove, as in the last case, that if we point off the last figure 
1, and divide the preceding figures 44 by twice the tens, or 4, the quotient will 
be either the figure which expresses the number of units in the root, or a figure 
greater than the one sought. In this case the quotient is 11, but it is manifest 
that we cannot have a number greater than 9 for the units, for otherwise we must 
suppose that the figure already found for the tens is incorrect. — Let us try 9; 
place 9 to the right, of 4, and then multiply this number 49 by 9; the product 
is 441, which, when subtracted from the result of the first operation, leaves a 
remainder 0, proving that 29 is the root required. 
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” ca 


Let us take, as a third example, a number which is not a perfect square, such 
as 1287. 


Applying to this number the process described in the 12'87 | 35 
preceding examples, we find that the root is 35, with a ao 
remainder 62. This shows that 1287 is not a perfect 65 oo 
square, but that it is comprised between the square of 35 ae 


and that of 36. Thus, when the number is not a perfect 
square, the above process enables us at least to determine 
the root of the greatest square contained in the number, or the integral part of 
the root of the number. 

87. Let us pass on to consider the extraction of the square root of a number 
composed of more than four figures. 


Let 56821444 be the number. . 56/82'14/44 | 7538 
Since the number is greater than 10000, its root 4.9 

must be greater than 100; that is to say, it must 145 | 78/2 

consist of more than two figures. But, whatever 725 


the number may be, we may always consider it as 1503 | 5714 
composed of units and of tens, the tens being ex- 4509 
pressed by one or more figures. (Thus, any num- 15068 | 12054/4 
ber such as 37142 may be resolved into 37140-+ 2, | 120544 
or 3714 tens, plus two units. ) 0. 

Now, the square of the root sought, that is, the proposed number, contains 
the square of the tens, plus twice the product of the tens by the units, plus the 
square of the units. But the square of the tens must give at least hundreds ; 
hence, the two last figures, 44, can form no part of it, and it is in the portion 
of the number to the left hand that we must look for that square. We further 
assert, that if we find the root of the greatest square contained in this portion of 
the root to the left hand, considering its absolute value 568214 alone, without re- 
ference to the remaining figures 44, we shall determine the whole number of 
tens in the root sought. 

For let a@ be the root of the greatest square contained in 5€8214, then this 
Jast number must be comprised between a* and (a -+- 1) ?, hence, 568214 x 100, 
or 56821400 is comprised between a? X 100 and (a+ 1)? x 100, and since 
these two last numbers differ from each other by more than a hundred (Art. 85. ), 
it follows, that the proposed number itself, 56821444, is comprised between 
a* Xx 100and (a+ 1)* X 100, and the root required must be comprised be- 
tween the square roots of these two numbers, that is, between aX 10 and 
(a+ 1) X 10. Hence, it appears that the root sought consists of a@ tens, plus a 
certain number of units less than ten. The question is thus reduced to find- 
ing the square root of 568214, considering its absolute value alone. \ 

Reasoning with regard to this number in the same manner as for the original 
'  mumber, in order to find the tens contained in its root, we must extract the 
root of the greatest square contained in the part to the left of the two last 
figures, 14, (which we therefore separate from the preceding ones by a point, ) 
that is, in 5682. 

The question is now farther reduced to extracting the square root of 5682, 
considering its absolute value alone, without reference to the figures which follow 
it. In order to find the number of tens in this new root, we must again sepa- 
rate the two last figures 82 by a point, and extract the root of the greatest 
Square contained in 56. 


Extracting then the root of 56, we find 7 for the root of 49, the greatest 
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square contained in 56; we place 7 on the right of the proposed number, and 
squaring it, subtract 49 from 56, which gives a remainder 7, to which we an- 
nex the following period 82, because we must determine the second figure of | 
the root of the greatest square contained in 5682. Separating the last figure to 
the right of 782, and then dividing 78 by 14, which is twice the root already 
found, we have 5 for a quotient, which we annex to 14, we then multiply the 
whole number 145 by 5, and subtract the product 725 from 782; 75 represents 
the number of tens contained in the root of the number 568214, 

In order to obtain the units in the root of the above number, we bring down 
the period 14, annex it to the second remainder 57, and point off the last figure 
of this number 5714. Dividing 571 by 150, which is twice the root already 
found, the quotient is 3, which we place to the right of 150, and multiplying 
the whole number 1503 by 3, we subtract the product 4509 from 5714. Hence, 
753 expresses the whole number of tens in the root of the number 56821444, 

Finally, in order to find the figure of units, we bring down the last period 
44, annex it to the third remainder 1205, and point off the last figure of this 
number 120544. Dividing 12054 by 1506, which is twice the root already 
found, the quotient is 8, which we place on the right of 1506, and multiplying 
the whole number 15068 by 8, we subtract the product 120544 from the last re- 
sult 120544. The remainder is 0; hence, 7538 is the root sought. 

From what has been said above, it is easy to deduce the rule, which we have 
already given in arithmetic, for the extraction of the square root of a number 
consisting of any number of figures, and which it is unnecessary here to repeat. 


Extraction of the square root by approximation. 


88. When a whole number is not the square of another whole number, we have 
seen (Art. 84.) that its root cannot be expressed by a whole number, and an 
exact fraction; but although it is impossible to determine the precise value of 
the fraction which completes the root sought, we can approximate to it as nearly 
as we please. 

Suppose that a is a whole number which is not a perfect square, and that we 


] ; ‘ 
are required to extract the root to oa that is, to determine a number which 


1 
shall differ from the true root of a, by a quantity less than the fraction ae 


To effect this, let us observe that the quantity a may be put under the form 


an? . ; : 
zi if we designate the integral portion of the root of an ? by 7, this number 


2 
an* will be com d bet d L) 2 th ELI dthi 
prised between 7 * and (7 +- 1) *, hence, [> is comprised he- 





iy ie " 
tween ie and G en ) , and consequently, the root of a is comprised between 
a ? r+ l | 
the roots of a and G uae (erik: , that is, between — and af - Thus, it ap- 


r 1 
pears, that — represents the square root of a within = of the true value. 


From this we derive the following 





4 
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RULE. 


Multiply the given number a, by the square of n, (n being the denominator 


| of the fraction which determines the required degree of approximation), extract 


the integral part of the square root of the product, and divide this integral part 
by the denominator n. 

Let it be required, for example, to find the square root of 59 within 2, of 
the true value. 

Multiply 59 by the square of 12, that is 144, the product is 8496, the integral 
part of the root of 8496 is 92, Hence, 22 or 2, is the approximate root of 59, 

he result differiny from the true value by a quantity less than 

So also, 

/ Th. = 3, true to ~, 
/ 223 = 1437 true to 2, 

89. The method of approximation in decimals, which is the process most fre- 
quently employed, is an immediate consequence of the Oe ae rule. 

In order to obtain the square root of a whole number within 5. 45, rdss--- 
of the true value, we must, according to the above rule, multiply the proposed 
number by (10) 2, (100) 2, (1000)*,..... or, which comes to the same thing, 
place to the right of the number, two, four, six,..... cyphers, then extract 
the integral part of the root of the product, and divide the result by 10, 100, 


' ADQORS «7 o". 


a 


Hence, in order to obtain any required number of decimals in the root, we 
must 

Place on the right Dost of the proposed number twice as many zeros as we 
wish to have decimal figures; extract the integral part of the root of this new 
number, and then mark off in the result the required number of decimal places. 

This rule has already been sufficiently exemplified in our arithmetic. 


Extraction of the square root of fractions, 


We have seen (Art. 62) that ve . = ve hence, in order to extract the 
square root of a fraction, it is sufficient to extract the square roots of the nume- 
rator and denominator, and then divide the former result by the latter. This 
method may be employed with advantage when either one or both of the terms of 
the proposed fraction are perfect squares; but when this is not the case, it will be 
found +S aae in practice. If, for example, we take the fraction 2, al- 


. though Vike = (since each of these expressions, when multiplied by it- 


self, produces ae same quantity 2,) we must find an approximate value both 
for 4/ 3 and also for ,/ 5, and afer ull we shall not be able to determine at 
once the degree of approximation in the result. Under such circumstances 
the following process may be oe _— 


Let the proposed fraction be = 5 this may be put under the form 5 a2 , this be- 


ing premised, let 7 represent the integral part of the root of the numerator 


(r-+- 1 


@ b, hence pz 8 py 3s comprised between Be and Sipe or consequently, the 
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; r r+ ‘ r 
root of + is comprised between p and Re Thus it appears, that B re 





l , : 
presents the root of < within = of the true value. Hence, in order to obtain 


the square root of a fraction, 

Mahe the denominator of the fraction a perfect square, by multiplying both 
terms of the fraction by the denominator, extract the integral part of the root of 
the numerator, and divide the result by the denominator. 

Let it be required to extract the square root of 7. 


7x13 91 ra | 
This fraction is the same as at or (i3)@ But the integral part of the 


9 oa 
square root of 91 is 9, hence, 3 is the root sought; a result within ~, of the 


true value. 
A greater degree of approximation may, perhaps, be required. In this case, 


ay 4 
returning to the number (13)” extract the root of 91 to any required ‘degree 
of approximation. Suppose, for example, we wish to find the root of 91 within 


af the real value, it will become, by (Art. 88) 4/91 = 9.53..... Hence 


7 Dae 9.53 PC 
the root of Ty oF (Is will be 37 or a result within 1300 of the true value. 
(9 . 54)? 


ates ; he ‘ (9. 53)? 
For it is evident that (3y2 is comprised between (13)? and F323 


hence the square root of (OE or acm differs from a by a quantity less than 
: . 
1300° 
Remark.—It frequently happens that the denominator of the fraction, al- 
though not a perfect square, has a perfect square for one of its factors, in which 
case the above operation may be simplified 


Let the fraction, for example, be = 


5" 48 is equal to 16 X 3, or (4)? X 33 


hence, multiplying both terms of the fraction by 3, it becomes ead tae? or 
(4)? X (3) "og 
69 
(12) 23 and the denominator is thus made a perfect square. Extracting the 
J 


1 é ‘ 8.3 83 
root of 69 to i0” which gives 8. 3, we find 72? % ja9 for the root required, 


ae ee 
a result within Too OF the true value. 
In general, therefore, whenever the denominator of the fraction involves a fuc- 
tor which ts a perfect square, multiply both terms of the fraction by the factor 


which is not a perfect square. 


Extraction of the square root of decimal fractions. 


90. This process is an immediate consequence of the preceding remark, 
Required, for example, the square root of 2.36. 


A fe ae 230 : 
This fraction is the same as Too? i" this case the denominator is a perfect 
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“square, extracting therefore the integral part of the root of the numerator we 
| 8q ’ g e I 


10 
_ Again, let it be required to extract the square root of 3.425. 


i 15 bate) 
' have To’ 2 result within — of the true value. 


: or 3425 ‘ ie ot 
This fraction is the same as Topo" But 1000 is not a perfect square, it is 


however equal to 100 x 10, or (10)? X 10; thus, in order to render the deno- 
_minator a perfect square it is sufficient to multiply both terms of the fraction by 


é . 34250 34250 : , 
10, which gives T0000? °F (00) Extracting the integral part of the root 


1 185 ae 
34250 we find 185, hence the root required is = or 1.85, a result which is 


: ee | 
within 100 of the true value. 


If we wish to have a greater number of decimal places in the root, we must 
add on the right of 34250 twice as many zeros as we wish to have additional de- 
‘ cimal figures. 

From what has just been observed, we readily deduce the general rule for 
‘the extraction of the square root of a decimal fraction which has been already 
given in our Arithmetic. 


\s EXTRACTION OF THE CUBE ROOT OF NUMBERS. 
91. The numbers, 
eee 5, 6, 7, 8. 9 210,!° « 100, 1000, 


when cubed become 
1, 8, 27, 64, 125, 216, 343, 512, 729, 1000, 1000000, 1000000000 ; 
and reciprocally, the numbers in the first line are the cube roots of the numbers 
in the second. 
: Upon inspecting the two lines we perceive, that, among the numbers expressed 
by one, two, or three figures, there are only nine which are perfect cubes, conse- 
quently, the cube root of all the rest must be a whole number plus a fraction. 
| 92. But we can prove, in the same manner as in the case of the Square root, 
that the cube root of a whole number, which is not the perfect cube of some other 
whole number, cannot be expressed by an exact Jraction, and consequently its 
cube root is incommensurable with unity. 

For if we suppose =, an exact fraction in its lowest terms, to be the cube root 





: 3 
of some whole number N, it follows that the cube of e or i must be equal 
lo N. But since a and b are, by supposition, prime to each other, a? and }3 
a 3 
ire also prime to each other; and therefore ja cannot be equal to a whole 
iumber., 
£3. The difference between the cubes of two consecutive whole numbers is 
(r@aler in proportion as the numbers themselves are greater ; the expression 
of this difference can easily be found. 


Let 


a and a + 1 be two consecutive whole numbers ; 
Then, 


(a +- 1)3 = a'+3a*?+3a+1; 
L 


162 ALGEBRA 


Hence, 
(a+1—a’ = 3a°+3a+1; 
that is to say, the difference of the cubes of two consecutive whole numbers is 
equal to three times the square of the less of the two numbers, plus three times \ 
the simple power of the number, plus unity. 
Thus, the difference between the cube of 90 and the cube of 89 is equal to 
8 x (89)2-+3 X89-+1 = 24031. | 


‘Let us now proceed to investigate a process for tne extraction of the cube ~ 
root of any number. 


EXTRACTION OF THE CuBE Root. 


94, The cube root of a proposed number, consisting of one, two, or 
three figures only, will be found immediately by inspecting the cubes of the 
first nine numbers in Art. 91. Thus the cube root of 125 is 5, and the cube 
root of 54 is 8 plus a fraction, for 3x 8 xX 3=27, and 4x 4x4=64; therefore 3 
is the approximate cube root of 54 within one unit of the true value. 


For the purpose of investigating a new and simple rule for the extraction of 
the cube root, it will be necessary to attend to the composition of a complete — 
power of the third degree. Now, since we have 


(a+b)=(a+b) (a+b) (a+b)=a'+3a% +3ab?+6%, 


it is obvious that the cube of a number, consisting of tens and units, will be 
algebraically indicated by the polynomial 


a+3a2b+3ab?+6' 


where a designates the number of tens, and 6 the number of units in the root 
sought. The number in the tens’ place will evidently be found by extracting 
the cube root of the monomial a, for ,/a°=a, and removing a® from the poly- 
nomial a?+3a2b+3ab?+5', we have the remainder 


3a°%b +3ab?*+6°=(S8a?+3ab+5b*) b; 


and the difficulty that has been hitherto experienced in the extraction of the 

cube root entirely consists in the composition of the expression 3a*+3ab+0*, 
which is obviously the true divisor for the determination of 8, the figure of the 

root in the place of units. The part 3a? of the expression 8a?+3ab+)?, 

being independent of 4, the yet unknown part of the root, is employed as a 
trial divisor for the determination of 6; but since the expression 8a*+-3ab+6? 

involves the unknown part of the root in its composition, it is obvious that the 

trial divisor $a2, which does not contain 8, will at the first step of the opera- 

tion give no certain indication of the next figure of the root, unless the figure 

denoted by & be very small in comparison with that denoted by a; for the 

trial divisor 3a? will be considerably augmented by the addend 3ab+-b*, when 

b is a large number, while the augmentation, when d is a small number, will 

not so materially affect the trial divisor. 


When the figure in the tens’ place is a small numbez, as 1 or 2, it is hence 
obvious that little or no dependence can be placed on the trial divisor; but if a 
be great and 6 small, the trial divisor 3a? will generally point out the value 
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of 6. All this will be evident if we consider that the relative values of a and 
) materially affect the true divisor, 3a2+3abd+8%. In the successive steps, 
however, of the cube root, this uncertainty diminishes; for conceiving a to 
designate a number consisting of tens and hundreds, and 4 the number of 
units, then the value of b being small in comparison with a, the amount of the 
effect of b in the addend 3ab+-8? will be very inconsiderable; hence the trial 
divisor, 3a”, will generally indicate the next figure in the root. 


To remove, in some measure, the difficulty which has hitherto been expe- 
rienced in the extraction of the cube root, we shall proceed to point out two 
methods of composing the true divisor, 8a2-+3ab+62, and leave the student 
to select that which he conceives to possess greater facility of operation. 


95. First method of composition of 3a?+8ab+b2. 





Oca = a a°+3a*b+ 8ab?+b' (a+b = root sought 
a Og ae 
, a? ; 
ee 3a*b+3ab?+b* 
8a? 
(8a+b)xb= 8ab+b? 
b 


b (3a*+3ab+b*) xb=. .. . 8a°b+4+3ab°+5 
pe 





8a+3b 3a*+6ab+3b2 


Distinguishing the three columns from left to right, by jirst, second, and 
third columns, we write a in the root, and also three times vertically in the 
first column; then a x a produces a, which write also three times vertically in 
the second column; multiply the second a® by a, placing the product, ‘a’, 
under a* in the third column; then subtracting a? from the proposed quantity, 
we have the remainder 3a°b+3ab2--b%, The sum of the three quantities in 
the second column gives 8a? for the trial divisor, by which find 4, the next figure 
of the root, and to 3a, the sum of the three last written quantities in the first 
column, annex 6; then the sum, 3a+4, is multiplied by 4, and the product, 


8a6+6, is placed in the second column; then the trial divisor 38a*, and 


: 


the addend 38a6+40? being collected, give the true divisor, 3a2+3ab+2%, 
which multiply by 6, and place the product, 3a°b+38a 2-03, under the re- 
mainder 3a*b+8a62+63. When there is a remainder after this operation, 
the process may be continued by writing 6 twice in the first column, under 
3a+b, and 6? once in the second column, under the last true’ divisor; then 


_ 8a*+6ab-+3b%, the sum of the last written three lines in the second column, 
, will be another trial divisor, with which proceed as above. We have written 


‘ 


a* in the second column three times in succession, to assimilate the first step 
in the operation to the other successive steps, but the first trial divisor, 3a2, 
may be written at once, and the symmetry of the disposition of the quantities 


in the first steps disregarded 


L3 
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96. Second method of composing 3a?+38a b+b*, the true divisor. 














a a+3a°b+8ab?+b? (a+b 
a regres etd mol 4s 
Sitens ee % er, Wea 8a? b+8a b?+6' 
a 3a? 
Sa eb roe oh 8ab+ 6b? 
b 8a2+3ab+ B.... 8a? b+3a b?+b' 
Sa 20, cere. 3a b+2b2 
b 


———__—. 8a°-+6ab+30? = second trial divisor. 
3a+3bd 


In this method we write a under a in the first column, and the sum 2a 
being multiplied by a, gives 2a? to place under a* in the second column, and 
the sum of 2a? and a? is 3a? for the trial divisor. Again, under 2a in the first 
column write a, and the sum of 2a and a gives 3a. Now, having found 6 by 
the trial divisor, annex it to 8a in the first column, making 8a+48, which, mul- 
tiplied by 4, and the product placed in the second column, gives, by addition, 
the true divisor 8a+-8a b+-%, as before. We shall exhibit the operation of 
extracting the cube root by both these methods. 


EXAMPLES. 


(1.) What is the cube root of 2°—92°+39at—99z°+ 1562°—144a-+-64 ? 


By the first method. 
a? x x —9x5 + 3921—9923 + 15622—1444+64 (v?—30+4 


x2 x i ee 
=the, ea —9Ia5 +39x74—99.25 





3r" 
3a-—34.... — 928+ 9a? 
—3v Sat— 9284 927,..... —9x5 + 2744—27 43 
9x2 ————————EE 
—3r —_——___—_ 1 2a47—7 208 + 156a2—14444- 64 
3v°—1823 42722 
3x2—9r+4... 1222—364+16 


oe ee ee ee - 


321—1823 +39e2—367+16... 12a4—7 243 + 45642—1447+ 64 
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(2.) What is the cube root of x°+6x°—402°+ 96x2—64 ? 


By the second method. 


a 25+ 62° —4923 + 960—64 (22+ 2a—4 
a2 are tee cad. 26 
Cea 2, ela 2x 625°—40x3 
a aes 
— 3at 
Bae+2”7 . 623 + 4a2 
2a _ 
—_—- 3at+ 63+ 422. . 2. 645412714873 
3a2+4a,.. 6x34 8x2 SI OE 
2a —_—_—__—__. —12a%1—4823 + 960—64 
—_—- 344+ 1243 + 1272 
3a2?+67—4..0=~— —12%2—247+16 
3ai+1273 — 247+16 —]2%+—48x3 + 967—64. 


(3.) What is the cube root of a’+3a* b+3a b?+b?+3a? e+ 6a bc+3b2c 
+3a c?+30 c?+c¢3? Ans. a+6b+e. 


(4.) Extract the cube root of 2° — 62° + 1523—20234 15a2—62r+1, 
Ans, 2?—2z7+1, 


97. The same process is employed in the extraction of the cube root of 
numbers, as in the subsequent examples. 


EXAMPLEs, 


(1.) Extract the cube root of 403583419. 








ieee Ad 49 403583419 (739 = root 
7 Bsmt desea, ue). t 345 
ri 49 — 
— —— 60583 
147 th, 
ee +. «2 639 
3 ea oetne ee 
' pel RSM at oe Ce alee ee 46UT7 
9 Ve 807 eS a 
— 14566419 
15987 





MeO d ie eit a ss es 19791 





SO UG4O 1 aac. ct siete TASBGA TOU. 
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(2.) What is the cube root of 115501303 ? 


115501303 (487 = root 











Pe yslie se °\s PO) is pet camerteaae Aoi 
o 51501 
8. ovievos 
4 48 
| a Ra aes Sr i 1024 
8 
———— 5824 obi ainese veel. site uence 
136... 1088 
8. 4909303 
aa 6912 
1447 ...-. 10129 
(AU bys! eee rere chs 4909303 


98. The local values of the figures in the root determine the arrangement 


of the figures in the several columns, as is exemplified by working the last 
example as below; and by omitting the terminal ciphers, the arrangement is 
precisely the same as in the preceding example. 


115501303 (400+80+7 


400, eee 160000 ......... 64000000  =487 
400 fal oe 
ee 51501303 
S00 u wipes 320000 
400 See 
sos 480000 
1200 
80 


1280 ...... 102400 





80 eae: 
— 582400 .....+..- 46592000 
1860.).'.°%.7 oe 108800 ———— 
80 49093803 
oe 691200 
1440 

7 
1449 cht 10129 


ZULEZO Fem) soot eee -- 4909303 ‘ . 
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99. Extraction of the fourth root of whole numbers. — 


The investigation of a method for extracting the fourth root of any number 
is similar to that employed for the cube root. Thus, since 


(a+b)! = at+4a°b+6a? b*+ 4a 5° + 5* 
we may conceive a to denote the number of tens, and } the number of units 
in the root of the number expressed by a‘+4a*b+6a*l?+4ab'+b*. Then 
vV/a'=a, figure in the tens’ place, and the remainder, when a* is removed, is 
4a°b + 6076? +42 b°+ b'=(408 + 60°b +- 4a b? + 8%) 0. 
The method of composing the divisor 4a?+6a2b+4a b?--b°, for the deter- 
mination of 4, the figure in the units’ place, may be illustrated as follows: 

















ZXa =a" a‘+-40°b +6076? + 4ab°+5' (a+b 
a axa —— 
Q2axXa =2a? axa w= he 
a 8a* Xa =e Hg ‘40b+602b?-+-40 b+’ 
3aXa =S8a* 4a 
a 
6a? 





(4a+b)b= 4ab+0? 





(6a*+4a6+67)b = 6a%b+4ab?+53 


(4a°+ 6a7b+4ab°+b°)b= 403b+6a07b2+4ab3 +54, 





100. From this mode of composing the complete divisor we easily derive 
the following process for the extraction of the fourth roct of any number. 


Example.— What is the fourth root of 1185921 ? 


3x3 = 9 1185921 (33=root 
3 xcs Ss 1h 7. 
6x3 = 18 87x83 = 81 
3 O73 81 875921 
9x3 = 27 7a: ; 
3 (caeiiennenti 
ae 54. 


23X33 = 369 





5769X3= 17307 


1253807 K3 = 375921 


a er 
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In the same manner the student may readily investigate rules for the ex- 
traction of the higher roots of numbers, simply observing to use an additional 
column for each successive root. 


101. To represent a rational quantity as a surd. 


Let it be required to represent a in the form of asurd of the nth order; 


tL 
then, by Art. 63, the form will be ~/a”, or (a")"; for by raising @ to the nth 
power, and then extracting the nth root of the nth power of a, we must evi- 
dently ‘revert to the proposed quantity, a. Hence we have 


a= V=VO= V= VOX = VO = Va 
+ 3\3 6.5 why 4 
a = (a*)'= (a*)*= (a?) =a") 
102. When the given quantity is the product of a rational quantity and 
surd, we must represent the rational quantity in the form of the given surd 


and then express the product by means of the radical sign, or fractional index. 
Thus we have 


avo = VOXV/b = Vad 
3a/56 = /38aX8a x /5b = J/90X5b = »/4507b 
aVay = /axaxax Vay= VEX Vxy= Vex 


1246/7 -= \/144 OSV = n/144.< 7 ee 
a(—a—a2)*= (a2)? (1—a—a®)? = (@&—a'®)? = 1/0" 
EXAMPLES. 


(1.) Represent a* in the form of a surd, whose index is }. 
(2.) Represent 2—./3 in the form of a quadratic surd. 
(3.) Transform 64/11 into the form of a quadratic surd. 
(4.) Transform a./a—b into the form of a quadratic surd. 


(5.) Represent as a surd the mixed quantity (#+y) sas : 
Py 


(6.) Represent as a surd the mixed quantity (7+4) NL — 


ANSWERS. 
C1.) Va or (a). (4.) /ai—a% or (a\—a°b)?. 
CRA FEE WES (5) Jey or (a?—y?)*. 
(3.) /396. (6.) /@44 or (w-+4)* 


103. To find multipliers which will render binomial surds rational. 


The product of two irrational quantities is, in many instances, a rational 
quantity, and therefore an irrational quantity may frequently be found, which, 
employed as a factor to multiply some other given irrational quantity, will 


a 


produce a rational result; and since the product of the sum and difference of 
two quantities is equal to the difference of their squares, we have, evidently, 
SAX V/a4 = a; (/a—V/d) (/a+/b) = a—b 
Vex Vat = 2; (2 + Vy) (@ — Vy) = ay 
Vy X Vy ayi (Ve — y) (Ve + y) = 2 —-y’. 
Hence it is obvious that, in these and similar equations, if one of the factors 
be given, the other factor or multiplier is readily known, and the proposed 
' irrational quantity is thus rendered rational. 1n the same manner, since 
o (ey) (Pay ty)\=a ty? 
oe (Vat Vy) (Vex Veyt Vy Huby, 
and the expression 4/x-+ /y may therefore be rationalized by inultiplying it 
by Jat /Sayt /y’, and */22 | Yey+ ry, multiplied by Vat Vy will 
' produce a rational result. 
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Again, by division, 





= — el gy 4 gry? + gr ty + nears +y.— 
PY) = gay +o ya" |, yt 
r+ry 5 ; 

x xe" yy" oes = gy" +a"—y 2 ppn—4 34 Cee og + a) 
aty 2 : 


Put 2°=a; then a= Ja; P= '/a—; B= V/e—; &e. 
y"=b; then y= Vd; y® = 1/0"; yYF=1/8; &e.; 
hence, by substitution in the three preceding equations, we have 





[a Vet f/a—bt /o— 2+ n/a —163 + wee + r/o m (1) 
aE ET VIB EB. YT. (2) 
a+b 


EY re pera) OY pa ex a 
Bacay" pe a0 — / a0 +o . (3) 
Now the dividend being the product of the divisor and quotient, it is ob- 
vious that a binomial surd of the form ./a— 4/b will be rendered rational by 
multiplying it by 2 terms of the second side of equation (J), and a binomial 


surd of the form ./a+ 4/0 will be rationalized by employing n terms of the 
second side of equation (2) or (3), according as n is even or odd, the product 
in the former case being a—2@, and in the latter a—b or a+b. 

Note.— When n is an even number employ equation (2), and when it is an 
odd number use equation (3), in order to rationalize \/a+ /d. 


EXAMPLEs. 
(1.) Find a multiplier to rationalize </7]—%/7. 
Employing equation (1), we have a=11, 6=7, and n=8; hence required 
multiplier = M14 VITA 72 1214+ 77+ 0/497 
For /121 AA77 +r/49 
Vil ll —/ 7 

| V1831 + 4/847-+ 2/539 
— 1/847 -—~A/589 — 4/343 


: VI * * — 7 =4, a rational product. 
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(2.) Rationalize the binomial surd 4/5+ 4/4. 

Here we have a=5, b=4, n=8, an odd number; hence by equation (3) 
we have multiplier required = 4/25—4/20+ 4/16; for by multiplication 
(5+ /4) (4/25— 4/204 4/16)=5+4=9= a rational number. 


(3.) What multiplier will render the denominator of the fraction SMES 
a rational aoe 

(4.) Changez——37- 48 into a fraction that shall have a rational denommator 

J x? E ies f : 

(5.) Change Ven Yayt Vy into a fraction that shall have a rational 
denominator. 

(6.) Diino ate eae into a fraction that shall have a rational de- 

Va+xe—r/a—x | 
nominator. 
ANSWERS. 
8.) V+ VRB VP VT et (5 )LASAE Vy et EY 
wry a+y 
5( /16+ 4/8+ V4 0 
bys een: (6.) Rese A a‘ 


104. To extract the square root of a binomial surd. _ 


Before commencing the investigation of the formula for the extraction 
of the square root of a binomial surd, it will be necessary to premise two or 
three lemmas. 

Lemma 1. The square root of a quantity cannot be partly rational and 
partly irrational. 

For if ./a=b+4/c, then by squaring we have 

‘vaso 0-0 
a=b?+e42b,/e: therefore ,/c=— ati) 5 
that is, an irrational equal to a rational quantity, which is absurd. 

Lemma 2. If at/b=a2+./y be an equation consisting of rational and 
irrational quantities, then a=a, and ./b=./y. 

For if a be not equal to x, let a—«=d, then we have 

+/yF /b=a—ax; but a—x=—d; therefore 
+ /y+ /b=d, which is impossible, 
*, a=a, and »/b=/y. 

Lemma 8. If ./a+/b=a2+y; then ./a—./b=x—y; where @ and y are 
supposed to be one or both irrational quantities. 

For since a+./b=22+y?+2ay; and since a and y* are both rational, 
2xvy must be irrational, otherwise ,/b=a2?+y?+2x2y—a, a rational quantity, 
which is impossible by Lemma 1; hence by Lemma 2, we have 

a=a*+y’*; /b=2ry 
*, a—V/b=2— 24 y+ y* 
and »/a—a/b=a—y. 


4 


Let it now be required to extract the square root of a+ 4/0. 
Assume 4/a+,/b =a2+y; then ./a—/b = a—y 
* AWA) = a? +y*+2ay 
a—/b = a? +y°—2ay 
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+, By addition 2a = 2 (#+y?), ora=a'+y'*. 
Again, Jat Jb X fa—rJ/b = x mh or /a*—) = at—y* 
Hence a*+y* = 
e—y*? = Vi —b =c, suppose. 
Therefore, by addition and subtraction we have 











aie a+c Or a—c 
tree and y? = a7 
ea A/F and y =/> 
Hence ./a+/b = ft i |= pen AO Hoe (1) 








a/b = Ve a ya PR ney es bar ien (2) 


where c= »/a*—b; and therefore a2—d must be a perfect square; and this is 
the test by which we discover the possibility of the operation proposed. 


EXAMPLES. 


(1.) What is the square root of 114 4/72, or 11+6,/2? 
Sete aa Oa 72> c= 4/—) = /121—72 = 7 


— moo, Jato a—Cc 
o. JITFOSE = JAE + 9 [SE = 84 v2. 


(2.) What is the square root of 23—8 4/7 ? 
Here a= 23; 6 = 8X7 = 448; c=/a®—b = 4/529—448 = 9 


Le /s—8,/7 = a/ ee a a/ oes =k 6/7. 











(3.) What is the square root of 14+6,/5? Ans. 3+ 4/5. 
(4.) What is the square root of 18-++ 24/77 ? Ans. /7+/I11. 
_ (5.) What is the square root of 9442/5 ? Ans. 7+3,/5. 


(6.) What isV np+2m?—2m/n p+m= equal to? Ans. /np+m?—m. 
(7.) Simplify the expression V16-+80./—1+W16—80./—1. Ans. 10. 
» (8.) What is ./28-+10,/3 equal. to? Ans. 5+ 4/3. 
(9.) 7b c+2b./bc—B + Vb c—2b n/b c—P= 4-2. 

'(10.) Wab+40—@-49./iab 0—ab a= Jab+ /18ae 





(11.) What is the square root of —24/—1 ? Ans, 1—%4/—1. 
(12.) What is the square root of 3—44/—1? Ans. 2—,/—1. 
(13.) What is the square root of ote’ MESSE 


Ans. (1+ 4/2). (5+ 1/8) 
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105. It is manifest, from what has been said above, that algebraic polynomials 
may be raised to any power merely by applying the rules of multiplication. We 
can however in all cases obtain the desired result without haying recourse to this 
operation, which would frequently prove exceedingly tedious. When a binomial 
quantity of the form a -++ a is raised to any power, the successive terms are found 
in all cases to bear a certain relation to each other. This law, when expressed 
generally in algebraic language, constitutes what is called. the “ Binomial 
Theorem.’ It was discovered by Sir Isaac Newton, who seems to have arrived 
at the general principle by examining the results of actual multiplication in a 
variety of particular cases, a method which we shall here pursue, and give a 
rigorous demonstration of the proposition in a subsequent article of this 
treatise. 


Let us form the successive powers of x -+ a by actual multiplication. 


xa 
z-+-a 
x?-+- «a 
+ sa+a’ 
Dn OG I Hm BO cose scence ped coon sauces pretenen’ PP rr ee 2d power 
crea 
ce seals za*) 
+ w?a+2x0*?+a*_ 
Fe OL eS Ee ee Cpe ear Pr rt 2 eres 3d power. 


zea 
eit 3a%a4+32*%a?+ a3 
4+ 23 a+327%a*7+4+32a3+a' 
at 4a8 ot 60? 2 Wz OF a? wcsese ciccvesustheneren let BG 4th power. 
zx +a 
ai t4aeta+6r%a*?+4+42*%a?+ zat 
+ w1a+42%a*+4+62% a3? +42a*-+4a° 
2 +5e4a4+10e% a? 4 0c? a%+5ra*+a? dsccosdalgiin aeeeena oth powere 
zy a 
ao + 525atl0ata?+1l0e%ae+ 5a%a*+4+ xa? 
+ a+ 5ata?+ 1023 a? + 10x?2a4*4+52a*+4+a° 
a+ 6a 5a+ ldat a+ 2023 a3 + 152% a*4+624°+a° Q........6th power. 
“-a 
ai + 62%a4+15 a> a?+20 24a + 15 x%a* + Gua’ + xa® 
+ aat 6e'@4lcta?+ Wri at+l5a%a 546ca5 4a? 
a? +7 o8a-4+2) « a?4-35 c4 a? 435 2?a*+4+21 27% a° 47 a44a° +a’ 7th power, 





In order that these. results may be more clearly exhibited to the eye, we saall 
arrange them in a table, 
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. TABLE OF THE POWERS OF & -+ a. 


e+ als a 


- 


(t-+-4)?| 22? + 2Qea +2? 








(@+a)*\+322a+ 32a? +243 : 





| (a--a) m+4e3a+ 622 a?+ 400% +4 a? 





SS STS SS eg rec 


(t+a)°\05 + 524a+ 10n°a?+410a?@+ 5xa'+a?> 






oo ——— 
ee ceeereee 


| 
| 
| 
| 
| 
(a+a)®\a8+- 625 a+ 1ld52ta? + 202%a?+-loz2at+ 6raita® 
| 





Ba)" \a7 +776 at2lx5ar+-35e4a34+ 85 a3 at+21 2245+ 7ra%+a7 
r 


fe a a SN 


0 + 8ar7a+ 282 %a?2+ 5675a3+70r1a'+ 5602 a5 +2827 a°+8ra! +a 


| (aa) ° 








In the above table, the quantities in the left hand column are called the ex- 
pressions for a binomial raised to the first, second, third, &c. power ; the corre- 
sponding quantities in the right hand column are called the expansions, or, de- 
velopements of the others. 

106. The developements of the successive powers of x — a are precisely the 
jame with those of x “ms a, with this difference, that the signs of the terms are 
ilternately -- and —; thus, 

a2)? Cla + 10x2°a?— 1l0x%*a*?+4+ 5ra*—a’ 
ind so for all the others. 
_ 107. On considering the above table we shall perceive, that 

I. In each case the first term of the expansion is the first term of the binomial 
-aised to the given power, and the last term of the expansion is the second term 
of the binomial raised to the given power. Thus, in the expansion of (x + a) * 
he first term is z* and the last term is a‘, and so for all the rest. 

* IL. The quantity a does not enter into the first term of the expansion, but ap 
ears in the second term with the exponent unity. The powers of x decrease 
by unity, and the powers of a increase by unity in each successive term. © Thus, 
‘n the expansion of (a +- a) ° we have, 78, v5 a,24a%, 23 a3, w2a4,2a%,a° 

_ III. The coefficient of the first term is unity, and the coefficient of the second 
erm is in eyery case the exponent of the power to which the binomial is to be 
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raised. Thus the coefficient of the second term of (a -+- a) * is 2, of (w+ a) °is 
6, of.(@ +- a)" is 7. : 

IV. If the coefficient in any term be multiplied by the index of x in that term 
and divided by the number of terms up to the given place, the resulting quotient 
will be the coefficient of the succeeding term. Thus in the expansion of (4+ a) * 
the coefficient of the second term is 4; this multiplied by 3, the index of z in that 
term, gives 12, which when divided by 2 the number of terms up to the given 
place gives 6, the coefficient of the third term. Again, 6 the coefficient of the 
third term multiplied by 2, the exponent of # in that term, gives 12, which, when 
divided by 3, the number of terms up to the given place, gives 4, the coefficient 
of the 4th term. So also 35, the coefficient of the 5th term in the expansion of 
(x +- a)’, when multiplied by 3, the index of x in that term, gives 105, which, 
when divided by 5, the number of terms up to the given place, gives 21, the co- 
efficient of the succeeding term. 

By attending to the above observations, we can always raise a binomial of the 
form (x + a) to any required power, without the process of actual multiplica- 
tion. 


Example I. 


Raise z + a to the power of 9. 























Tho first term i8 °.....052. ic pecse Tee eds eee signees se ra 
—- second speivenina a MACS RVNek sve to eee Bey hop 9x28a 
9X8 
ae) thind 6 6 He das eis. cease wcll” . ond enaieee faites Cateae 2 z'a*? = 362'a? 
36 7 
Be fourth a hea eerie ea ee * z°a? = 84r6@i 
84: 6 
TT | EEE OPP RAL ae orgy 8 ee “ vi at = 126n5a4 
126 X% 5 | 
ly EEE A, SO ERA A esr ee Ree Bee: ata’ = 12621@$ 
126 X 4 
Tenth ah ccc cscccccceudcretettm snd. ep aer nme F x? a® = 84n3@8 
84x 3 
—— eighth —— weececessseseeesssseesereaneneseeneeseeees —ae w?a’ = 3622a!7 
36 XZ 
oT 8 i eS ee Ory Pe EE cd ne Pd 5 gia* = 92'a* 
9X1 
wd PSN piel I iy A ee rere Ce gai iio ene z°a’ = xa, 
Hence, 


(ca)? =29+928a+ 3607 a? 4 84 aoa? +126 r°a* + 126 i art 
Shata®+ 36a?a7 4 9ua> +4 ae 
Example IT. 


In like manner, 


(aime Qos sare hl Se, WO 2, BS wT ae 1200a7 a + 210 x%at 
252 v8 a> + 20 eta®— 10 x8 a7 + 454? a%—l0ra*’ta™, 
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108. The labour of determining the coefficients may be much abridged by at- 
tending to the following additional considerations : 

VY. The number of terms in the expanded binomial is always greater by unity 
than the index of the binomial. Thus the number of terms in (# -+- a)? is 
4+ 1, or 5, in (x + a)” is 10 + 1, or 11. 

VI. Hence, when the exponent is an even number, the number of terms in 
the expansion will be odd, and it will be observed, on examining the examples. 


already given, that after we pass the middle term the coefficients are repeated in 


' 


a reverse order; thus, 


The coefficients of (x + a) * are 1, 4, 6, 4, 1. 

—-—— (x-+ a)° — 1, 6, 15, 20, 15, 6, 1. 
a (w+ a)® — 1,8, 28, 56, 70, 56, 28, 8, 1. 

VII. When the exponent is an odd number, the number of terms in the ex- 
pansion will be even, and there will be two middle terms, or two contiguous 
terms, each of which is equally distant from the corresponding extremities of the 
series; in this case the coefficient of the two middle terms is the same, and then 
the coefficients of the preceding terms are reproduced in a reverse order; thus, 


The coefficients of (c +a)? are 1, 3, 3, 1. 
Bayi (e-+-a)> — 1,5, 10,10, 4,1 
skeet (e+a)’ — 1,7, 21, 35, 35, 21, 7, 1. 
iby (c-4+-a)® — 1,9, 36, 84, 126, 126, 84, 36, 9, 1. 


109. If the terms of the given binomial be affected with coefficients or ex- 
ponents, they must be raised to the required powers, according to the principles 
already established for the involution of monomials; thus: 


Example III. 
Raise (2z°-+ 5a’) to the power of 4. 








The first term willbe ......... (27°! nn we Fi 
— second ——-__......... £(2 2*)* % (5a*) = 4X8 X52%a 
ee ae (af. xX (527 P= 6X 4X 252% a? 
re pe (22) x Wat ics 4X 2% 125 2808 
eee ...... < (2@%)°X (5a%)* = 625a8 

= (Qe8-+5a2y! = 1622+ 16029 a?-++ 600x% a4 + 1000274 + 62548 


Example IV. 
In like manner, 

(a? +-3ab)? = (a*)9+ 9a? 8 X (3ab)4+36(a°)’ X (ab)? + 84 (4°)? X (Bab) * 
+126(a*)> x (3ab)* + 126(a*)* X (3ab)y +-84(a*)? X(3ab)8 
+-36 (a? 2 X (3ab)' + 9a3 X (3ab)° + (3b) 

= a" 27a%b4-324ab? 4+- 2268 ab? + 10206a!%b* -+- 30618a17b° 
4 61236 a"°B6 -L 78732 ab" +- 59049 a" b8 + 19683 0959 


110. We shall now proceed to exhibit the binomial theorem in a general form 
Tet it be required to raise any binomial (r++ a) to the power represented by 
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the general algebraic symbol ». Then by the preceding principles we shal! 
have, 





AO UTSE PERT Give ci cises le csec sree cna ae 

Sew RBDOCOIL ——o cis seeecss couse + eee eee eee na "—lq 

_ ho ae oe ty De 

t he . 

STR SRR Oe arom ce eee 2 Ne ee x 2=—348 

a TES ee n(n—1) (n—2) (0S) 
1ith 1.2.3.4 ze ap 
PMs Purse uebeel ay at eit ceeeeee mae &e. 

oe EASES aml Aes desc cc cclonee ete. a” 


The whole number of terms will be »-+-1, and the coefficients be repeated 
in a reverse order after the (—<— Ln ay or ( pot 1)" term, according as n is odd or 


even; moreover, the terms vil all have the sign -+-, if the quantity to be ex- 
panded be of the form of zx--a, and they will have the sign 4- and — alternately, 
if the quantity be of the form z—a. Hence generally, 


nn— aa 2 ea fay 


(x-fa)" = wv ie pA A eh 2. 3 


maces ee qe-3 Sa n(n—¥) 9 2a"-24 naa" 


ae. = —nx™—a + oa see cast exs aE sad ob agepeatts +a 


In this last case, if n be an even number, the last term, being one of the odd 
terms, will have the sign -+-; and if n be an odd number, the last term, being 
one of the even terms, will have the sign — 

Both forms may be included in one, by eminlegiee the double sign; thus, 


(2#ayp = x T naa + Boe re ol fs +2 ee «sees &G 


Example V. 
To exemplify the application of the theorem in this form, let it be required — 
to raise +a to the power of 5. 








Here we have nn = 5, n-——] = 4, n—2 = 3, &e 
Hence, 

Fak dig ee, Pn eg oe BAS He ee AR BoP is if me ET 

FOTN weecentnacs ener tee tr moaens enka cae Fives TO SCeE =—— orte 

Mes, Ca Nt steer Pn oe tei a iar eter ae es atetoese a : x3 a? ==, 10z°a4 

ees AG ate at Se ee sedis adh cee oa a a = 1027 a 

WeDo , BPA aie. te eee iy eee aE Cs Sa me as 

aU) Ge) Use! a ete hgeeee ee oe = a" a 
(rf-ayy = 2 + 52r*a+- 10x%a? 4- 102203 4 Saat 4 @& 
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| Example VI. 
haise 5c? —2yz to the power of 4. 


Bence, 
em Sey Po 0: See becomes (5c? )4 = 6258 
ee ay. OS i fove” SBC) X (22) = 1000 c8 yz 
n= 4 a vats pie i : 5c?)? X (2yz)P? = 600c4y?z* 
a(n—l )(n—2 3-2 
C ora ara 5 2) ergs cE eRe Gade X(2yz = 160c2 y32 
ey (n—2)(n—3) 4.3.2.1 
I sa ae ee 12, 182 rey X (2yz)' = 16 y*2 


o~ (50? —2yz)* = 625 c& — 1000c* yz + 600 ct y? 2? — 160 c? y*° z* + 16 y*2* 

111. We have sometimes occasion to employ a particular term in the expansion 
of a binomial, while the remainder of the series does not enter into our calcula- 
tions. Our labour will, in a case like this, be much abridged, if we can 
at once determine the term sought, without reference either to those which pre- 


cede, or to those which follow it. This object will b 1€ fading what is 
called the general term of the series. “SIV E RC Tp NS 

If we examine the general formula, we shall soon parcaie bra’ yp Srgin 
relation subsists between the coefficients afd exponents of each term in the 


expanded binomial, and tie place of the tern in the series; thus, 








The Jirst term is 2" which may be put und | the form g"~}+1 







SR eats eo a nies 
~ A i \ 
third - ... pial, art Ae) PER: ota Gop “3d 
_ ce ; 1) (n—A+4-2 
» fourth ... eae Poo tee PE OS tT n—4-1 4-4 
Jifth 1 oA ol at oe eee, n—5-1 a—! 
: eae - Ce 4 eeeres 
; n(n—1) (n—2) (n—3)(n—4 4 5 a n(n—1) (n—2)(n-3) (n—6-+-2) ny 6.4.1 6_ 
sixth SiR Ome a Au. abe ts. av eeeree ] E 2 é 3 0 A % (6—1)__ an S_. a 1 


(i i i Se seOeS@eeweee i};  -. .  , j|§ , 4 @@¢@8eeeegsrnnee 


Observing the connection between the numerical quantities, it is manifest, 
that if we designate the place of any term by the general symbol gp, 
the p term is, 

= nn—1 )in—2)(n—3) .....0000--. vee (n—p+2) > Geihg 
Rees Ava iie. tectvens.. (polyent ptt 


This is called the general term, because by giving to p the values 1, 2, 3, 4, 
we can obtain in succession the different terms of the series for 


(a-Fay. 
Example VII. 
Required the 7" term of the expansion of (z-+-a)”. 


‘Here f°?  n—p+2 4  a—p+l = 6 
p= 7 pol 6, 


z il il 
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Substituting these values in the general expression, we find that the term 
sought is, 
Tae be gh 


—_————_— 


PO aad, : : 
T. 2.3 4.6.6 °) 


Example VIII. 
Required the 5" term of (2ct—4h5 )°. 


Here n = 9, p=4, £=264 3 ee 
a—p+2 = 6, a—p+1= 5, p-ixz4 


. the 5 term is sree (20! x (45 )*, or 126 X% 32 X 256 C2 


Since the second term of the proposed binomial has the sign —, all the even 
terms of the expansion will have the sign —, and all the odd terms the sign +- ; 


therefore the 5‘ term is, 
4- 1032192 c%A2 


Example IX. 
Required the middle term of the expansion of («—a)"*. 
Since the exponent is 18, the whole number of terms will be 19, and hence 
the middle term will be the 10"; and since it is an even term, it will have the 
sign —; hence it will be, 


/ 18.17. 16.15 514.13 712- 11.10%, oes 
hh —~1.3,5,4,5) 60005, 9) °, en 

112. By employing the Binomial Theorem, we can raise any polynomial to any 
power, without the process of actual multiplication. 

For example, let it be required to raise «-++a+5 to the power of 5. 
Pat 


a+b ane 
Then, 
(eta+b)'= (2+y)*, | 


x -+ 4a*y + 627 y? + zy? + y'*, putting for y its value, 
at - 423 (a-++b) + 62x? (a+b)? 4- 4a(a-+-b) + (a-+-6)* 


Expanding (a+) , (a+-6)?, (a+6)*, by the Binomial Theorem, and per- 
forming the multiplications indicated, we shall arrive at the expansion of — 
(x--a+d)'. 

It is manifest, that we may apply a similar process to any polynomial. 

113. In the observations made upon the expansion of («-+-a) ", we have supposed 
m to be a positive integer. The binomial theorem, however, is applicable, 
whatever may be the nature of the quantity x, whether it be positive or nega- 
tive, integral or fractional. * When 7 is a positive integer, the series consists of 
n-} 1 terms; in every other case the series never terminates, and the develope- 
ment of (x -+- a)" constitutes what is called an infinite series. 

Before proceeding to consider this extension of the theorem, we may remark 
that in all our reasonings with regard to a quantity, such as (a + a)", we may 


* No algebraist has succeeded in proving this in a manner altogether satisfactory. The least ex- 
ceptionable of the demonstrations which have been proposed, will be given in a subsequent chaptem 


j 
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confine our atiahtion to the more simple form a -+- a)" to which the former 
may always be reduced. For, 


ota =e (14%) 
a (e@--e= te Gees) i 
=z" (1 $2) ora (i+. u)" if we put « = ~ 


n (n—1)(n—2) (n—3) a4 
1.2.3.4 Sa + fe} 


Tr 
Suppose n = where r and s are any whole numbers whatever, 
? 
= pn St SP : : 
Then (a + a)" becomes (# -+ a)*, and substituting = for n in the series. 
o r ON 
(% + a) =r (1 agede 


2G aay FED 


= Yr a 
Salto e+ Les oe a areas 


RG =) (6. 3) a 


2B & A “+ ef 
Or reduced, 
r(r—s) a? 4209 n?s as 
Sain Oe Sate Omer ere eres ane Oo 
r(r—s) (7 —25s)(r —3s os 
pe teecee 


114, The binomial theorem, under this form, is extensively employed in 
analysis for developing algetiraic expressions in series. 


Example I, 
Expand a + a in a series, 


tein (x4 0)" 
=2*(1 ey Here r == Ry ii 


1g | 1 Al ] 
aAhigt-2.2G2) ¢ GN) 








© PEE Te eas ih 23 7 
l7l l 1 
H—nG-9G—-s) « 
+ a eeceeseen dersee 
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f Preoy 1. 50m Lg 1 3 
Q° x jee x* ee 
1 1 as 5 
9% — 9 * 739 ae ee 
Fu Exvabh 4 38 4, baer eeeteeeoeeeeees eeeeseeee 
=a} Lo ae a | 3. eee tae, 5 
=o lta +S Tivea Sh ieeaeH ea 
at 
ear 


SOSH SSH SESS HEHEHE SEHOSESSH SHEET SESE HHOHTS SETHE TES HEHEHE HESESEEHES 


2 3 
=a fips 2 us 1.3 ade 





j Res Pes a 
T6180 ae 


where the law of the series is evident 
Example II. 
Expand V/ a —a’ e® ina series. 


4 Sinn aaliis 2 
/a—ae= (a? — a’ e* )* 


= a(1—e’)*.. Here r=], 8=2, -~=—¢ 
Eee | 

ie Lfeu | — Serna 
=e) dey HG"), 3G-0G) é 

FEIGNED , 
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1 I Wes: 1.3.5 
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Example ITI, 
Expand FES in a series. 
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Example IV. 


7? . 
Expand Vector ima series, 


” oeuiaah a 9 et 
eee 9" 6") 


— c2e2 Aaaale se | a az 
mat #) (i ) S Here, r= —1,s=2,-= ee 
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Example V. 
pP+q 


in a series. 


Expand 


pt+4 | — # 
Gerrans = (Pt aintenry | 
" ~ *f5 5 —¥} 
pa ?@4+ 90 +%,) ‘1 Here, r= —3, s = 4, 
) @ a n® 
Z ~ m3 
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eee 4m?" VSS 0a? ee ae 4 
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x 3 3.13.23. 33 e4 
“Tro git 14 eos 1.2.3.ha 


2. 6"% 6.11."%, 6:11216.04 w.} 
(+24 — 1-3 t+ 5720—5.10-15T 5,10.15.20— © 


3 2618 x 80 
Ex. 10. The 1th term of the series for (a ®— 2 8)* is = — 4782060° 7B 


115. The binomial theorem is also employed to determine approximate values. 
of the roots of numbers, 


In the formula, 
(t+ a)’=a2"(l-+-n. = -+- 


n—1) a? , n(n—1)(n—2) a? 
ao) zit “Tre, 3 oan 


1 : = cies 
Let us putn = aes the expression becomes (% -++ a) 7 or Va -- a, and 


we have 








by obeedt 2 
Vii-a= {/z(14+— oP We prec er 
a’ 
e “3 ++ Coot eeoen sees ee eee eOReeseseseese Ceereseve @ecesesee Seeeeseee eeeeeseces ) 
Ree Lr lL ;—l (2 
Vit | a 7 ae tS ae 


If we wished to form a new term, it would manifestly be obtained by multi- | 





the rest, the terms after the first being alternately positive and negative. 


| ay 
v 
i 


_ This being premised, let it be required to extract the cube root of 31. The 
' greatest cube contained in 31 is 27; in the above formula let us make r = 3, 
x = 27, a = 4, and we shall then have 
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V3l = V274+4 


Pen he eto Pes 15 64 
eres 3 Stet sso" T9083 — eS 
4: 16 320 
=? 1 37 — 2187 + srl 
320 3r—l1 a 
The succeeding term will be fond by multiplying ———— Botha OMee aan 
ee é : . he 2560 
<a shang hich w = 
rs and then changing the sign, which will give us 501675] 
In lik hall find the next term by multiplying <0), 
_ In like manner, we s nd the next term by multiplying —Tyoa5j by 
4r—lae. ., 2560 ry 4. 112640 
bo ike it will therefore be s5040721 x xX a= assoan005 1nd 


so on for any number of terms. ° 
Let us however confine our attention to the first five terms of the series, and 
_ reduce them to decimals, we shall have, for the sum of the additive terms, 


Soro. 00000 
+} 
— = 0.14815 
2 = 3.14875 
520 
531441 ee 
And for the sum of the subtractive terms, 
16 ts 
ae 0,00731 * ¥ 
2560 __ ae — oe ROO Ct 
| 43046721 —~ 
Hence, 
7 ab sil R41S8* aS... 


a result which we shall proceed to show is within 0.00001 of the truth. 


116. When the expression for a number is expanded in a series of terms, the 
numerical value of which go on decreasing continually, we easily perceive that the 
greater the number of terms which we take, the more nearly shall we approach 
to the real value of the proposed expression. But if, in addition to this, we 
suppose that the terms of the series are alternately positive and negative, we 

| can, upon stopping at any particular term, determine precisely the degree of 
. approximation at which we have arrived. 

. Let there be a series a—b+-c—d--e—f+-g—h hm — --- composed of 

an indefinite number of terms, in which we suppose that the quantities a, 5, c, d, 

_ goon diminishing in succession, and let us designate by N the number repre- 
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sented by this series, we shall prove that, the numerical value of N lies between 
any two consecutive sums of any number of the terms of the above series. 
For let us take any two consecutive sums, 


a—b+c—d+e—f, and, ec—b+c—d+e—f4g 


Upon considering the first of these, we perceive that the terms which follow 
— fare, + (g —h) + (k—1) + ----- ; but since the series is a decreasing 
one, the positive differences g — h, k — J, &c. are all positive numbers, hence 
it follows, that, in order to obtain the complete value of N, we must add to the 
sum @ — 6 + ¢—d-+ e—/f some positive number. Hence, 


a—b+c—dphe—f2Nn 


With regard to the second sum, the terms which follow + 9 are, — (h — hk), 
— (lm), ----; but the partial differences,  — k, 1— m, &e, are positive, 
hence, — (h — k), — (1 — m), - - - - are all negative, and therefore, in order 
to obtain the complete value of N, we must subtract some positive number from 
the sum a —b+c—d+e—f+g. Hence, 


a—b+c—d+e—f+g7N 


and it has been shown that 


a—6tc—dt+e—f 2N 


therefore N lies between these two sums. 

From this it follows, that, since g is the numerical value of the difference of 
these two sums, the error committed when we assume a certain number of terms . 
a—b+c—d+e—f for the value of N, is numerically less than the term 
which immediately follows that at which we stopped. 

In the preceding example, all the terms after the first being alternately posi- 
tive and negative, we may conclude that the numerical value of the first five 
terms yi 

4: 16 520 2560 
31 37 — 2187 + S3raar — wole7al 


differs from the true value of {/31, by a quantity less than the value of the sixth 


112640 ; any 
term, which was found to be equal to eae but this fraction is by mere 


] : 
inspection less than “To00000" therefore when we assume that {/ 31 = 3.14138, the 
result is within 0.60601 of the truth. 


117. From what has been said above it will be seen, that, in order to obtain an 
approximate value of the x” root of any number N by the method of series, we. 
may make use of the following 


RULE, 


Resolve the given number N into two parts of the form p" + g, where p” is the 


1 
highest n* power contained in N, and in the developement o {x -+-a)™ make 
g P 'P 


n 


&=p",a=q. The number of terms to be taken in the resulting series will 
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depend upon the degree of accuracy required, and can be determined by the prin- 
ciple just explained. Convert all the terms of which account is taken into deci- 
“mals, and then effect the reduction between the additive and subtractive terms. 


‘ 


This method cannot be employed with advantage except when o is a small 


fraction; for unless this be the case the terms of the series will not diminish 
with sufficient rapidity, and it will be necessary to take account of a great num- 

ber of terms in order to arrive at a near approximation, 
It may happen that p” is < g, we must then modify the above process, for then 


x ee ; ee 
Poor = is greater than unity, and therefore all the powers of > will. in- 


q 
-erease in numerical value as the degree of the power increases. 


Suppose, for example, that the cube root of 56 is sought, 27 being the greatest 


cube contained in 56, we shall have 
a4 are ri hip wed 
i ey a and .. = = 97 


_and the terms of the series will go on increasing instead of diminishing, (we do 
not speak of the coefficients, which are fractions differing but little from unity). 
8 1 
But we may resolve 56 into 64— 8, or, 4° —8; but oy Oh Sg is a small frac- 
tion. On the other hand, if we substitute —a for a in the expression for 
"Va + a, we have 


ey el H Sh 2a—ite 


| a A Sy xt a* 
_ nr pes n 
Jey 7) ee aT i Te ee) ere ne rn 
Va ( n° £ n Ointintes n Qn 3n ‘x? 


If we put c= 64, a= 8, we shall obtain a series of terms which will 
decrease with great rapidity. 

Here all the terms, with the exception of the first, are negative, and we can- 
not apply to this series the criterion established in Art. (116.) for fixing the de- 
gree of approximation. But we shall approach very nearly to the required de- 
gree of approximation if we take into account such a number of terms that the 
first which we neglect shall be less, by one tenth, for example, than the decimal 
place to which we wish to limit the approximation. 

The student may take the following examples as exercises : 


Ex. 1], §/39 = V/32+7 = 2.0807.... trueto 0.0001. 

2, 3/65 = V64+1 = 4.02073... ——- 0.00001. 

3, 4/260 — +(/256+4 = 4.01553... —— 0.00001. 

; 4, /108 = V/123—20= 1.95204... —— 0.00001. 
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118. Numbers may be compared in two ways. 
| When it is required to determine by how much one number is greater or less 
than another, the answer to this question consists in stating the difference he- 
- tween these two numbers. This difference is called the Arithmetical Ratio of the 
_ two numbers, Thus, the arithmetical ratio of 9 to 7 is 9 —7 or 2, andif a, b 
| designate two numbers, their arithmetical ratio is represented by a — 8 


r 
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When it is required to determine how many times one number contaius, or, 
is contained in, another, the answer to this question consists in stating the quo- 
tient which arises from dividing one of these numbers by the other. This quo- 
tient is called the Geometrical Ratio of the twonumbers. The term Ratio, when 
used without any qualification, is always understood to signify a geometrical 
ratio, and we shall, at present, confine our attention to ratios of this descrip- 
tion. 

119. By the ratio of two numbers, then, we mean the quotient which arises from 
dividing one of these numbers by the other. Thus the ratio of 12 to 4 is repre- 
sented by 3 or 3, the ratio of 5 to 2 is 2 or 2.5, the ratio of 1 to 3 is _ or 
-333... We here perceive that the value of a ratio cannot always be expressed: 
exactly, but that, by taking a sufficient number of terms of the decimal, we can 
approach as nearly as we please to the true value. It may happen that one or 
both terms of the ratio can only be expressed in decimal fractions which do not 
terminate ; thus, in the ratio of | to 1/2, and in the ratio of 1/3 to </ 7, the 
quantities 1/2, 1/3, 1/7 can only be expressed in decimals which do not ter- 
minate, and therefore the values of the above ratios cannot be exactly expressed, 
although we can approach to them as nearly as we please. 

120. Ifa, 6, designate two numbers, the ratio of a to b is the quotient arising from — 


dividing a by 8, and will be represented by writing them a: 3, or, ~ 


121. A ratio being thus expressed, the first term, or a, is called the antecedent / 
of the ratio, the last term, or 4, is called the consequent of the ratio. 

122. It appears, therefore, that, in arithmetic and algebra, the theory of ratios © 
becomes identified with the theory of fractions, and a ratio may be defined as a 
fraction whose numerator is the antecedent, and whose denominator is the con- 
sequent of the ratio. 

123. When the antecedent of a ratio is greater than the consequent, the ratio 
is called a ratio of greater inequality ; when the antecedent is less than the con-_ 
sequent it is called a@ ratio of less inequality; and when the antecedent and ? 


consequent are equal it is called a ratio of equality. Thus, 2 is a ratio of 


2. : ; Pe as ‘ ‘ ; 
greater inequality, jaa, 184 ratio of less inequality, 3 oF 1 is a ratio of equali- 


ty. It is manifest that a ratio of equality may always be represented by 
unity. 

124, When the antecedents of two or more ratios are multiplied together to form 
a new antecedent, and their consequents multiplied together to form a new 
consequent, the several ratios are said to be compounded, and the resulting ratio 


EE 


is called the swm of the compounding ratios. Thus, the ratio + is compounded 


: raid / ry 
with the ratio = by multiplying the antecedents a, ¢, for a new antecedent, 


and the consequents }, d, for a new consequent, and the resulting ratio pri 


is called the sum of the ratios ay and £ 


b d- q 
t d 


; att mp r : 
In like manner, the ratios of ae: otha tame compounded by multiplying — 


> 


all the antecedents together for a ‘new antecedent, and all the consequents for 


i 


re tt ia 


Ny 
i 
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Sam wy rte, 
a new consequent, and the resulting ratio > is wy called the sum of the 


m r ¢ 
_ ratios — eat el Peet 
ea ¢ Sue 


125. When a ratio is compounded with itself the resulting ratio is called the 


_ duplicate ratio, or, double ratio of the primitive. Thus, if we compound the ratio= 


with the resulting ratio — es called the duplicate ratio of + 


; b® 
Similarly, s is called the triplicate ratio or triple ratio of - 


And generally, _ is called the sum of the ratio ; added n times to- 


gether. 


According to the same principle, the ratio = is called the subduplicate 
6b 


ae 


 aeio, or, halt ratio of = * ; for the duplicate ratio of a is 
bie 


So also the ratio - is called the subtriplicate ratio, or, one-third of the ra- 


wal: 


x f L 1 
3 3 3 3 
: a Ga a a a a 
tio, of 7. For the triple of | is —= X 4X T= 7 
Bene, Guan ioe, Dy 
7 
; oa CAP 
And in general, —; is called one n" of the ratio 3 for times the ratio 
5” 
L L L L 
a. a” a” : a 
—=is =X =X —X.-- tonterms = is 
p2 B® poe A 8 
3 


SE p q a Por 
Nore. The ratio *~ is called the sesquiplicate ratio of 7% for it is com- 


3 


b a 
; i 3 
. 2 a a” 
pounded of the simple and subduplicate ratio; thus, — X 7 = —- 
je Aree « 


| 126. If the terms of a ratio be both multiplied, or both divided, by the same 
quantity, the value of the ratio remains unchanged. 


‘ . ° a ‘ 
The ratio of a to b is represented by the fraction $? and since the value of a 


fraction is not changed, if we multiply, or divide, both numerator and denomi- 
nator by the same quantity, the truth of the proposition is evident. Thus, 


a 
n Ge th 

— — —. or, a:b = ma:imb = — :— 
Gees! nn 
n 
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127. Ratios are compured with each other by reducing the fractions, by which 
they are represented, to a common denominator. 
If we wish to ascertain whether the ratio of 2 to 7 is greater or less than that 


of 3 to 8, since these ratios are represented by the fractions = and =, which 


Bo 16 aera) 
are equivalent to 56 and = 


. former, it appears that the ratio of 2 to 7 is less than the ratio of 3 to 8. 
128. A ratio of greater inequality is diminished, and a ratio of a less quality 
ts increased, by adding the same quantity to both terms. 


; and since the latter of these is greater than the 


Let = represent any ratio, and let x be added to each of its terms. The twe 


ratios will then be 


a, a+n2 
56 b+-2 


which, reduced to a common denominator, become 


ab--ax, ab+bu 
b(64+ 2) b(6+4+2) 


iat 7.0 he. *, a ratio of greater inequality, then 
ab+ax =e b+ bx 
b (6+ x) b(6+2) 
and .*. + is diminished by the addition of the same quantity to each of its 


terms, 
aces a <n : ; 
Again ifa <b, i.e. J 2 xatio of less inequality, then 


ab+tax yp Abed 
b(b+ 2) 6 (6+ x)’ 


and .*, + is increased by the addition of the same quantity to each of its 


terms. 

129. If there be any number of ratios in which the consequent of the first ratio 
is the antecedent of the second, and the consequent of the second the antecedent of 
the third, and so on, the sum of any number of said ratios is the ratio of the 
Jirst antecedent to the last consequent. 


Let the proposed ratios be 


ee a Na Ala 
“h? C? a’ ae a 
Then by (Art. 124.) their sum is 
a b c d e 
hake) iste | dye ia aca 
Or, 
TLS CLE), Milian baie 
bed ef ine 
: a 
1. @. t 


130, Proportion consists in the equality of ratios. 
‘Tus, if a, b, e, d be four quantities, such that @ when divided by 3 gives the 


oti 
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“same quotient as c when divided by d, then a, 6, ¢, d, are said to be propor- 


; 20 . 
_tionals ; the numbers 20, 5, 36, 9 are proportionals, for = sre aoe a UNG mes 4 


131, When four quantities are proportionals, it is seit ean by aoe 
that the first is to the second as the third is to the fourth. Thus, if a, b,c, d 
are proportionals, we say that a is to } asc is tod, and this is expressed by 
writing them 


Or as fractions, 


The former notation is usually employed in geometry, the latter in analytical 
investigations. 


132, The expression a:6::¢: dor — - oe =~ is called a proportion, and a, b, c, d 


are severally called the terms of the proportion. The first and last are called 
the extreme terms, the second and third the mean terms. The first term is 
called the first antecedent, the second term the first consequent, the third term 
_the second antecedent, and the fourth term the second consequent. 


133. When the second and third terms of a proportion are identical, the quan- 
tity which forms these terms is called a mean proportional to the other two; thus, 


if we have three quantities a, b, c, such, that. 


a:6::6%3:c or = a 


then 6 is said to be a mean proportional to a and ¢, and ¢ is called a third pro- 
portional to a and 0. 

Tf, in a series of proportional magnitudes, each consequent be identical with 
the next antecedent, these quantities are said to be in continued proportion; thus, 
if we have a series of quantities, a, 5, c, d, e, f; g, h, such‘that 


Bere. C20 t:d:e::é: fi: figi:gs:h 

Or, 
a b 
eS 


C d 
SOs tee 
then the quantities a, b, c, d, e, f, g, h, are in continued proportion. 

The following are the most important propositions connected with the subject 
of proportion. 
I. If four quantities be proportionals, the product of the extreme terms will be 
equal to the product of the mean terms. - 
Let, 
G30-Lt G 
Or, 
c 
d 


a pa 
a= 


Multiplying these equals by 4 d the expression becomes 


Zu de 
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Il. Conversely, If the product of any two quantities be equal to the product 
of any other two, these four quantities will constitute a proportion, the terms of 
one of the products being the means, and the terms of the other the extremes. 


Let, 
ad=be 


Dividing these equals by 6 d the expression becomes 
ia 

b 

1e@ a:6::¢:d, or, c:d::4a:b 


In the first, a and d are the extremes, and 6 and c the means, in the second 
b and ¢ are the extremes, and a and d the means. 

Ill. If three quantities be in continued proportion, the product of the extreme 
terms is equal to ihe square of the mean. 

This follows immediately from the last proposition, for let a, 6, c, be three” 
quantities in continued proportion, then 


a b 
a3 aa-b Se wor i oltre. 


“ac = b X D by last prop. 
mmc 5) 


IV. Conversely, If the product of any two quantities be equal to the square 
of a third, the last quantity will be a mean proportional to the other two. 
Thus, if a c = 6® 6 is a mean proportional to a and c, for since 


foo 
dividing these equals by 8 c 
; = or as 0.270 Ee 


V. Quantities which have the same ratio to the same quantity are equal to” 
one another, and those to which the same quantity has the same ratio are equal 
to one another. 

First, let a and 0 have the same ratio to the same quantity c, then a = b, 


Since, 


Or, 


Multiply these equals by c .. a = 3 
Again, let ¢ have the same ratio to each of the quantities a and 6, then a = 3, 


Since, 
Ccias:e@: 6 
Or, 
CG Gs 
eae a. 


bit 
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Dividing these equals by c 
1 
+ 
b 


e &1- 


VI. Ratios that are the same to the same ratio are the same to one another. 


Let, 
Seon: 324 
And, ; (Then, a:b rierd 
Grass 2 5 ¥ 
Since, 
Saad exe: eae 
eee ee 
And, 
i 
oO ,r> = — 
é J a y 
We iiave, 
z a c 
Pao a 
-F = Soa:birerd 


VII. sf four quantities be proportionals, they will be proportional: aiso 
alternando, that is, the first will have the same ratio to the third that the second 


has to the fourth. 
mena: & :: c :** then also, @:¢::6 dad 


Since += he - , divide each of these equals by c and multiply each by 8. 


Then — = ss Ete... @ <.C Se @ 

c d 
Vill. Lf four quantities be proportionals, they will be proportionals also 
invertendo, that is, the second will have to the first the same ratio that the 


fourth has to the third. 
| 
Let a: 6::c:d, thenalsobD: a::d:e 


Since ; = This unity by each of these equals. We have 


IX. Uf four quantities be proportionals, they will be proportionals also com- 
ponendo, that is, the first together with the second, will have to the second the 


‘same ratio that the third together with the fourth has to the fourth. 
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:6::c:d, thenalso, a+6:b::¢e+d:d 


= , add 1 to each of these equals, then 





= beieath:ai:ep ded 


X. If four quantities be proportionals, they will be proportionals also divi- 
dendo, that is, the difference of the first and second will have to the second the 
same ratio that the difference of the third and fourth has to the fourth. 








Let a : 6 :: c: d, then also, a — 53h see eee 
Since b= - , Subtract unity from each of these equals, then 
a A 
1 tf ame Bi cor 1 
Or, 
(a fie abi bire— did 


XI. If four quantities be proportionals, they will be proportionals also con- 
vertendo, that is, the jirst will have to the difference of the Jirst and second the 
same ratio that the third has to the difference of the third and fourth. 


Let a: 6:: ¢:d, thenalso, asa —16 3: pee 
Se a c b d p 

Since B= z then by prop. VUI. 1 = and hence subtracting these 
equal quantities from unity, 











Beet. eee 
a Cc 
Or, 
Avec Crd 
Te eer 
Or, 
Pay ear 1. ¢@. a: a — } See 


XII. If four quantities be proportionals, the sum of the first and second | 
will have to their difference the same ratio that the sum of the third and fourth 


has to their difference. | 
~ onal 
Let a: 6 :: ¢: d, then also, a 4-6: a@ —bi::c+d:e—d : 


: a Cc 
Since = = —> we have 
b d 


By Prop. IX. setae = Cte 
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And, 
a—b c—d 
By Prop. X. hat. oo 
Dividing these equals by each other, 
a+b c+d 
b eee ad 
a—b~ c—d 
6 d ° 
Or, 
a+b c+d 








als Od ie a+b6:a—b::e+d:c—d 


XIII. If there be any number of quantities more than two, and as many others, 
which, taken two and two in order, are proportionals, (ex wquali,) the first 
will have to the last of the first rank the same ratio that the Jirst of the second 
rank has to the last. 


Let 

a, b, c,d... . be any numbers of quantities 
And 

€é, f; 9, hk... . as many others 
Let 


Soff 
ware Then also, a: d:.eshkh 
sig tun 


For since 


ale alo os 
| 
SIS STS 


Multiplying the first column together, and also the second, 


abe St 
bed ~— fgh 
or, 
> = - le a@a:d::e:h 


XIV. If there be any number of quantities more than two, and as many others, 


which, taken two and two in a cross order, are proportionals, (ex quali per- 


turbata,) the first will have to the last of the first rank the same ratio that the 


First of the second rank has to the last. 


Let 
a, b,c, d.. .. be any number of quantities, 


And, 
é,f,9,h.... as many ers 
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Let 
a 0s On 
brengioh Then also, a: d::esh 
cha Sat Be Ma 
For since 
a. 
6 ae 
. 5 oer 
ovine g, 
c Ba 
PP —< 7 
abe _ gfe 
bcd ~ hof 
or 
+ — < ie a:diezh 


XV. If four qxantities be proportionals, any powers or roots of these quan- 
tities will also be proportionals. 


Let 
a:b::c:;d, then also, a": 5" :: 6": d® 
Since 
a Cc co a\2 ‘¢6\2 
F = 7 iaising each of these equals tc the power of n, (+) = (5) 
or, 
= FF Le a5: 6223 02+. a™ 


Where n may be either integral or fractional. 


XVI. If there be any number of proportional quantities, the first will have 
to the second the same ratio that the sum of all the antecedents has to the sum of 


all the consequents. 
Let 


a, 6, c, d, e, f; 9, h, be any number of proportional quantities, such that 


Bis Ossie winizse.® fee ga 


Then, 
a:b::a-cp-etg:b+d+fth 
Since, 
STE Se coe ee eh eee 
Deh STR Se teak pee Se aa 
We have, 
Pas 6b a 
a de eat Bie 
aj) es 
Chives vog 
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and .. a(b+d+ fh) = b(a+e+et+g) 
a _ atetety 

6b —~ b+dt+fHh 
a:b::atetetg:b+-dt+fHh 











XVII. Jf three quantities be in continued proportion, the first will have to the 
third the duplicate ratio of that which it has to the second. 


Let a:0::05:c, then; aitc::a*:d* 


Since 
a b , a 
F= o> multiply each of these equals by F then, 
a aonb a Gh’ as; ime eee 
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_ XVIII. If four quantities be in continued proportion, the first will have to 
the fourth the triplicate ratio of that which it has to the second. 
Let a, 6, c, d, be four quantities in continued proportion, sc that, 


a:b::6:c::c:d, then also, a:d:iu?.b? 


Since, 

a b c 
7=7= Fw have, 
a #6 
1 Mee lirs 
HAS Fed 
ee 
te 
ce 

Maltiplying these equals together, 
a% __—s becca 
bie ead b 

or, é 

_ cs Sieatd::as:h 


n2 


ON EQUATIONS. 


PRELIMINARY REMARKS. 


134. AN equation, in the most general acceptation of the term, signifies two alge- 
braic expressions which are equal to each other, and are connected by the sign =. 

Thus, ax =b,cxu?+-de=e,cxui'+ge2*=heth, met+nzi+px? 
+que+r=o, are equations. 

The two quantities separated by the sign = are called the members of the 
equation, the quantity to the left of the sign = is called the jirst member, the 
quantity to the right the second member. The quantities separated by the signs 
++ and — are called the ¢evms of the equation. 

135, Equations are usually composed of certain quantities which are known and 
given, and others which are unknown. The known quantities are in general 
represented either by numbers, or by the first letters in the alphabet, a, 0, c, &c. ; 
the unknown quantities by the last letters, s, ¢, 7, y, z, &e. 

1386. Equations are of different kinds. 

i°, An equation may be such, that one of the members is a repetition of the 
other, as, 2%27—5 = 27— 5. 

2°. One member may be merely the result of certain operations indicated in 
the other member, as, 52 + 16 = 10a—5—(52—2l), (x+y) (a@—y) 
A oe ee : 

pa Sot poy ty’ 

3°. All the quantities in each member may be known and given, as, 
25 = 10+ 15, a+b =c—d, in which, if we substitute for a, b, c, d, the 
known quantities which they represent, the equality subsisting between the two 
members will be self-evident. 

In each of the above cases the equation is called an identical equation. 

4°, Finally, the equation may contain both known and unknown quantities, 
and be such, that the equality subsisting between the two members cannot be 
made manifest, until we substitute for the unknown quantity or quantities cer- 
tain other numbers, the value of which depends upon the known numbers which 
enter into the equation. The discovery of these unknown numbers constitutes 
what is called the solution of the equation. 

The word equation, when used without any qualification, is always understood 
to signify an equation of this last species; and these alone are the objects of 
our present investigations. 

«+4 = 7 is an equation properly so called, for it contains an unknown 
quantity x, combined with other quantities which are known and given, and the 
equality subsisting between the two members of the equation cannot be made 
manifest, until we find a value for 2, such, that when added to 4, the result will 
be equal to 7. This condition will be satisfied, if we make «= 3, and this 
value of « being determined, the equation is solved. 

The value of the unknown quantity thus discovered is called the root of the 
equation. 





= 2? — y?, 





he 
+= 
i f 
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137. Equations are divided into degrees according to the highest power of the 
anknown quantity which they contain. Those which involve the simple power 
only of the unknown quantity, are called simple equations, or equations of the 
first degree ; those into which the square of the unknown quantity enters, are 
called quadratic equations, or, equations of the second degree; so we have cubic 
equations, or, equations of the third degree ; biquadratic equations, or, equations 


of the fourth degree; equations of the fifth, sixth,....... n” degree. Thus, 
ax+b=cx+d is a simple equation. 
4¢*-22=>5—vzx? is a quadratic equation. 
2° + px*—=2¢ is a cubic equation. 


a> + px) -+ ga—?-+, &c, = 7, is an equation of the n‘* degree. 


138. Numerical equations are those which contain particular numbers only, in 
addition to the unknown quantity. Thus, z* + 52?= 32+ 17, is a nume- 
rical equation. 

139, Literal equations are those in which the known quantities are represented 
by letters only, or by both letters and numbers. Thus, 2? +- p #2 ++ Jilin 9", 
t*—3prxi+5hqu? +7 x= 5are literal equations. 

140. Let us now pass on to consider the solution of equations, it being under- 
stood, that, to solve an equation, is to find the value of the unknown quantity, or 
‘o find a number which, when substituted for the unknown quantity in the equa 
ton, renders the first member identical with the second. 

_ The difficulty of solving equations depends upon the degree of the equations, 
ind the number of unknown quantities. We first consider the most simple 
vase. 


ON THE SOLUTION OF SIMPLE EQUATIONS CONTAINING ONE UNKNOWN QUANTITY. 


141. The various operations which we perform upon equations, in order to 
wrive at the value of the unknown quantities, are founded upon the following 
winciples :— 

Lf to two equal quantities, the same quantity be added, the sums will be equal, 

Tf from two equal quantities, the same quantity be subtracted, the remainders 
vill be equal. 

Tf two equal quantities be multiplied by the same quantity, the products will 
e equal. 

Tf two equal quantities be divided by the same quantity, the quotients will be 
qual, ~ 
_ These principles, when applied to the two equal quantities which constitute the 
wo members of every equation, will enable us to deduce from them new equa~ 
ons, which are all satisfied by the same value of the unknown quantity, and 
which will lead us to discover the yalue of that unknown quantity. 

142. The unknown quantity may be combined with the known quantities in 
je given equation, by the operations of addition, subtraction, multiplication, 
aad division. Wee shall consider these different cases in succession. 

} 

; 


I, Let it be required to solve the equation, 
t+a—b 
If, from the two equal quantities x ++ a and 4, we subtract the same quantity 
the remainders will be equal, and we shall have, 
Bt 6 Oo bee 


| 
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or, 
x = b—a, the value of x required. 
So also, in the equation, 


r+6 = 24 
Subtracting 6 from each of the equal quantities x +- 6 and 24, the result is, 
z = 24—6 


= 18, the value of x required. 


If. Let the equation be, 
zr—az=b 
If, to the two equal quantities «—a and 8, the same quantity a be added, th 
sums will be equal, then we have, 
G£—af-a=b-+a 
or, 
2x = b-+-a the value of & required. 
So also in the equation, 


c—6 = 24 
Adding 6 to each of these equal quantities, the result is, 
z= 24+ 6 


= 30,. the value of x required. 


It follows orn (1.) and (II.) that, 

We may transpose any term of an equation from one member to the other, b 
changing the sign of that term. 

We may change the signs of every term in each member of the equation, with 
out altering the value of the expression, This is, in fact, the same thing a 
transposing every term in each member of the equation. 

If the same quantity appear in each member of the equation affected with the 
same sign, it may be suppressed. 


ILI. Let the equation be, 


Citic & 

Dividing each of these equals by a, the result is, 
b 
t=7 the value of x required. 

So also in the equation, 

6a ae 
Dividing each of these equals by 6, the result is, e 

a = 4, the value of x required. 


From this it follows, that, | 
When one member of an equation contains the unknown quantity alons 
affected with a coefficient, and the other member contains known quantities only, 
the value of the unknown quantity is found by dividing each member of the equ 
tion by the coefficient of the unknown quantity. 


IV. Let the equation be, 
x 
— =D 
a 


Multiplying each of these equals by a, the result is, 
x = ab, the value of x required. 





a 

‘ 9 < 
: , 

; . 

; 7 > ’ 

a 

. 
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~ So also in the equation, 
x 
6 
Multiplying each of these equals by 6, the result is, 


¢ =. 144 


— 


From this it follows, that, 


When one member of the equation contains the unknown quantity alone, 
divided by a known quantity, and the other member contains known quantities 
only, the value of the unknown quantity is found by multiplying each member of 
the equation by the quantity which is the divisor of the unknown quantity. 


V. Let the equation be, 
x _ ae m 
Deca! Te 
In order to solve this equation, we must clear it of fractions; to effect this, 
reduce the fractions to equivalent ones, having a common denominator (Art. 
52), the equation becomes, 








aenx ° bdnzx bem 
2 (f= — -— 
ben ben ben 


Multiply these equal quantities by the same quantity ben, or, which is evi- 
dently the same thing, suppress the denominator 5 en in each of the fractions, 
and multiply the integral term by 5 en, the result is, 


aenzx—bcen = bdnx — bem, an equation clear of fractions. 


So also in the equation, 


2 2 3 x 

Gren <talin 

Reducing the fractions to a common denominator, 
40 x 45 12 & 


iy Ura eee a ee Ray 


Multiplying both members of the equation by 60, the result is, 
40 x — 45 = 660 -+ 122, an equation clear of fractions. 


If the denominators have common factors, we can simplify the above opera- 
tion by reducing them to their least common denominator, which is done (see 
arithmetic) by finding the least common multiple of the denominators, Thus, 

_ in the equation, 
| ee ea ie Pte 


: Lay een be Ee er ee ee 


12 3 8 6 


The least common multiple of the numbers 12, 3, 8, 6, is 24, which is there- 
fore the least common denominator of the above fractions, and the equation 
will become, 


| 10 & 32 x ie 21 52 x 
OS page) eae a PAK Hh 4 


Multiplying both members of the equation by 24, the result is, 
10x — 32% — 312 = 21 — 522, an equation clear of fractions, 


Hence, it appears that, 
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In order to clear an equation of fractions, reduce the fractions to a common 
denominator, multiply each integral term by this common denominator, and then 


suppress it. 
143. From what has been said above, we deduce the following general 


RULE FOR THE SOLUTION OF A SIMPLE EQUATION CONTAINING ONE UNKNOWN 
QUANTITY. 


1°, Clear the equation of fractions, and perform in both members all the alge- 
braic operations indicated, 

2°. Lranspose all the terms containing the unknown quantity to one member 
of the equation, and all the terms containing known quantities only to the other 
member of the equation, and reduce each member to its most simple form. 

3°. We thus obtain an equation, one member of which contains the unknown 
quantity alone, affected with a coefficient, and the other member contains known 
quantities only ; the value of the unknown quantity will be found by dividing the 
member composed of the known quantities by the coefficient of the unknown 
quantity. 

The terms containing the unknown quantity are usually collected in the jirst 
member of the equation. 











; Example 1. 
Given, 19x24 13 — 59 — 42 
Transposing, l9e¢+4e = 59 — 13 
Reducing, 23 a — 46 
Dividing by 23, £ = 2 
Example 2. 
Given x x x x 
5) a. ee 1 — ae ane 
6 4 tld 3 2 oh 
Reducing to least eis denominator 12, 
2a 4x 6x 
— 10 — nes 
12 : 3+ 12 12 bat 
Multiplying both members by 12, 
24 — 3%-+4+ 120 = 4x — 6x + 132 
Transposing, 2x¢ — 3r—42+6r= 132 — 120 
Reducing, . = 12 
Example 3. 
Given, an 3 +7 a cert + 10 
Reducing to least common denominator 20, 
oe 15 +7 Me = 4-10 


Multiplying both members by 20, 


252-415 +4- 140 “3 8x — 20 +- 200 
Transposing, 252 — 8x = 200—20—15— 140 
Reducing, 17x “= 25 
Dividing by 17, 2 o= > 
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Example 4. 
Given, Qr~-5 Yet+10 _. jg__ 122-190 
4 3 — ine: 
Reducing to common denominator, 
30%-—75  140x + 200 es 1G — 144% — 120 
RNa ET 60 a 60 


Multiplying both members by €0, 
30% — 75 -- 1402 — 200 
_Transposing, 302 — 1402 + 1442 


960 — 144% 4+ 120 
960 + 75 4+ 200 + 120 








Reducing, 34x 1355 
ica sn 1355 
Dividing by 34, 2 — a & 
Example 5. 
Given, aa oe 5 Bin 3 + 12 pra 60 __50 
Reducing to least common denominator, 
12—4¢2 4+ 10 bait = 300 
| mde. 10 Fe oan 1 tee 
Multiplying by .10, 
| 12 — 4a — 4 — 10 = 30+ 35x+ 300— 500 
Transposing, age 49-2. 35200 =< 30 + 300— 12 4- 10 — 500 
Reducing, a 4S Pe 7 P 


Changing the signs of both members, 
FS la 172 





Dividing by 43, x 4 

Example 6. 
Given, ax -+- b — ce-+4- d 
Transposing, am—cw = d—b 
Simplifying, (a—c)z a d—b 

Baa: i d—b 

Dividing by (¢—c), i oe 

Example 7. 

ay , CL a GX 
; St Sote = for Spm 
Reducing to a common denominator, 
adhz , bchx bdgu 


pan tae oy. PP ape 
fataldphyige by dh, 
adhz -+- bchu +- bdeh —s bdfhaz +- bdgu 4- bdhm 
- Transposing, ; 
adhz +- bcha — bdfha — bdgx = bdhm -— bdeh 
_ Simplifying, 
(adh 4+ bch — bdfh — bdg) « a bdhm — bdeh 





202 ALGEBRA. 


ae io bdhm — bdeh 
Dividing by coefficient of 2, x = adh + beh — bdfh — bdg 
bdh (m — e) 


adh + bch — bdfh — bdg 


Example 8. 


Given, x da: et 
Reducing to common denominator, 

cx ada 

soos ae BP Sg “te 5 =. ee 

oe 1 o ++ 3a 
Multiplying by ac, 

cx — ac — adg + 3a'be = 0 
Transposing and simplifying, 
(c —ad)zr = ac — 3a*bc 

Dividing by coefficient of z, x 2s 


144. In addition to the principles detailed in (Art. 150.) we may subjoin the 
following : 

Tf two equal quantities be raised to the same power, the results will be equal. 

If the same root of two equal quantities be extracted, the results will be equal. 

Hence, any equation may be cleared of a single radical quantity, by trans- 
posing all the other terms to the opposite side, and then raising each member to 
the power denoted by the index of the radical. If there be more than one 
radical, the operation must be repeated. Thus: 


Example 9, 
Given, , 
fsx +7 — 10 
Squaring each member of the equation, 
324 +7 = 100 
Transposing, 3a = EO. 7 
Reducing and dividing by 3, x = 31 
Example 10. 
Given, 
f4e +2 = V4e4+5 
Squaring both sides of the equation, 
404-2 = 4¢-+4 10 4r + 25 
Reducing, 7 OVAL aes 
Squaring both sides, 400x = 529 
529 
Ys 4. 400 


Example 11. 


Given, Jxt 28 a 4/7 ee 
; Jett ae 











Clearing the equation of fractions, 


a + 28\/x + 6,/x + 168 


Transposing and reducing, 16 
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x 38\/a 4 4/2 + 152 
8, /x 





Dividing both members by 8, 
Squaring both members, 


2 
4 


VA 


Example 12. 





Given, ‘ 
Ware = "Ve + dax + 
Raising both members to the power of m, 
; a+ ox = V2+ dax+ 0 
Squaring both members, 
e2+20r+e = xv? + baz + B 
Transposing and reducing, — sax ~ eR & 
Changing the signs, san =-—s HF — OP 
vtdine by 3 : ahs ed 
ividing by 3a, £ r= a 

Ex. 13. Given 42+ 36 = 52+ 34 

Ans, £ =-2 
Ex. 14, Given 42 —12-+- 38a-+i = 2e+4 

Ans. = 3 
Ex, 15. Given 3a + 2—6b4+2 = 7h—a+ct+6 


Ex. 16. 
DS ee by 
fey 18. Given —- ~ 

x, 18. Given 3 -+- 3 
Ex, 19. 


Given 21 +- is 


Ex. 20. 


5t —s | 


Ex. 2]. Given 23 + 77 


Given 133 — > — 


Given 121 +- 37 — 6 — 


of = LE 


: bx 
Given — — — = 
a 


Ans, « = 12) —4a+c¢+4 


24 — 8} 

Ans: 7°79 
Tx 32 
ce = pasate! 
3 4 £ 


Aus, « = 1393 








x 
a ” 
r ae 

Ans. ¢°—) 12 
—_ be—s5 Oflo—c7e 
ee 8 + 2 

An, t= 9 
a 
b d £ 

a 

Ans. Ss oy 
Sia 2 1 i ene 13“—lo Sr—2 
reer ese 1 2 im 5:74, a 


Ans. &= 9 
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5 One See ew 9450 M217 
Ex. 22. Given 4a +- (a i one Y fee, pn es ee 
Ans. = 15 
gv 
Ex, 23. Given > eas 0D» wes ane 
__ @e(c—d) 
Ans, + = (a+ b*)d 
: a+ 32 Re = ee a ee Bx 
Ex. 24. Gtyen ee +347 =e opting 
39ab — 14a? 
ANS. 157 one 


bx (3bc--ad)x Sab (3bc—ad)a — 5a(2b—a) 


Ex. 25. Given Dh ae Qab(ab) ——- ereut — 2ab(a—b) ~~ aa Tad | at 
_ 5a(2b—a) 
Ans, <a 
Ex. 26. Given /1024+3 = 7 
ene 
ns. & = To 


Ex, 27. Given a — 32 = 16 — Vz 
Ans. @ = &] 





5a—9 /5a—3 
&x. 28. Given — — oS eee 
iz V5xL+3 2 


Ans,1a = 6 
Ex, 29. Given h /ax—b an kVcx++da—f 


oles 5 he eae 
Ans. £ = ah®*—(c+d) k* 


Ex. 30. Given Cte tVva—s — /m 











Jfap-uez—Va—tz 
2aV/m 
Ans. 2 = ene 
a* +c 
Ex. 31. Given Va? +e +c= ay a+9) 
l 
_ > = — 9 
An... di/a*+e 
Ex, 32 Ee oe 
x. a = 





Ans = ht 9) (ey 


2mnpr 


af 
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ON THE SOLUTION OF SIMPLE EQUATIONS, CONTAINING TWO OR MORE UNKNOWN 
QUANTITIES. 


145. A single equation, containing two unknown quantities, admits of an infinite 
number of solutions; for if we assign any arbitrary value to one of the unknown 
quantities, the equation will determine the corresponding value of the other 
unknown quantity. Thus, in the equation y = x +4- 10, each value which we 
may assign to x will, when augmented by 10, furnish a corresponding value of 
y. An equation of this nature is called an indeterminate equation, and since the 
value of y depends upon that of x, y is said to be a function of x. 

In general, every quantity, whose value depends upon one or more quantities, is 
said to be a FUNCTION of these quantities. 

Thus, in the equation y = ax -+, we say that y is a function of 2, and 
that y is expressed in terms of x, and the known quantities a, 0. 

If, however, we have two equations between two unknown quantities, and if 
these equations hold good together, then it will be seen that we can combine 
them in such a manner as to obtain determinate values for each of the un- 
known quantities. 

In general, in order that questions of this nature may admit of determinate 
solutions, we must have as many separate equations as there are unknown quan- 
tities ; a groupe of equations of this nature is called a system of simultaneous 
equations. 

146. In order to solve asystem of two sinple equations containing two unknown 
quantities, we must endeavour to deduce from them a single equation, contain- 
ing only one unknown quantity; we must therefore make one of the unknown 
quantities disappear, or, as it is termed, we must eliminate it. The equation 
thus obtained, containing one unknown quantity only, will give the value of 
the unknown quantity which it involves, and substituting the value of this 
unknown quantity in either of the equations containing the two unknown 
quantities, we shall arrive at the value of the other unknown quantity. 

The process which most naturally suggests itself for the elimination of one of 
the unknewn quantities, is to derive from one of the two equations an expres- 
sion for that unknown quantity in terms of the other unknown quantity, and 
then substitute this expression in the other equation. We shall see that the 
elimination may be effected by different methods, which are more or less simple 
according to the nature of the question proposed. 


Example 1. 
Let it be proposed to solve the system of equations, 


OS as 
Pe ES EE 9 ne Ey OO Ee OF An (2) 


147. First Mernop.—From equation (1) we find the value of y in terms of a, 
which gives y = x + 6; substituting the expression « + 6 for y in equation 
(2) it becomes x + 6 + x = 12, irom which we find the determinate value 
% = 3; since we have already seen that y = a& -}- 6, we find also the determi- 
nate value y = 3 + 6 or 9. 
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Thus it appears, that although each of the above equations, considered sepa- 
rately, admits of an infinite number of solutions, yet the system of equations 
admit only one common solution, x = 3, y = 9. 


148, Seconp Meruop.—Derive from each equation an expression for y in 
terms of x, we shall then have 


x + 6 
12 — @& 


wf 
2 


These two values of y must be equal to one another, and, by comparing them, 
we shall obtain an equation involving only one unknown quantity, viz. 


c+6 = 12—¢e 
Whence, 
“mages 5] 


Substituting the value of x in the expression y = x + 6, we findy = 9. 

The substitution of 3, the value of x, in the second expression, y = 12 — a, 
leads necessarily to the same value of y, for we derived the value of x from the 
equation x + 6 = 12 — xz. 


149, Tuirp Mernopv.—Since the coefficients of y are equal in the two equa- 
tions, it is manifest that we may eliminate y by subtracting the two equations 
from each other, which gives 


Y+2)—y—2) =k_6 
Whence, 


ify ae 3} 


Having thus obtained the value of x, we may deduce that of y by making 
x = 3 in either of the proposed equations; we can however determine the 
value of y directly, by observing, that, since the coefficients of x in the proposed 
equations are equal and have opposite signs, we may eliminate x by adding 
the two equations together, which give 


(y—z) + (y+ 2) = 12 + 6 
Whence 
Wy ames te 


If we examine the three above methods, we shall perceive that they consist 
in expressing that the unknown quantities have the same values in both equations. 

These methods have derived their names from the processes employed to 
eitect the elimination of the unknown quantities. 


The first is called the method of elimination by substitution. 
The second .. = ie comparison, 
The third... me oe addition und subtraction. 
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Example 2. 


Take the equations 


22+3y=—13 -------- bat 
Se Ay = 


ls. Eliminating by substitution. 


From equation (1) we find 
13 — 204 


Substituting the value of y in terms of x in equation (2) it becomes 


13 — 2a 
5a@+ 4X — Zz = 


an equation containing x alone, which, when solved, gives 
ta 2 


This value of x, substituted in either of the equations (1) or (2), gives 





Lome A 
2°. Eliminating by comparison. 
From equation (1) y = ea 
“From equation (2) y = = ak 
—2 22—5, ; -s 
Equating these values of y, == vie aos an equation containing x only. 
Whence, 
ra a 4 


Substituting this value for x in either of the preceding expressions for y we find 


ae 


3°. Eliminating by subtraction. 


In order to eliminate y, we perceive that if we could deduce from the pra- 
posed equations two other equations in x and y, in which the coefficients of y 
should be equal, the elimination of y would be effected by subtracting ‘one of 
these new equations from the other. 

Tt is easily seen that we shall obtain two equations of the form required, if we 
multiply all the terms of each equation by the coefficient of y in the other. 
/ Multiplying, therefore, all the terms of equation (1) by 4, and all the terms of 
_ equation (2) by 3, they become 


8x4+12y = 52 
lsz+12y = 66 
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Subtracting the former of these equations from the latter, we find 


7 eels 
Whence, 
Ph Ne 8 
In like manner, in order to eliminate x, multiply the first of the proposed 
equations by 5, and the second by 2, they will then become 
l0x+4+lby = 65 


l2z+ 8y = 44, 
Subtracting the latter of these two equations from the former, 
ly =i 
Whence, 
0) sj eee 


In order to solve a system of three simple equations between three unknown quan- 
tities, we must first eliminate one of the unknown quantities by one of the me- 
thods explained above; this will lead to a system of two equations, containing 
only two unknown quantities ; the value of these two unknown quantities may be 
found by any of the methods described in the last article, and substituting the 
value of these two unknown quantities in any one of the original equations, we 
shall arrive at an equation which will determine the value of the third un- 
known quantity. 


Example 3. 
Take the system of equations, 
3a-+-2y4- 2 sae lbas ae soe eee 
Qa Qyp-Qz = UB.cccecsvsscecee (2) 
2e-+-2ys 2 = Ase ee (3) 


1°. Eliminating by substitution. 
From equation (1) we find 


2 =. 91639429 s.. oe (4) 
Substituting this value of z in equation (2) and (3), they become 
Q44+-2y¥4+2(16—32e—2y) = ee 
Qa+-2y- (16—3xa—L2y) = 14...(6) 


these two last equations contain x and y only, and if treated according to any of 
the above methods, will give us 
2 VSSay, Yona 
Substituting these values of « and y in any one of the equations (1), (2), (3), 
(4), we find 


e hone 


2°, Eliminating by comparison. 
In order to eliminate z derive from each of the three proposed equations a 
value of z in terms of 2 and y, we then have 


z= 146—34—2y 
z= 9— 4£— y 
z= 14—27—2y; 


equating the first of these values of z with the second and with the third in sue- 

cession, we arrive at a system of two equations : : 
16—3¢5—-2y. = 19.6) oe 
16—3¢-—-2y = We 





7 
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containing x and y only ; these equations give 
Brite e tay pet a 
these values of « and y, when substituted in any of the three expressions for z, 
give 
De res, 


3°. Eliminating by subtraction. 
In order to eliminate z between equations (1) and (2), 
3x+-2y¥+- 2 = 16 
22z4+-2y+22 = 18; 
we perceive that in order to reduce these equations to two others in which 
the coefficients of z shall be the same, it will be sufficient to divide the two mem- 
bers of the second equation by (2), for we thus have 


t-yte = 9. 

Subtracting this roth the first equation, 

3x+2y+2z = 16, 

we find an equation between two unknown quantities, 
ers yoke) TP isc. eRe bye iw. (ce). 

In order to eliminate z between equations (1) and (3), 

3a+2y+2z = 16 

22-4+-2y+-2 = 14 
Subtract the latter from the former, which gives 

Bilas Sees 


the substitution of this value of x in equation («) gives 
and the substitution of these values of x and y in any of the proposed equations 
gives 
Ee mona i 8 
The particular form of the proposed equations enables us to simplify the above 
calculation, for if we subtract equation (3) from equations (1) and (2) in succes- 
sion, we have 
(8a4+2y+2)—(2e+2y+z) = 16—J4, whence xs = 2 
(2a 2y4+22)—(2a+2y+2z) = 18—14, whence z = 4; 
and substituting these values of « and z in any of the proposed equations we 
find 
ent 
In order to solve a system of four equations between four unknown quantities, 
we reduce this case to the last by eliminating one of the unknown quantities. 
We thus arrive at a system of three equations between three unknown quanti- 
ties, from which the value of these three unknown quantities may be found. 
Substituting these values in any one of the equations which involve the other 
unknown quantity, we deduce from it the value of that unknown quantity, 


Example 4. 


> 


Take the system of equations, 


Bp y pete = Veit. Be ope 8 (1) 
Bore ir SF ms ahi el tee es (2) 
Epy—2z24+2i= 


aT ee ie yet (See SA ee oe (4) 
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The first equation gives 





(inp gery es ee ora B) 

_ Substituting this expression for ¢ in the three other equations we find 
gf 4- y 2) =) 9), .cstee eee (6) q 
ob y's Sec (7) ) 
ety 2 =) 12). (8). 

In order to solve these three equations between a, y, z, we find from the first 
: (2) me 9 eo Yat cine (9), 
and substituting this value of z in the two other equations, they become hs 
x +y S° sOhius Si ee Eon ei) ! 
yay Bik. aps eee (11) . 
Whence Biv MBA. ss. sash ee ae (12), 
Substituting the values of # and y in equation (8), we find 
2 sa TALUS ARs one (13). 
Substituting these values of x, y, z, in any of the first five equations, we find 
$2 Ke SG; 


We can arrive at the same result, more simply, by subtracting equation (1) 
’ from the three following in succession ; we shall thus find 
Qt 14—4, 224+ 14 11, 2H Ae ees 

the first of these three new equations gives ¢ = 5; this value of ¢ substituted 
in the two other equations gives z = 4, y = 3, and substituting these values 
of y, z, t, in any one of the original equations, we find 2 = 2, : 

By following a process of reasoning analogous to the above, we shall be able — 
to resolve asystem of any number of equations of the first degree, previded there 
be as many equations as unknown quantities. 

It frequently happens that each of the proposed equations do not involve all 
the unknown quantities. In this case, a little dexterity will enable us to effect 
the elimination very quickly. 


Example 5 | 
Take the system of equations, : 
ees Hepes er 4 
At i Oi bon eS, Se ete ae (2) 4 
Ag Dig fe oA ete aes RACE 
Dt Sif ga. Oe. eee (4) 
Upon examining these equations, we perceive, that the elimination of z be- : 


tween equations (1) and (3) will give an equation in g and y, and that the 
elimination of ¢ between equations (2) and (4) will give a second equation in 
xand y. These two unknown quantities may thus be easily determined :— 





The elimination of z between (1) and (8) gives,............... 14 — 22 q 
iar ook tf — (2) and€4) gtvis,....,. 0.20.00 20y +62 = 38 | 
Multiply the first of these equations by 3, and then add them, | 
WO DAVO, Wes .oscessecccacvascecsgenctasusosonencen son abet ttt 4ly = 4) } 
BVVIROTRCR Gy oss ys papncb sels a ce cede sds asdeanieeathuhe Goh skys ets tt aman yn 
Substituting the atts of yin 7y— 22 = 1, we have,...... im : 
Substitute this value of # in (2), we have, ............0 ap haies 4t— 6 = 308 F 
Wihtencd, su. aes Selda tee dasasens.Vscueecessostsvccdeat teen ann ta 
Finally, the substitution of the value of y in (3), gives,...... 2 =e 


= 


4 
‘ee 
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We have seen in the method of elimination by subtraction, that, in order to 


_ render the coefficients of the unknown quantity the same in both equations, we 
_ must multiply each of the equations by the coefficient of the unknown quautity, 
_ which it is required to eliminate, in the other. If the coefficients of the un- 


/ 


° 


known quantity have a common factor, this operation may be simplified; thus, 


Example 6. 
Take the system of equations, 


12¢4-32y = 
Saf Qh y = WA. cess (2) 


In order to render the coefficients of y equal, observe, that 32 and ¢4 have a 
common factor 8; it will suffice then to multiply equation (1) by 3, and equa- 
tion (2) by 4, they then become, 

36.2 -+ 96 y = 1020 
322 -+-+- 96y = 1016 
Subtracting the latter from the former, 
4 2 4 
x 1 


Hl dl 


Again, in order to eliminate 2, since 12 and 8 have a common factor 4, it 
will suffice to multiply equation (1) by 2, and equation (2) by 3; we then 
have, 

242 -+ 64y = 680 
242-+4+-72y = 762 


Subtracting the former of these two equations from the latter, we have, 


SY aoe 

yi 102 
SS Bs Sa 7 ls A AE ee 
“De SO aes Sea (2) 


Ansett 3) Y tk 


Ex. 8. Given, 8 — 21 y 








6x435y RP Purereccate, ores 2) 
1 Ef iY BS ems 
: 24 y dy, 1 
Ex. 9. Given, i 4 +4 m7 is = 8 — “ie + i2 ALrhtys Sep EE 1 
y x 1 
oo 1.2 cee ae ete O oe » ee (2) 
ANS Ces= 2.6 y sz .7 
J f 32 5 ' + 
Ex. 10. Given, s — = cf y +t = 5y+ ett eames 
22—6y 5e—7 e+1 8y4+5 | 
apr § CSCS 6 TTB ttteeeeees (2) 
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Ex. 11, Given, ax+ by = amare 


Sfie+gy fe jctcege age tise eee (2) 
ine 2 op) ee 
Ex. 12, Given, bc x = c ¥ —2 Bies.sccssescsee (1) 
b?y + Wes o = oO cht (2) 


a a+2b 


Ans, t= Fy y= 


c 
Ex. 13. Given, 5 @ — 6 y 4+ 4 z == 15:.......ccsesscosssevece (1) 
(e+4y——3 2 = 10:50) eee ot 
Sa-+° 9+ 6% — 46.2.0... (3) 
ANS. == 3, y = 4 eee 
A 1 ] } 
Ex. 14. Given, > TENG Ts, (Ml. dais ds ooh vole hs 
l u 
pats pire I PT At es Rye 
eal | 
is, Seale ae Giceelkceelsis)serelsatealnea (e's (3) j 
A Q g 2 
ne t= ob — 64 > Gabe 
Ex. 15. Given, = + 2 4 27% = 5B.ccceen eee qa) | 
5 7 
OL y z 
wh er 7 eae a=" (Gi. ..cccee 3 eee (2) | 
x 3z u | 
"} Br eel 5 = 1Qicssecdsecevaswaaeee (3) 
Y +. 2 4-- u = 2482... ce eee (4) 
Ans. & = 12, y = 30, 2 = 168 ge 
Ex. 16, Given, 77 — 22+- 3u =. 17...1::csnsceeeeeeeeee (1) ) 
by 22g Ra. (2) | 
by — 32 — 2u = " Birsecesecocue eee (3) Pe 
4y— 3u4-2¢ = (-9..5.eeeee | 
Sz 8. = 33...0.mcsrcneeeeee (5) 


An. 2-2, 97> 4, 2>3, 80> 


ON THE SOLUTION OF PROBLEMS WHICH PRODUCE SIMPLE EQUATIONS. 


150. Every problem which can be solved by Algebra, includes in its enunciation 
a certain number of conditions, by which we are enabled to detect the relations 
which the unknown quantities bear to the known quantities upon which they 
depend, These relations can always be expressed by equations, in which the 
known and unknown quantities are combined with each other, in a manner 
more or less compiicated, according to the degree of difficulty in the question. 
proposed. 
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It is impossible to give a general rule, which will enable us to translate 
_every problem into algebraic language, this is a faculty which can be acquired 
-by reflection and practice alone; we shall give a few examples, which will 
serve to initiate the student, aa the rest must be-left to his own in- 
genuity. 


Problem 1. 


To find two numbers, such, that their sum shall be 40, and their difference 


16. 


Let x denote the least of the two numbers required, 
Then will « + 16 = the greater, 
And x + “4+ 16 = 40 by the question, 
That is, 22 = 40 — 16 = 24 
Gre — = = 12 = less number, 


And «+ 16 = 12 + 16 = 28 = greater number required. 


Problem 2. 


What number is that, whose 4 part exceeds its } part by 16? 


Let x = number required, 
Then will its 4 part be }1, and its } part 37; 
And therefore 42 — ix := 16 by the question, 
That is, « — 3% = 48, or 4c — 3x = 192; 
Hence x = 192, the number required. 


Problem 3. 


Divide £1000 among A, B, and ¢, so that a shall have £72 more than p, and 
c £100 more than a. 


Let « = B’s share of the given sum, 
Then will «++ 72 = a’s share, 
And x -+- 172 = o’s share, 
And the sum of all their shares x -++- x 4+- 72+ 2 4+ 172, 
Or 3x ++ 244 = 1000 by the question, 
Thatis, 32 = 1000 — 244 = 756, 


Oe aw is = £252 = p’s share; 


Hence x x 72 = 2524- 72 = £324 = a’s share, 
And w+ 172 = 252-+- 172 = 4424 = c’s share; 
B’s share, £252 
a’s share, 324 
c’s share, 424 


Sum ofall, £1000 the proof, 
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Problem 4. 


Out of a cask of wine, which had leaked away 3, 21 gallons were drawn , 
and then, being gauged, it appeared to be half full: how much did it hold ? 


Let it be supposed to have held « gallons, | 
Then it would have leaked 4 gallons, 
Conseq. there had been taken away 21 -+ xv gallons, 
But 21 + 30 = ie by the question, 
That is, 63 +- a ar 
Or 126 + 22 = 32 
Hence 34 —2a = 126 
Or x = 126 = number of gallons required. 


lo Ul 


Problem 5. 


A hare pursued by a greyhound is 60 of her own leaps in advance of the dog. 
She makes 9 leaps during the time that the greyhound makes only 6; but 3 
leaps of the greyhound are equivalent to 7 leaps of the hare. How many leaps 
must the greyhound make before he overtakes the hare ? | 

it is manifest from the enunciation of the problem, that the space which must 
be traversed by the greyhound, is composed of the 60 leaps which the hare is 
_in advance, together with the space which the hare passes over from the time 
that the greyhound starts in pursuit until he overtakes her. 

Let x = the whole number of leaps made by the greyhound. Since the 
hare makes 9 leaps during the time that the greyhound makes 6, it follows 


that the hare will make = or + leaps during the time that the greyhound — 


3x 
makes I, and she will consequently make > leaps during the time that the 


greyhound makes x leaps. | 
We might here suppose, that in order to obtain the equation required, it — 


| 


would be sufficient to put @ equal to 60 + 33 in doing this, however, we 
should commit a manifest mistake, for the leaps of the greyheund are greater _ 
than the leaps of the hare, and we should thus be equating two heterogeneous | 
numbers ; that is to say, numbers related to adifferent unit, Inorder to remove | 
this difficulty, we must express the leaps of the hare in terms of the leaps of the 
greyhound, or the contrary. ) 
According to the conditions of the problem, 3 leaps of the greyhound are j 


equal to 7 leaps of the hare; hence, 1 leap of the greyhound is equal to a : 





Y 
leaps of the hare, and consequently xz leaps of the greyhound are equal to = 
leaps of the hare; hence we have at length the equation, 

it az 
=~ = 60 + > | 
a 2 4 
Clearing of fracticns, l4a = 360 + 9x : 
u sere 42 4 
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Hence the greyhound will make 72 leaps before he reaches the hare, and in 


that time the hare will make 72 x =. or 108 leaps, 


Problem 6. 


Find a number such, that when it is divided by 3 and by 4, and the quotients 
afierwards added, the sum is 63. 
Let 2 be the number, then, by the conditions-of the problem, we have 


z x 
ae coe er GD 
Clearing of fractions, eG 63 % 12 
we Vee 108 


If we wished to find a number such, that when divided by 5 and by 6, the 
sum of the quotients is 22, we must again translate the problem into algebraic 
language, and then solve the equation; in this case we have 


5 6 
Clearing of fractions, bigs = 22x oO 
eh eect | 


If, however, we desire te solve both these problems at once, and all others of 
the same class, which differ from the above in the numerical values only, we 
must substitute for these particular numbers, the symbols a, , ¢, ----, which 
may represent any numbers whatever, and then solve the following question. 

Find a number such, that when it is divided by a and by 6, and the quotients 
afterwards added, the sum is p. We have 


x 1 . 
a = ie ies P 
(a+ b)e = abp 
WR iabp 
55? Gab 


151. This expression is not, strictly speaking, the value of the unknown quantity 
in our problems, but it presents to our view the calculations which are requisite 
for the solution of them all. An expression of this nature is called a formula. 
This formula points out to us that the unknown quantity is obtained by multi- 
plying together the three numbers involved in the question, and then dividing 
their product abp by a+b, the sum of the two divisors; or we should rather 
say, that our formula is a concise method of enunciating the above rule. 
Algebra, then, may be considered as a language whose object is to express 
various processes of reasoning, a language which we must be able to write and 
to read. 

Such is the advantage of the above formula, that, by aid of it, the most igno- 
rant Arithmetician could solve either of the proposed problems as readily as the 


- most expert algebraist. The former, however, could only arrive at the result by 


a blind reliance on his rule; different kinds of problems, moreover, require 


216 ALGEBRA, 


different formule, and the algebraist alone possesses the secret by which they 
can be discovered. | 


Problem 7. 


A labourer engaged to serve 40 days, upon these conditions; that for every 
day he worked, he was to receive 20d., but for every day he was idle he 
was to forfeit 8d. Now at the end of the time, he was entitled to receive 
#1 11s. 8d. It is required to find how many days he worked, and how many 
he was idle ? 


Let x be the numbers of days he worked, 
Then will 40 — 2 be the number of days he was idle, 
Also x X 20 = 20x = the sum earned, 
And (40 —x) X 8 = 320—8a = sum forfeited, 
Hence 20x — (320 —8x) = 380d. = £1 11s, 8d. by the question; 
That is, 202 — 320 ++ 8x = 380, 
Or 2382 = 380 -+ 320 = 700, 
Hence «= eet = 
28 


And 40 —z = 40 — 25 = 15 = number of days he was idle. 


25 = numbers of days he worked, 


We may generalize the above problem in the following manner: 


Let n the whole number of days for which he is hired, 
the wages for each day of work, 

the forfeit for each day of idleness, 

the sum which he receives at the end of n days, 
the number of days of work, 

the number of days of idleness, 

the sum due to him for the days of work, 


the sum he forfeits for the days of idleness. 


So ore 


[Pet aL At Pa It 


Then n—2x 
ax 


b(n—x) 
We thus find for the equation of the problem, 


c 

c 

c+ bn 

c+ hn 

a+b 
c+ bn 

fe 

an + bn—c—bn 

Vinita eee 

— “=~ the number of days of idleness, — 


até 


, ax — b(n —2x) 
Whence ax — bn +- bx 
(a+ dx 


x 


Hl Ul 


the number of days of work, 








And .. n—— 2 





Problem 8. 


A can perform a piece of work in 6 days, B can perform the same work in 
8 days: in what time will they finish it if both work together ? 


Let « = the time required. 
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“2 1 
Since A can perform the whole work in 6 days, g Willdenote the quantity he 


L ; - 
can perform in 1 day, and therefore 6 the quantity he can perform in « days; 


for the same reason, = will be the quantity which B can perform in x days; 


and we shall thus have 


— EA og ila | 
6 is 8 
l42 = 48 
x <= 382 days. 


Let us generalize the above problem. 
A can perform a piece of work in a days, B in 6 days, C inc days, D ind 
days: in what time will they perform it if they all work together ? 


Let 2 = the time; 


Then, since A can perform the whole work in a days, = will denote the 


quantity he can perform in 1 day, and consequently - willbe the quantity he can 


perform in x days; for the same reason, Fo > will be the quantities which 


B, C, D, can perform respectively in « days; we thus have 


Be i x x 
os + ” +- pp + 7 = (whole work, ) é 
— aa} 
; apcsildielacit POCA 4, sy ly 
C abc +- abd +- acd +- bcd 
Problem 9, 


cA courier, who travelled at the rate of 314 miles in 5 hours, was despatched 
from a certain city; 8 hours after his debarace, another courier was sent to 
overtake him. The second courier travelled at the rate of 224 miles in 3 
hours. In what time did he overtake the first, and at what distance from the 
place of departure ? 
Let x = number of hours that the second courier travels. 
Then, since the first courier travels at the rate of 314 miles in 5 hours, that is, 


63 63 : : ‘ 

io miles in 1 hour, he will travel 7 x miles in & hours, and since he started 8 

hours before the second courier, the whole distance travelled by him will be 
63 

(8 + 2) a5 

_ Again, since the second courier travels at the rate of 224 miles in 3 hours, 


4 } ’ 45 eps 
that is, 2 miles in 1 hour, he will hence travel ae x miles in 2 hours, 
_ The couriers are supposed to be together at the end of the time x, and there- 


fore ihe distance travelled by each must be the same; hence, _ 


= >) - a2t% 
. haat : 
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45 63 
o7 = @H2) i0 
4502 = (8+ 2) 378 
12:2: oe 
2 = 42 


Hence, the second courier will overtake the first in 42 hours, and the whole 
. 45 ; 
distance travelled by each is G X 42 = 315 miles 


To generalize the above, 
A B C 

Let a courier, who travels at the rate of m miles in ¢ hours, be despatched 
from B in the direction C; and x hours after his departure, let a second cou- 
rier, who travels at the rate of m' miles in ¢ hours, be sent from A, which is 
distant d miles from B, in order to overtake the first. In what time will he 
confe up with him, and what will be the whole distance travelled by each ? 

Let x = number of hours that the second courier travels. 


Then, since the first courier travels at the rate of m-miles in ¢ hours, that is, 


Mice ; m ORs <- ’ 
7 miles in 1 heur, he will travel 7 miles in x hours, and since he started 


n hours before the second courier, the whole distance travelled by him will 


be (n+ 2) - 


Again, since the second courier travels at the rate of m’ miles in ¢ hours, that 


, 


a i eee : 
is, 7 miles in 1 hour, he will travel we miles.in 2 hours; but since he started 


from A, which is distant d miles from B, the whole distance travelled by the 
m! > : 
second courier, or 7 z will be greater than the whole distance travelled by 


the first courier, by this quantity d; hence, 


m m 
vue—d = (1 -F a) > 
m! m mn 
ya) i i ptt 


(un -+-td)\t 
Fe 
m ((mn 4+ td)? 
t Umt—met + nb 
m’ (mn+td)t 
tnt them mt 


The whole distance travelled by first courier 


The whole distance travelled by second courier — 


Problem 10. 


A father, who has three children, bequeaths his property by will in the fol- — 


lowing manner: To the eldest son he leaves asum a, together with the n” part 


of what remains; to the second he leaves a sum 24, together with the n® part 


of what remains after the portion of the eldest and 2 a have been subtracted ; 
to the third he leaves a sum 3 a, together with the x” part of what remains after 


at . 


er a 


a 
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_ the portions of the two other sons and 3 a have been subtracted. The property 
is found to be entirely disposed of by this arrangement. Required the amount 
of the property. 


Let x = the property of the father. 


If we can, by means of this quantity, find algebraic expressions for the por- 
tions of the three sons, we must subtract their sums from the whole propert¥ a, 
and putting this remainder = 0 we shall determine the equation of the problem. 

Let us endeavour to discover these three portions. 


Since x represents the whole property of the father, s—a is the remainder 
after subtracting a; hence, 





Portion of eldest son, = a+ 














r— 2a— ; 
Portion of second son, = 2a-+ 2 
nx—_3an—au+a4 
ae 1 chet chads TS lke 
| mp? 
| : Sn 2 
| _ 2an*-+-nxe—38an—ne+a 3 
em qlee Pisa ay aD eececeeesearaeeteeereer sen (2) 
" antea—a  2Zan?-+-nv—3an—r-+-a 
w—edt — n ere m2 
Portion of third son, = 3a + ‘2 
n?>“x—6an?’—2nu+4an+2—a 


* 8an?+n?4—6an*— 2nxa+4an+a4—a 
oS eae a te ee 


According to the conditions of the problem, the property is entirely disposed 
of. Hence, when the sum of the three portions is subtracted from «, the differ- 
ence must be equal to zero; this gives us the equation 





| an4+-x—a 2an*--nx—3an—r-+-a = 3an*+-n* x—6an?—2nz-+4an-+-a—a 0 
a A n® r ns ieee 
clearing the equation of fractions, and reducing, 
nea—6Gan?—3n?4+ l0an?+3n4u—S5an—e+4+a=0 
 (W—3n'+3n—l)e = Gan'—10an'-+-5an—a = 
6an®—10an*-++-5un—a _ (Gn? —10n?-+- 5n—1) a 
s SS OS OD 
ni —an*-3n—1 (n—1)8 


By reflecting upon the conditions of the problem, we may obtain an equation 
much more simple than the preceding. It is stated thai the portion of the third 
son is 3 a, together with the n“ of what remains, and that the property is thus 
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entirely disposed of; in other words, the portion of the third son is 3 a, and the 
remainder just mentioned is nothing. . 
We found the expression for that vemainder to be 


n*a—6an*—2nu+4an+2—a 
ES 


Equating this quantity to zero, we have 
‘n?e——6Can?—2na+4an+a—a 
PTT Es ce 

7 ; 

“ n®zx—6an?—2Qnta+4an+a—a = 
(n*?@—2n+1l)e@ = 6an*—4tan+a 
6an*—4an+a 

n® Qn +4 ] 

_ (6n?—4n4 lja 

7 


xv 


This result is, moreover, more simple than the former. We can easily prove 
that the two expressions are numerically identical, for applying to the two poly- _ 
nomials (6 n$— 10? + 5n— 1)a, and (n®_ 3n? 43% + 1), the process 
for finding the greatest common measure, we shall find that. these two expres- 
sions have acommon factor n— 1; dividing, therefore, both terms of the first 
result by this common factor, we arrive at the second. 

The above problem will point out to the student the importance of examining 
with great attention the enunciation of any proposed question, in order to dis- 
cover those circumstances which may tend to facilitate the solution; he will 
otherwise run the risk of arriving at results more complicated than the nature 
of the case demands. 

The above problem admits of a solution less direct, but more simple and ele- 
gant than those given above. It is founded on the observation, that after having 
subtracted 3 a from the former portions, nothing ought to remain. 

Let us represent by , 72, r3, the three remainders mentioned in the 
enunciation ; the algebraic expressions for the three portions must be, 


T) Ke . 73 
di ils es hs planes 3 Oe 


1°. By the conditions of the problem we have 7; = 9, 


Hence the third portion is 3 a. 


; ; , T2 
2°. The remainder, after the second son has received 2a + y may be re- 


2 
r —I1)7 
presented by rz — = or ae 


But this is the portion of the third son, hence we have 


(x — 1) 7 
n 


I 
| 


a V2 
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3 
Hence, the portion of the second son is 2 a + —— n= 2a treats 


_ or reducing, 
2Zan+a 


Rie 





3°. The remainder, after the eldest son has received a + =, may be repre- 


r (n—l) 7 
sented by 7, , — a or eM : 


But this remainder forms the portion of the two other sons, hence we have 


(n—1)7 _ 2an+ta 
n ce fet ap). + 3a 
: Pe 5an*—2an 
oe Ty — (ai—1)2 ° 
5an?—2an 5 an—2 4a, 


Hence, the portion of the eldest son is a -+- ——— [aaa es n=a 


or reducing 
an*+ 3an —a 


n*>—2n-+4-1 ° 





Hence, the whole property is 


ope A I a 
n?—2%-+ 1 





3a+ 


reducing the whole to a common denominator, 


3a(n2?@—2n+ 1)+ Qan+2) (n—1)f4an*+3an—a 


n?—2n-+ l, 
performing the operations indicated, and reducing 
(6n? —4n-+ l)a 
7 2Qn+1 ° 
the result obtained above. 


This solution is more complete than the former, for we obtain at the same 
time the property of the father and the expressions for the portions of his three 


, sons. 


venient to employ more than one unknown quantity. 


Problem 11. 


Required two numbers, whose sum is 70 and whose difference is 16, 
Let x and y be the two numbers; then, by the conditions of the problem, 


i i ls 
RT mete SE EEE See PE, teas tatecarcary ts (2) 


which are the two equations required for its solution. 


We shall now solve one or two problems, in which it is either necessary or con- 
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Adding the two equations, 
26) ae 
pS ees 
Subtracting the second from the first, 
2 Yai ae 
Yee 


Hence 43 and 27 are the two numbers. 


Problem 12. 

A person has two kinds of gold coin, 7 of the larger together with 12 of the 
smaller make 288 shillings; and 12 of the larger together with 7 of the smaller 
make 358 shillings. Required the value of each kind of coin. 

Let x be the value of the larger coin expressed in shillings, y that of the 
smaller, 


Then, by the conditions of the problem, 


Te + 12 y = 288.........c000 sovsei pte (1) 
And, 
12 Be 7 oy se B58. ios beaks es (2) 
Multiplying equation (1) by 7, and equation (2) by 12, and 
subtracting the former product from the latter,...............ce.eeeeee 95 x == 2280 
Git mee kd 
Substituting this value of x in equation (1), it becomes, ... 168 + i2 y = 288 
Bead ste GSU 


The larger of the two coins is worth 24 shillings, the smaller 10 shillings. 


Problem 13. 


An individual possesses a capital of £30,000, for which he receives interest — 
at a certain rate; he owes, however, £20,000, for which he pays interest at a 
certain rate. The interest he receives exceeds that which he pays by £800. 
Another individual possesses a capital of £35,000, for which he receives interest 
at the second of the above rates; he owes, however, £24,000, for which he pays 
interest at the first of the above rates. The interest which he receives exceeds 
that which he pays by £310. Required the two rates of interest ? 

Let x and y denote the two rates of interest for £100. 

In order to find the interest of £30,000 at the rate 2, we have the propuriicn, 


_ 80,000 x 


100 : 30,000 :: a: loo” = 300 x 


In like manner to find the interest of £20,000 at the rate of y 


100 : 20,000 ::°y — y 





—  20UW 


But, by the enunciation of the problem, the difference of these two sums is 
£800, hence we shall have, for the first equation, 





: 


tS 
to 
pe) 
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300 « — 200 y = 800......... ett eS, (1) 


Translating, in like manner, the second condition of the problem into alge- 


-braic language, we arrive at the second equation, 


Othe 240, Fm SQ 5.1.00) s.ccinosyeare ne Nie s if2) 


The two members of the first equation are divisible by 100, and those of the 
second by 10; they may therefore be replaced by the following 


of — 2Y = 
ened BD i. ieee li ccctweaveccescgbecstuess (4) 


In order to eliminate x, multiply equation (3) by 8, and then add equation 


(4), hence, 


ee) ie = 
BOS iso 


Substituting this value of y in equation (3), we have 


32—10= 8 
, r=. 6 


Then the first rate of interest is 6 per cent., and the second 5 per cent. 


Problem 14. 


‘An artizan has three ingots composed of different metals melted together. 
A pound of the first contains 7 oz. of silver, 3 oz. of copper, and 6 oz. of tin. 
A pound of the second contains 12 0z. of silver, 3 oz. of copper, and 1 oz. of tin. 
A pound of the third contains 4 oz. of silver, 7 0z. of copper, and 5 oz. of tin, 
How much of each of these three ingots must he take in order to form a fourth, 
each pound of which shall contain 8 oz. of silver, 32 0z. of copper, and 4% oz. 
of tin? 

Let x, y, and z be the number of ounces which he must take in each of the 


_ ingots respectively, in order to form a pound of the ingot required ? 


» Since, in the first ingot, there are 7 oz. of silver in a pound of 16 oz. it fol- 


33 ‘ q 
lows, that in 1 oz. of the ingot there are ~ oz. of silver, and consequently in x 


‘16 
To 
02, of the ingot there must be => 02. of silver. In like manner, we shall find 
12 By 4 z . . ‘ 
_ that 55> Tq represent the number of ounces of silver taken in the third and 


fourth ingots in order to form the fourth; but, by the conditions of the pro- 
blem, the fourth ingot is to contain 8 oz. of silver, we shall thus have 


a6 t+ 6 + te = Bee gh-constusuecatte Gl) 
And reasoning precisely 3 2 3 y tz 15 
BN a ton 16 eh i her ie eee 8 
the copper and tin, we 6 @ oe 
Po sa + * ie is Se tach eben 6 (3) 


which are the three equations required for the solution of the problem. 
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Clearing them of fractions they become 


(2-- Ry - 4 z= 128 ............1.0. pee (4) 
32 4- 3S-y 4-7. 2 60 ie. icc eee (5) 
62+ Mie aR em ee (6) 


In these three equations the coefficients of y are most simple; it will, there- 
fore, be convenient to eliminate the unknown quantity first. 


Multiply equation (5) by 4, and subiract equation 


(4), from the product, we have..............scecseecesees 5 wv fe 2A eee 12N.... (7) 
Multiply equation (6) by 3, and subtract equation (5) 
from the product, we have............sccceeeeeees ivevenste 1524+ 82z= 144...... (8) 
Multiply equation (8) by 3, and subtract equation (7) 
from the product, we have .............sceesees pW aternaces 40 x = 320 
breed ts 


Substitute this value of «in equation (8), it becomes 120 + 8 z= 144 
‘o) hei 
Substitute these values of « and z in equation (6), it 
becomes ....... pubes safee ance grata eanvasaentots Ppp tak o 5 48 + y+ 15= 68 


y=5 


Hence, in order to form a pound of the fourth ingot, we must take 8 ounces 
of the first, 5 ounces of the second, and 3 ouncés of the third. 


Probiem 15. 


There are three workmen, A, B, C. A and B together can perform a cer- 
tain piece of labour in a days. A and C together in } days, and B and C toge- 
ther in c days. In what time could each, singly, execute it, and in what time 
could they finish it if all worked together ? 


Let « = time in which A alone could complete it. 
y = time in which B alone could complete it. 
z = time in which C alone could complete it, 


Since A and B together can execute the whole in a days, the quantity which 


1 : 

they perform in one day is Zz and since A alone could do the whole in a days, 
nail | 

the quantity he could perform in one day is mu for the same reason, the quan- 


qe! 
tity which B could perform in one day is a the sum of what they could do 


singly must be equal to the quantity they can do together, hence, 


1 1 1 
Py. + y == a eeerccoce eer eererses OOO reo Oe eeeserseeeseees (1). 
Mir ate 
In like manner we v + > — 5 CCE OSeroee coscccedsebsowes venus uwiseae eeeres (2) 
shall have l l ] ; 
¥ ca JZ OD cite tets sbenee pecan ageenasgaes canaegesacel (8) 
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"Subtract equation (3) from (1) 


Be vaiee te reepnk rhea MPO Tk Ere erpy foe (4) 
2 e a a 
Add equations (2) and (4) 
2 L I 1 
Bie Ci nat Gok 
Dig ta 2abe 
~~ aetbcec—adb 
In like manner, : 
| | 2abe 
fem +6 — oC 
2abe 
pan 


~ ab+-ac—be 


Let ¢ be the time in which they could finish it if all worked together, then 


by Prob. 8, 
ed ae 
Ried tin) =! 
l 1 
et (= + =)= I 


; 1 ab-ac—be 
ets 2abe ) 


lI 


2abe 
aht-ac+be 


Prob. 16, What two numbers are those whose difference is 7, and sum 33 ? 
Ans. 13 and 20 


Prob. 17. To divide the number 75 into two such parts, that three times the 
greater may exceed 7 times the less by 15. Ans 54 and-21. 


Prob. 18. In a mixture of wine and cyder, 3 of the whole plus 25 gallons was 
wine, and } part minus 5 gallons was cyder; how many gallons were there of 
each ? Ans. 85 of wine, and 35 of cyder. 


Prob. 19. A bill of 1207. was paid in guineas and moidores, and the number 
of pieces of both ‘sorts that were used was just 100; how many were there of 
/ each ? Ans. 50 of each. 


Prob. 20. Two travellers set out at the same time from London and York, 
whose distance is 150 miles; one of them goes 8 miles a day, and the other 7; 
in what time will they meet ? Ans. In 10 days, 






Prob. 21. At a certain election 375 persons voted, and the candidate chosen 
had a majority of 91; how many voted for each ? 


Ans. 233 for one, and 142 for the other. 


Prob. 22. What number is that from which, if 5 be subtracted, 3 of the re- 
mainder will be 40? Ans, 65. 
P 
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Prob. 23. A post is } in the mud, 3 3 in the water, and 10 feet above the wa- 
ter; what is its whole length ? Ans, 24 feet 


Prob. 24. There is a fish whose tail weighs 91b. his head weighs as much as 
his tail and half his body, and his body weighs as much as his head and his 
tail; what is the whole weight of the fish ? Ans. 72lb, 


Prob. 25. After paying away + and 1 of my money, I had 66 guineas left 
in my purse; what was in it at first ? Ans. 120 guineas, 


Prob. 26. A’s age is double of B’s, and B’s is triple of C’s, and the sum of 
al their ages is 140; what is the age of each? 
Ans. A’s = 84, B’s = 42, and C’s = 14. 


Prob. 27. Two persons, A and B, lay out equal sums of money in trade; A 
gains £126, and B loses £87, and A’s money is now double of B’s; what did 
each lay out? Ans. £300 


Prob. 28. A person bought a chaise, horse, and harness, for £60, the horse 
came to twice the price of the harness, and the chaise to twice the price of the 
horse and harness; what did he give for each ? 

Ans. £13 6s. 8d. for the horse, £6 13s. 4d. for the harness, and 
£40 for the chaise, 


Prob. 29. Two persons, A and B, have both the same income: A saves 1 of 
his yearly, but B, by spending £50 per annum more than A, at the end of 4 
years finds himself £100 in debt; what is their income ? Ans. £125, 

Prob. 30. A person has two horses, and a saddle worth £50: now, if the 
saddle be put on the back of the first horse, it will make his value double that, 
of the second; but if it be put on the back of the second, it will make his value 
iviple that of the first ; what is the value of each horse. 

Ans. One £30, and the other £40, 


Prob. 31. To divide the number 36 into three such parts, that 4 of the first, 
ik of the second, and 3 of the third, may be all equal to each other ? 
Ans. The paris are 8, 12, and 16, 


Prob. 32. A footman agreed to serve his master for £8 a year, and a livery; 
bué was turned away at the end of 7 months, and received only £2 13s. 4d. and 
his livery ; what was its value ? Ans. £4 16s. 


Prob. 33. A person was desirous of giving 3d, a-piece to some beggars, but 
found that he had not money enough in his pocket by 8d.; he therefore gave 
them each 2d., and had then 3d. remaining; required the St of beggars ? 

Ans. LI, 


Prob. 34. A person in play lost 3 of his money, and then won 3s.; after 
which, he lost } of what he then had, and then won Qs.; lastly, he lost 2 of 
what he then had: and, this done, found he had but 12s, remaining; what had 
he at first ? Ans. 20s. 
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Prob. 35. To divide the number 90 into 4 such parts, that if the first be fn- 
creased by 2, the second diminished by 2, the third multiplied by 2, and the 
fourth divided by 2; the sum, difference, product, and quotient, shall be all 
equal to each other ? Ans, The parts are 18, 22, 10, and 40, respectively. 


Prob. 36. The hour and minute hand of a clock are exactly together at 12 
o'clock ; when are they next together ? Ans. | hour 5,5, minutes. 


Prob. 37. There is an island 73 miles in circumference, and three footmen 
ul start together to travel the same way about it: A goes 5 miles a day, B 8, 
amd C 10; when will they all come together again ? Ans, 73 days. 


Prob. 38. How much foreign brandy at 8s. per gallon, and British spirits at 
3s. per gallon, must be mixed together, so that in selling the compound at 9s, 
per gallon, the distiller may clear 30 per cent. ? 

Ans. 51 gallons of brandy, and 14 of spirits. 


Prob. 39. A man and his wife usually drank out a cask of beer in 12 days ; 
but when the man was from home, it lasted the woman 30 days; how many 
days would the man alone be in drinking it ? Ans, 20 days. 


Prob. 40, If A and B together can perform a piece of work in 8 days; A 
and C together in 9 days; and B and C in 10 days: how many days will it 
take each person to perform the same work alone ? 

Ans, A 1434 days, B 1723, and C 233 


Prob. 41. A book is printed in such a manner, that each page contains a 
sertain number of lines, and each line a certain number of letters. If each 
page were required to contain 3 lines more, and each line 4 letters more, the 
aumber of letters in a page would be greater by 224 than before; but if each 
page were required to contain 2 lines less, and each line 3 letters less, the num- 
oer of letters in a page would be less by 145 than before. Required the num- 
der of lines in each page, and the number of letters in each line ? 

Aus. 29 lines, 32 letters. 


Prob. 42. Five gamblers, A, B, C, D, E, throw dice, upon the condition that 
‘ne who has the lowest throw shall give all the rest the sum they have already, 
Each gamester loses in turn, commencing with A, and at the end of the fifth 
a ail have the same sum, viz. £32. How much had each at first ? 


Ans. A £81, B £41, C £21, D £11, E £6. 


Prob. 43. To divide a number a into two parts, which shall have to each 
other the ratio of m to 7. 
nm a na 


m +n’ m~~- n 


Ans, 





Prob. 44. To divide a number a into three parts, which shall be to eacl 
‘ther as min: p. 
m a n a pa 
m--n-bp mtna+tp m+-n+-p 


Pp 


Ans. 


to 
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Prob. 45. A banker has two kinds of change; there must be @ pieces of the 
first to make a crown, and 6 pieces of the second to make the same: now, 
person wishes to have ¢ pieces for a crown. How’many pieces of each kind 
must the banker give him ? 


bom (ec — a) 
Ans. a of the first kind, ee of the second. 


Prob. 46. A sportsman promises to pay a friend @ shillings for each shot he 
misses, upon condition that he is to receive 6 shillings for each shot he hits. 
After n shots, it may happen that the two friends are quits, or that the first owes 
the second ¢ shillings, or the contrary. Required a formula which shall com- 
prehend all the three cases, and which shall give x the number of shots missed, 

bn-+ec 
Ans. 7. eel 4 
In the first case, c = 0, in the second case we must take the positive sign, in 


the third case the negative sign. 


Prob. 47. If one of two numbers be multiplied by m, and the other by m, the 
sum of the products is p; but if the first be inultiplied by m/, and the seconé 
by 7’, the sum of the products is p’. Required the two numbers. 

Ane. eo 
mi—man mrni—mn 


Prob. 48. An ingot of metal which weighs n pounds, loses p pounds wher 
weighed in water. This ingot is itself composed of two other metals, whicl 
we may call M and M’; now, » pounds of M loses q pounds when weighed in 
water, and n pounds of M’ loses 7 pounds when weighed in water. How mue! 
of each metal does the original ingot, contain ? 


Ans, Dts 2, pounds of M, AN es pounds of M’, 
ae | Pe 


REMARKS UPON EQUATIONS OF THE FIRST DEGREE, 


152. Algebraic formule can offer no distinct ideas to the mind, unless they re 
present a succession of numerical operations which can be actually performed 
Thus, the quantity  — a, when considered by itself alone, can only signify a1 
absurdity when a= 0. It will be proper for us, therefore, to review the pre 
ceding calculations, since they sometimes present this difficulty. 

Every equation of the first degree may be reduced to one which has all it 
signs positive, such as, . 

. ax +b = cx+ | PEPE 


Subtracting ¢ z + 0 from each member, we then have, 


axz—cx = d—b 
Whence, 
d—b : 


* We can always change the negative terms of an equation into others which are positive, since ¥ 
can always add any quantity to both members. 


4 “ ; ) 5 
L— 
$ 
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‘This being premised, three different cases present themselves, 


by @ 20, and, a7 Cc. 
2°. One of these conditions only may hold good. 
pated. dnd. e>7.d; 


In the first case, the value of x in equation (2), resolves the problem without 
giving rise to any embarrassment; in the second and third cases, it does not at 
first appear what signification we ought to attach to the value of a, and it is this 
that we propose to examine. 

_ In the second case, one of the subtractions, d— 6, a—c, is impossible: 
for example, let bd and a7«, it is manifest that the proposed equation (1) 
js absurd, since the two terms az and 6 of the first member are respectively 
greater than the two terms ¢ x and d of the second, Hence, when we encounter 
a difficulty of this nature, we may be assured that the proposed problem is ab- 
surd, since the equation is merely a faithful expression of its conditions in al- 
gebraic language. 
In the third case, we suppose b> d, and ca; here both subtractions are 
impossible: but let us observe, that in order to solve equation (1), we subtracted 
from each member the quantity cz -+ 0, an operation manifestly impossible, 
since each member ~cx-+. This calculation being erroneous, let us sub- 
tract a z+ d from each member, we then have, 
. b—d = cxr—aekt 

Whence, 





This value of x, when compared witli equation (2), differs from it in this 
only, that the signs of both terms of the fraction have been changed, and the 
solution is no longer obscure. We perceive, that when we meet with this third 
case, it points out to us, that instead of transposing all the terms involving the 
unknown quantity, to the first member of the equation, we ought to place them 
in the second; and that it is unnecessary, in order to correct this error, to re- 
‘ commence the calculation,—it is sufficient to change the signs of both numera- 
‘ tor and denominator. 
»-Oné of the principal advantages which algebra holds out, is to enable us to 
obtain formule which shall include every variety of the same problem, what- 
ever the numbers may be which it involves. We shall here attain this object 
_ by establishing a convention, to perforin upon isolated negative quantities the 
same operations as if they were accompanied by other magnitudes. For exam- 
ple, if we had an expression, m+ d—8, and 6 d, we might express it, 
m —(b—d); if m does not exist, by our convention, we still write, d—6b 
== — (6 —d), when bv d. 
The value of z, in the second case, becomes & = BE det and we conclude, 
| from what has been said above, that every negative solution denotes an absurdity 
sin the condition of the question proposed. 
Tn order to divide the polynomial —a* + 3a? b? + &c. by —a’ + 0? + &e. 
. we divide the first term — a‘by—a’*,and we know (Art. 18.) that the quotient 
a? has the sign -+-. We may say the same of the isolated negative quantities, 
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a*, —a’; so that, in the third case, the value of x will be of the forw 
<i ¢ ae ; i , 
3 , which reduces itself to eet the true result in equation (3.) 
—(c—a —a 

This convention, which cannot occasion any inconvenience, enables us to 


include all the cases in the single formula (2). But, we must remember, that 
the isolated negative quantities — n, = &c. derive their origin from a 


convention, that they are symbols, which have no existence in themselves, and 
that we treat them as real quantities only because we are thus enabled to 
accomplish an important object, without the fear of any embarrassment in con- 
sequence. In fact, one of two things must happen, either the result will have 
the sign —, from which we conclude that the problem proposed is absurd, the 
sion — being a symbol which marks the absurdity ; or the result will have the 
sign +-, and we have proved that this is what it ought to be, although arising 
from the division of two negative quantities.* 

When the equation is absurd, we may nevertheless make use of the negative 
solution obtained in the second case; for if we substitute —2 for --2, the 
proposed equation becomes 


—ar+b = —cr+d 





bod 
Whence aieee , 
a—e¢ 


a value equal to that in (2), but positive. If, then, we modify the question, in 
such a manner as to agree with this new equation, this second problem, which 
will bear a marked resemblance to the first, will no longer be absurd, and, with 
the exception of the sign, will have the same solution. 

Let us take, for example, the following problem. 


* The following remarks upon the same subject are from ‘‘ The Principles of Analytical Calculation,” 
by the late Professor Woodhouse : ~ 

** Since, independently of arbitrary appointment, the symbols of real quantities alone, can be made 
the object of demonstration, if any rule is laid down for the multiplication of —a by +, or of e—y 
by +d (where w < y) such rule must be subsequent to certain conventions: the object to be obtained 
by extending a rule, or, what is the same thing, by making it in part arbitrary, is;commodionsness of 
calculation. 

*° When + aand — } are separately proposed, no reasoning can establish any thing concerning the 
signs of their product, but since it has appeared that (v—y) Xa = «a—ya, where x > y, and that 
(v—w) X b= vb—wb wherev > w, suppose « —y = v—w and a=), then by the rule for trans- 
position, these equations may appear under the form y—# =w—v and —a= —4, and if y—# 
be multiplied by —a, and w—v by —3, making the product of like signs 4+ and the product of unlike 
signs —, the result is —ya+xva=—wb+v), or x a—ya=vb—wb, whieh is known to be a 
true equation. : 1 

“ Hence it appears, that the rule for the multiplication of signs may be made general, since it can be 
proved true in all cases where actual multiplication is to be performed, and since, employed in meré 
algebraic calculation it cannot lead into error, because the result must always be considered with re- 
ference to the premises; thus, if a X a, and —a@ X —a be expressed by a 2, the square root of a? or 
that quantity which algebraically multiplied into itself produces a *, must be put either +a or —a, 
or abridgedly expressed, a * = +a. > 

“If the rule be not made general, then during the process of calculation, were it necessary to mul- 
tiply such a quantity as «—y by a—b, or c, nothing could be affirmed concerning such multiplica- 
tion, until it had been ascertained whether a was greater than 0, and x greater than y: what tedious 
impediments would thus be made to clog calculation it is easy to conceive ; as this rule for the multi- 
plication of signs embarrasses beginners, and has been frequently made the subject of discussion. I 
have dwelt rather long upon it, desirous to distinguish in the rule, what may be said to be proved 
from evident principles and strict reasoning, from what is arbitrary or results from convention, and 
io show why it is desirable on the grounds of commodiousness to make such a rule general, and why © 
un the score of accuracy and precision it might safely be made general,” , 


: 


+> 
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A father aged 42 years, has a son aged 12: in how many years will the age 


of the son be one-fourth of that of the father ? 


Let « = the number of years required , 
Then ct mS Bg SOME 
.. x = —2 
Thus the problem is absurd. But if we substitute —# for -+- 2, the equation 
becomes 


HD ot 
4, 


— ]12—a2 


Se 


and the conditions corresponding to this equation change the problem to the 


following: 


A father aged 42 years, has a son aged 12: how many years have elapsed 
since the age of the son was one-fourth of that of the father ? 


Here fer at 


What number is that, the sum of the third and fifth parts of which, diminished 
by 7, is equal to the original number? Here, 
whe + ey est oe 
3 rs) 
Whence x =,—15 
The problem is absurd; but substituting —« for +- 2, (or rather -+- 7 for —7,) 
we perceive that 15 is the number, the third and fifth parts of which, when 
added to 7, give the original number 15. 
153. With regard to the interpretation of negative results, ia the solution 


of problems, we may establish the following general principle : 
When we find a negative value for the unknown quantity in problems of the 


first degree, it points out an absurdity in the conditions of the problem proposed ; 





provided the equation be a faithful representation of the problem, and of the true 
meaning of all the conditions. 

The value so obtained, neglecting its sign, may be considered as the answer to 
a problem which differs from the one proposed wm this only, that certain 
quantities which were additive in the first, have become subtractive in the second, 
and reciprocally. 

154. The equation (2) presents still two varieties. If a= c, we have 


7 ST 


oO 





eet 
in this case the original equation becomes 


ax-+-b = anr-+d 


whence ) = d; if, therefore, b be not equal to d, the problem is absurd, and 
cannot be modified as above. 





The expression ee or in roneval <- -hen m may be an tity, repr 
P — g —3 may be any quantity, repre- 


sents a number infinitely great. For, if we take a fraction — , the smaller we 
iL 


m 
make , the greater will the number represented by > become; thus for 
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1 A L 
2° 100’ 1000’ 
limit is ¢finity, which corresponds to n = 0: we perceive then, that a problem 
is absurd when the solution is a number infinitely great; this is represented by 
the symbol 


the results are 2, 100, 1000 times as greatasm. The 


2 = 


vi eee 
155. If, however, @ = c, and 6 = d, we have 
0 
nd —- — 
0 
in this case the original equation becomes 


ax+b = ar+b 


here the two members of the equation are equal, whatever may be the value of 
x, which is altogether arbitrary. We perceive then, that @ problem is indeter- 
minate, and is susceptible of an infinite number of solutions, when the value of the 


+ 0 
unknown quantity appears under the form ik 


Nana. 
It is, however, highly important to observe, that the expression 0 does not 


always indicate that the problem is indeterminate, but merely the existence of 

a factor common to both terms of the fraction, which factor becomes 0 under a 

particular hypothesis. 
Suppose, for example, that the solution of a problem is exhibited under the 


P ae A 
orm £ = —— ' 
a? — 6? 


( 
If, in this formula, we make a = 6, then, « = a 
But we must remark, that a*—6° may be put under the form (a—6d) 
(a? + ab + 6”), and that a* — 5? is equivalent to (a —b) (a+ 6); hence, 
the above value of x will be, 
_ (a—b)(a*+ab+5b*) 
es (a — b) (a+ b) 
Now, if before making the hypothesis a = b, we suppress the common fac- 
tor a—6, the value of x becomes, 


a* -+ab-—-b? 
a+ 6 


an expression which, under the hypothesis that a = 6, is reduced to 


ens 


3ga* 3a 
td Tne 


Bee £7 


L 
Take, as a second example, the expression, 


Gt ba Oy 
© oT tla Dak 


3 . 2 a 
making a = 6, the value of x becomes « = 7 in consequence of the exist- 


* {t must, however, be remarked, that there are questions of such anature, that infinity may be con- 
sidered as the true answer of the problem, We shall find examples of this in Trigonometry, and in 


Analytical Geometry. 
4 
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ence of the common factor a —; but if, in the first instance, we suppress the 
common factor a — b, the value of x becomes, 


an expression which, under the hypothesis that a = 0, is reduced to 
2a | 


H sf paren 0 


QO 


‘te Us Sent ott 
From this it appears, that the symbol 9 algebra sometimes indicates the 


existence of a factor common to the two terms of the fraction which is reduced 
to that form. Hence, before we can pronounce with certainty upon the true 


value of such a fraction, we must ascertain whether its terms involve a common 
factor. If none such be found to exist, then we conclude that the equation in 


question is really indeterminate. If a common factor be found to exist, we 
must suppress it, and then make anew the particular hypothesis. This will 


now give us the true value of the fraction, which may present itself under one 
A A 0O 


of the three forms BO 0 


In the first case, the equation is determinate ; in the second, it is impossible 


in finite numbers ; in the third, it is irdeterminate. 


156. We shall conclude this discussion with the following problem, which will 
serve as an illustration of the various singularities which may present them- 
selves in the solution of a simple equation. 


Problem. 


Two couriers set off at the same time from 
two points, A and B, in the same straight nidiinic Suan Bin 
line, and travel in the same direction A C. 
The courier who sets out from A travels m miles an hour, the courier who 
sets out from B travels x miles an hour; the distance from A to B is a miles. 
At what distance from the points A and B will the couriers be together ? 

Let C be the point where they are together, and let « and y denote the dis- 
tances AC and BC, expressed in miles. 

We have manifestly for the first equation 


: See) ET (a isebisamess schecsvenesces ce scenoccecece wee C1) 


Since m and n denote the number of miles travelled by each in an hour, that 


is the respective velocities of the two couriers, it follows that the time required 
; £ 

to traverse the two spaces and y, must be designated by —, 2 ; these two 

mm 


periods, moreover, are equal, hence we have for our second equation 


The values of x and y, derived from eau“tions (1) and (2), are 
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ah an 








S 
t 


4 ht le 3 
nt — mM— Nn 


1°, So long as we suppose m7, Or m—n positive, the problem will be 
solved without embarrassment. For in that case, we suppose the courier who 
starts from A to travel faster than the courier who starts from B, he must 
therefore overtake him eventually, and a point C can always be found where 
they will be together. 

2°. Let us now suppose 1 <n, or m—-n negative, the values of 2 and y are 
both negative, and we have 


am an 
nu — m 2 — 


the solution, therefore, in this case, points out that some absurdity must exist in 
the conditions of the problem. In fact, if we suppose 2 <n, we suppose that 
the courier who sets out from A travels slower than the courier who sets out 
trem B; henco the distance between them augments every instant, and it is 
impossible that the couriers can ever be together, if they travel in the direction 
AC, Let us now substitute — a for + 2x, and — y for + y, in equations (1) 
and (2); when modified in this manner they become 





Yt = a 
Bai fg fb 
m me 
equations which, when resolved, give 
a, 3 am ial an 
ge ey, nme a 


in which the value of x and y are positive. 

These values of x and y give the solution, not of the proposed problem, which 
is absurd under the supposition that m <n, but of the following: 

Two couriers set out at the same time from the points'A and B, and traved in 
the direction B C’, &e. (the rest as before ;} the values of x and y mark the 
distances AC’, BC’, of the points C’, where the couriers are together, from the 
points of departure A and B. 

3°. Let us next suppose m = n; the values of x and y in this case become 


am an 
bag OR ig 

or, 
mivioe st ong Ul soon 


that is to say, x and y each represent infinity. In fact, if we suppose m = n 
we suppose the courier who sets out from A to travel exactly at the same rate 
as the courier who sets out from B; consequently, the original distance a 
by which they are separated will always remain the same, and if the couriers 
travel for ever they can never be together. Here also the conditions of the 
problem ave absurd, although the result is not susceptible of the same modifica- 
tion as in the last case. 
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4.°, Let us suppose m =n, andalso @ = 0; the values of x and y in this 
case become 


Se a 8 
es rs ae durei ciel oe O 


that is to say, the problem is indeterminate, and admits of an infinite num- 
ber of solutions. In fact, if we suppose a= 0, we suppose that the couriers 
start from the same point, and if we at the same time suppose m = n, or that 
they travel equally fast, it is manifest that they must always be together, and con- 
sequently every point in the line AC satisfies the conditions of the problem. 

5° Finally, if we suppose a = 0, and m not = n, the values of z and y in 


- this case become 
rs) UO gaa 


In fact, if we suppose the couriers to set out from the same point, and to tra- 
vel with different velocities, it is manifest that the point of departure is the only 
point in which they can be together, 


ON QUADRATIC EQUATIONS 


157. Quadratic equations, or equations of the second degree, are divided into 
two classes. 


I. Equations which involve the square only of the unknown quantity. These 
are termed pure quadratics. Of this description are the equations, 


x? a 7 259 
axv?=b; 8224 12=150—27; F— pg t3rr=ay tee + oy 


they are sometimes called quadratic equations of two terms, because, by transpo- 
sition and reduction, they can always be exhibited under the general ferm 


ax?=b 


Thus, the third of the equations given above 


eR g 4 259 
ai Bt Se det eB at es 2 2 =. 
Mega Got. Ho. t* = 4: og? 


’ when cleared of fractions becomes 
Sg2—10 +7227? = 7+ 48 2? +- 259, 
or, transposing and reducing, 
U 82 «x 2—- 976 
which is of the form 


x? = b. 


iI. Equations which involve both the square and the simple power of the un- 
known quantity. These are termed adfected, or complete quadratics ; of this 
description ave the equations, 
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5m? ' @ 3 ¢ 3 
ant dame; o? — ls 7; > — 9 + ge 


they are sometimes called quadratic equations of three terms, because, by trars. 
position and reduction, they can always be exhibited under the general form 
ie 0 Ea ee 
Thus, the third of the equations given above, 


vr in Ae 3 BS 273 
Te gee 12 


II 
i@ 6) 
>| 
& 
nS) 


when cleared of fractions becomes 
10a2?—6a+4+9 = 96—82— 12 22 4. 273, 
or, transposing and reducing, 
2247+ 22 = 360, 
which is of the form 


PORE Pde BM 1 aman Fh 


SOLUTION OF PURE QUADRATICS CONTAINING ONE UNKNOWN QUANTITY. 


158. The solution of the equation 
ax? ==1b 


presents no difficulty. Dividing each member by a, it becomes 


a2 — 


a] o& 


whence 


b : ; sa ; 
If be a particular number, either integral or fractional, we can extract its 
square root, either exactly, or approximately, by the rules of arithmetic. If 


b 
7, be an algebraic expression, we must apply to it the rules established for the 


extraction of the square root of algebraic quantities. 
It is to be remarked, that since the square both of -+ m, and — m, is -+ m*; 


; b»* b 
so, in like manner, both (+ vA =) , and = vi —) , ist % Hence thie 


above equation is susceptible of two solutions, or has two roots, that is, there are” 


two quantities which, when substituted for in the original equation, will render 
the two members identical ; these are, 


b b 
=+/<, and ra— /%, 


for, substitute each of these values in the original equation a a * = 6 
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tl b\? tp) ; 
' it becomes, aX (+ / 5) = oF, ox Gh ta Bs 
a (— /2) = re 
and, aX \— * = 5, or, AX TZ = % & = 0. 
Example 1. - 
Find the values of « which satisfy the equation 
4g%—7 = Saf4 9 
Transposing and reducing, i ee oe $ AD 
“rc = + 7/16 
aie ie oF 


hence the two values of x are + 4, and — 4, and either of these, if substituted 
for x in the original equation, will render the two members identical. 


Example 2. 


a“? he 7 7) 299 
Bees Fa ee te Bh 0 oa 


Clearing of fractions, 8v2—'724-10a2 = 7 — 24x24 299 


Transposing and reducing, 4227 = 378 
’ sees 378 
ee 4D 
ae 
_@& = + 3 
and the two values of x are + 3, and, — 3. 


Example 3. 


a2 — es 

: 5 

a? eon 3 
is - /3 
win ich /15 


0 


Since 15 is not a perfect square we can only approximate to the two values 
“f Xo 


Example 4. 


> - x 


x repute 
a 


— mm 
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Clearing of fractions, v mre o*— mo 


“(m+1lye = mr? 2? 
Squaring, (m?4+-2m+4+1)x? = m*(r? + 2%) 
 (2m4+1)e? = m?*r? 
mr 

oy SS ees 
—/ 2m 4-1 

Example 5. 

mpepYV2ma-az®> _ z 


mf+2r—VY2me-xr? 


Render the denominator rational by multiplying both terms of the fraction 
by the numerator, the equation then becomes, 


(ma /2mx+x7)? es 
aa 


Extracting the root, 


Transposing, /2inar-c? = te m s/n — (m+ 2) 
Squaring, 2ma-+u® == m?n-+2my/n(m+2)-+(m+e)? 


Transposing and reducing, 


+2my/n(m+2) = m2(1-+n) 


: oes HO spt) 
Be oc L2y/n 
ni ie 


mre od (B= (/atl)* 
=. 2/n 





Ex. 6. 11(22—4) = 5(a? -+ 2) 
Ans. % = + 3. 


xe? sd fi & 


eas Apa — — 0 
—T2 e+Jer «73 


Ans. @ = + 9), 


Ty 8 m4+U/m—2:_ 2 


x n 
An z=) 2mn = n? 
SNL Rin Aacbeme a ote dda ole Dol | 
Vm —2? + yp gq 


Ang tz + /™(P—4) —"* (ptay 
f a Oe a 
Ex. 10 VP+E + /p—s a Jt ee 
ig ff #. = 2 
Ans t= t 2/pg—q? 
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159. In the same manner we may solve all equations whatsoever, of any degree, 
_ which involve only one power of the unknown quantity, that is, all equations 
which are included under the general form, 


4a te pum |. 


For, dividing each member of the equation by a, it becomes, 


ese Ma 
: a 
Extracting the n” root on both sides, 
patti le 
a 


If n be an even number, then the radical must be affected with the double 


: : "7 b\n nJbyn 
sign “+, for in that case, both (+ oh =) , and, Ce 7s =) , will equally 


b 
produce 7° 


Example 11. 
5 eS — 57 = 205-4 135 
ar° = 192 
x5 = 64 
age iat 
g x64 = yee oe 


Here +- 2 and — 2 are two of the roots of the above equation. 


Example 12. 


Pp “ q 
(p +2) Vp pa =P 
Or, z 
(pPte)t=al.P 
Squaring, ; 


(pa)? at .F, 


Extracting the cubs root, 


2 

Dita @ = a8 oe 
sp ade 
of Com, fP 
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Example 13 


, 
= — w& 
s 


160. We have seen, that an equation of the form ax* = 3, has two roots, 
or that there are two quantities which, when substituted for 2 in the original 
equation, will render the two members identical. In like manner, we shall 
find that every equation which involves x in the third power, has three roots ; 
an equation which contains x* has four roots; and it is a general proposi- 
tion in the theory of equations, that an equation has as many roots as it has 
dimensions. | 

161. The above method of solving the equation az" = d, will give us only 
one of the nv roots of the equation if n be an odd number, and two roots if n be 
an even number. Such a solution must, therefore, be considered imperfect, 
and we must have recourse to different processes to obtain the remaining roots. 
This, however, is a subject which we cannot here discuss. 


SOLUTION OF COMPLETE QUADRATICS, CONTAINING ONE UNKNOWN QUANTITY, 
162. In order to solve the general equation, 
ax* + b% = ¢ 


let us begin by dividing both members by a, the coefficient of 22, the equation 
then becomes, 


b c 
i + * GC = aa 
or, 
ee =O D ae 
putting, for the sake of simplicity, 
b c 
oP ee 


This being premised, if we can by any transformation render the first mem 
ber of the above equation «* + pa the perfect square of a binomial, a simple 
extraction of the square root will reduce the equation in question to a simple 
equation. 

But we have already seen, that the square of a binomial 2 + a, or 
u®+2a2-+ a’, is composed of the square of the first term, plus twice 
the product of the first term by the second, plus the square of the second 
term. 

Hence, considering x” 4- p & as the two first terms of the square of a bino- 
mial, and consequently p « as twice the product of the first term of the binomial 
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by the second, it is evident that the second term of this binomial must be 
Ey for 2x FX oe = pe. 

In order, therefore, that the above expression may be transformed to a per- 
fect square, we must add to it the square of this second term £, that is, the 


square of half the coefficient of the simple power of x; it thus becomes 


p* 
cet per ay 


2 
‘which is the square of « ++ z. But since we have added ‘7- to the left hand 


“member of the equation, in order that the equality between the two members 
may not be destroyed, we must add the same quantity to the right hand mem- 
ber also, the equation thus transformed will be 


2 


2 


2 p 2 
Or, (x + ) == we + q 
‘ Pp p* 
Extracting the root, ttg=t etd 
. | Bion 
Transposing, A ea es wR Y Al Ba 
ss Bee sata ap Daan 





If the original equation had been 
ee?—pr=q 


or being transformed, it would have become 
P ei 4 q 


a 2 
P+ 


9 
“a, 
| 

w| 
Pact 
I 


a. Rey eto takaty baked 
2 


: ; os Oa 
We affix the double sign -- ye f- ++ q, because the square both of -} 


| ee wes wD , 2 
uf e +d and also Ty i +4, is+ (F + q); and every quadratic 


equation, must, therefore, have two roots. 


From what has just been said, we deduce the following general 
Q 
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RULE FOR THE SOLUTION OF A COMPLETE QUADRATIC EQUATION, 


I. Transpose all the known quantities, when necessary, to one side of the equa- 
tion, arrange all the terms involving the unknown quantity on the other side, and 
reduce the equation to the formax*+ba=ce. 


2. Divide cach side of the equation by the coefficient of x *. 


3. Add to each side of the equation the square of half the coefficient of the 
simple power of x. 


That member of the equation which involves the unknown quantity will thus 
be rendered a perfect square, and extracting the root on both sides, the equa- 
tion will be reduced to one of the first degree, which may be solved in the 
usual manner. 


Example 1. 
12%2— 210 = 208 —32*°+ 5 


Transposing and reducing, 32? -+- 12% = 420 
Dividing by the coeflicient of «*, «©? +42 = 140 


Completing the square by adding to each side the square of half the coefficient 
of the second term, ’ 


e?t4n4+ 4 = 140 +4 


Or, 
(« + 2)? = 144 
Extracting the root, e+ 2> + 1/144 
= ts 12 
.& = — 2 + 12 
Henee, 
Fe =—2+4 = 10 
C= — 2 — —- 


Either of these two numbers, when substituted for x in the original equation, 
will render the two members identical. 


Example 2. 


Qn2>4+ 34 = 224 2 
Transposing and reducing, 227 — 202% = 32 
Dividing by 2, “ot? —10 ¢ => —46 
Completing the square, 2? — 10 x 4+ 25 = 25 — 16 


7) 4 
i 
t Me 
. 
- 
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Or, 
(x — 5)* = 9 
Extracting the root, E—dsb=+ 79 
oe sea) - 3 
iience, 
jr=54-3=8 . 
(~=5—-3=>2 
itxample 3. 
32%2—22 = 65 
AYE : : aha OS 
Dividing by 3, e?—3Zr=g 
2 i 8 65 1\?2 
Completing the square, ot? — —y & +4 ( = == + (=) 
Or, 
( ~) me 
“TY arta 
l 196 
neg =t/$ 
14 
] 14 
ee Yes a 
Hence, 
H 14 
z= as =e 
1— 14 1 
t= y= — 4 
Example 4. 
ve? +ex—2=0 
Transposing, ev? + 2 — i: 


- 


The coefficient of x in this case is 1, .. in order to complete the square, we 
must add to each pide ( =) *, or - . i 
wetbopeaees 


ee ro): and y = — 2 
Q 2 


244 ALGEBRA. 


Example 5, 
62 — 30 = 3e* } 


Transposing, — 347+ 6x = 30 


Changing the sign on 3a2%7—6r = — 30 
both sides, 


Dividing by 3, - v?>—2x7 = — 10 
Completing the square, x? — 2x + 1= 1— 10 
Or 
(2 —1)?=—9 
tm leetacts J/— 9 
Hence, 
a =1+ /—9 
£21 


In the above example, the values of x contain imaginary quantities, and the 
roots of the equation are therefore said to be impossible. 


Example 6, 


pet get g =e geet e 
Clearing of fractions, 
10z2*—62-+4+9 = 96—824— 1242 4 273 
Transposing and reducing, 
22 2*-+-2x = 360 
Dividing both members by 22, 


2 
2 mn! SS 
a’ t 35 %= 9 


Adding ( 5) 2 to both members, 


eure 71), 360 i 
a*+ 2+ (5)'= oe + (55) 


Extracting the root, 


dey een ae 360 ly, 
e+ 59 = tV a + (i) 
a 7921 
= EV (2) 
89 
=< 


QUADRATIC EQUATIONS, 





Hence, 
i 89 
(oe oid 
dL. Bap ise’ 8h. 4s 
Sar mee aaa W 
Example 7 
ax aap Heeb! 
Transposing, 
etd Lae 
(a+ b)x ntl caey 
Dividing by a + 4, 
“ec 


rs Eb" = GH? 
“Talaaaad the square, 
c? 
ve att eat = mae Ts (@ + 5)? = CEE 
Or, 

fe— ph arin 

i Sap b)s* — 4(a + b)* 
Extracting the root, 


7 ae Vet +4as 
Seta Ob). 2 ay) 
oe e+Vct+4ace 
: oe 2(a+ b, 


The two values of x here are, 


e+VVc?+4ac _eo—vVe*+4ae 
Sie o- * = 2 (a+ 4) 


Example 8. 





a’ -+- b? — %r+2? = aban 


n? 
Transposing, 
(x? — m? ) a2 — 2dn2a == —n? (a? + 8 ) 
Dividing by the coefficient of 2? , 


2bn? a + 6 


a 2 7; Eh aaa 
n*>—m nn” —m 





Completing the square, 


Qhn? bn? 2 
Bart (Goa) = (Z- 








ety kf n Maire: 0) 


nn” — =k n? — m? 


245 
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— 
. 
Pe 
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hn? 2 n2 b2 42 
Do 2 rt 7 oe 2 5 5 —(@ +B) 
nn? — m nm n® — m 


2 
te $m? (a? + 0) — n? at 


Extracting the root, 





bn2 n 
gene 7 n?— ni V ni (a + 0 )— Pa 
— dd + 2 2 2 
iene m? bn VY mab") — na 


The two values of x are 


n $$ 
= Foe tintVm POWs, } 





n 
met FEY ae Jon Vat EP) ator 


Bx 9. 2? -4- Go. ——5 37 
Ans. t= 32 72 
Ex. 10. 2°— 7+ 33 =-0 
I 
Ans, x == 6}, =-—. 
ns. X= 63, & 5) 
Ex. 11]. 622% — 152? = 6384 


Ans. = 22%, ¢ = 183, 


Ex. 12. 82?— 74 +- 34 = 0 
Ans. x hy a — (—v 1039 


16 


hos, 2 =) Ee o = V8 


Ay? 
Ex. 14 gta att ee = 45 — 3224 dy | 
f Ans, Ie sean Te | ah eeceees 9 i sewed 73, eeees 
5 3 6r° — 40 Oe 1 
Ex, 15. ens — — 2 
da ad 224 — Il 9 — ew 
23 
Ans.c= —, c= 
2 
i pment gna ape tiis Sa55 


da” 2 _ 942 2 
Ex. 17. aby? + 204 — 6a'+ ab — 2b?  b2x 


c Cc 
Ans.  — 244 Pe io 
2 aaa at Ey Ae 


Ex. 18. 


Ex, 19. 


| Ex. 20. 
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rc 2may/n = nx? —mn cl 
Anat V/ mn tls a/ mn 


 y/m- yn’ Pah mira / nt 


4a%e®+4 4a2c?x + 4abd?x — 9cd?x? + (ac? + bd?)?= 0 
Re ae -+--bd* Bi) gg WAL 
SS Te aeoan aay as Dr eie 2ie a ere 





5a+- 10ab? b 1-+-2h")cd bo ‘yy 
ee eet a (Everton AoE Ta hy + —V (at bye — 0 


_ (3 — a’) Coie mS cde/ er 
ea ab(] +4. 267). ? Ss Fagg 





163. The above rule will enable us to solve, not only quadratic equations, but 
all equations which can be reduced to the form 


gen + px” = q3 


that is, all equations which contain only two powers of the unknown pha ER 
and in which one of these powers is double of the other. 
For, if in the above equation we assume y = 2", then y? = x", and it 


becomes 


y+ py = q; 


Solving this according to the rule, 


A ee VE hag 


Puiting for y its value, 


oe PE PH Ag 
g 


Extracting the nth root on both sides, 








Example 1. 
fe 0 a La 


Assume x? = y, the above becomes 


Whence 
But since 


~ y—2%y = — 144 
ie 1G, Y —-9 
ee oa eA 
mentr4/ 16, a1 <9 


Thus the four values ip are -+-4, —4, +3, —3. 


Example 2. 


ee tar. eS 
Assume 2? = y, Uf ei an poe 
Whence Ua oie 0, y = -- i) 
And since = made eon EF ote te me hey 


_ Whence the four roots of the equation are + \/8, --\/—I, the two last of which 
_ are impossible roots. 
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Example 3. 
Let x§— 223 = 48 


Assume x° = y, the above becomes 
y—2 = 48 
Whence y= 6, ore -—6 
But since ad wee t= ae 
Hence two of the roots of the above equation are —+- {/ 8 and —?/6; the 
remaining four roots cannot be determined by this process, 


| Example 4. 
Let 24 — Ty /2 = 99 


Or, 2 —- 7x2 = 99 
This equation manifestly belongs to this class, for the exponent of x in the 
first term is 1, and in the second term half as great, or 2; 
In this case assume ,/z = y the equation becomes, 


Oy ——— fu © ie 89 
Whence Yo ae = 
But since <j ee ° Lncoer eso 
H Hh oom ol z= ae 


To account for the two values of x in this equation, it must be observed that 
one belongs to +-4/z, the other to —/t. 
This will appear clearly in the following example. 


Example 5. 
ax = b+ /cx 
Solving this equation in the same manner as the preceding, we shall find 


em tet sabe + c? ao — 2ab + 6 —V 4abe + c® 
a 2a? : a @» 22" 





if we substitute these two values of x in the original equation, we shall find that 
the first only will verify it; the second belongs to the equation 


ants b —4/ ers 


these two equations, multiplied together, produce the complete quadratic 
equation 

a°x?— (2ab-+c)a+6? = 0 
whose roots are the two values of x given above. 

164, Many other equations of degrees higher than the second may be solved 
by completing the square; although, it must be remarked, we can seldom obtain 
all the routs in this manner. The transformations to which we subject equa- 
tions of this nature, in order that the rule may become applicable, depend upon 
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various algebraic artifices, for which no general rule can be given. The 
following examples will serve to give the student some idea of the course he 
must pursue’ a little practice will soon render him dextrous in the employment 


of such devices. 


Example 6. 


Let Yz+i2 + Vr-l2 = 6 
Assume, z +- 12 = y, the equation then becomes, 
Paae 
Woe a ite 0 


- which evidently belongs to the same class as the previous examples; complet- 


ing the square, we shall have, 


y3 = 2, or, —3 
Raising both sides of the equation to the power of 4, 
7 e716, or 8} 
Paereory —\|2 — _4,.or 69. 
Example 7. 
Let Qn2-+Yf/2e?F+1 = | 


Add 1 to each member of the equation, it becomes, 
Qn2?+i+ /2e? Fi = le 
Assume 2x2-4+ 1 = y, then, 
| yt yi = 
Completing the square, and solving, we find, 


ak a 
A Wo; or, VV 2x? ete 1 = 3, and, —4 
247+ 1 9, and, 16 


15 
#2? = 4, and, 2 


Hence, x = 2, — 2, ope pe 
v + 2, + 2? 2 


It may be remarked, that it is in general unnecessary to substitute y, which 
has been done in the above examples for the sake of perspicuity alone 


II 


Example 8. 
8 \? 8 
Let, (@to=)+e = #-F 


or 8 
_  Transposing, (x + =) ++ (x oe =) =< 42 
8 | oe 
Considering x 4- — as one quantity, and completing the square. 
169 


a eeGr!)+G+s)ae 4 = 7 
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iY s 1 13 
‘Te. 7 


Hence, we have the two equations, 

fe 6 eee 

er? is = —8 
Solving the first in the usual manner, we find, 
v = 4, and, 2 


and by the second, we have, 


Ara a 7 sara 
: 2 


Baki ik FLT 9 


which are the four roots of the proposed equation. If we had reduced this 
equation, by performing the operations indicated, instead of employing the above 
artifice, it would have become, 


w+ -+-+ 2° —264?+ 844 64 = 0 


a complete equation of the fourth degree. 


Ex. 9. e't4e? = 12 
Ans. « = Liye 


Fx. 10 oS gS oe 
Ans. x = 3 


Ex. 11. rt—(2be4 4a%) a2 4 bc? = 





Ans. By. + 2a% $2a/be+a? 


Plo a! te == ito6 
Ans, x = 243, and, « = V4 oe 28) ° 


3 
Ex.13 aet?+tber*—c = 0 
Ans, a= (et APE Liar 








| ant) poy 3a 33 
Ex, 14. gi pe bal OF 5 at Ge : 
5 EV 1329 
Whe p= ov SEE and, = 3, and, — © 
exis, fkVtt aa? Le 
*  &— Jax*—a? a 


: 


QUADRATIC EQUATIONS. , 251 


ON THE SOLUTION OF QUADRATIC EQUATIONS CONTAINING TWO UNKNOWN 
QUANTITIES. 


65, An equation containing two unknown quantities, is said to be of the second 
degree when it involves terms in which the sum of the exponents of the unknown 
quantities is equal to 2, but never exceeds 2. Thus, 


3a? 4a 4+ y2?—acy—5y46=0, 7xy—4e4+y=0 


are equations of the second degree. 
It follows from this, that every equation of the second degree containing two 
unknown quantities, is of the form, 


ay*+bay+cu?t+dyter+f=o 


where a,b,c,..... represent known quantities, either numerical or alge- 
braical. 

Let it be required to determine the values of « and y, which satisfy the 
equations. 


ay?+tbry +cx? +dy ex 4+f=0 eee eee Oy 
ay? +WVaeyt dart diy fu + fl = On cceceeeee coeeee (2) 


Arranging these two equations according to the powers of y, they become, 


ay? + (ba+d)y+(ca*+tertf) = 0........ secs dery> ‘ 
dy? +(U0re+djy+(cxrt+ert+if) = : 


Put dbat+d=h ; cz*+ex+f =k 
Vatd=h'; cz+ext+f'=eh. 


woayet+hytk—0.......'- (3) 
ay thy tk=0 ow ct ee (4). 


Multiply (3) and (4) by a’ and a respectively, and also by #' and &; then 
ady’?t+ahytak=0... (5) aky?+hk'yt+kk=0... (7) 
aa'y’+alh'y+ak=0... (6) aky?+h'hy+tk=0... (8). 


Subtracting (6) from (5), and also (7) from (8), we have 
(a'h—ah')\y+ak—ak'=0... (9) 
(a’k—ak')y+h'kR—hk'=0 . . . (10). 


Multiplying (9) by A/A—Az’, and (10) by a’k—ak', we have 
(ah—ah') (h'kh—hk') y+(a’kh—ak') (W'h—Ak')=0 . . « « (11) 
(a'k—ak' \2y +(a'k—ahk') (’k—ARk')=0 . « « » (12) 
. (ah—ah') ('k—hk!)=(alk—ah')? . . . . (18). > 





Substituting the values of A, /', k, #', in equation (13), we have 
{ (a'b—ab!)a + a’d—aa’} ‘ f (le—be! x8 + (ble—be’—eld + cd!)ux2- + (bt bf" +de!—de!)e-+dlf—dy' } 


= { (a'o—ue!)a? + (a'e—ae’)ae +a —af"} z 


Hence, by multiplying and expanding, the final equation in x is of the fourth 
degree; but the general form includes a variety of equations, according to 


the values of the coefficients a, b, c, &c.; and when d, e, f, d', e', f’, are each 





, 4 
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=0, the solution may be obtained by quadratics, the resulting equation in x — 
being 

— {(ab—ab!)x+-a'd—ad’} - { (b'e—be!)x—('d—ed) } =(a'e—ae’)*2"*. 

Hence, in general, the solution of two equations of the second degree, con- 
taining two unknown quantities, depends upon the solution of an equation of the 
Jourth degree containing one unknown quantity. 

Although the principle already established will not enable us to solve equa-— 
tions of this deseription generally, yet there are many particular cases in which 
they may be reduced either to pure or adfected quadratics, and the roots de- 
termined in the ordinary manner. 


‘y 


Example I. 


Required the values of x and y, which satisfy the equations, 





ma Y ie oes senna sume sttgans oe 
ny = G7 (ae Svghehane (2) 
Squaring (1), otf Qey 4 y* = yA ae eee (3) 
Multiply (2) by 4, 4ty = 4¢" tee seasesssoa( 4} 
Subtract (4) from (3), 2?—2ny+y*> = p?—4q? 
or, (c—y)* = p*—4q* 
Extract the root, t—y = tVpeSs q Pecreseee(S) 
But by (1), t-+-+y .= p 
Add (1 to (5), PE eee Bs rT © Vp*?—4q? 
Subtract (5) from (1), 2y =-p + Vp ae 
Hence, the corresponding values of z and y will be, 
ye — P+Vp?—4¢@) , 2 Pe 
em Oe a ee a 
and, 
— p—Vp?—4¢ | — P+vp*—4?¢? 
f 2 J 4 ae 


Example 2. 


Me +yY = fine Ce 
x? y” = 6% aaa ee 
Square.(1)) a4? 2% p--iy > aie 
But by (2) x? iy? aa 
. Subtracting, ary = «07-07 eee (3) 
Subtract (3) from (2) 2*9—2xy+y* = 2b*—a? 
or, (s—y)? = 26% a 
Extracting the root, e—y = Theo 
, But by (1) ery ae 
— ee 
e*. adding and subtracting, oa = at /2b*—a™ 
2y = a4 \/2b*— a? 


Hence the corresponding values of # and y will be 











QUADRATIC EQUATIONS, 253 
a+ /2b%—a? a—V/2b?—a? ) 
ee eee ee ee ee 
2 2 
eo and, PR TE ett 
Gere — a ? a4t- +/2b?—a? 
Example 3. 
ean Seal) ee Sac: ees ae 
BIS = NB rercecossseereeoees ..(2) 
Cube (1) e8+3e2%yt+ 3ry2+y3 = mé 
But by (2) x* eee ne 
Subtraction, 3a2%y+ Sen, — mo —— 2 
Or, B8a2y («+y) = me—n? 


Substitute for (x -+ y) its 








Se eee 
value derived from (1) ee ee ye a 
_ me—n? 
Sad oe c “3m 
4 (m3 —n? ) 
ne 4 x y = a 3 ik acepssess(@) 
Squaring (1), e?+Qnyty? = m? 
_ 4(m§—n*) 
But by (3) | Sey — aan 
‘ 7 3 on 4 (m> — n? ) 
Subtracting, st 2ey + y¥ =e i “prone 
43 —m? 
Or, (x a) 2 —s (<4 oe 
4n?—m83 
oa Yoo! | =~ an fence me 
But by (1) x+y ai 
yy 
o% ye —> mt 2 io eg 
aa 3m 
me — ,4n*—m$ 
are, Seta 3m 
Hence two corresponding values of x and y are 
m 4n3—m? _ m 4n%?—m?* 
t= 3+ om ee t= Nam 
m 4 n?®— m5 Petal a ae 
: ceed 12m Lt ren DA, 12m 
rea 4: 
2 
. + nt nye 2 4. ae UNE iis aa nis Gemuria cece ist trasetes oat 
as x y Py te cantare pestectet ser geeee (2) 
wat yt fost a aes 
Square (1), x ean. y Sue ta wy ten y "424" ay? = 4 


But by (2), 2 Shaky Phy? = b 


pee e 


Subtracting, 2z7, 7 y 420" y toy? a* a yt — a*—$ 


254 ALGEBRA. 




















BE Bs 3 3: 3 
i ay a The (a? + u* y* + y*) = a*—) 
2 nt vt a = at—b 
3-3 gtaat 
a“ y* ia -o(3) 
3 3 a PS) 
But by (1), a fe ae” y*aliy ee a 
$ 3 a* ih 
And by (3), ae = 3G 
¢ . £4. gc). ae 
Adding, wea y* ty? = at—so- 
3 8\2 3a*—o 
Or, (a? 4. y) = ee 
Z 3a’°—b 
x* + y" SES, + ) net ae veeeee(4) 
Again, from (1) a fatytty — ¢@ 
ye 3 (a? —b) 
And from (3) 3a* y — 7 
3 ce tae. 3 3 (a2—b 
Subtracting, gO g* af* gf) ( oo ) 
3 2) * 3b 
4 4 oes 
Or, (G —- y: ) eco Da 








3 2 
a z x. ja ah 
But by (4) ety = +4 eae 
3 30" —20 3b6—a* 
° : * Be is 
. adding and subtracting, x = + aa + ae 
2 
3 3a? —b 36—a? 
‘2 a eo 
_ re ny), a 2a 
B) 


Hence the corresponding values of a and y are 





ee 2 eS Pi jEv set ve $ 
V/8a V/8a 
and, 
i: eee Ss eve 
Y = 3 Y= SS 
V/8a V8a 


The following require the completion of the square : 


@xample 5. 


G+-yts*-y? (= ¢ ee Ore 

Om yf eis? - se (2)5 
Add (1) and (2), 22° +25. = @ ae CETL eEeTETEEY 65) 
Subtract (2) from (1), Z2y*+2y == @ — iene (4) 


== = - 


waa 
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_ Equations (3) and (1) are common adfected quadraties ; solving these in the 
usual manner we find 


SS rere ye py: 
ac. o 5 eng 
ee VA ga 28 
2 
Example 6. 
Piri M Mee GEOG cil enascesis ses oder'actliscscstent acs (1) 
ais el Dea casas teu cadevascrsasee Pies sicsape (2) 


Raise (1) to the power of 4. 











ett 4nriyto6re*y*?@tarcy?+y* = 1296 
But from (2) 2" yr = 272 
‘Subiracting, ~ 42%? y+ 6a? y?+42ry> - = 1024 
Or, 2ry (22? +32y4+2y7?) = omy? 2 eae Meir (3) 
But by (1), Quy(Qurr2-+4uy+2y") em LAG eee eC) 
Subtracting (3) from (4), 22% y* = 1442 y—1024 
.Transposing and dividing by (2), 27? y*-——72wxy = ae LS 
. Completing the square, £2 y* —72 «y4+1296 = 1296-512 
| Or, (ay 36)? <r) ABs 
| ZY — 36 = - 14/784 
“Ly = 36+ 28 
= 64, and,8 
First, let us supposery = 8. 
‘By (1), a? 4+2eyty* =a ob 
And, 4any meh. 410 
£ubtracting, 2° —2aey ty? =e 
: “ &—yY eonaet- 2 
But, ety pent el 
.. adding and subtracting, 
gay 4 a." 2 
) and 
| Tie tment 4 UP 
| Secondly, let us take the other value of x y, or 64. 
By (1), a*+2ey+y* = 36 
4any a "256 
Subtracting, ae? —2¢ yty?’ == 220 
ae cy et 7 oe ee0 
But, . uty = 
.. adding and subtracting, 
Jeena 
he. 6+4- 4f-= 220 a ‘Sy 
e on ees and, é ces 
y = 6—V—220 y= hd et 
Y 2 
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Hence in the above equations, two of the roots of x and y are possible, and 
two impossible. 








1 
Bei. 2@ - Sy = 118. hi ii ss teceecee (1) ' 
52 — Ty? 1 ABB O caes se neve ests cusses ten (2)$ 
Ans and, : 
y 16 y= 19254, 
Ex. 8. 8x-+ 23y — 275-+4+2y% ....,.c0scasaseeeee eee Or 
B4y4- 6 aF'—Sy* = Br y-+ Qh 1s... cc scccteeeueeneeenee (2) 
) = 181 65+ 1114 
Bert See 32 Tie Vos as 26 
y = 2 y= 34 =0 4535/7114 
133 Y= aS he: 
Ex, 9.) (@ —'y) (22° — yy ©) Sah acl ees foc ogee ee Oo ; 
(2 fy) (22 9?) SH Deis. scscetsncescncesvendensesrassiee (2) 
fins, oo = V2) — 6 
2Y2b—a 24/2 b— a 
Ex, 10. xyz 
_ Draiccvcccccvccccresevecesccvscseces Oeenvasesnes ] 
zr+y | 
LYzZ 
ae SPP eRe en ens Petre 2 
pm in: (2) f 
LY 2 
= = Crccaiecncsa: wales ses 2uleinagsee ab ee. cate (3) 


2abc(ab+ be—ae) 

ete ea (ab.4-ac—bc) (6¢ +actade 
2abc(be+ac—ab) 

UP tes +/+ (ab+ b¢—ac) 
2abc(ab+ac—bc) 

z= + / tab. bea eo 





PROBLEMS WHICH PRODUCE QUADRATIC EQUATIONS, 


Problem 1. 


166. To find a number such, that twice its square, augmented by three times 
the number, is equal to 65. 
Let x be the number required, we have for the equation of the problem 


2z* + 3x, = 65 


ae 3 RA 9... soy 3 
Selving the equation, at mY + 2 + {6.58 us 4 
13 
Hence ME 7 Pas) 3 t= yy 


The first of these two values satisfies the conditions of the problem, as stated in 
the enunciation ; for, in fact, 


sp. 
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A5)2+3xX5 = 2X W+15 
= 65 
In order to interpret the meaning of the second value, let us observe, that it 
we substitute — x for + x in the equation 2?-++ 3x = 65, the coefficient of 3z 
alone will change its sign, for (— x)? = (+ x)?= 2?. Hence the value of 
z will no longer be 


3 we 23 
a ech ees 
: 3 
but will become 2 iy lak ra.oe 23 
4, 4 
3 
Hence a= z= —5 


where the values of « differ from those already found in sign alone. 
| ; : 13 : F 
Hence we may conclude, that the negative solution — “oA considered without 
reference to its sign, is the solution of the following problem: 
To find a number such, that twice its square, diminished by three times the 


number, is equal to 65. 
In fact we have, 


| Palas 13+ 169 ~——«89 
| Se) aos = ae 
= 65 
Problem 2, 


A tailor bought a certain number of yards of cloth for 12 pounds, If he had 
paid the same sum for 3 yards less of the same cloth, then the cloth would have 
cost 4 shillings a yard more. Required the number of yards purchased. 

Let x be the number of yards purchased, 


ie Then = is the price of one yard, expressed in shillings; 


If he had paid the same sum for 3 yards less, in that case the price of each 
would be represented by = 
But by the conditions of the problem, this last price is greater than the 
former by 4 shillings; hence the equation of the problem will be, 


240 240 
Sy aa aie 
Or, 
x?*—3¢ = 180 
Whence 
oad Re: ihe ees 27 
z= >t ae ie a 
mas (aoe Loe ere a LD 
1 be value of 2+ = 15 satisfies the conditions of the problem, for 
240 240 
— = 16; Sep ge LS 
15 G3 12 : 
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the price of each yard in the first case being 16 shillings, and in the latter case 
20, which exceeds the former by 4 shillings. 

With regard to the second solution, we can form a new enunciation to which 
it will correspond, Resuming the original equation, and changing x into —x 
it becomes 





240 24.0 
BRERA ae US AF 
Or, 
240 _ 240 
a ge gers, ee SB 


an equation which may be considered as the algebraic representation of the 
following problem : 


A tailor bought a certain number of yards of cloth for 12 pounds. If he had 
paid the same sum for 3 yards more, then the cloth would have cost 4 shillings 
a yard less. Required the number of yards purchased. 

The above equation when reduced becomes 


x?-+- 34 = 180 
instead of «2 — 3a = 180, as in the former case; solving the above, we find 
sfondi oa Vile dF 


The two preceding problems illustrate the principle explained with regard to 
problems of the first degree. 


Problem 3. 


A merchant purchased two bills; one for £8776, payable in 9 months, the 
other for £7488, payable in 8 months. For the first he paid £1200 more than 
for the second. Required the rate of interest allowed. 


Let 2 represent the interest of £100 for 1 month, 

Then, 12x, 9x, 8x, severally represent the interest of £100, for i year, 9 
months, 8 months, 

And, 100 + 9a, 100 -+- 8x, represent what .a capital of £100 will become 
at the end of 9 and of 8 months, respectively. 


Hence, in order to determine the actual value of the two bills, we hare the 
following proportions : 


end gUlh" an SiGe irs aia 
100 + 9x : 100 :: 8776: 100 + 9a 
° ee . 7488 x 100 


the fourth terms of the above proportions express the sum paid by the merchant 
for each of the bills. 


Hence by the conditions of the problem, 


877600 748800 


; IN t--Saacal OO. cee 


Or, dividing each member by 400, 





\ 
| 


~~ 





QUADRATIC EQUATIONS, 


2194 1872 
100 + 9x 100 +4 8& 


ho 
& 
wo 


i 
Clearing of fractions and reducing, 


216? +4- 43962 = 2200 





Whence 
oy ee 2LOS 4 (2200 2198\2 
ela Fister tena ere 
_ — 2198 + ,/5306404 
ig 216 
dag : j 
e lor = — 2198 FE V5306464 
18 
2198 + 2303. 5.0... se 
ie 18 
Bee a) 5. 8G6...%, 46% seen laa 250 O84. a3, 
The positive solution, 12% = 5.86...... , represents the required rate ot 


interest per cent, per annum. 

With regard to the negative solution, it can only be considered as connected . 
with the other by the same equation of the second degree. If we resume the 
original equation, and substitute — x for +- x, we shall find great difficulty in 
reconciling this new equation with an enunciation analogous to that of the 
proposed problem. 


Problem 4. 


| Aman purchased a horse, which he afterwards sold, to disadvantage, for 24 
pounds. His loss per cent, by this bargain, upon the original price of the 
horse, is expressed by the number of pounds which he paid for the horse. 
Required the original price. 


Let x be the number of pounds which he paid for the horse 
Then, x — 24 will represent his loss ; 


But, by the conditions of the problem, his loss per cent. is represented by the 
number of units in 2; 


His loss per cent. on one pound is 7 
-. his loss per cent on a pounds must be a , or x times as great. 


This gives us the equation 


“= we — 24 
100 
ec = 50+VY100 = 50+10 
Hence, . ea OLS x = 40 


Both these solutions equally fulfil the conditions of the problem. 
Let us suppose, in the first place, that he paid 60 pounds for the horse; since 


he sold it for 24; his loss was 36. On the other hand, by the enunciation, his 





_ loss was 60 per cent. on the original price ; 7. e. aay 60, or bea ile 36; 


100 — 100 


| thus 60 satisfies the conditions. 


@ 2 
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; 
‘¢ 
{ 
i 


In the second place, let us suppose that he paid 40 pounds; his loss in this 
case was 16. On the other hand, his loss ought to be 40 per cent. on the © 


SU erof 40, or AO KO 16; thus 40 also satisfies the 4 


original price; 2. é. 
Peete eS TOO 100 





conditions. 


General Discussion of the Equation of the Second Degree, 


167. In the problems of the second degree which we have hitherto solved, the 
given quantities have been expressed by particular numbers. But, in order 
that we may be enabled to resolve general problems, and to interpret the 
various results at which we may arrive, from assigning particular values to the 
given quantities, we must resume the equation of the second degree under its 
most general form, and examine the circumstances which arise from making 
every possible hypothesis, with regard to the coefficients. Such is the object of 
the discussion of the equation of the second degree. 

168. Before commencing this discussion, we shall notice another method of 
solving the equation of the second degree, which leads to important conse- 
quences. 

We have seen that every equation of the second degree may be reduced to 
the form 

£2 px tg FO ccscececeeee Setatat se ve ED a 
where p and q are given quantities, numerical or algebraical, integral or frac- 
tional, positive or negative. 


4 * ° ; ° ibe : 
This being premised, transposing q and adding & to each member, in order 


to render the first member a perfect square, the equation becomes 


2p! 2 tp 2a 

or, 

P NF i Pp? 

(+3). = | 
2 
Whatever may be the value of i —4q, we can always represent its square 
root by m, and the equation then becomes, 
ree ayy: ee 

(s+ §) Tate 

or, 


(a+ BY) —m? — ae 


The first member of this equation, being the difference of two squares, may 
be put under the form, 
P 
(e+ btm) @t 5 —m) 
which gives the new equation, 


(f+ 5 +m) @+ 4 — im) = 0. issuers 4 
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an equation in which the first member is the product of two factors, and the 
second member is 0. We may render this product = 0, and consequently satisfy 
equation (2), in two different ways. 





Either, by putting 2 + a —m =0, whence, x = — £ +m 
Or, by putting r+ ve +m =0, whence, = + - IR 
, np? 
i Filomena ms + a q 


That is, substituting for m its value, ) 
ci 


Tt is, moreover, manifest that we cannot render the first member of equation 
(2) equal to 0, unless by putting for z some quantity which shall render one of 
the two factors which compose the expression equal to 0. 

Hence, since equation (2) is a consequence of equation (1), and reciprocally, 
it follows, that, 

Every equation of the second degree admits of two values of the unknown 
quantity, and not more than two. 

These values possess some remarkable properties, 

I. Since the equation, 


e?*-+-pr+-q= 


may, by a series of transformations, be reduced to the form, 
(a + en m) (a + £ Seo E DY mm 
m being equal to pe. —-—q, it follows, that, 


The first member, x? + px + q, of every equation of the second degree, 
whose second member is 0, is composed of the product of two binomial factors 
of the first degree in x, having x for a common term, and for their second terms 
the two values of x with their signs changed. 

This property has caused the name of roots of the equation to be given to 
the two values of the unknown quantity, for if we know the values of the un- 
known quantity we can determine the equation. Thus, 

Take the equation «? 4+- 32 — 28 = 0, which, when solved, gives, 


e=4;5 c= —T 
the first member of the above equation reais from the product (a — 4) (@ 4-7); 
in fact. 
: (a—4) (x+ 7) xr? 42-+4+-72 — 28 


2* -+- 32% — 28 


II, If we represent the two roots of the equation by « and £, by the preced- 
ing property, we have, 


witpatg = (« —«)(«—8) 


Now, 





« 


mls Salil 1 Dae 
sd ae vr mk 
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iD? 
6= -F-V57-% 
Addi | p ip a 
ing, a+ 6 —— 2 2 — Pp 
2 2 
Multiplying, ap= e fe (&- —q) = +94 


Hence, it appears that, 


1°. The algebraic sum of the two roots is equal to the coefficient of the second 
term of the equation with its sign changed. 
2°. The product of the two roots is equal to the last term of the equation. 


DISCUSSION. 


169. Let us resume the general equation, 


c*-+prtqg= 0 


which, when solved, gives, 
sin P+ J pee 
The Ss, ES 5 + rt q 


Let us make different hypotheses, successively, with regard to the coefficients. 





I. Let @ be positive, and aF. and let » be positive. 


The equation in this case, the coefficients being written with their proper 
signs, will be of the form, 


e*+pr+q=0 


which, when solved, gives, 


= SRM ee ee 
eee 0d yp Weasel ay 
pelt pe p2 
q being less than 7, | —q isa positive quantity, and the root Uk —g 
can always be extracted, either exactly or approximately, and must be some 
quantity less than ae hence, in this case, the two values of x will both be 


negative. 


2 
I]. Let @ be positive, and — a and let » be negative, 
Here the equation will be, 
z*—pnx+q = 0 
, im P 2 
Whence, Pp ae +24 /2—4 


reasoning as above, it is manifest, that in this case the two values of x will both 
be posttive. 





2 
Ill. TV. Let q be positive, and > r., and Jet p be either positive or nega- 


tive. 
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Here the equation will be, 
ee pet? — 9 
_ =P pre 
Whence, c= +5 ee oe 


2 
q being greater than Pp the quantity under the radical will be negative, and 


consequently, in each of the above cases (i. e. both when p is positive and when 
p is negative,) the two values of x will be imaginary. 
In fact, if we examine the general equation, we shall find that the conditions 
are absurd, for transposing g, and completing the square, we have, 
2 


2 
P 
RSD ar va 


2 
but since c-—4 is, by hypothesis, a negative quantity, we may represent if 


by —m, where m is some positive quantity, 
2 


ritpet > = —m 


(«+ EY +m = 0 


that is, the sum of two quantities, each of which is essentially positive, is equal to 
0, a manifest absurdity. Solving the equation, 


ce Sos Fe + fom 


and the symbol 4/— m, which denotes absurdity, serves to distinguish this case. 
Hence, when the roots are imaginary, the problem to which the equation corre- 
sponds is absurd. 

We still say, however, that the equation has two roots, for subjecting these 
values of x to the same calculations as if they were real, that is, substituting 
them for x in the proposed equations, we shall find that they render the two 
members identical. 


; 2 
-V. VI. VIL VIIL Let ¢ be negative, and either > or < ie p either posi- 


tive or negative, 
- Here the equation will be, 


z*+prz—q = 


Whence, = Fo4 /2 +9 





2 ; poet? 
Since + q is always a positive quantity, the reot Ue oe +. q can always 
be extracted, either exactly or approximately, and must be some quantity 


greater than £ ; consequently, in each of the four above cases (7. e, whether ¢ 


2 
be greater or less than E, and whether p be positive or negative), one value 
of x will be positive, and the otcer negative. 


pa 
TX. Let ¢ be positive, and = i, p positive, 
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Resuming the equation, 
x? + pr + q = 0 
5 | 
Whence, 6: o> —F+ F-—q | 





2 ‘ 
The radical vf o 9 vanishes upon the supposition that 9 = a and the | 


two values of x are reduced to 4 ; in this case, we say that the two roots 


are equal, 
2 


If we take the original equation, and substitute n for g, it becomes, 


p? 
a? na ae 0 
or, 


(x+4) = 0 


In this case, the first member of the equation is the product of two equal fac- 
tors, and we therefore conclude that the two roots are equal, for each of the 
factors when equated to 0, will give the same value of z. 


X. Upon the same hypothesis, if p be negative, the two roots will be equal 


and ecch = + c : 


XI. Let g = 0, and let p be positive. 
Here the two values of x, in the solution of the general equation, will be re- 


duced to 


ED se 5 oh yn — ee 
t=—Z+5 = 9, and tc =—G-Z=-P 
In this case, the general equation is of the form, 
Ci pee == 20 
or, 
ced Core i op Yet een at 


an equation which can be verified, either by putting « = 0, or, r+-p = 0. — 


XII. Upon the same hypothesis, if p be negative, the two roots of the equa- 
tion will be  =0, r= +>. 


XIII. Let g be negative, and let p = 0. 
The general equation will become, 


whence ia ie JW 
that is, in this case the two values of x will be equal, and have opposite signs, 


XIV. Let ¢ be positive, and p = 0. 


~ 


This case is the same as the last, with this difference, that the two values of 


x will be imaginary ; for we shall have 
2? bg sao 


: 
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The two last cases belong to the class of equations which we have treated 


ander the title of Pure Quadratics. 


XV. Let g = 0, and p = 0. 


‘ . The equation will then be reduced to 


; 
z* = 0 


and the two values of « will then be each = 0. 


We may exhibit the results at which we have arrived in the following table: 


The general form of the equations, the coefficients being considered indepen- 


dently of their signs, is 


LIL Let q be positive and 25 


i 





r?+prt+q = 0 


2 


pes ann ss ee 
I. p positive, « = — = + /F — gq, both values negative. 
P_ 
2 


2 
+ / £ 4, both values positive. 


If. pnegative,c = + m 




















IIL 1V. Let ¢ be positive and = c 
ater 
Ill. p positive, 2 = sab i fi tg, 
; both values imaginary 
IV. pnegative,z = + 4 + /z —— 4, 
p 
V. VI. Let q be negative and <> 
2 
a Pp positive, o=-F4/F +a 
2 1 
VI. p negative, + = + a EVE +, 
one value positive, 
VIL. VIIL Let q be positive and > : 
; Lat ied, and one negative. 
, p positive, « = —-g e/a mere 
VIII. p negative, x = — £ ne ae +4, : 


- TX, X. Let ¢ == 


IX. p positive, ¢ = ae ; . 
the two values equal. 
X. pnegative,« = + £ ; 
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XI XIL Let ¢ = 0, 


XI. p positive, « = — , one value = — p, the other = 0. 


XII. p negative, z = + , one value = -+}- p, the other = 0. 


XIII. Let ¢ be negative, 
{XIILp = 0, 2x = +,1/¢, the two values equal with opposite signs: 


XIV. Let q be positive, 
{ XIV. p = 0, sa tY— g, both values imaginary. 


XV. Let g =_0, , 
kV op Ope 90? both values equal to 0. 


XVI. One case, attended with remarkable circumstances, still remains to be 
examined. Let us take the equation, 


az? + br—c = 0 


—b + fF 4400 
24a 


Whence, 


z= 


Let us suppose that, in accordance with a particular hypothesis made on the ~ 
given quantities in the equation, we have @ = 0; the expression for z then 
becomes 


0 

sce a a hence a 0 
2 a ae aly, 
x batt he 


the second of the above values is under the form of infinity, and may be con-- 
sidered as an answer, if the problem proposed be such as to admit of infinite 
solutions. 


: 0 
We must endeavour to interpret the meaning of the first, 7 


In the first place, if we return to the equation ax? + ba—c = 0, we per- 
ceive that the hypothesis a=0 reduces it to bx-++-c, whence we derive — 


C ; ’ 4 : ; 
c= 7a Jimie and determinate expression, which must be considered as 
; URS 
representing the true value of 5m the case before us, 
That no doubt may remain on this subject, let us assume the equation 


2 ate OE CaO 


1 
and put x= mr the expression will then become 


Whence, 
cy* —_ by —a = 0 


Let a= 0, this last equation vill become 
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cy” — by =O 
from which we have the two values y= 0, y= iy substituting these values 
| RE ia J we deduce - 
y 
] c 
Vg ee 7: op iy 3 


_ Tf, in addition to the hypothesis a —0, we have also 6=0, the value 


a8 c a 
ine becomes 97 infinite. 
In fact, the equation cy? —by—a = 0, under this double hypothesis, is 
reduced to cy? = 0, an equation in which the values of y are equal, and each 
= 0. Hence the two corresponding values of x will both be ijinite. 
If we suppose a= 0, 6=0, c=0, the proposed equation will become 
altogether indeterminate. 
170. Let us now proceed to illustrate the principles established in this general 
discussion, by applying them to different problems. 


Problem 5. 
‘To find in a line A B which joins two lights of different intensities, a point 
which is illuminated equally by each. 


P3 A in B P2 





(It is a principle in Optics that the intensities of the same light at different 
distances are inversely as the squares of the distances. ) 


Let @ be the distance A B between the two lights, 
b be the intensity of the light A at the distance of one foot from A, 
. ¢ be the intensity of the light B at the distance of one foot from B, 
.. P, be the point required, 
. AP; = 4, « BP; = a—®@. 


By the optical principle above enunciated, since the intensity of A at the dis- 
tance of 1 foot is 3, its intensity at the distance of 2, 3, 4, ...-.. feet, must be 
be. b .b : : 
2 9 Te? hence the intensity of A at the distance of x feet must be 
in the same manner, the intensity of B at the distance a —a must be 
| c : oes 
Yeo a? : but according to the conditions of the question, these two intensities 
. , 
are equal, hence we have for the equation of the problem, 
Diag iyi c 
ze. + (a—e)* 


Solving this equation, and reducing the result to its most simple form, 


aE a pals 
fot Je 


We shall now proceed to discuss these two values: 
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a/b ave 
ee a a ge Mr ; 5 
Viet Ve whence, ay © 
es eec0ace & ent afb Ei £ — — a/c 
V/bi—ve Yo—VYe 
1, Let.o 


0.4/0: 2a ioe | /b 

The first value of x, Vbwe is positive, and less than a, for ay 

is a proper fraction; hence, this value gives for the point equally illuminated, 

a point P,, situated between the points A and B. We perceive, moreover, 

that the point P, is nearer to B than to A; for, since bc, we have, 

b If 

Vo+ YET VO VG 08 2b 7 b+ Ye, amd. VE oF 

A ea bint ; : 

and consequently, Wet 7e a 9° This is manifestly the result at whic 

we ought to arrive, for we here suppose the intensity of A to be greater than 
that of B. 


: AV Sy) i om aq 
The corresponding value of a — 2, Jo+ Ve +e is positive, and less than ae 


a/b ; at 
The second value of 2, Vo—Ve is positive, and greater than a, for 
a/b : 
/5 Tire fo—Ve, oe Ay) aT Att) and .* Wis = a This sez 
cond yalue gives a point Pe, situated in the production of A B, and to the right 
of the two lights. In fact, we suppose that the two lights give forth rays in all 
directions, there may therefore be a point in the production of A B equally 
illuminated by each, but this point must be situated in the production of AB 
to the right, in order that it may be nearer to the less powerful of the two — 
lights. | 
It is easy to perceive why the two values thus obtained are connected by the — 
same equation. If, instead of assuming A P, for the unknown quantity a, we | 
eee c 
take A P2, then BP, = x —a, thus we have the equation = (ea? ; but — 
since (« — a)? is identical with (a — x) *, the new equation is the same as that 
already established, and which consequently ought to give A Ps as wellas AP, 
ve CA Cle : ; 
ie is negative, as it ought to be, because — 


x7 a; but changing the signs of the equation a—a = 


The second value of a — 2, 
—a fe 
/b— re 


, and this value of «—a represents the absolute length 


, we find 


L-—-a4 = 


Oi ss 


Ve 
Cc 


Ve an/, 


II. Let b2 ¢. 


is positive, and less than 3 for \/b + fe 
; peas 1 = 
a /b+ VY, ~ fotrYer2/b, ob ee 2? ** 70 ae 
a 


POT Bs 
2 


The first value of x, Ean 


2 


| equation and substitute — 2 for -+ x, it thus becomes 
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The corresponding value of a — xz, is positive, and greater 


a fe 
Votye 
tha 


Hence, the point P, is situated between the points A and B, and is nearer 
to Athan to B. This is manifestly the true result, for the present hypothesis 


supposes that the intensity of B is greater than the intensity of A. 


afb | afb 
Ai Y PeBys 


The second value of x, 3 8 essentially negative. In 


order to interpret the signification of this result, let us. resume the original 


c 


b — on 
Be eae Gite yi 


_ since (a —) expresses in the first instance the distance of B from the point 

required, a+-x ought still to express this same distance, and therefore the point 
required must be situated to the left of A, in P3, for example. In fact, since 
the intensity of the light B, is, under the present hypothesis, greater than 


the intensity of A, the point required must be nearer to A than to B, 
—ay7fe aye 
b— Ve Ry 64 7D! 


The corresponding value of a—a, , is positive, 


and the reason of this is, that, 2 being negative, @— x expresses, in reality, an 


_ arithmetical sum. 


IIL Letb=e. 
The first two values of x and of a —~x are reduced to 5 which gives the 


bisection of A B for the point equally illuminated by each light, a result which 


is manifestly true, upon the supposition that the intensity of the two lights is the 


i 
; 


same, 
a/b i“ ie Se 

The other two values are reduced to 7 that is, they become infinite, that 
is to say, the second point equally illuminated is situated at a distance from the 
points A and B greater than any which can be assigned. This result perfectly 
corresponds with the present hypothesis; for if we suppose the difference 6 —c, 
without vanishing altogether, to be exceedingly small, the second point equally 
illuminated, exists, but at a great distance from the two lights; this is indicated 


by the expression the denominator of which is exceedingly small 


a/b 
fo—rVe’ 


‘in comparison with the numerator if we suppose 5 very nearly equal toc. In 


{ 


the extreme case, when b = ¢, or ,/b —,/c¢, the point required no longer exists, 
or is situated at an infinite distance. 


IV. Let b=c, anda=0. 


The first system of values of z and a —=z in this case become 0, and the second 


0 : : Aer : 
system +. . This last result is here the symbol of indetermination ; for if we 


_ recur to the equation of the problem 


Lae 1 Vc Bae 
zi (a—sz)? 
Or 
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(6—c)22--2ab2 = Sees 
it becomes under the present hypothesis 
020" — 0 73 coe 


an equation which can be satisfied by the substitution of any number whatever 
for x. In fact, since the two lights are supposed to be equal in intensity, and 
to be placed at the same point, they must illuminate every point in the line A B 
equally. 

The solution 0, given by the first system, is one of those solutions, infinite in 
number, of which we have just spoken. 


V. Let a=0, d not being = c. 


Each of the two systems in this case is reduced to 0, which proves, that in this 
case, there is only one point equally illuminated, viz. the point in which the two 
lights are placed. 

The above discussion affords an example of the precision with which algebra 
answers to all the circumstances included in the enunciation of a problem. 

We shall conclude this subject by solving one or two problems which require 
the introduction of more than one unknown quantity. 


Problem 6. 


To find two numbers such that when multiplied by the numbers a and 3 re- 
spectively, the sum of the products may be equal to 2s, and the product of the 
two numbers equal to p. 


Let z and y be the two numbers sought, the equations of the problem will — 


be 
aXe Oy SoS asaien oe \aseaees Sea specaare ee es (1) 
EM) aot eg eka an Be ines tonetan es saperegar 00s 00945 0a taneeeenee (2) 
From (1) 
‘ iret 
53 


Substituting this value in (2) and reducing, we have 


ax?—2szr+bp = 0 
Whence, 
pep, yy R 
a a 
And, .*. 
y = -¥ GV aps 


The problem is, we perceive, susceptible of two direct solutions, for s is mani- 


festly > V/s? —a bp; but in order that these solutions may be real we must 
have s*> or =a bp. 


Let a = 6 = 1; in this case the values of x and y are reduced to 


e©=stl/st—p , ¥ = st V/s*—p 
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Here we perceive, that the two values of y are equal to those of x taken in 
an inverse order; that is to say, if s 4. +/s* —p represent the value of x, then 
s— /s* — p will represent the corresponding value of y, and reciprocally. 

We explain this circumstance by observing, that in this particular case the 


equations of the problem are reduced to x + y = 28,2 y =p and the ques- 


tion then becomes, Required two numbers whose sum is 2 s, and whose product 
is p, or, in other words, To divide a number 2s into two parts, such that their 
product may be equal to p. 


Problem 7. 


To find four numbers in proportion, the sum of the extremes being 2 s, the 
sum of the means 2 s’, and the sum of the squares of the four terms 4c *. 

Let a, @ y, z, represent the four terms of the proportion; by the conditions 
of the question, and the fundamental property of proportions, we shall have as 
the equations of the problem 





ae ON Sastre teu leletdesytetdonece Vis eecoceeee: (1) 
Biel SAAN Bi 5. AG Fos AAS Wi. tasekates se a (2) 
Nae 1S ens oe Ge PAN Coos ape beg we eeee seas (3) 
RI kes TR od on RA El. ones srw esweeaes sed bv etasseccasaatons (4) 
Sau arthig (1) and (2) and adding the results, 
a’+atpytpzt+2az+2ry = Alst4e? ) 
Butby(4),@?-+ 2*+ y?+ 2? a Anes 
Subtracting, 2az+-2ry = A(s?-+s/*—c?) 
» by (3), haz = A(s?-s/?—c*?) = 4ay.(5) 
Squaring (1), a?+2az+2? = 4s? 
But by (5) 4042 = 4(s?-+4s'2?—c?) 
Subtracting, a*—-2az+2z% = 4(c?—s!?) 
Extracting the root, a—z = +2/c2—-s'2 
But by (1) ite Ss 
.. adding and subtracting, a= stY¥c*—s!? 
2 = sf¢Ye?—s? 
Precisely in the same manner we shall find « = s/+\/c?—s? 
‘ y = Ss tVc?—s? 


The four numbers will therefore be 
ees 1-4/ c*7— 3 2 ; zg s'+Vc?—s? 


z= s—vyc*—s'? s§—Ycr%—s? 


These four numbers constitute a proportion, for we have 
az = (s+ Vc*—s”) (s—Vc*—s*) = s*#—c? 4? 
wy = (s/+ Vc?—s?*) (o—Vc'—s?) = s'*—c*+5? 


Prob. 8. What two numbers are those, whose sum is 20, and their product 36 ? 
Ans. 2 and Is, 


Prob. 9. To divide the numper 60 into two such parts, that their product may 
be to the sum of their squares, in the ratio of 2 to 5, Ans, 20 and 40. 


¥ 
. ‘ 
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Prob. 10. The difference of two numbers is 3, and the difference of their cubes 
1s 117; what are those numbers ? Ans. 2 and 5. 


Prob. 11. A company at a tavern had £8 15s. to pay for their reckoning ; 
but, before the bill was settled, two of them left the room, and then those who ~ 
remained had 10s. a-piece more to pay than before: how many were there in 
company ? Ans. 7. 


Prob. 12. A grazier bought as many sheep as cost him £60, and, after re- 
serving 15 out of the number, he sold the remainder for £54, and gained Qs, 
a head by them; how many sheep did he buy ? Ans. 75. 


Prob. 13. There are two numbers, whose difference is 15, and half their pro- 
duct is equal to the cube of the lesser number ; what are those numbers ? 
Ans. 3 and 18, 


Prob. 14. A person bought cloth for £33 15s. which he sold again at £2. 
per piece, and gained by the bargain as much as one piece cost him ; i 
the number of pieces ? Ans. 15. 


Prob. 15. What number is that, which, when divided by the product of its 
two digits, the quotient is 3; and if 18 be added to it, the digits will be in- 
verted ? . Ans. 24, 


Prob. 16. What two numbers are those, whose sum multiplied by the greater 
is equal to 77; and whose difference multiplied by the lesser is equal to 12? 
Ans, 4 and 7. 


Prob. 17. To find a number such, that if you subtract it from 10, and multi- 
ply the remainder by the number itself, the product shall be 21. Ans, 7 or 3. 


Prob. 18. To divide 100 into two such parts, that the sum of their square roots 
may be 14. Ans, 64 and 36. 


Prob. 19. It is required to divide the number 24 into two such parts, that their 
product may be equal to 35 times their difference. Ans, 10 and 14. 


Prob. 20. The sum of two numbers is 8, and the sum of their cubes is 152; 
what are the numbers? Ans. 3 and 5. 


Prob. 21. The sum of two numbers is 7, and the sum of their 4th powers is 
641; what are the numbers ? Ans. 2 and 5. 


Prob. 22. The sum of two numbers is 6, and the sum of their 5th powers 
is 1056; what are the numbers ? Ans, 2 and 4. 


Prob. 23. Two partners, a and B, gained £140 by trade; a’s money was 

3 months in trade, and his gain was £60 less than his stock; and B’s money, 
which was £50 more than a’s, was in trade 5 months; what was a’s stock? 

Ans. £100, 


Prob. 24. To find two numbers such that the difference of their squares may 
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be equal to a given number, g®; and when the two numbers are multiplied by 
the numbers a and é respectively, the difference of the products may be equal 
to a given number, s® 


asttb Vs (Pq? 


Ans, - ena. 
bs? +a /s'—(a—b)\q 
Gray = aes 


Prob. 25. To divide two numbers, a and 8, each into two parts, such that 
the product of one part of a by one part of 6 may be equal to’a given num- 
ber, p, and the product of the remaining parts of a and J equal to another 
given number, p’. 


ab—( p'—p)+ / {ab—(p'—p)} *_dabp 


Ans. @— 
2b 
4 + (pip) Vt ab—(p'—p)} *—4abp_ 
2b ET aw 
p = 2 —(P'—p) + V {ab—(p'—p) } °—4abp 
2a 
4 ab+(pl—p) FV {ab—(p'—p)}*—4abp 
2a ; 


Prop. 26. To find a number such that its square may be to the product of 
the differences of that number, and two other given numbers, a and 3, in the 
given ratio, p: gq. 


Ans, (@+4)p+ V(a—b)'p*-+4abpq 
2(p—) ; 


Prob. 27. A wine merchant sold 7 dozen of sherry and and 12 dozen of 
claret for 50/.; he sold 3 dozen more of sherry for 10/7. than he sold of claret 
for 6. Required the price of each. 


Ans. Claret, 3/.; and sherry, 27. per dozen. 


Prob. 28. There is a number consisting of two digits, which, when divided 
by the sum of its digits, gives a quotient greater by 2 than the first digit; but 
if the digits be inverted, and the resulting number be divided by a number 
greater by unity than the sum of the digits, the quotient shall be greater by 
2 than the former quotient. What is the number ? 

) Ans, 24. 


Prob. 29. A regiment of foot receives orders to send 216 men on garrison 
duty, each company sending the same number of men; but before the detach- 
ment marched, three of the companies were sent on another service, and it 
was then found that each company that remained would have to send 12 men 
additional, in order to make up the complement, 216. How many companies 
were in the regiment, and what number of men did each of the remaining 
companies send on garrison duty ? 


Ans. There were 9 companies; and each of the remaining 6 sent 36 men. 
§ 
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ON THE NATURE OF EQUATIONS. 


171. The valuable improvements recently made in the process for the 
determination of the roots of equations of all degrees, render it indispensably 
necessary to present to the notice of the student a concise view of the present 
state of this interesting department of analytical investigation. The researches 


of Messrs. Atkinson and Horner on the method of continuous approximation — 


to the roots of equations, and the beautiful theorem of M. Sturm for the com- 
plete separation of the real and imaginary roots, have given a fresh impulse 
to this branch of scientific research, and entirely changed the state of the 
subject of numerical equations. Indeed, the elegant process of Sturm for 
discovering the number of real roots, and their initial figures in any numerical 
equation, combined with the admirable method of continuous approximation 
as improved by Horner, fully complete the theory and numerical solution of 
equations of all degrees. 

We do not intend to enter at great length into the theory of equations; 
but it is hoped that the portion of it which we have introduced into the pre- 
sent treatise will be discussed in a simple and perspicuous manner, and be 
found amply sufficient for most practical purposes. 


DEFINITIONS. 


1. An equation is an algebraical expression of equality between two 
quantities. 

2. A root of an equation is that number, or quantity, which, when substi- 
tuted for the unknown quantity in the equation, verifies that equation. 

3. A function of a quantity is any expression involving that quantity; thus, 


Q 
axt+b, az®+cxr+d, a: srt a® are all functions of z; and also az*—by*, 


cx+td 
/42z—y; see yt+y rta2ta?+b+2, are all functions of z and y. 








These functions are usually written f(x), and f(z, y). 


Proposition I. 


Any function of x, of the form 
x+p a" '+q oP dene eee 
when divided by x—a, will leave a remainder, which is the same function 
of a that the given polynomial is of x. . 

Let f(2gHePrtpe tg e+ .. ee ; and, dividing f(x) by z—a, let 
Q denote the quotient thus obtained, and R the remainder which does not 
involve 2; hence, by the nature of division, we have 

f(z) = Q (2—a) + R. 

Now this equation must be true for every value of 2; hence, if 2=a, we 
have f(a) =0+R; 
for R is altogether independent of 2, and therefore the remainder R is the 
same function of a that the proposed polynomial is of 2. 


* 


EXAMPLES. 


(1.) What is the remainder of 27—62-+-7 divided by z—2, without actually 
performing the operation ? 

(2.) What is the remainder of 2*—6z*+82—19, divided by «+3? 

(3.) What is the remainder of a$+623+72%+52—4, divided by z—5? 

(4.) What is the remainder of 2°+p #2+qa+r7, divided by z—a r 
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ANSWERS. 
(1.) R=2*-6x24+7=—1. (3.) 1571. 
(2.) R=(—3)?>—6(—3)?+8(—3)—19=—124. (4.) a+pa?+gat+r. 


Proposition II. 


Tf a is the root of the equation, 
et Aga) A ett. ew we A,_o2? +A, 317+ A,=0 
the first member of the equation is divisible by x—a. 
Instead of deducing the remainder as in the last proposition, we shall ac- 
tually perform the division, either by the usual way, or the preferable method 
of synthetic division, as it keeps the work within the breadth of the page. 


By Synthetic Division. 


Weber Ait Ag? cscs eds Ay at AwgatA, 
+a| +a +aR,+...... +aR,_.+aR,_; 
1+R,+R,i+ ..... ‘ R,2+R,, +R.. 
Hence the quotient is : 
Se Pie +R +... Ri rt Ra; 
where R, =A, +a 1s ay eS 
R,, =A), +aR, R,_.=A,_41+4aR,_. 


Ryi=Ai1+aR,, &e. R, =A,+aR,_,; 
and by successive substitutions we have the final remainder 
R,=A,+aR,_, 
=A,+a{A,_,+aR,_9} 
=A,+a@ A,.+a2{A, .+aR,_1} 
=A,+a A,_,+a? A,_2+a*{A,_3+aR,_,} 


=A,t+a A,j+a? A, .+....@7A,, +a" A, +a" 

Now this remainder is the same function of a that the first member of the 
proposed equation is of x; and, therefore, since a is a root of the equation, 
the remainder vanishes, and the polynomial, or first member of the equation, 
is divisible by z—a. 

Conversely, if the first member of an equation, f(x)=0, be divisible by 
x—a, then a is a root of the equation. 

For, by the foregoing demonstration, the final remainder is f(a); but since 
J (x), or the first member of the equation, is divisible by z—a, the remainder 
must vanish; hence f(a)=0, and therefore, a being substituted for z in the 


equation f(x)=0, verifies the equation, and consequently a is a root of the 
equation. ? 


Proposition ILI. 


Every equation containing but one unknown quantity has as many roots 
as there are units in the highest power of the unknown quantity. 

Let f (x)=0 be an equation of the nth degree; then if a, be a root of this 
equation, we have, by last proposition, 

(a—a,) f, (2) =f (2)=0, 

where f,(z) represents the quotient arising from the division of f(z) by 

x—a,. Now if a, is also a root of the equation f(7)=0; it is obvious that 
8 2 
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f(x) must be divisible by z—a., for z—a, is not divisible by 2—a,; hence, if 
J,(x) represent the quotient of f (x) divided by s—az, we have 
(2—a,) (w—dr) fy (2) =f (2) =0- 

In like manner, ‘if a3, @4, G5, +--+ + > a, are roots of the equation, the poly- 
nomial f(x) is divisible by x—as, 7—@y + « + + L—Ans andthe equation will, 
therefore, assume the form 

(x—a,) (w—a) (—a) « «+» » (4—A,)= 95 
and, consequently, there are as many roots as factors, that is, as units in the 
highest power of z, the unknown quantity; for the last equation will be veri- 
fied by any one of the n conditions, 
LA, L=Azy, L=Ay, T—Ay, » » - - LA, 
and since the equation contains n factors, there are 7 roots. 

Cor. When one root of an equation is known, the depressed equation con- 
taining the remaining roots is readily found by synthetic division; and if two 
or more roots are known, the equation containing the remaining roots is found 
by two or more corresponding divisions. 


EXAMPLES. 
(1.) One root of the equation 2*—252*+ 60z—36=0 is 3; find the equation 
containing tae remaining roots. 
1+0 —25 +60—86(8 
3 + 9 —48+ 36 
1+3 —16 +12. 
Hence 2°+322—l6r2+12=0 
is the equation containing the remaining roots. 
(2.) Two roots of the equation a'—1223+ 4822—682-+15=0, are 3 and 5; 
find the quadratic containing the remaining roots. 
1—12 +48—68+15 (8 
3 —27+63—15 
l.— 9 4-SIReraYS 


5 —20 
1— 4 +1 
. v— 424+1=—0 


is the equation containing the two remaining roots. 
(3.) One root of the cubic equation 2°—6x"-1 ]2—6=0 is 1; find the quau- 


ratic containing the other roots. Ans. «*—5z-+-6=0. 
(4.) Two roots of the biquadratic equation 4a*—142°—52°+312+4+6=0 are 
2 and 8; find the reduced equation. Ans. 42*°+62—1=0. 
(5.) One root of the cubic equation 2°+32°—l6z-+-12=0 is 1: find the re- 
maining roots. Ans. 2 and —6, 
(6.) Two roots of the biquadratic equation a'—623+242—16=0, are 2 and 
—2; find the other two roots. Ans. 8+ 7/5. 


Proposition IV. 
To form the equation whose roots are ay, Az, G3, M43 + + + + + Ane 
The polynomial, f(x), which constitutes the first member of the equation 
required, being equal to the continued product of s—a,, Y—dz, Z—Ay, - - - 
a%—d,, by the last proposition, we have 
(t—ay,) (w—G) (a—ay) «ss + + (4A) =03 
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and by verforming the multiplication here indicated, we have, when 


ma | x-+a,a, =0 
n=3 x—a,| 2?+a,a,| r—a,a.a, =0 
—a,| +a; 





— a3 | +a; 


=—4 x#—a, | x+a,a, | «2—a,a,a; | x+a,a,a,;a,—0, and so on. 


—a@,!| +4 a3} —@)A2G4 
— a3 +a2a3 —a,a304 
—a4 +a\a, —AzA3Q4 | 
+ aa, 
+4345 


By continuing the multiplication to the last, the equation will be found 
whose roots are those proposed; and from what has been done we learn that 


(1) The coefficient of the second term in the resulting polynomial will be 
the sum of all the roots with their sigus changed. 


(2) The coefficient of the third term will be the sum of the products of 
every two roots with their signs changed. 


(3) The coefficient of the fourth term will-be the sum of the products of 
every three roots with their signs changed. 


(4) The coefficient of the jifth term will be the sum of the products of 
every four roots with their signs changed, and so on; the Jast or absolute term 
being the product of all the roots with their signs changed. 


Cor. 1. If the coefficient of the second term in any equation be 0, that is, if 
the second term be absent, the sum of the positive roots is equal to the sum 
of the negative roots. 

Cor. 2. If the signs of the terms of the equation be all positive, the roots 
will be all negative, and if the signs be alternately positive and negative, the 
roots will be all positive. 

Cor. 3. Every root of an equation is a divisor of the last or absolute term. 

Cor. 4. No equation, whose coefficients are all integers, and that of the 
highest power of the unknown quantity unity, can have a fractional root. 
This will be obvious: by transposing the absolute term in any equation, and 
substituting for the unknown quantity a fraction in its lowest terms, which will 
give a fraction in its lowest terms equal to an integer, showing that such equa- 
tion cannot have a fractional root. 

Cor. 5. In any equation whose roots are all real, and the last, or absolute 
term very small when compared with the coefficients of the other terms, then 
will the roots of such an equation be also very small. 


EXAMPLES. 


(1.) Form the equation whose roots are 2, 3, 5, and —6. 
Here we have simply to perform the multiplication indicated in the 
equation, 
(w—2) (a—8) (x—5) (wx +6) = 0; 
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and this is best dene by detached coefficients in the following manner:— 


i 2-3 
— 3+6 
15+ .6 (—5 
—5+25— 30 


1—10+81— 30 (6 
6—60+186—180 





1— 4—29+156—180. 
*. e8—4e3—292? + 1562—180=0 is the equation sought. 
(2.) Form the equation whose roots are 1, 2, and —3. 
(3.) Form the equation whose roots are 3, —4, 2+ 4/3, and 2— 4/3. 
(4.) Form the equation whose roots are 3+ 4/5, 83—./5, and —6. 
(5.) Form the equation whose roots are 1, —2, 83, —4, 5, and —6. 
(6.). Form the equation whose roots are 2+ nia 2+ /—nl,.and 3. 
(7.) Form the equation whose roots are 2, 4, 4, and 4. 


ANSWERS. 
(2.) #—7z+6=0. 
(3.) a*—3a?—152?+492—12=0. 
(4.) #®—320+4+24=0. 
(5.) 2°+8a°—41a*—872°+ 400x*+ 444a—720=0. 
(6.) 223—a*—7x+15=0. 
(7.) 8at—54a?+101a*—542+4+8=0. 


Proposition V. 


If the signs of the alternate terms in an equation be changed, the signs of 
all the roots will be changed. 


Let 2°+ A,v™ +A z7?+ 2. A,.7+A,=0..... (1) 

be an equation; then changing the signs of the alternate terms, we have 
BA z+ Ae ee eke +A,_,2--A,=0 ...-.. (2). 
or—2"+ A,v"""— A, a"P+ 2... +A,_,2#+A,=0°.:. . 27. (8). 


But equations (2) and (3) are identical, for the sum of the positive terms in each 
is equal to the sum of the negative terms, and therefore they are identical. Now 
if a be a root of eq (1), and if a and —a be substituted for z in equation (1) 
and (2) respectively, the results will be the very same; and since the former is 
verified by such substitution, a being a root, the latter is also verified, and 
therefore —a is a root of the identical equations (2) and (8). 

Cor. If the signs of all the terms are changed, the signs of the roots re- 
main unchanged. 


EXAMPLES, 
(1.) The roots of the equation z?—62?+1la—6=0 are 1,2,3. What are 
the roots of the equation 2°+62?+11z+6=0? Ans. —1, —2, —3. 


(2.) The roots of the equation 2*—6z?+247—16=0 are 2, —2, 3+ /5. 
Express the equation whose roots are 2, —2,—3+ 4/5, and —3 —/5. 
Ans. z*—622—247—16=0. 
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Surds and impossible roots enter equations by pairs. 
Let 2"°+ Att Ant + oe +s A,_.#+A,=0, be an equation, having a 
root of the form a+6 Wit; then will a—Od /—1 be also a root of the equa- 
tion. For, let a+0 hel" be substituted for 2 in the equation, and we have 
(a+b/—1)'+ A(atb/—ly + +++: A, (atb./—1)+A,=0. 
Now, by expanding the several terms of this equation, we shall have a series 
of monomials, all of which will be real, except the odd powers bas —!. 
which will be imaginary. Let P represent the real, and Q./—1 the imagi- 
nary terms of the expanded equation; then 
P+Q/—1=0, 
an equation which can exist only when P=0, and Q=0. 
Again, let a—b/ =T be substituted for 2 in the proposed equation; then the 
only difference in the expanded result will be in the signs of the odd powers 
~ of b./—1, and the collected monomials, by the previous notation, will assume 
the form (ees ey eS but we have seen that P=0, and Q=0; 
= P—Q./—1—0; 
and hence a—b./—| also verifies the equation, and is therefore a root. 

In a similar manner, it is proved that-if a+./b be one root of an equation, 
a—v/b will also be a root of that equation. 

Cor. 1. An equation which has impossible roots is divisible by 
{x—(a+b./—1)} {x—(a—b /—1)} or 22—2ar+a?+b%, and therefore 
every equation may be resolved into rational, simple, or quadratic factors. 

Cor. 2. All the roots of an equation of an even degree may be impossible, 
but if they are not all impossible, the equation must have at least two real 
roots. 

Cor. 3. The product of every pair of impossible roots being of the form 
a?+b%, is positive; and, therefore, the absolute term of an equation whose 
roots are all impossible must be positive. 

Cor. 4. Every equation of an odd degree has at least one real root, and 
that root must, necessarily, have a contrary sign to that of the last term. 

Cor. 5. Every equation of an even degree, whose last term is negative, has 


at least two real roots; the one positive, and the other negative. 


Proposition VII. 


An equation cannot have a greater number of positive roots than there are 
variations of signs in the successive terms from + to —, or from — to +, 
nor can it have a greater number of negative roots than there are permanen- 
cies, or successive repetition of the same sign in the successive terms. 

Let an equation have the following signs in the successive terms, viz.:— 
ee or be i chat och, oe 
Now, if we introduce another positive root, we must roultiply the equation by 

a—a, and the signs in the partial and final products will be 

feta eo ttt +—-——-+—-+t++4 

eee He tte at rte Sate ee ist ee. 


_——E——EE ena 


ee cbt ttt — + t+—-t+4-—+44- 





—_—————_ 
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where the ambiguous sign + indicates that the sign may be -- or — accord- 
ing to the relative magnitudes of the quantities with contrary signs in the par- 
tial products, and where it will be observed the permanencies in the proposed 
equation are changed into signs of ambiguity; hence the permanencies, take the 
ambiguous sign as you will, are not increased in the final product of the in- 
troduction of the positive root + a; but the number of signs is increased by 
one, and therefore the number of variations must be increased by one. Hence 
it is obvious that the introduction of every positive root also introduces one 
additional variation of sign; and therefore the whole number of positive roots 
cannot exceed the number of variations of signs in the successive terms of the 
proposed equation. 

Again, by changing the signs of the alternate terms, the roots will be 
changed from positive to negative, and vice versa (see Prop. V). Hence the 
permanencies in the proposed equation will be replaced by variations in the 
changed equation, and the variations in the former by permanencies in the 
latter; and since the changed equation cannot have a greater number of posi- 
tive roots than there are variations of signs, the proposed equation cannot 
have a greater number of negative roots than there are permanencies of signs. 


EXAMPLES, 


(1.) The equation a +32°—412*—87x' + 4002?-++-4442—720=0, has six real 
roots. How many are positive ? : . 

(2.) The equation 2*—3x°—15a*+4+492—12=0, has four real roots. How 
many of these are negative ? 


TRANSFORMATION OF EQUATIONS. 
Prorosirion I. 


To transform an equation into another whose roots shall be the roots of 
the proposed equation increased or diminished by any given quantity. 

Let av A,a™ Aa ?+ ..... A, a+A,=0, be an equation, and 
let it be required to transform it into an equation whose roots shall be the roots 
of this equation diminished by 7. 

This transformation might be effected by substituting y--r for x in the pro- 
posed equation, and the resulting equation in y would be that required; but 
this operation is generally very tedious, and we must therefore have recourse 
to some more simple mode of forming the transformed equation. If we write 
y+r for x in the proposed equation, it will obviously be an equation of the 
very same dimensions, and its form will evidently be 

ay’ +By' '+Biy?+ ..... BoytBi=0..... (1). 
But y=x—,, and therefore (1) becomes 
a (x—r)'+B, (a—ry + ....-. B,_:(e—r)-+-B,=0 .. 2 5. (2)3 
which, when developed, must be identical with the proposed equation; for, 
since y+7 was substituted for z in the proposed, and then x—r for y in (2), 
the transformed equation, we must necessarily have reverted to the original 
equation; hence we have 
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a(z—r)’+B\(2—r)"'+ .. B,_\(c—r)+ B,=ar"+A 2" a+ . . Avit-PA,. 
Now if we divide the first member by z—7, the remainder will evidently be 
B,, and the quotient . 
a(a—r)" "+ B(a—rypr4+ . eee e B,_o(a—7r)+B,_13 
and since the second member is identical with the first, the very same quo- 
tient and remainder would arise by dividing this second member also by —r; 
hence it appears that if the first member of the original equation be divided 
by x—7, the remainder will be the last or absolute term of the sought trans- 
formed equation. 
Again, if we divide the quotient thus obtained, viz.: 
a(a—ry"+B(a—r) 7+ . ++ B,_o(t—7r)+ Bu 
by z—r, the remainder will obviously be B,_:, the coefficient of the term last 
but one in the transformed equation; and thus by successive divisions of the 
polynomial in the first member of the proposed equation by x—r, we shall 
obtain the whole of the coefficients of the required equation. 


RULE. 


Let the polynomial in the first member of the proposed equation be a func- 
tion of #, and 7 the quantity by which the roots of the equation are to be di- 
minished or increased; then divide the proposed polynomial by a—r, or x--7, 
according as the roots of the proposed are to be diminished or increased, and 
the quotient thus obtained by the same divisor, giving a second quotient, 
which divide by the same divisor, and so on till the division terminates; then 
will the coefficients of the transformed equation, beginning with the highest 
power of the unknown quantity, be the coefficient of the highest power of the 
unknown in the proposed equation, and the several remainders arising from 
the successive divisions taken in a reverse order, the first remainder being the 
Jast or absolute term in the required transformed equation. 

Note. When there is an absent term in the equation, its place must be 
supplied with a cipher. 


EXAMPLES. 


(1.) Transform the equation 5a*—12z°432°+ 4«—5=0 into another whose 
roots shall be less than those of the proposed equation by 2. 


x—2)5a4— 1225 4+ 8a°-+442—5(52°—22?—z-42 


52*—10z3 
—223+3x° 
—24°+42? 
—2°+4x 
—x*+2x 
Qx—5 
2x—4 


—l. First remainder 
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x—2)5a°—222—7+2(52?+82-+15 


5z23—10zx? 
8a*—ax 
82?—16x 
152+ 2 


15a—30 


32. Second remainder. 
x—2)5a*+82r+15(5a+18 





5a?—10x 
18215 w—2)50-4-18(5 
187a—36 5x—10 
51. Third remainder. 28. Fourth remainder. 


Therefore the transformed equation is 

5y*+-28y3-+-51y?-+32y—1=0. 

This laborious operation can be avoided by Horner’s Synthetic Method o1 
division; and its great superiority over the usual method will be at once ap- 
parent by comparing the subsequent elegant process with the work above. 
Taking the same example, and writing the modified or changed term of the 
divisor e—2 on the right hand instead of the left, the whole of the work will 
be thus arranged:— 

Bae.) ee sed ere 
10 —4 —2 4 


Seti ed 


—2 —!l 2 —1 «By=—1 


10 16 30 
8 Le aoe). bie 
10 36 
18-51 ae Bee ol 
10 
OSes O 


. 5y*+28y%-+-51y?+4+32y—1=0 is the required equation, as before. 
(2.) Transform the equation 5y*+428y°+51ly*?+82y—1=0 into another hay- 
ing its roots greater by 2 than those of the proposed equation. 
5 + 28+ 51 + 32 —l(—2 
—10 ~—36 —30 —4 


come eee 


18 15 2—5 
—l10 —I16 2 


8 — 1 4 
—10 4 
— 2 3 
—10 
—12 


.*, 5a'—12a°4-32%+ 4e—5=0 is the sought equation; which, from the trans- 
formations we have made, must be the original equation in Example 1. 
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(3.) Find the equation whose rootsare less by 1*7 than those of the equation 
, 28—22?-+3z—4=0. 


1 —2 +8 —4/(1 


1 —l 2 
—l1 2 —2 

1 0 ’ 

0 2 

1 

1 


Now we know the equation whose roots are less by 1 than those of the 
given equation: it is a+-2*-+2x7—2—0; and by a similar process for °7, remem- 
bering the localities of the decimals, we have the required equation; thus:— 








Pet} +2 QE (-7 
7 1:19 2-233 
1°7 3°19 233 
. 7 1°68 
2:4 4°87 
7 
3°1 


Pts ly?+4'87y +'233=0 is the required equation. 

This latter operation can be continued from the former, without arranging 
the coefficients anew in a horizontal line, recourse being had to this second 
operation merely to show the several steps in the transformation, and to point 
out the equations at each step of the successive diminutions of the roots. 
Combining these two operations, then, we have the subsequent arrangement. 














or 
}-2 +38  —4(I'7 yy ete say ae 1-7 
Oa 2 1:7, A) —-. SL, (4288 
2 ere eo aby 1g 2:49 +238 
1 0 2233 1-7 2-38 
0 2 233 1-4 4°87 
l 1:19 
17 = 319 : 31 
7 168 
24 4:87 
7 
31 


We have then the same resulting equation as before, and in the latter of 
these we have used 1-7 at once. It is always better, however, to reduce 
continuously as in the former, to avoid mistakes incident to the multiplier 1-7. 

(4.) Find the equation whose roots shall be less by 1 than those of the 


equation 
x®—72-+-7=0. 


(5.) Find the equation whose roots shall be less by 3 than the roots of the 


equation 
xi—3a°—15a?+49r—12=0, 


and transform the resulting equation into another whose roots shall be greater 
by 4. 
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(6.) Give the equation whose roots shall be less by 10 than the roots ot 


the equation 
; a'+2a7+ 32?+42—12340=0. 
(7.) Give the equation whose roots shall be less by 2 than those of the 


equation 
2° +2a'°—62*—10%2—8=0. ' 


(8.) Give the equation whose roots shall each be less by 4 than the roots of 


the equation 
2a*— 627+ 4a°—27+1=0 . 





ANSWERS. 
(4.) y®+8y2—4y+1=0 2... 2 eee ee ee ee whence a=y+ 1 
(5.)o9 +993 12y?—-14==0.. 2 a). ee See x=y+ 8 
and i247— 723+ 662— 720 16 je) «ad eee ——*, #=z— 1 
(6.) y*+42y?+663y?+4664y=—0........2.... —  «#=y+10 
(7.) y>+10y*+42y?+ 86y?+ 70y—4=0 ........ — a=y+ 2 
(8.) 2y*—2y?—2y?3y4+3=0....%.....-.2.2. — a=y+ 3 


Proposition II. 


To transform an equation into another whose second term shall be removed. 

Let the proposed equation be 
e+tAw +A,ar+ 2... A,.@+A,=0; 

and by Prop. IV. we know that the sum of the roots of this equation is — A,; 

therefore the sum of all the roots must be increased by A,, in order that the 

transformed equation may want its second term; but there are m roots, and 


hence each root must be increased by it and then the changed equation will 
have its second term absent. Ifthe sign of the second term of the proposed 
equation be negative, then the sum of all the roots is + A,; and in this case 


we must evidently diminish each root by a and the changed equation will 


then have its second term entirely removed. Hence this 

Rule. Find the quotient of the coefficient of the second term of the equation 
divided by the highest power of the unknown quantity, and decrease or in- 
crease the roots of the equation by this quotient, according as the sign of the 
second term is negative or positive. 


EXAMPLES. 


(1.) Transform the equation #°—6a*-+-8x—2=0 into another whose second 
term shall be absent. 


Here A, = —6, and n=3; .*. we must diminish each root by ¢ or 2. 
Leb aSune ne | 

2 —8 0). 

— 4 0 —2 
2 —4 

—2 —4 
2 
0 


“. y—4y—2=0 is the changed equation. 
And since the roots are diminished we must have the relation z=y+2. 
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- (2.) Transform the equation z'—16a3—6x-+ 15=0 into another whose second 
term shall be removed. 

(3.) Transform the equation a + 15at+ 12a°>—202*+ 14a—25=0 into another 
“whose second term shall be absent. 

(4.) Change the equation 22+ ax-+b=0 into another deficient of the second 
term. 

(5.) Change the equation +-aa?+ba-+c=0 into another wanting the se- 
cond term. 


ANSWERS. 
Q 
(2.) y'—96y?—5 18y—777=0. (4.) o—s +-b=0. 


a Q2a° ao 
3.) yP—78y? +41 2y°—757y +401=0. (5.) a—( zAg) e+ a7 3 +c=0. 


Prorosition ILI. 


To transform an equation into another whose roots shall be the reciprocals 
of the roots of the proposed equation. 
Let ax®t+Ayz" + Aart oe ees A,_,2+A,=0 be the proposed equa- 


tion, and put y= then =" and by writing ! for w in the proposed equa- 


tion, multiplying by y®, and reversing the order of the terms, we have the 
equation 

Ag +Awy +A” + eee Anwy?+ Ay+a=0, 
whose roots are the reciprocals of the roots of the proposed equation. 

Cor. 1. Hence an equation may be transformed into another whose roots 
shall be greater or less than the reciprocals of the roots of the proposed equa- 
tion, simply by reversing the order of the coefficients, and then proceeding as 
in Proposition I., p. 280. 

Cor. 2. If the coefficients of the proposed equation be the same, whether 
taken in reverse or direct order, then it is evident that the transformed equa- 
tion will be the same as the original one; and, therefore, the roots of such 
equations must be of the form 

rip =3 Tm Ly 131% 1, &e. 
r; 2 13 V4 

Cor. 3. If the coefficients of an equation of an odd degree be the same whe- 
ther taken in direct or inverse order, but have contrary signs; then also the 
roots of the transformed equation will be the same as the roots of the proposed 
equation; for changing the signs of all the terms, the original and transformed 
equations will be identical, and the roots remain unchanged when the signs of 
all the terms are changed. And this will likewise be the case in an equation 
of an even degree, provided only the middle term be absent, in order that the 
transformed equation with all its signs changed may be identical with the 
original equation. 

Equations whose coefficients are the same when taken either in direct or 
reverse order, are therefore called recurring equations, or, from the form of 
the roots, reciprocal equations. 


Cor. 4. If the sign of the last term of a recurring equation of an odd degree 
be +, one of the roots of such equation will be — 1; and if the sign of the 
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last term be —, one root will be + 1. For the proposed equation, and the 
reciprocal have one root, the same in each, and 1 is the only quantity whose 
reciprocal is the same quantity; hence, since each of the other roots has the 
same sign as its reciprocal, the product of each root and its reciprocal must 
be positive; and therefore the last term of the equation, being the product of 
all the roots with their signs changed, must have a contrary sign to that of 
the root unity. 

Hence a recurring equation of an odd degree may always be depressed to 
an equation of the next lower degree, by dividing it by a+1, or a—l, accord- 
ing as the sign of the last term is + or —. 

Cor. 5. A recurring equation of an even degree may always be depressed 
to another of half the dimensions. For let the equation be 

r+ Ain Anat fw ke A,, 77+ A,w+1=0; 
dividing by z", and placing the first and last, the second and last but one, &c., 
in juxtaposition, we have 


1 1 1 
x + a + Ay (e + 7) at Mga t ihe OU A (2 i = + A,=0. 
Assume yaeplaeter, then we have 
i 1 
alr Sie is a 
1 i 
1 1 ] ] 
(2+; at +3(« +5) w+ =y—8y 
l 1 l ee 
(243 )=etty +4(2°+ #) +6 ato =yi—4(y’—2)—6 
&e. eo" &e. &e. =y*—4y?+2; 


and the resulting equation is therefore of the form 


yt+By +Buy' t+ ....- BouytB =0; 
and the original equation is reduced to an equation of half the dimensions. 


EXAMPLES. 


(1.) Transform the equation #3—7x+7=0 into another whose roots shall 
be less than the reciprocals of those of the given equation by unity. 


7pce Wid ae 


fj 0 0 

O11 sums nat 

7 7 

7 7 

7 
14 

. 723+ 142°-4+-7z2+-1=0 is the equation sought, where z+1= Jy or "=. 
pm z 


(2.) Find the roots of the recurring equation 
2° —6a4-+5a3--52°—6r+1=0. 
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By Cor. 4, this equation has one root z= —1], and the depressed equation is 
x*—7 a3 41 20°—72-+1=0. 
Divide by x”, and arrange the terms as in Cor. 5; then 


1 1 
i —i(#+ x )+12=0. 
Put rps} then a?+ eer hence, by substitution, 


2°—2—7z+12=0; 
or, 2°—7z+10=0; 
and, resolving the quadratic, we get 


7 NE 
{fm lL ——10 
2, oo 4 
7+8 
Gs 
Ca LS HE 
Hence xttios, ani z+ l—o and the resolution of these two quadratics 
x x 
gives 


=1(5+4/21) and z=+1 or +1, 


and the five roots are 


—l, +1, +1, ae and 5. 1 
where 5/21 _(b—V/21) 5A V2l aie et = , which is the 
ee 2 S+Va 26+VeD si 


reciprocal of the root 


5/21 
———. 


(3.) Give the equation whose roots are the reciprocals of the roots of the 


equation 
2°—32>—22*-+4-32 + 1227+ 10z—8=0. 


(4.) Find the roots of the recurring equation 
bye —4y* + 3y2—8y*-++4y—5=0. 
(5.) Find the roots of the recurring equation 


2+atteitarte+1=o. 


ANSWERS. 
(3.) 82°—1 02°—1224 —323-42224382—1=0. 
SSE 4 Cally A ee ou eee eee 
(4.) 1, LEY, I—/—3, 3447-1 gt 
2 2 5 5 


ip eae Rye bv —6, pee ela ee Lad 


om Ve 
2 e 





288 _ ALGEBRA. 


Proposition IV. 


To transform an equation into another whose roots shall be any proposed 
multiple or submultiple of the roots of the given equation. 


Let 2° A,a"-'+ A,,2"?+ ... A, .#+A,=0 be any equation; then put- 


ting y=mz, we have 7= Z and by substituting this value of 2 in the given 
equation, and multiplying each term by mm", we have 
ytmAy '+mAny" +... mA, ytmA,=0; 


an equation whose roots are m times those of the proposed equation. Hence 
we have simply to multiply the second term of the given equation by m, the 
third by m®, the fourth by m%, and so on, and the transformation is effected. 

Cor. 1. If the coefficient of the first term be m; then, suppressing m in the 
first term, making no change in the second, multiplying the third by m, the 
fourth by m?, and so on, the resulting equation will have its roots m times 
those of the given equation. 

Cor. 2. Hence, if an equation have fractional coefficients, it may be changed 
into another, having integer coeflicients, by transforming the given equation 
into another whose roots shall be those of the proposed equation multiplied 
by the product of the denominators of the fractions. 

Cor. 3. If the coefficients of the second, third, fourth, &c. terms of an equa- 
tion be divisible by m, m*, m’, and so on, respectively, then m is a common 
measure of the roots of the equation. 


EXAMPLES. 


(1.) Transform the equation 27*—4z?-++-7z—3=0 into another whose roots 
shall be three times those of the proposed equation. 


(2.) Transform the equation 42*—32°—12z*--.5z—1=0 into another whose 
roots shall be four times those of the given equation. 


(8.) Transform the equation B+ e—L242=0 into another whose roots 


shall be 12 times those of the given equation. 


ANSWERS. | 


(1) 2a8—12224632—81=0. 
(2.) 24*-3x°>—482*? + 80z—64=0. 
(3.) 234+42°—367+3456=0. 


Proprosirion V. 


To transform an equation into another, whose roots shall be the squares 
of the roots of the proposed equation. 

Let 2°+ A, a°"+Ay,2"?+A..... +A, ,2+A,=0 be any equation, 
then = a"— A, a*'+A,,2°7— 1.4... +A, ,.2A,=0 is the equation 
whose roots are the roots of the former, with contrary signs (Prop. V. p. 278). 


Let a), a2, a3, &c., be the roots of the former equations, and —a,,—a,,—4@s, 
&c., those of the latter; then we have 
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(a+ Aart...) (A+ Aina? +. . .)=(#—a,) (a@—ay) (w@—a,). «. 
(z®+ Aye? +... .)—(Aya" + Ay 2"? +... = (4+) (+42) (+43)... 


Hence, by multiplying these two equations, we have 
(a®+ Ayz”?+.. .)2?—(Ava" + Aya’? +. . .)?==(2?—a,”) (7?—-a,") (a? —a,").. 

Or, z™—(A?—2A,,) z+ (Ar P?—2A, Ai +2 Ay) Ane . &e. =(2?—a,’) 
(x’—a,*) (a®—a,*).... by actually squaring and arranging according to the 
powers of x. Now, for «* write y; and we have 

A al a aa lic =(y—a,’) (y—4a,’) 

Yas 

y—(AP—2Ay) y® 1 +(AiP—2A Ai +2Ay)y"?—.... = 0 is an equa- 

tion whose roots are the squares of the roots of the given equation. 


EXAMPLES. 


_(1.) Transform the equation x*+32?—6x—8=0 into another, whose roots 
are the squares of those of the proposed equation. 

Here z*—6x= —3zx*+8 by transposition, and by squaring we have 

2®— 1224+ 362°2=921— 482? + 64 
. a—21x1+ 842°—64=0 
Or y®’—2ly*?+84y —64=0 is the required equation. 

The roots of the given equation are —1, —4, 2; and those of the trans- 

formed equation are 1, 4, 16. 


(2.) Transform the equation #®— x#2— 7a +15 =0. 
(3.) Transform the equation #*—62z*+ 5x2+22 —10=0. 
(4.) Transform the equation at—423— 8x +32 =0. 
(5.) Transform the equation x4—323—1522+49x—12=0. 


ANSWERS. 


4 r 


(2.) yyR—15y?+79y—225=—0. 

(3.) yt—26y? +29y?—104y+100=0. 
(4.) y*—16y3—64y +1024=0. 

(5.) yt—39y?+ 495y2—2041y+144=0. 


Proposition VI. 


Df the real roots of an equation, taken in the order of their magnitudes, be 
PED Qb AalGi, igs eld wie ae 
where a is the greatest, a, the next, and so on; then tf a series of ment ere 
Digs Pas Dds Decnns-vuinile bss 
in Deitch b, is greater than a,, b, a number between a, and ay, b, a number 
between a, and a;, and so on, be substituted for x in the proposed equation, 
the results will be alternately positive and negative. 
The polynomial in the first member of the proposed equation is the product 
of the simple factors, 
(w—a,) (w—a,) (x—a3) (w—a,) .. 24. « 
and quadratic factors, involving the imaginary roots; but the quadratic factors 
haye always a positive value for every real value of x; therefore we may omit 
T 
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these positive factors; and substituting for # the proposed series of vatues, 
b,, b., b;, &e., we have these results: 


(b,—a,) (b,—az) (2: — 4s) (01-41) 0 = +.-.+.-...-.= + 


(b,—a,) (bz —@2) (b62—4s) (B2— 44) 0 = —++.¢.+...-.-5—- 
(bs—a,) (b;—4@2) (b;—as) (b,—-@:) ++. = —— fetes St 
(b,—a,) (b,—42) (b,—@3) (Ais) = =, poe 

&e. &e. &e. 


Cor. 1. If two numbers be successively substituted for z in any equation, 
and give results with different signs, then between these numbers there must 
be one, three, five, or some odd number of roots. 


Cor. 2. If the results of the substitution in Cor. 1 are affected with like 
signs, then between these numbers there must be two, four, or some even 
number of roots, or no root between these numbers. 


Cor. 3. If any quantity g, and every quantity greater than g, renders the 
result positive, then q is greater than the greatest root of the equation. 


Cor. 4. Hence, if the signs of the alternate terms be changed, and if p, and 
every quantity greater than p, renders the result positive, then — p is less than 
the least root. 


EXAMPLE. 


Find the initial figure in one of the roots of the equation 
xi —4x*— 62 +8=0. ; ; 
Here one value of # does not differ greatly from unity, for the value of the 
given polynomial, when 2z=1, is —1, and when z= °9, it is found thus - 
i—4-—6 +8 (°9 
-9—2°79—7 911 
—3'1—8-79 + -089 .. V=+-089. 
Hence the former value being negative, and the latter positive, the initial 
figure of one root is *9. 


Proposition VII. 


Given an equation of the uth degree, to determine another of the (n—1)th 
degree, such that the real roots of the former shall be limits to those of the 
latter. 6 

Let a) 2, Gs, dy » + - » @, be the roots taken in order of the equation 

ot At + Aja P+ 2... A,it+A,=0; 
then diminishing the roots of this equation by 7 (Prop. I, p.280), we have the 
following process, viz.: 





] +A,;+ Aut eS A, s+ A,it A, (r 
TicD rB,s 7Bio 7B 
B, By B,-2 Bou B, 
r rC, rC,_s rC,_2 





ae ee nad 


C, Ch C,_2 Ci 


a 
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Whence C,_,=A,_,+7B,_.+7C,_. 
=A,i+ r(Avet 7 B,_s) +7( Ayo +7B,-3+7Cn-s) 
=A, +2r A,» +27? B,_s+7°C,_s 
=A, 1+2r A, +277(A,3s+7 B,_1) $7°( Ana +7 Bwut7C,- 4) 
=A, ,+2r A,_.+3r? A,_3+37°B,4+7°C,4 


tA, +O8rA, ot3r2A, sti ve. eee (1 Lr? Ay +n 
Or, C,_;=nr"' + (n—1) Ayr"? +(n—2) Aur" + . : 2Ac.7+ARS Ch) 
Again, hy roots of the transformed equation will evidently be 
A,—?, Az—?, As—T, Ay—T, » » 6 + Ay"; 
and as we have found the coefficient, C,_,, of the last term but one, in the 
transformed equation, by one process, we shall now find the same coefficient, 
C,_,, by another process (Prop. IV, p. 277;) hence we have 


C,_.= (r—a,) (r—a,) (r—a3). -- - 2 eee to (n—1) factors 
+ (r—a,) (r—az) (T—,). - ee ees do. 
4 pa ‘eo sep CEIPOUL Cah do. abbr) 
+ (r—a) (r—as) (r—a,) ede ene re te do. 


Now, these two expressions which we have obtained for C,_, are equal to 
one another, and therefore whatever changes arise by substitution in the one, 
the same changes will be produced, by a like substitution, in the other; hence, 
sibstituting a;, @, 3, &c., successively for 7 in the second member of equa- 
tion (2), we have these results: 


— (@,—a2) (€;—a3) (4,—a,) .. 2... Sr ee rirysis yt tists > = + 
(@y—G@,) (@2—3) (dg—Q,) ».- +s —— a A rere =) 
(a;—a) (@3—@2) (€g—A,) -. +--+. — i ee ar = + 

&e. &e. &e. 


But when a series of quantities, a, a2, a3, a,, &c., are substituted for the 
unknown quantity in any equation, and give results which are alternately + 
and —, then, by Prop. VI, these quantities taken in order, are situated in the 
successive intervals of the real roots of the proposed equation; hence, making 

C,_,:=0, and changing 7 into z, we have from equation (1) 
nx" + (n—1) Aa"? + (n—2) Aya" +....2A, .@+A,1=0... (3) 
an equation whose roots are therefore limits to those of the original equation, 
Po bog ot Agz +... Ae+A,=0, 
and the manner of deriving it from the proposed equation is evident. 

Let a), a2, a3, a4, &¢., be the roots of the proposed equation, and J,, dy, bs, &c., 
those of the derived equation (3), ranged in the order of magnitude; then the 
roots of both the given and the derived equation will be represented in order 
of magnitude by the following arrangement, viz.: 

@,-0;, A3j'bs, a3; Bs; @.; 04,5; 05, &e., « 


Cor. 1. If a.=a,, then r—a,, will be found as a factor in each of the groups 
of factors in equation (2), which has been shown to be the limiting equation (8), 
and therefore the limiting equation, and the abe equation, will obviously 
have a common measure of the form z—a,. 

T2 
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Cor. 2. If as==a,=a,, then (r—a) (r—4)) will occur as a common factor 
in each group of factors in (2); that is, the limiting equation (3) is divisible by 
(c—a,)’; and therefore the proposed equation and the limiting equation have 
a common measure of the form (7—a,). 


Cor. 3. If the proposed equation, have also a;=a,, then it will have a com- 
mon measure with the limiting equation of the form (t—ai)’ (7—a,), and 
so on, 


Scholium. When therefore we wish to ascertain whether a proposed 
equation has equal roots, we must first find the limiting equation, and then 
find the greatest common measure of the polynomials in the first members of 
these two equations, Ifthe greatest common measure be of the form 

(x—a,)? (v—A)1 (T—As) + ee es | 
then the proposed equation will have (p+1) roots=a,, (¢q+1) roots=az, (r+1) 
roots=a;, &c. The equation may then be depressed to another of lower 
dimensions. | 


Bupan’s CRITERION 


For determining the number of imaginary roots in any equation. 


172. If the real positive roots of an equation, taken in the order of their 
magnitudes, be @, G2, G3, @i + + + + Gu where a, is the smallest, and if we 
diminish the roots of the equation by a number / greater than a, but less 
than a>, then the roots will be a,—h, aa—h, a,—h, . . . a,—h, and the first 
of these will now be negative. But the number of positive roots is exactly 
equal to the number of variations of sign in the terms of the equation, when 
the roots are all real; and as we have changed one positive root into a negative 
one, the transformed equation must have one variation less than the proposed 
equation. 

Again, by reducing all the roots by , a number greater than a, but less 
than a3, we shall have two negative roots, a,—k, adz—k, in the transformed 
equation, and therefore we shall have two variations of sign less than in the 
proposed equation; for two positive roots have been reduced so as to become 
negative ones. Hence it is obvious, that if we reduce the roots by a number 
greater than a,, all the positive roots will become negative, and the transformed 
equation, having all its roots negative, will have the signs of all its terms 
positive (Prop. IV. p- 277), and all the variations have entirely disappeared. 


We see, then, that if the roots of an equation be reduced until the signs of © 
all the terms of the transformed equation be +, we have employed a greater 
number than the greatest positive root of that equation; and therefore its 
reciprocal must be less than the smallest real root of the reciprocal equation. 
Now, if we take the reciprocal equation, and reduce its roots by the reciprocal 
of the former number, we should have as many positive roots left in this trans- 
formed reciprocal equation as there were positive roots in the proposed equa- 
tion, unless the equation has imaginary roots; hence the number of variations 
lost in the former case should be exactly equal to the number J/ef¢ in the latter, 
when the roots are all real; and, consequently, if this condition be not ful- 
filled, the difference of these numbers indicates the number of imaginary 
roots. To explain this reasoning more clearly, we shall suppose that an 


: 
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equation has three positive roots; as, for instance, 1,2°5, and 3. Now, if the 
roots of the proposed equation be reduced by 4, a number greater than 3, the 
greatest positive root, the three positive roots in the original equation will 
evidently be changed into three negative ones in the transformed one, and 
hence three variations must be lost. Again; the equation whose roots are the 
reciprocals of the proposed equation, must have three positive roots, 1, 2, and 
4; and it is evident that if we reduce the roots of the reciprocal equation by 
4, the reciprocal of the former reducing number 4, we shall not change the 
character of the three positive roots, because + is less than the least of them, 
and 1—4, 2—1, 1—4, are all positive; hence the ¢hree variations introduced 
by the three positive roots must still be found in the transformed reciprocal 
equation, and therefore three variations are left in the latter transformation, 
indicating no imaginary roots. The theorem may, therefore, be stated thus:— 

If, in transforming an equation by any number 7, there be 7 variations Jost, 
and if in transforming the reciprocal equation by + (the reciprocal of 7,) there 
be m variations /eft, then there will be at least »—2m imaginary roots in the 

interval 0, 7. 

For there are as many positive roots in the interval 0,7, of the direct equa- 
tion, as there are between + and 3 of the reciprocal equation; hence, if n, the 
number of variations Jost in the transformation of the direct equation by 7, be 
greater than m, the number-of variations /eft in the transformation of the reci- 
procal equation by +, there will be a contradiction with respect to the character 
of a number of the roots, equal to the difference n—m. Hence these roots 
are imaginary. 


EXAMPLE. 


Find the number of imaginary roots of the equation 
ri—ae+to2r*+tor—4=0, 


Direct. Reciprocal. 
1 —{ +2 +41 —-4(l ee ee eae ee 
1 0 Pd 3 —4 —3 —1 —2 
0 2 3 —l —3s —1 —2 —1 
1 1 3 aay! peels} paaeg 
Wwe be. 6 0, Sad O 
1 2 —4 —li 
2 5 —ll —l19 
] — 4 
3 —15 


Here two variations are José in the transformation of the direct equation, 
and no variations are Jeft in the transformation of the reciprocal equation; 
therefore, this equation has at least ¢wo imaginary roots; and it has only two; 
for the sign of the absolute term is negative, implying the existence of two 
real roots; the one positive, and the other negative. 


Decua’s CRITERION. 


173. In any equation, if we have a cipher-coefficient, or term wanting, 
and if the cipher-coefficient be situated between two terms having the same 
sign, there will be two imaginary roots in that equation. 


294 ALGEBRA. 


Let the order of the signs be 
tof Ob rae 
and for 0 writing + or — we have either 
+4+—4+—4-—-SGer+4+--—-—-t7—— 

In the former of these we find two permanencies and (five variations, and 
in the latter we have four permanencies and only three variations; hence, if 
the roots are all real, we must, in the former case, have jive positive and two 
negative roots, and in the latter, three positive and four negative roots (Prop. 
VII. p. 279); hence we have two roots, both positive and negative, at the same 
time, and therefore these two roots cannot be real roots. These two roots, 
which involve the absurdity of being both positive and negative at the same 
time, must therefore be zmaginary roots. 

In nearly the same manner it may be shown that 

(1.) If between terms having lke signs, 2n or 2n—1 cipher-coefficients 
intervene, there will be 2n imaginary roots indicated thereby. 

(2.) If between terms having different signs, 2n+1, or 2n cipher-coefficients 
intervene, there will be 2” imaginary roots indicated thereby. 


Ex. The equation 2*—2z?+62?424=0 has two imaginary roots; for the 
absent term is preceded and succeeded by terms haying like signs, and the 
equation 2°+1 having the coefficients 1+0+0-+1 has also two imaginary 
roots. 


EXAMPLES FOR PRACTICE. 


(1.) How many imaginary roots are in the equation 
x +a°—22*+2r—1=0? 
(2.) Has the equation «*—2a*+6a+10=0 any imaginary roots ? 


174. The most satisfactory and unfailing criterion for the determination 
of the number of imaginary roots in any equation is furnished by the admirable 
theorem of Sturm; which gives the precise number of real roots, and conse- 
quently the exact number of imaginary ones; since both the real and imaginary 
roots are together equal to the number denoted by the degree of the proposed 
equation. 


Prorosition VIII. 


To find the number of real and imaginary roots in any proposed equation. 
The acknowledged difficulty which has hitherto been experienced in the 
important problem of the separation of the real and imaginary roots of any 
proposed equation, is now completely removed by the recent valuable re- 
searches of the celebrated M. Srurm; and we shall now explain the theorem — 
by which this desirable object has been so fully accomplished. 


THEOREM OF STURM. 


Let X= Az"+ Br"—!4- Ca" +..... +Ha«+K=0 be any equation which 
has no equal roots, and let 


X,=n Aa" + (n—1) Ba"? + (n—2)Ca"*+ .... +H 


be the derived function, arising by multiplying each term of the equation 
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X=0, by its exponent, and then diminishing the exponent by unity. Divide 


X by X, until the remainder be of a lower de- X,)X (Q 
gree than the divisor, and call the remainder X.Q 
—X,, or changing the signs of all the terms in <a 
the remainder, we shall have X, = modified X —X,Q,=—X, 
remainder. Proceed in the same manner with 
K.)X, (Q: 
the functions X, and X,, and call the modified X,Q, 


remainder X;, and so on, as in the marginal 


scheme, until the division terminates by leav- — “Sane a gh 
ing a final remainder independent of 2; and let X3)X_ (Qs; 

this remainder, having its sign changed, be sds 

called Xm+1. Then we have the series of Oh Gael a 


functions. 

>. ED. p>. A>. A>. aaa Xm+15 
which are of continually decreasing dimensions in z, and Xm+1 is altogether 
independent of z. 

Now, if p and q be any two numbers of which p is less than q, and if these 
numbers be substituted for x in the above series of functions, we shall have 
two series of signs, the one resulting from the substitution of p for x, giving A 
variations of sign, and the other from the substitution of q for x, giving & va- 
riations of sign; then the exact number of real roots of the proposed equation 
between the limits p and g will be = A — . 

In order to simplify the demonstration of this beautiful theorem, we shall 
premise one or two Lemmas. 


Lemma 1. Two consecutive functions cannot both vanish for the same 
value of x. 

From the process above described for the determination of the successive 
functions, we have obviously these equations:— 


eter ke (1) 
ees Qa — Xa ce ct bs (2) 
X. re Q; —X, PCT Ot, FBS (3) 
Sea a Shee, COS area (m). 


Now, suppose X,=0, and X,=0; then by eq. (3) we have X,=0; hence, 
since X,=0, and X,=0; then by eq. (4) we have X;=0; and proceeding in 
this manner we shall find that Xm+1==0; but as the equation X=0 is sup- 
posed not to have equal roots, the polynomials X and X, have no common 
measure (Prop. VII), and therefore there must be a final remainder, Xm+1, 
totally independent of zx, and must therefore remain unchanged for every 
value of x. . 

Lemma 2. If one of the derived functions vanish for any particular 
value of x, the two adjacent functions have contrary signs for the same value 
of x. 

For by eq. (3) we have 

X,=X;Q;—X,; 
and if X,=0; then X,=—X,, and therefore it is obvious that X, and X. must 
have contrary signs. 
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DEMONSTRATION OF THE THEOREM. - 


Let p be nearer to — than any of the real roots of the equations 
X=0, X;= 0,4 j=0; X= Oe Yh eae 
and conceive p to increase continuously until it becomes 0, and then to go on 
increasing until it becomes equal to g, which we may suppose to be nearer + @ 
than any of the real roots of the preceding equations. Now, while p is less 
than any of the roots of these equations, no change of signs will occur by the 
substitution of p for x, in any of these functions (Prop. VI. Cor. 4;) but when- 
ever p in its continuous progress towards g, arrives at a root of any of the 
derived equations, that function becomes zero, and neither the preceding nor 
succeeding function can vanish for the same value of z (Lemma 1), and these 
two adjacent functions have contrary signs (Lemma 2); hence the entire num- 
ber of variations of sign is not affected by the vanishing of any of the derived 
functions. While, therefore, p advances in the scale of numbers by minute 
additions, it will pass successively over the roots of the proposed equation, as 
well as over those of the derived equations; and in passing from a number very 
little smaller to a number very little greater than a root of the equation X=0, 
the sign of X will be changed from + to — or from — to + (Prop. VI. 
Cor. 1); and the difference of these numbers may be made so small, that no 
change of signs can take place in the derived functions; hence the loss of a 
variation of sign arises from the change of sign of the function X. Again, 
when p becomes nearly equal to another root of X=0, the order of the signs 
of the derived functions may be changed, but the number of variations is not 
at all affected (Lemma 2); and, therefore, while p varies from a number very 
little smaller toa number very little greater than this root of X=0, there will 
be a loss of one variation of sign, arising from the change of the sign of X; 
and so on for the other roots of X=0. Whenever, then, the value of p passes 
over a root of the equation X=0, there is a loss of one variation of sign; and 
since a variation cannot be lost among the signs of the derived functions, nor 
can one be ever introduced, it is obvious that we are furnished with a simple 
and beautiful criterion for ascertaining the number of real roots between any 
two specified numbers, p and g. To illustrate this more fully, we shall sup- 
pose that the substitution of py and q for z in the series of functions, gives the 
two series of signs, viz.:— ee ft 
X X, X, X;, Xe XX, Ry Xs BG 
= keige at 2 a A iia oe 

Now there are two variations of sign in the former row of signs, and no 
variation in the latter; hence one variation is lost in the signs of the derived 
functions, and the sign of X remains unchanged; but a variation cannot be 
lost in the signs of the derived functions, on the supposition that one root lies 
between p and q; besides, the sign ot’ X is unchanged; hence there must be a 
number, m, between p and g, which, substituted for z in the series of func- 
tions, gives the sign of X negative, and hence there must be one root between 
p and m, and another root between m and g. ‘The loss of two variations of 
sign must, therefore, indicate the existence of two real roots between p and q; 
and, in like manner, the loss of three variations of sign indicates the existence 
of three roots in the interval, and so on. Hence, if the substitution of p for 
x gives A variations, and q for x gives & variations; then h—A= number of 
real roots between p and q. | 
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Since all the real roots are comprehended between the extreme values 
—o and + @ we may readily ascertain the number of real roots by substi- 
tuting — a and + o for = in the leading terms of the several functions, be- 
cause the first term of each function must, for'v=-F o, be numerically greatex 
than all the other terms in the function together; and hence the sign of the 
leading term will determine the sign of the whole function. Let hf be the 
number of variations of sign arising from the substitution of — for 2 in the 
functions, and & the number for + @; then h—A= the number of real roots 
in the equation, and n—(h—k)= the number of imaginary roots. To deter- 
mine the initial figures of the roots, we may substitute the successive numbers 
of the series 

0, —l, —2, —3, —4,..... 
till we have as many variations as — © produced; and if we substitute the 
numbers of the series 

0, 1, 2,3, 4,..00. 

till we have as many variations as + » produced, then the numbers which 
first produce the known number of variations, will be the limits of the roots 
of the equations, and the situation of the roots will be indicated by the signs 
arising from the substitution of the intermediate numbers. 

175. When the equation has equal roots, one of the divisors will divide 
the preceding without a remainder, and the process will thus terminate with- 
out a remainder, independent of x. In this case, the last divisor is a common 
measure of X and X,; and it has been shown (Prop. VI. Cor. 3, p. 292), that 
if (x—a,) (x—az)* be the greatest common measure of X and X,, then X is 
divisible by (7—a,)*(x—a,)°, and the depressed equation furnishes the distinct 
and separate roots of the equation; for Sturm’s theorem takes no notice of the 
repetition of a root. The several functions may be divided by the greatest 
common measure so found, and the depressed functions employed for the 
determination of the distinct roots; but it is obvious that the original functions 
will furnish the separate roots just as well as the depressed ones, for the 
former differ only from the latter in being multiplied by a common factor; and 
whether the sign of this factor be + or —, the number of variations of sign 
must obviously remain unchanged, since multiplying or dividing by a positive 
quantity does not affect the signs of the functions; and if the factor or divisor 
be negative, all the signs of the functions will be changed, and the number 
of variations of sign will remain precisely as before. 


We shall now apply the theorem to a few examples. 


EXAMPLES. 
(1.) Find the number and situation of the roots of the equation 
v—4x°*—6x+8=0* 


* The process applied to the general cubic equation 23+ aa2+be+c=0, gives the following func- 
tions, viz. : 


With the second term. * Without the second term, or a=0. 
X = #4 ax?+brt+e. . »- - = ae ba-he dime ter 
KX) = 3@24+2a7,- +6... «© + (1) Miah Bae he ek cal eu omac ec as le (2) 
X2 = 2(a*—3b)a+ab—9. . - - Xe = —2br—3e. Maks ealeceyy 
X3 =—4a°%c + a2h2—] 8abc—4b3—27¢ X3 = —4b3—27c? . . . ; 


These functions in (1) and (2) will frequently be found useful in the application of Sturm’s 
theorem to equations of the third degree, since the derived, functions in any particular example may 
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Here we have X = 2’*—42*—62+8 
{= 32°—8r —6; 
then, multiplying the polynomial X by 3, in order to ayoid fractions, 
32?—8r—6) 32°—122°—1827+4+24 (a—1 
32°— 82°— 62 


— 42°—12x+24, multiply by 3; 
or, — 3z7— 9x+18 
— 322+ 8r+ 6 


—17z+12 oe X,j;=172—13 


32°— 8x—6 
17 


17x—12) 51a2—1362—102 (3x 
5la’— 36x 


—100z—102 


It is now unnecessary to continue the division further, since it is very 
obvious that the sign of the remainder, which is independent of z, is —; and, 
therefore, the series of functions are 

X = #— 47?—62r4+8 
X, = 32°— 8x —6 

X,, =17# —12 

Xyy=+ 

Put + mand — o for x in the leading terms of these functions, and the 

signs of the results are 
Foraz#= + @, + + + + no variation *0. Ree 
x=—o, — + — + three variations .. A==3 
“. h—k=3—0=8, the number of real roots in the proposed cubic equation. 

Next, to find the situation of the roots we must employ narrower limits 
than + mand —o. Commencing at zero, let us extend the limits both ways, 
and since the proposed equation has only one permanence of sign, one of the 
roots is negative, and the remaining roots are positive. 


Var. Var, 
For z=0 signs + — — + 1/2] Forz= Osigns+ — — 4+ 1/2 
a=1l....—-— + 4+) 1 a—1...¢+¢ +— +52 
w=2....— — + +/ 1 w=—2...— + — + | 3 
a=3....— — ++) 1 . 
pad, eS Sy 
a=5....— + +4) 1 
Oe tcl eel A) 


be found by substitution only. In order that all the roots of the equation 23+b5¢+c=0 may be 
real, the first terms of the functions must be positive ; hence —2ba and —453—27c? must be positive; 
and as —27c? is always negative, 6 must be negative, in order that —463 and —2 may be positive; 


therefore, when all the roots are real, 453 must be greater than 27c?, or ( 5 ds greater than ( yy: 


y < = 3 2 
When, therefore, d is negative and ( =) 7 () , all the roots are real, a criterion which has seen 


Jong known, and as simple as can be given. 
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We perceive, then, by the columns of variations, that the roots are between 
0 and 1, 5 and 6, —1 and —2; hence the initial figures of the roots are —1, 
0, and 5; and in order to narrow still further the limits of the root between 
0 and 1, we shall resume the substitutions for 2 in the series of functions as 
before. But as the substitution of 1 for z, in the function X, gives a value 
nearly zero, we shall commence with 1, and descend in the scale of tenths, 
until we arrive at the first decimal figure of the root. 

Let z= 1 signs — — + + one variation 
a= '9.... + — + + two variations; 

hence the initial figures are —1, °9, and 5. 

(2.) Find the number and situation of the real roots of the equation 

vi+2—nz’—27+4=0. 
Here the several functions are 


. z+ 2—a—2e7+4 
X;= 4a°4+32?—27—2 
7 x’ +27 —6 
X,= — ¢+1 
X= + 
Let # = + o signs of leading terms + + + — + two variations 
eee | ee a + — + + + two variations; 


and all the roots of the equation are imaginary. 


(3.) Required the number and situation of the real roots of the equation 
2a*—112?+82—16=0. 
The first three functions are 
X = Q'—I112z?+8re—16 
X= 42°—1lx +4 
X,=1]la’—12e7 +32; 
and the roots of the quadratic 11z*—12z2+4+32=0 are imaginary; for 11 x32 x4 
is greater than 12?; hence X, must preserve the same sign for every value 
of x, and the subsequent functions cannot change the number of variations, 
for a variation is only lost by the change of the sign of X. Hence, 
For z = + o signs + + + no variation 
z=—o... + — + two variations; 
and the proposed equation has two real roots, the one positive, aud the other 
negative, since the last term is negative. (Prop. VI, Cor. 5, p. 279.) 


When x = 0 signs — + + i 0 signs — + + 
@=1....—>—+ e=—1....—++ 
e©=2....—4+4+ e=—2....—- — + 
e=3....¢+ ++ gz=—38....¢—+ 


Hence the initial figures of the real roots are 2 and — 2. 
When two roots are nearly equal to each other. 


(4.) Find the roots of the equation 
2+ 1ll2’®—1027+181=0. 
The functions are 


X = a+112?—1022+4+181 
X, = 327?+227 —102 

X, = 1227—398 

X; = +; 


and the signs of the leading terms are all +; hence the substitution of — » 
and + o must give three real roots. 
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To discover the situation of the roots, we make the substitutions 


x = 0 which gives + — — + two variations 
eee 1b er See +——-+ 

De DD: ot ate We He +——-+ 

a BN RA + —— + two variations 
pr ARE TPR eee + + + + no variation; 


hence the two positive roots are between 3 and 4, and we must therefore 
transform the several functions into others, in which 2 shall be diminished by 3. 
This is effected by Prop. 1, p. 280; and we get 

Y= y+20y?—9y+1 


= 3y?+40y —9 
Y,=122y —27 
Y= + 
Make the following substitutions in these functions, viz.: 
y = O signage variations 
y=l... +——+ 
Y sak ER Se Te variations 


a GB lary EE + no variation; 
hence the two positive roots are between 3:2 and 8°3, and we must again 
transform the last functions into others, in which y shall be diminished by :2. 
Effecting this transformation, we have 
Z= 2 4+20°62*—-882 +008 
Z,= 327 +41:22 —°88 
Z,=122z— 2°6 


Z,— + 
Let z= 0 thensigns are + — — + two variations 
es WAP Lec Stk cece re + = — + two variations 
Bias eta le ne wd — =<. —i- One Varintiom 
ie bk ey ae + + + + no variation; 


hence we have 3°21 and 3°22 for the positive roots, and the sum of the roots 
is —]1; therefore —11—3-2] —3-22=—17°4 is the negative root. 


When the equation has equal roots. 


_ (5.) Find the number and situation of the real roots of the ‘equation 
2—Te'+ 132a°+ a*—l62+4=0. 
By the usual process we find 
X= — 72!+1823+ x*—l6x+4 
= 5at*—282° +392"? +22 —16 
oo lla®—482? + 5la +2 
X,= 3a7— 8a +4 


= @wr—2 
ps te 
Hence x—2 is a common measure of X and X,; and if 
g == — othe signs are — + — + — four variations 
Eee — + — + — four variations 
Cs ee ee eo 0+—+-— 
- fle O's Ay Ae + — + + — three variations 
fem 1. fr at ee — + + — — two variations 
ics DOA ees ee 0-0. 0 OO 
cient Ditatal Cates —— + + + one variation 
t= hs co Se Sa + + + + + no variation. 
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Therefore we infer that there are four distinct and separate roots; one is —1, 
for X vanishes for this value of x; another between 0 and 1; a third is 2, and 
a fourth is between 3 and 4. The common measure a—2 indicates that the 


polynomial X is divisible by (v—2)*; and hence there are two roots equal to 
2 (Prop. VII, Cor. 1.) 


Horner’s Metuop or RESOLVING NuMERICAL EQuaTIONS OF ALL ORDERS. 


176. The method of approximating to the roots of numerical equations of all 
orders, discovered by W. G. Horner, Esq., of Bath, is a process of very re- 
markable simplicity and elegance, consisting simply in a succession of trans- 
formations of one equation to another, each transformed equation as it arises 
having its roots less or greater than those of the preceding by the correspond- 
ing figure in the root of the proposed equation. We have shown how to 
discover the initial figures of the roots, by the theorem of Sturm; and by 
making the penultimate coefficient in each transformation available as a trial 
divisor of the absolute term, we are enabled to discover the succeeding figure 
of the root; and thus proceeding from one transformation to another, we are 
_ enabled to evolve, one by one, the figures of the root of the given equation, 
and push it to any degree of accuracy required. 


GENERAL RULEs. 

1. Find the number and situation of the roots by Sturm’s or Budan’s the- 
orem, and let the root required to be found be positive. 

2. Transform the equation into another, whose roots shall be less than 
those of the proposed equation, by the initial figure of the root. 

3. Divide the absolute term of the transformed equation by the ¢rial 
divisor, or penultimate coefficient, and the next figure of the root will be 
obtained, by which diminish the root of the transformed equation as before, 
and proceed in this manner till the root be found to the required accuracy. 

Note 1. When a negative root is to be found, change the signs of the 
alternate terms of the equation, and proceed as for a positive root. 

Note 2. When three or four decimal places in the root are obtained, the 
operation may be contracted, and much labour saved, as will be seen in the 
following examples: 


EXAMPLES. 

(1.) Find all the roots of the cubic equation 
v®—7e2+7=0. 

By Sturm’s theorem, the several functions are (Note, p. 297.) 
X = #—724+7 
X,=32?—7 
X,=22 —3 

Xa “-F 
Hence, for x =+ @ the signs are + + + + no variation 
pi ee ee — + — + three variations; 


therefore the equation has three real roots, one negative, and two positive. 
To determine the initial figures of these roots, we have 


for « = 0 signs + —— + forz= Osigns + ——-+ 
wur-1l... +--+ wo-—IT... +—— + 
gaue2..-¢4¢+4+4+ em —2...4+4+—4+ 
x—=— 3 ty tc i 

go—4...— ft — t+ 


hence there are two roots between 1 and 2, and one between — 3 and —4. 
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But in order to ascertain the first figures in the decimal parts of the two 
roots situated between 1 and 2, we shall transform the preceding functions 
into others, in which the value of x is diminished by unity. Thus for the 
function X, we have this operation: 


1+0 75-7 
lies 
ee. oe 
1 2 
eo 

1 

3 


And transforming the others in the same way, we obtain the functions 
Y=y*?+3y’—4y+1; Yi=8y?+6y—4; Y.=2y—1; Y;,=+. 
Let y="1 then the signs are + — — + two variations 























bj ae a ee +——+ do. 
YRS on wipe em ees +—-—t do. 
Yd on ee eee ye ee + ONE Variation 
VE ee aye —++ do. 
YEE ren tele ys wlevele —++ + do. 
e= 2 LY Peck . + + + + no variation. 
Therefore the initial figures of the three roots are 13, 1°6, and —3. 
1 +0 — 7 + 7 (1°356895867 
1 l — 6 
1 — 6 * <j 
1 2 — 903 
2 —*4 *97... 
1 99 —86625 
* 33 — 301 #10875... 
3 108 —9048984 
36 —*193 *1326016 
3 Lo7ya —1184430 
* 395 — 17325 141586 
5 2000 —132923 
400 —*15325.. ~ 8663 
5 24336 —7382 
* 40 56 — 1508164 1281 
6 24372 --1181 
40 62 —*148379/2 100 
6 3 2 5/4 —89 
* (40/68 — pee 11 
32 5\4 —10 
— 147728 l 
ale 
— 1476912 
3.6 


— 14/7/65 
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We have thus found one root #=1°356895867...... ., and the coeffi- 
cients of the successive transformed equations are indicated by the asterisks 
in each column. 

















1 +0 ey + 7 (1692021471 
1 l — 6 
1 to 6 ita ee 
1 na — 1104 
2 — 4 se = 104 eee 
1 216 100809 
36 — 184 —3191... 
6 252 8156888 
42 68.. —34112 
6 4401 31774 
48 9 Pata mt —2338 
9 4482 1589 
498 15683.. —749 
9 10144 635 
5072 1578444 —l114 
2 10148 lil 
50 74 ay Mtg 
= ] 
[50/76 115 (3|8171 
Another root is 7=1°692021471 ...-..+- 
For the negative root, change the signs of the second and fourth terms. 
io —17 — 7 (3:0489173396 
3 ; 9 + 6 
co 9 es ] eeecees 
3 18 814464 
6 24 Pes — 185536... 
3 8616 166382592 
90 4 203616 — 19153408 
4 38632 18791228 
908 207248... —362180 
4 73024 208875 
91 28 20797824 —153305 
8 73088 146212 
91 36 2087091/2 —7093 
8 8 23/0 6266 
|..]91|\44 208791 ai —827 
82 3/0 626 
ees als —201 
9 188 
at — 13 
9 


_— 


~ 2,08)8|7/5 i 
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Hence the three roots of the proposed cubic equation are 


w= 1356895867 ...... 
a= 1692021471... ae 
x7z—=—3'048917339 oe 6-6, U0 “ere 


Note.—Since each successive figure in the decimal part of the-root extends 
the right hand column three places of decimals, the middle column two places, 
and the left hand column one, therefore, in the contractions we must cut off 
two figures from the left hand column, one from the middle column, and none 
from the right hand column; and thus we cut off in effect three decimal places 


from each column. 


(2.) Find the roots of the equation 2°+11a2—102z+181=0. 


We have already found the roots to be nearly 3-21, 3:22, and —17. 


Example 4, page 300.) 








1a — 102 
3 42 
Ne: Sars 5 
3 512 
17 mK 
3 404 
202 mena ry 
2 F fiea6'8 
204 oH) ts BRE 
2 2061 
2061 — 6739 
1 2062 
2.062 gia eo ope 
1 61899 
2.06 33 £05801 
3 61908 
306 36 — 343898 
3 2064 
-2)06189 — 3418/9 
pele 
— 339716 
4i 
ms Oe 
4\1 
_ 313|819 


In a similar manner, the two remaining roots will be found to be 3:22952121 


and —17°44264896. 





+ 181 (8°21312775 


— 992 


bo etaes 


— 6739 
"1261... 
— 1217403 





43597 
— 34183 


“9414 
— 6787 








2627 
— 2372 
255 

— 237 
18 

— 16 
eine} 
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(3.) Given a*+2°+a%+32—100=0, to find the number and situation of 
the real roots. 


- 


By Sturm’s method. 


Here we have X =2?+2°+.2?+3z—100 
X= 42°+327?+224+3 
X,=—52?—3842 + 1603 
X;—=—1132#%+6059 


A= — 
Let «= — o then signs are + — — + — three variations, 
M=+0......6..¢+4+-—— — one variation; 


hence two roots are real, and two imaginary; and the real roots must have 
contrary signs, for the last term of the equation is negative. To find the 
situation of the roots. 


in X X,X,X,X, BS Ran heya De 

Let «=0 signs — + + + — Alsox= Osigns — + + +— 
eee ee — ot f= — 1 0 
w=2...—-+4++-— Vo — 2. oa tt 
z=3...+4+4++- e=—-38...—-—++= 


w=—4...+—-+4+-— 
In this example, the function X, vanishes for x=—1, and for the same 
value of a, the functions X and X, have contrary signs, agreeably to Lemma 
2, and writing + or — for 0 gives the same number of variations. The 
initial figures of the root are, therefore, 2 and —3. 


The same otherwise, by Budan’s method. 


If the roots of this equation be all real, the permanencies and variation indi- 
cate three negative roots and one positive root. 
(1.) To find the positive root. 
1+1+14 3—100(2 | 14+1+4+ 1+ 8+100(3 
8+7+17— 66 4+13+42-+ 26 
In the transformation by 2, one variation is left, and in transforming by 3; 
there is no variation left; therefore, the positive root is between 2 and 3. 


(2.) For the negative roots. 


Direct Equation. Reciprocal Equation. 
1—1+1—3—100 (1 —l00— 38+ 1— 14 1(1 
0+1—2—102 —103—102—103—102 
1+2+0 ; 
2+4 , signs all — 
3 


Here two variations are lost in the direct transformation, and no variations 
are left in the reciprocal transformation; therefore, the two roots in the inter- 
val 0 and —1 are imaginary. 

Pei-+i— $100 (3 ft el— S100 (4 
2+7+18— 46 3+13+49-+ 96 
Hence the negative root is obviously situated between —3 and —4: 
U 
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To find the negative root, we have the following operation:— 











Beal Cae tess — 100(3°48857786336599 
3 6 21 54 
2 7 18 — Agee 
3 15 66 416896 
5 22 84.. ~~ 43104 ae 
3 24 20224 384456501 
8 46 °° 104224 — 46583499.... 
3 456 92112 390491222121 
114 50.56 126336. — 75343767879 
4 4.72 1816167 65189289046 
4118 55 28 ' 128152167 — 10154478833 
an) 488 1827561 9128951421 
198 60 16°: 129979728... — 1025527412 
4 8789 184012707 9129282954 
1263. 605389 130163740707 — 112599158 
3 37 98 184127241 104335040 
1266 60 9187 13034786794 — 8264118 
3 38 07 7825130 
1 269 612994.. 18087857809) — 438988 
3 381 6 9 307133215 391256 
12.723 61 33 75 69 ese — 47732 
3 38178 430091 39126 
12726 613757 47 73041359173 — 8606 
3 38 187 430031 7825 
12729 «© 61. 41.39/84 4 30417892[0 89 * ria 
3 63|6 43.010 652 
;12\732 61 42. 02)9 1380418822 ae 
63)6 430 7 
61 42 66|5 130418752 ple 
6316 At 11 
{61[43}30 1 pr 1B 0 
“| 14 


For the positive root we have a similar operation:— 
— 100(2°8028512181582; _ 
but this we shall leave for the student to perform, and the two roots will be 


1 


found to be 


+1 














+1 


“= 























+ 3 


9-8028512181582 eras 
x = — 3°4335778633659 .. . 











(4.) Find the roots of the equation 2 4+20'+323+ 42°+4 5a—20=0, 





Here we have X = 2° +22'+32'+42z?+5r—20 
X= 521+8a+92?+82+5 
X= —7e°—212*—42¢74255 
X,= —1327+14 


—— 


i. . 
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For z=—o we have signs — + + + — two variations; 
Penta ODS ors e sw eeee + +—— — one variation. 


Hence the difference of variations of sign indicates the existence of one real 
and four imaginary roots, the real root being situated between 1 and 2. 





















































ret-2 + 3 ape + 5 — 20(1'125790°- 

1 3 6 10 15 
3 6 10 15 oe ee. 
1 4 10 20 387171 
4 10 20 Ghee) re 12899 
1 5 15 37171 87005 
5 15 35... 387171 — 25824 
] 6 2171 39414 22285 
6 21.. 37171 4265815 — 3539 
1 71 22 43 844 3136 
71 2171 39414 43 50215 as 
l 72 23 16 85314 403 
72 2.243 417(30 443 516 | 

1 73 4l7 2115 ’ 

73 2316 Gnas 44571 

1 74 Al7 2115 

74. ‘| + 2\390 4 26/7 44718 

l 4\7 I 

[°° 75 | 4{31 44/8 


hence the real root is néarly 1:125790; and by using another period of ciphers 
we should have the root correct to ten places of decimals, with very little 
additional labour. 


ADDITIONAL EXAMPLES FOR PRACTICE. 


(1.) Find all the roots of the equation 2°—3z—1=0. 
(2.) Find all the roots of the equation #*—227—24=—0. 
(3.) Find the roots of the equation 2°-+«*—500=0. 
(4.) Find the roots of the equation #’+2°+-x—100=0, 
(5.) Find the roots of the equation 2z°+ 3x*—4z—10=0, 
(6.) Find the roots of the equation #*—12«*+ 127—3=0, 
(7.) Find the roots of the equation #*—8x*+ 142*-+-42—8=0. 
(8.) Find the roots of the equation «*—a°+2a*+*2—4=0. 
(9.) Find the roots of the equation 2°—10a°+6x+1=0. 
(10.) Find the roots of the equation 2° +32'+20—-3a*—2z2—2=0. 
(11.) Find all the roots of the equation 
2§+42°—3x*— 1623+ 1la?+127—9=0. 
(12.) Given the equations 
4n?—5xy+6y°— 22—10y+20=0 
32°—8ay+4y°—12a+ 9y—15=0 
to find the values of # and y. 
v2 
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ANSWERS. 
w= + 1'879385242 x= +5°2360679775 
(1.) 4 2=— 1°532088886 7 x=-+ +7639320225 
w—=— °347296355 (7.) x= +2°7320508075 


“4==— °*7320508075 
z—=+5°1622776601 


(2.) 4 =—1-1622776601 (8.) a= +1-146994592 





eet tC r2=—1-090593586 
(© =—3:0653157912988 
(3.) #2=7°61727975596 | t=— 6915762804900 
(9.) £ 2=— 1756747992883 

.) 9 4-2644299731 

(er @ | e=-+ +8795087084144 
(5.) 2x=16248190836 l w= +3-0530581626622 
z= +2°858083308163 (10.) zx=1:059109003461 882 
(6.) x=-+ 606018306917 a=—1; z=—3; r=] 
‘“") a= + *443276939605 (11.) a=—=3 x21 


x= —3'907378554685 r=} 


(12.) The biquadratic equation 

480y!—125y?+3923y?—7176y +25740=0, 
contains the four values of y, and then x is found from the relation 
— _ 2(y’—33y +60) 
Cc 17y¥+42 = 


ON INEQUATIONS. 


177. In discussing algebraical problems, it is frequently necessary to 
introduce inequations, that is, expressions connected by the sign 7. Gene- 
rally speaking, the principles already detailed for the transformation of equa- 
tions, are applicable to inequations also. There are, however, some important 
exceptions which it is necessary to notice, in order that the student may guard 
against falling into error in employing the sign of inequality. These excep- 
tions will be readily understood by considering the different transformations in 
succession.* | 


I. If we add the same quantity to, or subtract it from, the two members of 
any inequation, the resulting inequation will always hold good, in the same 
sense as the original inequation. That is, if 


a7 b, then a+a'7 b+a’, and a—a!' 7 b—a‘: 


* Example in Inequations.—The double of a number diminished by 6 is greater thar 24; and 
triple the number diminished by 6 is less than double the number increased by 10. Required a 
number which will fulfil the conditions. 

Let & represent a number fulfilling the conditions of the question; then, in the language of inequa- 
tions, we have 2x—67 24, and 3a—6Z2x+10. From the former of these inequations we have 
2u7 30, or #715; and from the latter we get 3v—2v Z10+6, or #216; therefore 15 and 16 are the 
limits, and any number between these limits will satisfy the conditions of the question. Thus, if we 
take the number 15°9 we have 15:9 x 2—6 7 24 by 1°8, whilst 15°9x 3—6 Z 15°9x 2+10 by 1. Other 
examples may easily be formed 


— 
a 


INEQUATIONS. 809 
Thus, 
8— 3; we have still, 8+5 73+ 5, and 8—i573—~5, 
So also, 


— 3 — — 2, and we have still —3+4- 6 < — 2-- 6, and —3— 62 —2—46, 


The truth of this proposition is evident from what has been said with reference 
to equations, ° 

This principle enables us, as in equations, to transpose any term from one 
member of an inequation to the other, by changing its sign. 

Thus, from the inequation, 


a®*-+-+ 6°>73b*?—2a? 
We deduce 
a*-+2a* 736? — bd? 
Or, 
ie 2 OP, 


Il. If we add together the corresponding members of two or more inequations 
which hold good in the same sense, the resulting inequation will always hold good 
in the same sense as the original individual inequations. 

That is, if 

az7b,cvd, emf 
Then, 


apcterb+dt+f 


Ill, But tf we subtract the corresponding members of two or more inequations 
which hold good in the same sense, the resulting inequation WILL NOT ALWays hold 
good in the same sense as the original inequations. 

Take the inequations 47, 2—.3, we have still 4—2<—7 — 3, or 2<4. 

But take 9 10 and 6 — 8, the result is 9— 67> (not <) 10 — 8, or 
37 2, 

We must therefore avoid as much as possible making use of a transformation 
of this nature, unless we can assure ourselves of the sense in which the resulting 
inequality will subsist. 

IV. If we multiply or divide the two members of an inequation by a positive 
quantity, the resulting inequation will hold good in the same sense as the original 
wnequation. 


Thus, if a<.b, thn maz<mb, ae ee 


—a>—b, then —rnava—nb, i ee, 


This principle will enable us to clear an inequation of fractions, 
Thus if we have 
atl ah? c?—d? 
TPG One 7 


Multiplying both members by 6 ad it becomes 


3a(a*— b?) > Qdlc? — d *)’ 
But, 
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V. If we multiply or divide the two members of an inequation by a negative 
quantity, the resulting inequation will hold in a sense opposite to that of the 
original inequation. 

Thus, if we take the ineqiiation 87 7, multiplying both members by — 3, we 
have the opposite inequation, — 24 <— — 21. 


Siinilaly'S > 7" bute eee z 
imilarly, 8-77, but ——3 ee i 


qo} 2 


VI. We cannot change the signs of both members of an inequation, unless we 
reverse the sense of the inequation, for this transformation 1s manifestly the same 
thing as multiplying both members by — 1. 

VIL. Ff both members of an inequation be positive numbers, we can rarse them 
to any power without altering the sense of the inequation, That is, if 


azb then avd. 


Thus from 573 we have (5)? 7 (3)* or 2579. 
So also from (a + 6) =, we have (a+ 6)* 7e*. 
But, 
VIII. Tf both members of an inequation be not positive numbers, we cannot de- 
termine, a priori, the sense in which the resulting nequation witi hold good, unless 
the power to which they are raised be of an uneven degree. 


Thus, —2<43 gives (—2)*< (3)* or 4 <9 
But, —3>7—B5 gives (—3)*=—(—5)* or 9 <2 
Again, —37—5 gives (—3)* ~(—5)* or —27 7 — 1%o, 


In like manner, 


IX. We can extract any root of both members of an inequation without altering 
the sense of the inequation. That is, if 


azb, then, \/a7V/0b. 


If the root be of an even degree both members of the inequation must neces- 
sarily be positive, otherwise we should be obliged to introduce imaginary quan- 
tities, which cannot be compared with each other. 





i 
i 


=. 


PROGRESSIONS. 





ARITHMETICAL PROGRESSION. 


178. WHEN a series of quantities continually increase or decrease by the addition 
or subtraction of the same quantity, the quantities are said to be in Arithmetical 
Progression. 

Thus the numbers 1, 3, 5, 7, ----- which differ from each other by the ad- 
dition of 2 to each successive term, form what is called an increasing arithmeti- 
cal progression, and the numbers 100, 97, 94, 91, ----- which differ from each 
other by the subtraction of 3 from each successive term, form what is called a 
decreasing arithmetical progression. 

Generally, if a be the first term of an arithmetical progression, and 3 the coi- 
mon difference, the successive terms of the series will be 


a, A+8, A423, a+34, ----- 


in which the positive or negative sign will be employed, according as the series 
is an increasing or decreasing progression. 

Since the coefficient of } in the second term is 1, in the ¢hird term 2, in the 
fourth term 3, and so on, the n' term of the series will be of the form 


a+(n—1)o. 


In what follows we shall consider the progression as an increasing one, since 
all the results which we obtain can be ae steed applied to a decreasing series 
by changing the sign of 6. 

179. To find the sum of un terms of a series in arithmetical progression. 


Let a first term. 
wee last term. 
common difference. 


. n number of terms, 
S = sum of the series. 


Then i — a. Peace wi atised) 4 ----- +- . 


o7 
LW TE 


Write the same series in a reverse order, and we have 


S= 1 + U—d)+(l—23)+------ +a 
(a) + (a +D+ (a+) $------ +(a+)) 


n (a-+ /) since the series consists of x terms. 
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spots Sn apa. ee (1) 
Or, since 7 = a+(n—1)38 
Be Ee on (2) 


Hence, if any three of the five quantities a, J, 3, , 8, be given, the remaining 
iwo may be found by eliminating between equations (1) and (2). 

It is manifest from the above process that 

The sum of any two terms which are equally distant from the extreme terms 
is equal to the sum of the extreme terms, and if the number of terms in the series 
be uneven, the middle term will be equal to one-half the sum of the extreme terms, 
or of any two terms equally distant from. the extreme terms, 


Example 1. 


Required the sum of 60 terms of an arithmetical series, whose first term is 5 
and common difference 10. 


Here, a=5, 5=10, n=60 
*, l=a+(n—1)8=5+59 X 10=595 
. gx (5+595) x 60 
ee THY areepageus ae 


=600 x 80=18000= sum required. 


Example 2. 


A body descends in vacuo through a space of 16), feet during the first second 
of its fall, but in each succeeding second 321 feet more than in the one inime- 
diately preceding. If a body fall during the space of 20 seconds, how many feet 
will it fall in the last second, and how many in the whole time ? 


193 386 


Soh bebe 


Here, a= 2 ae 


193 386 
~tl= To +19X 12 
tial = 6271 feet 

ry Weems 
(193 --+ 7527) X 20 

2x 12 
77200 
er b- 


= 64334 feet. 


os 
II 


Example 3. 


To insert m arithmetical means between a and 6. 

Here we are required to form an arithmetical series of which the first and 
last terms, a and 6, are given, and the number of terms = m -+- 2; in order then 
to determine the series we must find the common difference. 

Eliminating S by equations (1) and (2), we have 


Ka 
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2a+(~m—l)di=!l+a 
a toamy 
= a | 


But here, 7 = 3, a=a, n=m+2 
the required series will be : 
| b—a 2(6—a) | m(b—2) (m4+L(b—a) 
ot (ot eit (at m-t- | Job ene (ae?) + (op SE 

Or, 
b-+-ma 2b-+-(m—1)a mb-+-a 
a+ Gp + ee hay 5 Sees a tail + 0d 
Or, 








b-+-ma 26-++-(m—1)a (m—1)b-+-2a mb-+-a 
Es m-+-1 7 m-+1 ESS m-+ 1 m--] ind 


Ex. 4. Required the sum of the odd numbers 1, 3, 5, 7, 9, &e. continued to 
101 terms ? Ans, 10201. 


Ex. 5. How many strokes do the clocks of Venice, which go on to 24 o’clock, 
strike in the compass of a day ? Ans. 300. 


Ex. 6. The first term of a decreasing arithmetical series is 10, the common 
difference 4, and the number of terms 21 ; required the sum of the series ? 
Ans. 140. 


Ex. 7. One hundred stones being placed on the ground, in a straight line, at 
the distance of 2 yards from each other; how far will a person travel, who shall 
bring them one by one to a basket, which is placed 2 yards from the first stone ? 

Ans, 11 miles and 840 yards. 


GEOMETRICAL PROGRESSION. 


180. A series of quantities, in which each is derived from that which immedi- 
ately precedes it, by multiplication by a constant quantity, is ealled a Geome- 
trical Progression. 

Thus, the numbers 2, 4, 8, 16, 32, ..-.- in which each is derived from the 
preceding by multiplying it by 2, form what is called an increasing geometrical 
progression; and the numbers 243, Bie 21, 9, dy <0 elle which each is derived 
from the preceding by multiplying it by the number zn form what is called a 
decreasing geometrical progression. 

The common multiplier in a geometrical progression, is called the common 
ratio. 3 

Generally, if a be the first term, and ¢ the common ratio, the successive terms 
of the series will be of the form, 

a, a e, ae’, ae? is mn oe 

The exponent of ¢ in the second term is 1, in the third term is 2, in the 
fourth term 3, and so on; hence, the n term of the series will be of the form, 

aon" 
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181. To find the sum of n terms ofa series in Geometrical Progression. 





Let @ = first term 
.. € =z last term 
ss @ == common ratio 
n == number of terms 
S = sum of the series 
Then, 
— a--+ao+-ae*+ae>+.. Seesecs Ceeseesee -+- ag*—> 
Multiply both sides of the equation by e, 
SiS Bo Op? fe Ap? Po. ccereecres aco oe “fA p2—) ag” 
Subtract the first from the second, 
S(e—l) = ag" —a 
: _ a(e¢*— 1 
ee Ss — e = ] @eeereese@eGe j«@e@efs8ee88 (1) 
Or, since, : 
i s& aer—} 
lige (<2 
Ss RT 1 eesecere LO Oy Dee eereeees (2) 


If the series be a decreasing one, and consequently e fractional, it will be 
convenient to change the signs of both numerator and denominator in the above 
expressions, which then become, 


a—el 





l— 


Hence, it appears, that if any three of the five quantities, a, 7, o,, 8, be 
given, the remaining two may be found by eliminating between equations (1) 
and (2). It must be remarked, however, that when it is required to find e from 
a,n, S given, or from x, J, S given, we shall obtain ¢ in an equation of the 
e* degree, which cannot be solved generally. 


Example 1. 


Required the sum of 10 terms of the series 1, 2, 4,8, . 


Here, a= 1, e = 2, n= 10 
yi a(e" —1) 
= arp: 
= 1028 
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; Example 2. 
Re : ; 2 4 8 
equired the sum of 10 terms of the series 1,-=, >, 55,620» 
3”. 9° 27 
Here, «¢ = l, em or ae 
~ aga S xen a(i—e") 
Pen 
1 ( 2 Ne 
igh ONS 
é 2 
pees 
_ 174075 
~~ §9049 


Example 3. 


To insert m geometric, means between a and b. 

Here we are required to form a geometric series, of which the first and last 
terms, a and 8, are given, and the number of terms = m -++ 2; in order, then, 
to determine the series, we must find the common ratio. 

Eliminating S by equations (1) and (2), 


ae"—a = el—a 
mess 
g rm 
But here, 
fie OL aban Whee 
* é -> m-+1 2 


Hence, the series required will be, 
6 ft fm—l vie jm-fl 
m-+1 / —_ m+l /— +1 m+1 /7_ m-+1 
aa uf +a = +... ri fares gute es | 
or, 


a BH famb mt) amps, fmt) /aTom=T mth ab +- 5 


or, 





1 m—l 2 s 2 m—l on 3 Safe Mn 


o--anti bm-+i +. qu+l /m+1 +-...-- amt bm+i + qu+! pu-+l +b 


182. To find the sum of an infinite series, decreasing in geometrical progression, 
We have already found, that the sum of nm terms of a decreasing geometrical 
series, is, 
eo fe Or 
ae 
which may be put under the form, 


. AY > 
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a a 


.= i=; J o/ 


n 


Since ¢ is a fraction, ¢” is less than unity, and the greater the number x, the 


smaller will be the quantity e”; if, therefore, we take avery great number of 
’ ; : ae” 
terms of-a decreasing series, the quantity e”, and, consequently, the term ; g ; 


' : ; a : 
will be very small in comparison with ; and if we take n greater than any 








assignable number, or make n =o, then ¢® will be smaller than any assign- 
able number, and therefore may be considered = 0, and the second term in 


the above expression will vanish. 
Hence, we may conclude, that the sum of an infinite series, decreasing in 


geometrical progression, is, 





Strictly speaking, i a 


terms approaches, and the above expression will approach more or less nearly 
io perfect accuracy, according as the number of terms be greater or smaller. 





is the limit to which the sum of any number of 


Thus, let it be required to find the sum of the infinite series 


1 l ] 
PMR EMTS ANTS joe 





fers, 9 = 1, c= > n= "(00 

a 
5 cs ies 

l 
= 1 
cae, 

me 

a et | 


The error which we should commit in taking = for the sum of the first » 


terms of the above series, is determined by the quantity, 





ih tot ae 


6 


; F tae 3 (=) l.. . 2 
Thus, if n = 5, then, 5 \3 = 3-31 = Tea 
“se n == 6, then, &. ( ) ; 


1 
ies yt 48 


Hence, if we take Zz as the sum of 5 terms of the above series, the amount 


would be too great by i . 
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3 1 
If we take 3 3s the sum of 6 terms, the amount would be tco great by 57, 
and so on, 


HARMONICAL PROGRESSION. 


183. A series of quantities are said to be in harmonical progression, when, if 
any three consecutive terms be taken, the first is to the third as the difference of 
the first and second to the difference of the second and third. 
Thus, if a, 4,c,d, . . . . be aseries of quantities in harmonical progression, 
we shall have, 
a:c::a—b:b—c; b:d::b—c:c—d; &. 


184. The reciprocals of a series of terms in harmonical progression are in arith- 
metical progression. 


Let a, b,c, d,e, f, .. . . be aseries in harmonical progression, 
Then, by definition, 


a:c::a—b:b—c; b:d::b—c:c—d; c:e::c—d:d—e; &e. 
. ab—ac = ac—be, be —bd = bd —de, cd —ce = ce—ed, ke, 
ab ae nenitoc «0c bd bd? de> ed ce ce ed 


* Gbe— abe = abe abe bed ~~ bed — bed bed’ cde~ cde ~ ede ede 
ee ll 
en ner en ee Ce a en» SR 
Sa Aline, Aca eel ae 

from which it appears, that the quantities 7» |» |? |? @? &e. are in 


arithmetical progression. 


To insert m harmonic means between a and 6. 
Since the reciprocals of quantities in harmonical progression are in arithme- 


: : : : : 1 ] 
tical progression, let us insert m arithmetic means between 7 and ee 


Generally in arithmetical progression, 


oes a-+- (n—1)38 


ve Oe re 


1 1 
In this case 7 = Fea nS m+ 2, and... n— 1 = mop I. 


The arithmetic series will be 


1 a-+-mb 2a-+-(m—1 jb (m—1)a+2h mato hi 
oy (m-+-1)ab a (m-+ 1 )ab LLG (m-+ 1 )ab oe Cu--lyah ' } 
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Therefore the harmonical series will be 


(m-+4-1)ab (m-+-1)ab (m+1)ab |. (m+-1)ab 
wen a--mb ea Co DY L cosas (m—1)a--2b a ma-+-b + 6 


ON PERMUTATIONS AND COMBINATIONS, 


185. The Permutations of any number of quantities signify the changes 
which these quantities may undergo with respect to their order. 

Thus, if we take the quantities a,b,c; then, a bc,acb,baec,be a, 
c a b,c b a, are the permutations of these three quantities taken all together ; 
ab, ac, ba, be, ca, cb, are the permutations of these quantities taken two 
and two; a, 6, c, are the permutation of these quantities taken singly, or one and 
one, &c. 

The problem which we propose to resolve is, 

186. Lo find the number of the permutations of n quantities, taken p and p 
together, 

Let a, 6, c, d, ....0.... &, be the n quantities. 

The number of the permutation of these x quantities taken singly, or one and 
one, is manifestly n. 

The namber of the permutations of these n quantities, taken two and two 
together, will be n (n-— 1). For since there are n quantities, 


Tf we remove a there will remain (n — 1) quantities, 


OF; Gr. Gecassatseise ee 


Writing a before each of these (n — 1) quantities, we shall have 


20, G6, Ci een saget tee 


That is, (n — 1) permutations of the n quantities taken two and two, in which 

a stands first. Reasoning in the same manner for 5, we shall have (n — 1) 

permutations of the n quantities taken two and two, in which 6 stands first, and 

so on for each of the n quantities in succession, hence the whole number of per- 

mutations will be | 
n(n — 1) 


The number of the permutations of » quantities taken three and three toge- 
ther is n (n—1)(n—2). For since there are x quantities, if we remove athere 
will remain (n — 1) quantities; but, by the last: case, writing (n — 1) for n, the 
number of the permutations of (n— 1) quantities taken two and two is (n — 1) 
(n — 2); writing @ before each of these (n — 1) (n — 2) permutations, we shall 
have (n — 1, (n — 2) permutations of the x quantities taken three and three, 
in which a stands first, Reasoning in the same manner for }, we shall haye \ 


lS ee el 
sg aed 

eu es 
Br 


(n — 1) (n — 2) permutations of the n quantities taken three and three in 
which } stands first, and so on for each of the n quantities in succession, hence 
the whole number of permutations will be 


n (n — 1) (n— 2) 
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In like manner we can prove that the number of permutations of » quantities 
taken four and four will be 


n(n — 1) (n — 2) (n — 3) 
Upon examining the above results, we readily perceive that a certain relation 
exists between the numerical part of the expressions, and the class of permuta- 


tions to which they correspond. 
Thus the number of permutations of n quantities, taken two and two, is 


n (n — 1) which may be written under the form n (n — 2 -F !) 


Taken three and three, it is 
n(n— 1) (n — 2) which may be written under the form n(n — 1) (n— 3 + 


Taken four and four, it is 


n(n — 1) (n — 2) (n — 3) which may be written under the form n (x — 1) 


(n —2) (n—44 1) 


Hence from analogy we may conclude, that the number of permutations of n 
things, taken p and p together, will be 


a (n as 1) (n rae 2) (n at 3) oenoes escacncecesecl 20 —p “+ 1) 


In order to demonstrate this, we shall employ the same species of proof 
already exemplified in (Arts. 39 and 89), and show that, if the above law be 
assumed to hold good for any one class of permutations, it must necessarily hold 
good for the class next superior. 

Let us suppose, then, that the expression for the number of the permutations 
of n quantities taken (p — 1) and (p — 1) together is 


nm (2 — 1) (m — 2) (m — 3)... cerececeees {1 — (DP — UF Lp eresesrrenees (A) 


It is required to prove that the expression for the number of the permutations 
of n quantities, taken p and p together, will be 


200: — 1) (n — 2) (n — 3) eececorsee oe eerroerceres (n—p+ 1) 
Remove @ one of the n quantities a, D, Cc, d...essse.0- kh, then by the expression 
(A), writing (n — 1) for n, the number of the permutations of the (n — 1) quan- 
MORO, C, Cersvecr eves kh, taken (p — 1) and (p — 1, will be 


(2 — 1) (nm — 2) (12 — 38). eeeeeeeessreveeee{ (2 — 1) —(p — 1) + 1} | 
Or, 


(12 — 1) (2 — 2) (N— 3B) secarsosesrsoreree(” —p -b 1) 


Writing a before each of these (2 — 1) (2 — 2) (% — 3)essseeeree..(% —p + 1) 
permutations, we shall have (n — 1) (nm — 2) (n —3)......... (n — p -- 1) permu- 
tations of the » quantities, in which a stands first. Reasoning in the same manner 
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for b, we shall have (n — 1) (n-—— 2) (n —3)...... seeeee(22— p + 1) permutations 
of the ” quantities in which 4 stands first, and so on for each of the » quantities 
in succession, hence the whole number of permutations will be 


n(n) (n—2)(n— 8). cue (n= ps1). eee 


Hence it appears, that, if the above law of formation hold good for any one 
class of permutations, it must hold good for the class next superior ; ‘but it has ~ 
been proved to hold good when p = 2, or for the permutations of quantities 
taken two and two, hence it must hold good when p = 3, or for the permuta- 
tion of ~ quantities taken three and three, .*. it must hold good when p = 4, 
and so on. ‘The law is, therefore, general. . 


Example. 


Required the number of the perm-tations of the eight letters, a, b, c, d, ¢, f, 
g, h, taken 5 and 5 together. 


Here 
n= 8, p=5, 7 —p-+ J) = 4 hence the above formula. 


n (n—]) (n—2).---- (m—p+1l1)=8X7X6X5X4 = 6720 


the number required. 
i87. In formula (1) let p = 2, it will then become 


h (e-—1) (0 Q)ansen erste 
Or, 
Lc 18. 1c etsipernvestptebeseaete Om aqnasae(t — 1) 8 cee 


Which expresses the number of the permutations of m quantities taken all 
together.* 


Example. 


Required the number of the permutations of the eight letters, a, 6, ¢, d, «, 


Kg, he 


Here ” = 8, hence the above formula (2) in this case becomes, 


1.2.03 . 4). 56% Ow te 0 eee 


the number required. | 
188. The number of the permutations of ” quantities, supposing them all dif — 


ferent from each other, we have found to be 


* Many writers on Algebra confine the term permutations to this class where the quantities are 
taken all together, and give the title of arrangements, or variations to the groupes of the ” quantities 
when taken two and two, three and three, four and four, &c. The introduction of these additional — 
designations appears unnecessary, but in using the.wortd permutations absolutely, we must always be r 
anderstood to mean those represented by formula (2), unless the contrary be specified. ; 
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But if the same quantity be repeated a certain number of times, then it is ma- 
aifest that a certain number of the above permutations will become identical. 

Thus, if one of the quantities be repeated « times, the number of identical 
permutations will be represented by | . 2. 3...... .+»...@, and hence, in order to 
obtain the number of permutations different from each other, we must divide 
ER a, and it will then become 


If one of the quantities be repeated « times, and another of the quantities be 
repeated 6 times, then we must divide by 1 . 2............ ey oe ae Pe Leet ae 
and, in general, if among the 7 quantities there be « of one kind, 6 of another 
kind, + of another kind, and so on, the expression for the number of the per- 
mutations different from each other of these » quantities will be 


Example I. 


Required the numbers of the permutations of the letters in the word algebra. 
Here x = 7, and the letter a is repeated twice, hence formula (3) becomes 


Reem 4.5.67 


a = 2520 the number required. 


Example 2. 


Required the number of the permutations of the letters in the word 
caifacaratadaddara. 

Here x = 18, a is repeated eight times, c twice, d thrice, 7 twice, hence the 
number sought will be 


Wests. 5.6.7.8. 9.10.11. 12,13.14.15.16.17.18 
Mee’ .o.4.5.6.7,8 x 1.2°x 1.2.39 x 1.2 = 6616209600 





Example 3. 


Required the number of the permutations of the product a* 5” c *, written 
at full length. 

Here n = 4 + y + 2, the letter a is repeated « times, the letter b, y times, 
and the letter c, z times; the expression sought will therefore be 





189. The Combinations of any number of quantities, signify the different collec- 
tions which may be formed of these quantities, without regard to the order in 


which they are arranged in each collection. 
x 
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hus the quantities a, b, c, when taken all together, will form only one come 
bination, abc; but will form six different permutations, abc, acb, bac, bea, cab, 
cha; taken two and two they will form the three combinations ad, ac, bc, and 
the six permutations ab, ba, ac, ca, be, cb. 
The problem which we propose to resolve is, 


190. Z'o find the number of the combinations of n quantities, taken p and p 
together. 


Let the number of combinations required be x: 


Suppose these « combinations to be formed and to be written one after the 
other, in a horizontal line ; write below the first of these all the Pr ge 
of the p letters which it contains, and since the number of these is 1.2. 3......p 
(=y suppose), we shall have a vertical column consisting of y terms; the 
second term of the horizontal line will, in like manner, give another eee 
column consisting of y terms, being all the permutations of the p letters which 
it contains, one at least of which is different from those in the combinations 
already treated of. The third combination will, in like manner, give y terms 
differing from all the others. We shall thus form a table consisting of x 
columns, each of which contains y terms; and on the whole zy results, which 
are evidently all the permutations of the n letters, taken p and p together, none 
being either omitted or repeated; we shall therefore have by formula (1), 





fy, == in (n—— 1 ne ease sees Pee Siamaes (n—p +1) 
i n{n— 1) (n A screrccemee AP + 1) 
n(n — 1)(n 2): wis: eveese (n—p+1) eae (4) 


5 1:2... 3 Slvcecsoenstuvenenaseseeee naan 
the expression required. 


~ 


Hence we perceive, that the number of the combinations of n quantities, taken p 
and p together, is equal to the number of the permutations of n quantities, taken 
p and p together, divided by the number of the permutations of p quantities taken 
all together. 


There is a species of notation employed to denote permutations and com- 
binations, which is sometimes used with advantage from its conciseness. 


The number of the permutations of » quantities, taken p and p, 
are represented by .........-ssscessebecncscssenenes obese aac aeeean a. (2 Pp) 
The number of the permutations of n quantities, taken all together, 
are represented by ........ She (aapse shacede 2h Sok eee PPR (n Pn) 
The number of the combinations of n quantities, taken p and p, — 
are represented by ..........scees+es oena9 1 53hc-3> ae copaneeneed (nCp) 
and soon. It is manifest that the above proposition may be expressed accord- 
ing to this notation by 


(n Pp) 


EL 8 ee 
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METHOD OF UNDETERMINED COEFFICIENTS, 


191. The method of undetermined coefficients is a method for ihe expan. 
sion or development of algebraic functions into infinite series, arranged 
according to the ascending powers of one of the quantities considered as a 
_ variable. The principle employed in this method may be stated in the 
following 


THEOREM. 


If the series A+ Ba+C2?+Dz2*+ &c., whether finite or infinite, be equal 
to the series A!+ B!a+C'z?+ D'z°+ &c., whatever be the value of x; then 
the coefficients of the like powers of x must be the same in each series; that 
na? by) Os C!, D=—D', &c. 

For since 

A+ Ba+Ca?+ De’+ &c. =A!+ Blx4+ C!z2+ D)a3+ &e. 
by transposition we have 
(A—A!)+(B—B')x+(C—C!)a®+(D—D')2?+ .... =0. 

Now, if all or any of these coefficients were not =0, the equation would 
determine particular values of 2, and could only be true for such particular 
values, which is contrary to the hypothesis. Hence we must have A—A’=0, 
B—B'=0, C—C'=0, &c., and therefore 

A=A!', B=B!, C=C!, &e. 





EXAMPLES.’ 
(1.) Expand the fraction eee into an infinite series. 
Assume ——! _=A+Br+Ca®+De?+Eet+ ...., 
1—22+2* 


then, multiplying by 1—2z+2?, we have 
1=A+ Ba+ Ca*+ Da?+ Exvi+.... 
—2 Ar—2 Ba?—2Ca°—2Dai— .... 
) + Aw?+ Ba?+ Cat+.... 
hence, by the preceding theorem, we have 


Awl aA da ve ie 
B—2A=0 B=2A =? 
C—2B+ A=0 C=2B—A=3 
D—2C+ B=0 D=2C—B=4 
E—2D+C=0 E=2D—C=5 
&e. &e. 
Therefore beet 8 =14274+322+4a3+5z7!+6a°+ ...... 
|—27+<a* 


This example has been chosen to illustrate the method of expansion by 
undetermined coefficients; but the development can be obtained by division 
in the usual way, or by synthetic division, with more facility than by the 
principle here employed. 

x 2 
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(2.) Extract the square root of 1+2. 
Assume ,/1+z2=A +Br+Cz?+Dz23+ ..., and square both sides; 
.. l+a=A2+ABre+ ACa?+ ADz?+ AEat+.... 
| +ABz+ B22? + BCz3+BDat+.... 
+ACz?+ BCz'+C*2t +.... 
+AD2°+BDzt+.... 


+AEa*+.... 
hence, equating the coefficients of the like powers of z, we have 
fo Noe —hs Bere, Wd — 1 
- _ 1) Sa 
SAB ==iieeebe— i = 1 
B? 1 l 
2— ee eee eee Oe 
2AC+B7=0 C= yt oa ; 
“ a4, B Gite 142k 
2AD+2BC=—0 D a ed 7 
‘=o B= — 28DtC 
See ee ea Bry wares, ie 64 128 
&e. &e. 


Therefore ./1+2 = +(1+ 3a— 4a? + 3,23 — 75,21 +....) 

(3.) Decompose eee into two fractions having simple binomial de- 
nominators. . 

By quadratics we find 2®—13r+40=(zx—5) (—8); hence we may as- 


sume 


sa—5 _. A rs B — A(z—8)+ B(z—5)_ (A+ B)c—8A—5B 
x®—138z+40 2—5 xz—8 (t—5) (e«—8) a?—13x2+40 


. 3c—5=(A+ B)x—(8A+5B); 
and by the principle of undetermined coefficients we have 
A+B = 83, and 8A+5B= 5; 


whence A = -2 ald “B= = , and therefore we get 


Sr—5 63.784" 219 Soe 


Note.—The values of A and B might have been determined in the fol- 


lowing manner:— " 
3a—5 _ A , B _A(x—8)+B(z—5) 


v—132+40 2—5 z—8 x°?—13x+40 
“. 3&@—5= A(a—8)+ B(x—85). 


Now this equation must subsist for every value of x; and, therefore, 





Since 


if r=5, we have 15—5=A(5—8). ar A=—5___10. 
5—8 3 
if e=8, we have 245= B(8—5). = B= = nd 


This method may frequently be employed with advantage, and will be found 
useful in the integration of rational fractions, when we come to treat of the 
Integral Calculus, 
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EXAMPLes For ExeEa cise. 





(1.) Expand oa into an infinite series. 


Ans. 1—27+27?—243 4+ 294 —275+ . 
oe Expand /“a?—z? in a series. 
le an ld Sp 
2a 8a®_—s 16a®_—s 1287 


(3.) Find the development of Seems 


l+a+a? 
Ans. 1—2e+2°+23—Q214 954 96__og7 Sa 
é 27+3 
(4.) Decompose the fraction Aap ae | 
3 1 5 
PB a ae wee ee 
Da ~ 6 (eB) * S@a}) 
(5.) Expand the fraction nog in a series. 


Ans. 1+5x+15a?+45234 1852+ ., 
into partial fractions. 
1 4 9 
Sal) a3! Fe43) 
into partial fractions. 
Awe 1 6 2 16 


—— 
od 
° 


| OES: G peer as 1+2z a“ 1—22 


x 


(6.) Resolve @F1) +2) @T5) 





134+212+227? 
(7.) Resolve [rere 


(8.) Expand —. to four terms. Ans. 14+32+402+703+..... 





gies 
(9.) Expand ice to four terms. 


Ans. 1—(b+e) = + ¢(b-+0)% — ct (b-+e) % + 


(10.) Resolve a into partial fractions. 


pig toatl 2h, Pend 9 re 2, 
2@41) * 2@=1) 7 2" 
6x °— 2204-18 into partial fractions. ; 


11.) Resol aaron: 
( ) te —6a*+1lla—6 


3 
me a iso ty ype) 
i.) expand | tof, fi 
(12.) Expan az Botcns to four terms 
2 3 
Ans. 1 — =< + 36 ct WIR h 
x 


(13.) Resolve =— into partial fractions. 


Gye eee ek Oe Teme OD 
4(tz—1)  4(@ 41) 2(a?+1) 


PILING OF BALLS AND SHELLS. 


(192.) Balls and shells are usually piled in three different forms, called trian- 
gular, square, or rectangular, according as the figure on which the pile rests 
is triangular, square, or rectangular. 

(1.) A triangular pile is formed by continued horizontal courses of balls 
or shells laid one above another, and these courses or rows are usually 
equilateral triangles whose sides decrease by unity from the bottom to the 
top row, which is composed simply of one shot; and hence the series of balls 
composing a triangular pile is 


1+38+6+10+15+..... 


where n denotes the number of courses in the pile. 

(2.) A square pile is formed by continued horizontal courses of shot laid 
one above another, and these courses are squares whose sides decrease by 
unity from the bottom to the top row, which is also composed simply of one 
shot; and hence the series of balls composing a square pile is 

12 OT 164-054 eee 
where n denotes the number of courses in the pile. 

(3.) The rectangular pile may be conceived to be formed from a square pile, 
by laying successively on one face of the pyramid a series of triangular 
strata, each consisting of as many balls as the face itself contains, and the 
number of these added triangular strata is always one less than the number of 
shot in the top row; therefore, if 2 denote the number of courses, and m+l1 
the number of shot in the top row, the series composing a rectangular pile is 

(m+1)+2(m+2)+3(m+3)+4(m+4)+ ....n(m+n) 
—m+2m+3m+4m+ ....nm+12+2?4+3?+4+4 .... 07 
=m(14+2+3+4+ ....m)+ square pile 
_n(n+1) 
== 


n(n+1) 
dare v3 


m-+ square pile. 


(4.) The number of balls in a complete triangular or square pile must 
evidently depend on the number of courses or rows; and the number of balls 
in a complete rectangular pile depends on the number of courses, and also on 
the number of shot in the top row, or the amount of shot in the latter pile 
depends on the length and breadth of the bottom row; for the number of 
courses is equal to the number of shot in the breadth of the bottom row of 
the pile. Therefore, the number of shot in a triangular or square pile is a 
function of n, and the number of shot in a rectangular pile is a function of 
n and m. 

(5.) If the general term of any series of numbers be of the mth degree, the 
sum of all the terms of such scries will be of the (m-+1)th degree; because 
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the general term of any progressively increasing series being a function of n 
of the mth degree, the sum of such series evidently cannot exceed 7 times the 
general term, that is, it cannot exceed m times a function of ” of the mth 
degree, and therefore the function itself must of the (m-+1)th degree. 


EXAMPLES. 


(1.) Sum 14+2+48+4+5+ .... tom terms. 
Here n, the general term of the series, is of the first degree, and therefore 


the function expressing fe sum of the series is of the second degree; and 
hence we assume 
1+2+3+4+ ....n=Pn?+Qn+R. 


Now this equation must be true for every value of n; hence, wher. 


n=1 we have P+ Q+R=1 Ss TPR ee (1) 
ME ote a 4P+2Q+R=14+2 =8.... (2) 
N=3 21... . 9P+8Q+R=1+4+243=6 .... (3) 


Hence (2)—(1) gives 3P+Q=2 
(3)—(2).... 5P+Q=3 
ays Bn eek a | SA YD 
Also Q=2—3P =2—14 .. Q=} 
R=1—P—Q=1—1—1 .. R=0 
hence 1424+3+4+ ....n=Pr?+Qn+R 


=U+in = Miatl be 


Formula for a triangular pile. 


(2.) Sum n terms of the series 1+8+6+10+15+....2@4)), 


bo 


Micniie 1-¢34-6+10-+15+-... mMOEY)— PrP + Qn?+ Rest: 


and since there are four coefficients to be determined, we must have a corres- 
ponding number of independent equations; hence 


when n=1 we have P+ Q+ R+S= 1 zeba? 2) 
n=2...... 8P+ 4Q4+2R+S = 143 = 4 (2) 
Memes. su ee 27P+ 9Q+38R+5 = 143+6 =10 (3) 
m=4 ...4.. 64P+16Q+4R+S = 14+34+6+410=20 (4) 

Then (2)—(1) gives 7P+ 8Q+R se ashi Deg dt Seapets » (5) 
(3)—(2)....... 19P+ 5Q+R mata (hans Sede: cu aneeataver ere (6) 
stoi: . Bg 7) 2 Ru 1 0. Ya i ad oe (7) 
(G69) ease ves 12P+ 2Q mp te ee (8) 
(DEL (OYM is. 55 isP+ 2Q tdi Sa, Saysteeiei (9) 
(9)—(8)...... 6P 8 | hoe 

: 2Q=3—12P Ny . Q=} 
R=3—7P—8Q = 14 noo 


Sel —— P= O-—- R20 4) 0 
Hens Vesey ios. ehh le ah 
2 6 2 3 
= (n?+3n+2) 
n(n-+1) (n+-2) 
eee fie 


oo 


328 . ALGEBRA. 


Formula for a square pile. 

(8.) Sum z terms of the series 1+4-+49+16425+ .... 7%. 
Assume 1-+4-4+4-9+-164+25+4 ...?= PrP Qn Ra S; 
then, as before, P+ Q-+ R4S8=1 

8P+ 4Q42R4S=144 = 5 
27P+ 9Q43R4S=14449 =14 
64P-+16Q44R+4S=14449416=30 


and from these four equations we find, by continued subtraction, 


ab ple he 
Fas Q=5, Aa and S=0; therefore 
1$-4-49416-195-6 .. sn? oe m4 nein 
=F (n*-+8n-+1) 
_n(n-++1) (2-41) 
Sie oae 


Formula for a rectangular pile. 
(4.) By Art. 192, we have the number of shot in a rectangular pile 


aa .m--square pile 
nine 1) py gob) Onc) 
2 2 3 
n(n+1) 2n+1+4+3m 
mae pete oF 


Otherwise thus:— 


Let (m-+-1)+4+2(m+2)43(m+3)4+ ...... nn) Era aera: 
then P+ Q+ R+S=(m+1) = m+ 1 
8P+- 4Q42R+4+S=(m+1)+2(m-+2) = 3m+ 5 
27P+ 9Q43R+4S=(m+1)+2(m+4+2)4+3(m-+8) = 6m+14 


64P+16Q+4+4R+4S=(m-+1)+42(m-+2)43(m+3)+4-4(m+44)=10m+30 


and from these four equations we find, as before, 
P=¢, Q=5(m+1), R=-(3m-+1), and S=0; hence 
_ (m+1)+2(m+2)4+3(m+8)+.. n(m-pn)= 98+ melt ssl 
= {20°+8(m-+1)n+8m-+1} 
=" {2n(n+1)-+(n+1)+8m(n+1)} 
—_7(n+1) 2Qn+1+38m 
2. DO 


Hence we have’ the subsequent expressions for (S) the number of balls 
or shells in these three piles, viz.:— 


triangular, Sees) (n-42) =e ete ).(n-1-+1) 
square, s= Mt) (on41) =. MOEN (n41 +n) 
rectangular, sa V ong ] +3m)=) OE) {bm (mop l )-+(n-tm){ 


e | 
soee 


SUMMATION OF SERIES. 329 


Now eee is the number of balls in the triangular face of each pile, and 


the other factor is the sum of the balls in one side of the base, and the two 
parallel rows at the top and opposite side of the base; hence we have also this 
. general rule, which, as well as the formule, should be committed to memory. 


Fule.— Add to the number of balls or shells in one side of the base, the 
numbers in its two parallels at bottom and top (whether row or ball), and the 
sum multiplied by one-third of the slant end or face gives the number of balls 
in the pile. 


EXAMPLES. 


(1.) How many balls are in a triangular pile of 15 courses ? Ans. 680. 

(2.) A complete square pile has 14 courses: how many balls are in the 
pile, and how many remain after the removal of 5 courses ? 

Ans. 1015 and 960. 

(3.) In an incomplete rectangular pile, the length and breadth at bottom 

are respectively 46 and 20, and the length and breadth at top are 35 and 9: 

how many: balls does it contain ? Ans. 7190. 


(4.) The number of balls in an incomplete square pile is equal to 6 times the 
number removed, and the number of courses left is equal to the nuraber of 
courses taken away: how many balls were in the complete pile? Ans. 385. 


(5.) Let A and k denote the length and breadth at top of a rectangular 
truncated pile, and m the number of balls in each of the slanting edges; then, 
if B be the number of balls in the truncated pile, prove that 


B=" } 2n?+3n(h+h)+6hkR—3(h+hk+n)+1 : 


SUMMATION oF SERIES, 


193. By a process similar to that we have employed in finding the number 
of shot in a pile, we may find the general term, as well as the sum of various 
other series; but we proceed to 


Tue Dirrerentiat Meruop. 


Let a, b, c, d,e,.... be aseries of terms, in which each term is less than 
thé succeeding one; and, taking the successive differences, we haye 


a b c d é, &ec. 

(d,) b—a e—b d—c e—d, &ec. 

(d,) c—2b+a . ad—2Qc+b e—2d+c, &c. 

(d3;) d—8c+3b—a é—3d+3c—b, &c. 

(d,) e—4d+6c—4b+a, &c. 

Putting d;, do, ds,.dyy.. «+. for the first terms of the first, second, third, 
fourth, .... differences, we have 
hm a =d,..b=a+ d, 

e—2b+a d, . c=a-+-2d,-+ d, 


d—3c+38b—a = d, ». d=a+8d,+8d,+ d; 
é—4d+6c—4b+-a =.d, .. ex=a+4d, + 6d, + 4d, + d,; 
&e. &Ce 
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Hence the (n+1)th term of the proposed series is evidently 
n (n—1) n (n—1) (n—2) 
a+nd + 34h “ois a 
and, therefore, the mth term is (by writing »—1 for 7) 


at (n—t)d +} Og, + OS ee 


To find (s) the sum of n terms of a series. 


ets td; b, Cc, d, e, &e. 
and 0, a, a+b, at+b-+e, at+tb+c+d, &e. 
be two series, of which the (n+1)th term of the latter is obviously the sum — 
of n terms of the former; but the first terms of the first, second, third, fourth, 
one Sts differences in the latter, are 

a, b—a=d,, c—2b+a=d,, d—3c+3b—a, =ds, &e.; 
hence the (x+1)th term of the latter series, or the sum of m terms of the 
former is, by eq. (1) above, 
Oren chee ie etlasas en n(n—1) seo Oat. oe 


PA P|  aprnioge 2 - 
ro ae n(n—1) n (n—1) (n—2) n (n——1) (n—2) (n—3) 
Ore=nat Tg “OT Ty a. Se hen Sierra 


EXAMPLES. 


(1.) To what is 1.24+2.8+3.4+4.5+... (w+1) equal? 
2, 6, 12, 20, 30, 


4 6h 10 
iter! 
ord 


Hence, a=2, d,=4, d,=2, and d,=0; therefore 


S=na seen: te Bice fee : 


=2n+2n (n—1)+3n(n—1) (n—2) 
=1n (n+1) (n+2). 
(2.) Find the sum of n terms of the series 1, 2°, 3°, 4%, 53, &e. 
(3.) Find the sum of » terms of the series 1, 4, 10, 20, 35, &c. 
(4.) To what is 1.2.342.3.443.4.5+ .....(n+1) (n+2) equal ? 
(5.) Sum » terms of the series 1, 3, 5, 7,9, 11, &e.... 
(6.) Find the sum of 15 terms of the series 1, 4, 8, 13, 19, &e. 
(7) Sum 8 terms of the series 1, 2*, 34, 4%, 54, 64, &e. 


ANSWERS. 
(2.) ee (5.) n2 
(3.) eA Mes sar (6.) tn (n?+6n—1) 785 


(4.) yn (n-+1) (n-+2) (n-+3) (7) 2h 
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SUMMATION oF INFINITE SERIES. 


The summation of series of this kind is the finding of a finite expression 
equal to the proposed series, and in many cases this finite expression is found 
by subtraction. 


EXAMPLES. 


: ; ] 1 1 . ‘ 
1.) R d the sum of the series_. +_-_+_—_+.... to infinity. 
(1.) Require u serie hg Moye oie el o infinity 
1 1 l 1 1 1 


Let S = mies te iets + ae oe ene ie hes ad infinitum. 


52 See i 














= Samet tt Ey crevice es are ditto. 
Hence, by subtracting the latter from the former, we have 

b= setestoptastest athare are oe 
(2.) Required the sum of the series +57 +--+ ieee to n terius. 

Let S= 5+ 4+ 42+ o..e.. 1, 
eas statstet ay 
9 

ay Moai aa a tstortestaet a na) 


1 ] ] 1 1 1 1 l 1 ) : 
TE atl a Cs ey (eS See 
1.3 x 2.4 + 3.5 ak 4.6 oH n(n+2) 2 TS (Gacbeieg 

| oS a> pa AE een, 
4) n+l 2° n+2 
eer it na 
~ Wn+2 iene 
When 2 is infinitely great, then we have 


i ] l 1 3 ] ( l l 1 )= o 
ee Wie ee ee Se af, =—( 1+ ———~—. )=-—.- 
eae ss haat eel a ae Lee 4 

- l 1 {| l : ‘ 
3.) 5 the se i ee Seeks a ee Seek 1 infinitum. 
(3.) Sum the series Saw F- Fala 2h ad infit 
Ans. uD 
4 
A 1 ] l 3 . 
4.) Sum the series ——_—_ +- __-__ + ____+ ..... ad.infinitum. 
2) Si534'a8d5 3456) 
1 
Ans. sO 
18 
° 5 6 

Pesan tne sericea -}-_- tS tl to n terms. 

©) lesio3 aga 1345+ ie 


Ans. ely Pa LA 
2 n+l n+2’ 
(6.) Sum the series a+2ar+38ar?+4ar3+ .... ton terms. 
lI—r™ oar 
Ans. a 4 


(I—r)? 1—r 
(7.) Sum the series 1+32+52?+723+9a',... ad infinitum, 


1+2 
Ans. on 
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INVESTIGATION OF THE BINOMIAL ‘THEOREM. 


194. Let it be required to expand (a+«x)" in a series, whether n be integ- — 
ral or fractional, positive or negative. 


Since (a+z)" = } a(1 +2) ; ‘= a( += De whatever n may be, 





if (it+y) =]+ Ay+ By?+Cy?+ Dy*+ ......... 4 
then (a+a)" =a" Q +2) : 
en a a oe 
ny (A+A24+B54+0 5+ ey ) 
=a"+ Aa—z+ Ba"—*z? + Ca"—*z3 + .....- 


Case 1. Let n be integral and positive. 

Then (1+y)*=(I+y).1+y).(1+y) .-.---+-- to n factors; and by 
effecting the multiplication of a few of these equal factors, we shall find 
that the first two terms of the series are 1+ zy, and that the remaining terms 
are of the form By®+Cy?+Dy*+ .... where B, C, D, .... are undeter- 
mined coefficients, entirely independent of y; and therefore we have A=n. 


Case 2. Let n be integral and negative. 


Suppose n=—m; then 
1 1 
1l+y)!=(14-y)2*= —___ = —___—___ = eee 
(y= (rear eae y+ 
“, A=—m=n. 


Case 3. Let n be fractional and positive. 
Suppose ae then 
(+y)y=(1+y)5 =1+ Ayt By*+ Cys+ ... 
“. (i+y)yP=(1+ Ay+ By?+Cy?+ ....)8 
* l+py+, &e.= {1+(A+ By+Cy?+ ... .)y}3 


=1+q(A+By+Cy’+ ..-.)yt+, &e. 
=1+qAy+qBy?+qCy't+ «.- . 


Hence, equating the coefficients of like powers of y, we have 
gA=p or A= =n 
Case 4. If n be fractional and negative. 7 


Let n= ae then 


P 1 l 
(d+y"=(+y)~? = —j= > ie 1—P y+ 
(l+y)s ues be q } 
Hence Ae eat and therefore in all cases A=n; and,;consequently, = 


(a+2)"=a"-+na"—z+ Ba"—a?+ Ca"— 334 4... . 


Ss 
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Now, in order to determine the values of the coefficients B, C, D, &c., 
we have 


(ata+z)={(a+e)+z}"={a+(e+z)}, 


and if we expand according to each of these forms, the two expansions must 


be identical; hence, by the first form we have 


(a+2+z)"={(a+2)+z2}" 


= (a+2)"+n(a+2)"—'2+ Bia+a)2—2?+ C(a+a)"— 23+ ..... 
= a-+na"— r+ Ba"—*x?-+ Ca®— 23+ Da™—‘a*+ ..... 
+n{a"—!+ (n—1)a"—*x-+ Ba®—*a?+ ... .}2 
+ B{a"—*+ (n—2)a"—a+ ...... }2? 
+ C{a"— + (n—3)a"—*a+ .....0. 28 
+ &e. 
=a"+na"—'z + Ba"—*2? + Cala3. ++ Date. se. 
— tna®—'z-+n(n—1)a—2z+ Ba" x2z+ ke eee 
+ Ba"—*z* + B(n—2)a"—n22+ .. 2... 
+Ca™—z + &c. 


Again: (a+a+z)"={a+(#+z)}" 
=a"+na"—(x+z2)+ Ba"—(e#+2)?+ Ca®—(¢+2)?+ 
=¢+tna— 2+ Ba—222?+ Ca 23+... 
tna®— z+2Ba"—2z24+-8Ca"— 222+... 
+ Bat—22? +3Ca™—zz?4.... 


and the coefficients ot the same powers of 2 and z, in these two expansions, 
must be the same (Art. 191); hence we have 








meetin). Be n(n—1) 
Le 2 
ee (te) BR ., C = (n—2)B _ n(n—1) (n—2) 
| 3 Lo 3 
4D = (n—8)C.. D = =3IC _ 2 (n—I) (n—2) (n—8) 
+ Lee 4. 
&c &e. &e. 


Hence we have, generally, 


(a+z2)"=a"-+n ata Nn egt 4 BON) Dan tet. & & obe-e 
4n(n—1) (I—2) 06 0Hs 0,8 (n—p + 1) Pg? ‘pee! 
UPC a ee Pp 


which is the Binomial Theorem, and where the last term represents the 
(p+1)th term of the expansion. 


Hence (a—z)" =a" ae Hue) Vgr2ge_ Mg ie Nd on as &e. 


MOEN) ota, a ee aa 


(a+a”)*=a™-+na-at er “a+ da+ &e, 


(a—2) Pa +na-O+Ve+ —a+3)¢8-+ &e, 


and in all these formule may be either integral or fractional. 
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Tur ExponENTIAL THEOREM. 


195. It is required to expand aX in a series ascending by the powers of x. 
Since a=1-+a—1; therefore a*={1+(a—1)}*, and by the Binomial Theorem 


we have 
{1 $(a—}) =I +e(a—1) +2 (a 
=1+{(a—1)—3(a—1)*+3(a—1 8 3(a—-1 + -- - - }c+ B® 


2, 2(x—l) (w—2)/,__1)3 
—1P+ cane: (a—1)?+ ..-. 


+Cz'... 
where B, C,.... denote the coefficients of x, a*,..... ; and if we put 
A=(a—1)—}(a—1P+43(a—18 +4(a— 1+ vevalene 
Then at¥=1+ Ax+ Ba?+C2?+ Dat+ Ea’+..... 


For x write x+A; then we have 
axth=1+A(e+h)+ B(x +hP+Ciwtht+.... 
=1+Axe + Be? + Cz® + Dat 
+ Ah +2 Bah + 38Ca*%h + 4D2°%h 
+ BA? +3C2h? + 6Da7h? 
+ Ch? +4Dzh' ee 
+1. DA eC ae 
But axt+h=a*® x a*=(1+ Av+ Ba?+Ca?+....) (1 + Ah+Bh?+Ch3+....) 
=1'+'Ar+ Bat+C 2? +Dxz* +.... 
+ Ah+ A’xh + ABa*h + ACa*h +.... 
+ BA? + AB«h?+ B2x*h? +.... 
4+ C h® + A Cah? 9) 3 
+Dht* +... 
Now these two expansions must be identical; and we must, therefore, have 
the coefficients of like powers of x and h equal; hence 


++4+++ 





2B At B= bee 
2 
sC=AB c= wD AS 
3 3 
4D=AC p= +o 
4 2°3°4 
&e. &e. &c. . &e. 
A*z? Ada At# 
hence a* = 1 Az ae paid a ey 
R37 T 1-2 e 1°2°3 i 1-2°3°4 vi 
which is the Haponential Theorem; where 
A=(a—1)—4(a—1)?+4(a—l¥—4(a—1}84+....--- 


Let < be the value of a, which renders A=1, then 
(e—1)—2(e—1)? +4 (e— 1}? —g(e—1f' +... = 


2 3 
eaitetS + 2+ Stee. 


1:2°3 1:2°3°4 
Now, since this equation is true for every value of 2, let a=1; then 


eas 1 1 ] 
ban das IGE Bo + S 


1 1 
=14+1+3()+4 (ts) +4 (tas) +--+ 
= 2°718281828459 ...... 


; LOGARITHMS, 


196. Locarirus are artificial numbers, adapted to natural numbers, in order 
to facilitate numerical calculations; and we shall now proceed to explain the 
theory of these numbers, and illustrate the principles upon which their properties 
depend. 

DEFINITION. Jn a system of logarithms, all numbers are considered as the 
powers of some one number, arbitrarily assumed, which is called the BasE of the 
system, and the exponent of that power of the base which is equal to any given 
number is called the Locaritum of that number. 

Thus, if a be the base of a system of logarithms, N any number, and « such that 


ty a ee 
then z is called the logarithm of N in the system whose base is a. 


The base of the common system of logarithms, (called from their inventor 
“ Brizgs’s Logarithms”), is the number 10. Hence since 

















(i0)° = 1 , 0 isthe logarithm of 1 in this system 
GAA (10. ,1 10 

(10)? = 100 ,2 ———— 100 ——— 
(10)? = 1000 , 3) ——————_ 1000 ——-—— 
(10)* = 10000 , 4 —— 10000 ——-—— 
&e. = &e. BCC Heeb tae. ells ke abe. 2S . 


From this it appears, that in the common system the logarithms of every num- 
ber between 1 and 10 is some number between 0 and 1, 7. e. is a fraction. The 
logarithm of every number between 10 and 100 is some number between | and 
2, zt. e. is 1 plus a fraction. The logarithm of every number between 100 and 
1000 is some number between 2 and 3, 7. e. is 2 plus a fraction, and so on. 

197. In the common tables the fractional part alone of the logarithm is regis- 
tered and from what has been said above, the rule usually given for finding the 
churacteristic, or, index, i. e. the integral part of the logarithm will be readily un- 
derstood, viz. The index of the logarithm of any number greater than unity is equal 
to one less than the number of integral figures in the given number. Thus, in 
searching for the logarithm of such a number as 2970, we find in the tables oppo- 
site to 2970 the number 4727564; but since 2970 is anumber between 1000 
and 10000, its logarithm must be some mumber between 3 and 4, i.e. must be 3 
plus a fraction ; the fractional part is the number 4727564, which we have found 
in the tables, affixing to this the index 3, and interposing a decimal point, we 
have 3.4727564, the logarithm of 2970. 
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We must not, however, suppose that the number 3.4727564 is the exact log- 

arithm of 2970, or that 

2970 = (10) 3.47 27564 
accurately. The above is only an approximite value of the logarithm of 2970 
we can obtain the exact logarithm of very few numbers, but taking a sufficient 
number of decimals we can approach as nearly as we please to the true logarithm, 
as will be seen when we come to treat of the construction of tables. 

198. It has been shown that in Briggs’ system the logarithm of 1 is 0, conse- 
quently, if we wish to extend the application of logarithms to fractions, we must 
establish a convention by which the logarithms of numbers less than 1 may be re- | 
presented by numbers less than zero, 7. e. by negative numbers. 


xtending, therefore, the above principles to negative exponents, since 





a" orG10) 22071 — 1 is the logarithm of .1 in this system 

] 
—__— § 0)-% = » —_— ——_—____ ___—__—_— 3 

Too (10) 0.01, 2 Ol 

u —3 — 
000 or (10) = 0.001, — 3 oe 001 —x« 

1 

— 4 = - eee ech ood 
10000 °* (10)-* = 0.0001, — 4 0001 
&e = &e 


It appears, then, from this convention, that the logarithm of every number 
between 1 and .1, is some number between 0 and — 1; the logarithm of every 
number between .1 and .0l, is some number between —1 and —-2; the 
logarithm of every number between .01 and .001, is some number between 
— 2 and —=3; and so on. 

From this will be understood the rule given in books of tables, for finding 
the characteristic or index of the logarithm of a decimal fraction, viz. The in- 
dex of any decimal fraction is a negative number, equal to unity, added to the 
number of zeros immediately following the decimal point. Thus, in searching 
for a logarithm of the number such as .00462, we find in the tables opposite 
to 462 the number 6646420; but since .00462 is a number between .001 and 
-0001, its logarithm must be some number between —-3 and —4, i.e. must 
be —3 plus a fraction, the fractional part is the number 6646420, which we 
have found in the tables, affixing to this the index — 3, and interposing a de- 
cimal point, we haye — 3. 6646420, the logarithm of .00462. 


General Properties of Logarithms. 


199. Let N and N’ be any two numbers, z and 2’ their respective logarithms, 
a the base of the system. Then, by definition, 


N Be histks at rinteat edt (1) 
N/ 


I. Multiply equations (1) and (2) together, 


NN = a*a” 
— ans 
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*. by definition, « -++ a’ is the logarithm of N N’, that is to say, 


The logarithm of the product of two or more Sactors is equal to the sun of 
the logarithms of those factors. 
II. Divide equation (1) by (2), 


N 
Ww 


nas Cee ke 


N 
-. by definition, — 2’ is the logarithm of WN’ that is to say, 


The logarithm of a fraction, or of the quotient of two numbers, is equal to the 
logarithm of the numerator minus the logarithm of the denominator. 
ILI. Raise both members of equation (1) to the power of 7. 


N ie —— a yn . 
.. by definition, n is the logarithm of N*, that is to say, 


The logarithm of any power of a given number is equal to the logarithm af 
the number multiplied by the exponent of the power. 
TV. Extract the n‘ root of both members of equation (1). 


1 x 
N= = @q® 
1 
T 


age a, P = = 
-* by, definition, = is the logarithm of N™, that is to say, 


The logarithm of any root of a given number is equad to the logarithm of tice 
number divided by the index of the root. 
Combining the two last cases, we shall find, 


m Inx 


Li A att AE 

mx ; pee 22: 

whence, eR is the logarithm of N =. 
It is of the highest importance to the student to make himself familiar with _ 


the application of the above principles to algebraic calculations, The following 
examples will afford a useful exercise: 


ene (4, 0..0,0.....) = log. a+ log. b ++ log.c + log.d.... 


oe) 


Ex. 2. log. a = log..a -+ log. b + log. c — log. d — log. e. 


ere. on (a Oe...) m log.a + nlog.b+plog.c.... 





m b An 
Ex. 4. log. (— -) = m log. a + n log. b — p log. ¢ 
Ex. 5. log. (a? — x?) = log.(a-+-x) X (a—2) = log.(a--x) + log. (a—x) 
) vain Te 1 l 
Ex. 6. log. \/a* — x? = 3 log. (4-4-2) +4 3 log.(a—x) 


Y 
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l g ee 
Ex. 7. log. (a* </a*) = log. +7 log a? = 3 log. a+- q log.a — z log.a 


Ex, 8 log. {/(a>— #5)" = — log. (a—ax) + ~ log. (a?--ar+27) 


- {log.(a—x)-++ log. ( a+-2-+-z)+log.(a+-a—z)} 


II 


where z? = az 
a fi ba a 1 
Ex. 9. log. «/a* 4+ x? =3 {log. (a-+-1-+-2) + log. (a-++-x—z) }, where z# 
ee 
a1 te 
Ex. 10. log. Fate ee Slog. (a—x) — 3 log. (a-+-2)} 


Let us resume the equation, 


1°. If a1, making x = 0, we have N= 1; the hypothesis «= 1 gives 
N=a. As x increases from 0 up to 1, and from 1 up to infinity, N will in- 
crease from 1] up to a, and from a up to infinity; so that x being supposed to 
pass through all intermediate values, according to the law of continuity, N in- 
creases also, but with much greater rapidity. If we attribute negative values 


x 


l o . ° . i, 
to z, we have N=a-—*, or N= me Here, as x increases, N diminishes, so 


that x being supposed to increase negatively, N will decrease from 1 towards 0, 
the hypothesis x= © gives N= 0. 


] 1 
2. Ifa, puta=7F, where b= 1, and we shall then have N = 5 


or N = b%, according as we attribute positive or negative values to x. We 
here arrive at the same conclusion as in the former case, with this difference, 
that when w is positive N <1, and when # is negative N71. 


3°. If a= 1, then N = 1. whatever may be the value of a. 


From this it appears, that, 


I. In every system of logarithms, the logarithm of \ is 0, and the logarithm of 
the base is |. , 

Il. If the base be > 1, the logarithms of numbers 7 \ are positive, and the 
logarithms of numbers 2 \ are negative. The contrary takes place if the base 
be <1. A 

Ill. The base being fixed, any number has only one real logarithm ; but the 
same number has manifestly a different logarithm for each value of the base, so 
that every number has an infinite number of real logarithms. ‘Thus, since 
¥2= 81, and 34 = 81, 2 and 4 are the logarithms of the same number 81, ac- 
cording as the base is 9 or 3. 

IV. Negative numbers have no real logarithms, for attributing to x all values 
from — © up to + ©, we find that the corresponding values of N are positive 
numbers only, from 0 up to + %. 
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The, formation of a table of logarithms consists in determining and register. 


! ing the values of x which correspond to N = 1, 2, 3,... . in the equation, 
Le ines 4 
200. If we suppose m = a+, making 
Game tlnd, 2 0, 3.0, 4:4, 5 oj.devecee Sen ceca logarithms. 
Porm”, 1°, 220%, mi, eves BE ST eS numbers. 


the logarithms increase in arithmetical progression, while the numbers increase 
in geometrical progression; 0 and 1 being the first terms of the corresponding 
series, and the arbitrary numbers « and m the common difference and the 
common ratio. 

We may, therefore, consider the systems of values of x and y, which satisfy 
the equation N = @*, as ranged in these two progressions. 

201. In order to solve the equation . 


¢ = a* 
where c and a are given, and where x is unknown, we equate the logarithms of 
the two members, which gives us 


10g. G ai To. 
S* 
Whence, : 
bo ee log. c 
log. a 


To determine the value of x in the equation 


Aa® + Ba®—*-b Cato + os. 


II 
ae 


we have 


a*(A + a! +- oe ee 


Or, 
Qa* = P 
— log. P— log. Q 
eS i ee 
log. a 


If we have an equation a@* = 6, where z depends upon an unknown 
quantity x, and we have 
eee AOE De raat 5. rhe 
log. b 
og. @ | 
solution of the equation of the n‘* degree. 


eee ASS. Bet hb ii. jie sesud 


Since z= 





= K some known number, the problem depends upon the 


For example, let 
2, 2? — 5u 4+ 4 
acd) 


© 


Hence, 
Q 9 
(x?— 52 + 4) log. (=) = log. hy 
ore x?— 5x4 4 eo 


an equation of the second degree, from which we find x= 2, x=3 
2 
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To find the value of x from the equation 


n— 


a 
b x< —_ c eT 


Taking the logarithms of each member, 


(n —— Jlog. b= mz log. c + (x — p) log. f 
Or, 
(m log. c + log. f) a* — (n log. b + p log. f)x 4+ alog.b = 0 


a quadratic equation, from which the value of x may be determined. 


In like manner, from the equation 
cms — ab®*-1 


we find 
log. a— _ log. b 


m log. ¢ — n log. 6 


Equations of this nature are called Exponential Equations. 


202. Let N and N+ 1 be two consecutive numbers, the difference of 
their logarithms, taken in any system, will be 


log, (N + 1)—log. N = log Ce = log. (1+ 


a quantity which approaches to the logarithm of 1, or zero, in proportion as 


1 : ; : 
NW decreases, that is, as N increases. Hence it appears, that 


The difference of the logarithms of two consecutive numbers is less in propor- 
tion as the numbers themselves are greater. 

203. When we have calculated a table of logarithms for any base a, we can 
easily change the system, and calculate another table for a new base 0. 


Let c= 5b%*, wis the log. ofc in the system whose base is 4; 


Taking the logs. in the known system, whose base is a, we have 


Remlogec. ** i 
atthe log. ¢ Gest 5) savin (A) hence 





The log. of c in the system whose base is b, is the quotient arising from di- 
viding the log. of ¢ by the log. of the new base b, both these last logs. being taken 
in the system whose base is a. 

In order .*. to have «a, the log. of c in the new system, we must multiply 
log. c by fos this last factor ie , 
called the Modulus ; that is to say, if we divide the logs. of the same number c 
taken in two systems, the quotient will be invariable for these systems, whatever 
may be the value of c, and will be the modulus, the constant multiplier which 
reduces the first system of logs. to the second. 

If we find it inconvenient to make use of a log. calculated to the base 10, we 
can in this manner, by aid of a set of tables calculated to the base 10, discover 
the logarithm of the given number in any required system. 





is constant for all numbers, and is 
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For example, let it be required, by aid of Briggs’ tables, to find the log, of 
a feimehose base is. 
37 ina system whose base is =. 


Let « be the log. sought, then by (A) 


log. 2 — log. 3 
Balog. b*— log... 7 


Taking these logs. in Briggs’ system, and reducing, we find 


— 0. 17609125 
«~— 0, 14612804 


= 1,2050476 = log. 2 to base o 


Similarly, the log. of =, in the system whose base is , is 


log. 2 — log. 3 
log. 3 — log, 2 
1 


x 


which is manifestly the true result; for in this case the general equation 


N —a* becomes 2 an (Ss) — Vis and x is evidently = — 1, 


In a system whose base is a, we have 


baths 8: n 


for, by the definition of a log. in the equation n = a*, « is the log. n. 
In like manner, 


ne eT )OR: Co Sy al log. n 


EXAMPLES FOR EXERCISE. 


(1.) Given 2°*+42*=12 to find the value of 2. 
(2.) Given «+y=a, and m°™=n to find x and y. 
(3.) Given m*n*=a, and ha=hy to find x and y; 


ANSWERS. 


(1.) #=1'584962, or z=log. (—4)log. 2. 
(2.) a=1{a+log. nlog. m} and y=4{a—log. nlog. m}. 


(3.) z=log. a+-(log. m+log. m) and y=" log. a--(log. m+log, n). 
5 
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204. To find the logarithm of any given number. 


Let N be any given number whose logarithm is 2, in a system whose. basé 
is a; then 
a*=N and a*”=N’; 
hence, by the exponential theorem, we have from the last equation 
1+ Ant Ate + ae =1+Ae+ At + 5 Ame 

and equating the coefficients of z, we get Av= Aj; hence _ 

Aes (N—1)—1(N—1)?+3(N—1]}8— ... 

A (a—l)—+a —1%+3(2 —1%—...- 

because A =(a —1)—3(a —1)°+13(a —1)3— ... in the expansion of a™. 
and A, =(N—1)—3(N—1)?+1(N—1)3— . . . in the expansion of NS 


205. To find the logarithm of a number in a converging series. 


We have seen that if at=N!, then 
_(N=D—1(N= DENI a(N AIH 
— (a —1)—i(a —1)?+3(a —1P—i(a —1 4%; 
Now the reciprocal of the denominator is the modulus of the system; and, 
representing the modulus by M, we have 
x=log. N'=M{(N!—1)—3(N'—1)?++3(N?—1)?—-4(N*—1)#+ Ay} 
Put N'=1-+2; then N!—1=n, and we have 








log. (1-+-2)=M(+n—3n?+ 4031? +1n?— .. .) 
Similarly log. ({ —n)=M(—n—1n*—4n'—4n'*— 1? — . . .) 
. log. (1--n)— log. (1—n)=2M(n+ 40? + 4n? +4n7+ .. «) 
or log. LER OM (n+ 3nt-+3n'+ ant + hae 
] 2P+2 2P I+n P+1 
Bart ; th 1 —_— ——__, |-—r’ = ———_,y pam Nig SE St Be 
Put n SPH en l+n SP41 l1—n SPI and ee pie 
consequently 


] 1 


l 
log. (P+1)—log. P= oS Rn 
og. (P+ 1)—log am { = 3 +s@PHip } 


aP-+1 1 S@PHI) 
1 1 ] 
«. log. (P+1)=log. P+2M } —_——_ +_______4+——_§__+... 
Sa A arias Fas SoSuneeshouc } 
Hence, if log. P be known, the log. of the next greater number can be 
found by this rapidly converging series. 


206. To find the Napierian logarithms of numbers. 


In the preceding series, which we have deduced for log. (P+1), we find a 
number M, called the modulus of the system; and we must assign some value 
to this number before we can compute the value of the series. Now, as the 
value of M is arbitrary, we may follow the steps of the celebrated Lord 
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Napier, the inventor of logarithms, and assign to M the simplest possible 
value. This value will therefore be unity; and we have 


log. = lose. padster Far Sadie Pe ee ; 
eee Te ferery + sepqip * 5QPHpip 


Expounding P successively by by 1, 2, 3, 4, &c., we find 


l ] I 1 
log 2= Sie Ao Eee ea oe BREE Yp- 
: 2 1 3°35 a" 53° z 7°37 a ) 


] ] ] ] 
Pee toe? OP A te eo Oe : .) =1-0986123 
6 Sola (2 he got 55° H Tb! a 
on = asec i i =1°3862944 


ee l 1 
log. 5=log. 4 + 2{ —+ —_+—_ +] . . .)=1-6094379 
og og. 4 + é 3S ser gitar ACRE a5 


Hoge 6 = log. 2+} log. B on wcsccseecnnes cons =1°7917595 

log. 7= log. 6 + o( t+ stat LE ee )=1-9459101 
13 3°13 =5°13° 

log. 8 =log. 2 + log 4, or 8 log. 2 .......... » . =2°0794415 

log. ees Wea eters ta et! =2'1972246 

los, 10 log, 2+ log. 5... cee poser evees =2°3025851 


In this manner the Napierian logarithms of all numbers may be com- 
puted. 


207. To find the common logarithms of numbers. 


Let at=N and bY=N;; then we have 
« =log. N to the base a, or z=log. ,N 
y =log. N to the base 8, or y=log. Re 
hence, log. ,N=log. ,b’=y log. ,b (Art. 199.) 
*, ay log. .b 


and y= e 





log. ,b 

and by means of this equation we can pass from one system of logs. to another, 
by multiplying z, the log. of any number in the system whose base is a, by the 
reciprocal of log. b in the same system; and thus we shall obtain the log. of 
the same number in the system whose base is 8. 


Let the two systems be the Napierian and the common, in which the base 
of the former is e==2°718281828... and the base of the Jatter is J=10, 
the base of our common system of arithmetic; then we have 6=10, and 
a==e«=2:718281828 ... and consequently if N denote any number, we shall 
have 
1 


-log. -N; that is, 
ipeacla Of. ¢ that 1s 


log. ».N= 





.log. N nap. log. N 
log. Naz B2P: 108: ** — Nap. 108. *\—-43429448 . log. N; 
Pom. 08: = Tap. log. 10 23025861 A OS 
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and the modulus of the common system is, therefore, 


M—__' _—- = 48429448 .*. 2 M="86858896 
53025851 


Hence, to construct a table of common logarithms, we have . 





1 1 1 
log. (P-+1)=log. P-+:86858896 ; spritserpytseroyt ' 


Expounding P successively by 1, 2, 3, &c., we get 





log. 2 = 86858896(5 +5 Phe es ast 4 ») 
= 86858896 XK "6931472... eee wee ee eens = ‘3010300 
log. 8 = log. 2+-86858800( = + = : oS 4771218 
log. 4== 2 log. 2... 60 52s on ween s+ ss mo ere = *6020600 
log. 5 = log. t£=log. 10—log. 2=1—log. 2.....-- = °6989700 
log. 6 = log. 2+log. 3... eee ee ee eee eee <= Ti fala 
l 1 1 

| 7 = log. 6+ 86858896 ( +t a5 . . = *8450980 
log. 7 og. 6+ °8685889 5 Sa at 509 
log. 8 = log. 29=8 log. 2... ee eee rere ee cees = 9030900 
log. 9 = log. 8°=2 log. Bees eee ee ee eee es = *9542426 
log. 10 == 2. ese e sec v eee ces tae eee ° eee =1:0000000 

&e. &e. 

: fap 3 5 z 

208. Since log. ae 2M (n + 403 + 4n° + 3’ +.. e, 
let ae eee a then 1-+n=P (1—n) or n= a 


P—l P—1 Le. P—1>? 
a aes ey (San Yas st 
ee Ppit 3 '\P+l TS Pui) + 
and thus we have a series for computing the logs. of all numbers, without 
knowing the log. of the previous number. 


EXAMPLES IN LOGARITHMS. 


(1.) Given the log. of 2=0°3017300; to find the logs. of 25 and -0125. 
Here jew therefore log. 25=2 log. 10—2 log. 2=1°3979406 


125 1 1 
af) Pi rete ey ee i 
Again T0000 +80 10x23 


+ log. 0125=log. 1—log. 10—8 log. 2=—1—3S log. 2==2-0969100 
(2.) Calculate the common logarithm of 17. Ans. 1:2304489. 


(3.) Given the logs. of 2 and 3 to find the logarithm of 22°5. 
Ans. 142 log. 3—2. log. 2. 


(4.) Having given the logs. of 8 and -21, to find the logarithm of 83349. 
Ans. 6 +2 log. 3438 log. *21. 
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On EXponENTIAL EQUATIONS. 


209. An exponential equation is an equation in which the unknown ap- 
pears in the form of an exponent or index; thus, the following are exponential 
equations: 


x x 
eat I* = 1 OF es So eC 


When the equation is of the form a*=6, or a? = c, the value of 2 is 
readily obtained by logarithms, as we have already seen in Art. 201. Butif 
the equation be of the form 2*=a, the value of x may be obtained by the 
rule of double position, as in the following example: 


Ez. Given «* = 100, to find an approximate value of z. 


The value of z is evidently between 3 and 4, since 3? = 27 and 4*= 256; 
hence, taking the logs. of both sides of the equation, we have 


2 log. x = log. 100 = 2* 


First, let z,.= 3°5; then | Second, let z, = 3°6; then 
3°5 log. 3°5 = 1°904238) 3°6 log. 3°6 = 2°0026890 
true no. = 2-0000009 | true no. = 20000000 
error = —°0957620 | error = -+°0026890 


Then, as the difference of the results is to the difference of the assumed 
numbers, so is the least error to. a correction of the assumed number cor- 
responding to the least error; that is, 


098451 ° +1 > : :002689 - -00273; 
hence a = 8°6 — :00273 = 3°59727, nearly 


Again, by forming the value of «* for «= 38-5972, we find the error to be 
~ —-0000841, and for # = 3°5978, the error is +°0000149; 


hence, as (000099 : -0001 : : -0000149 : -0000151; 
therefore z = 3°5973 — 0000151 = 3°5972849, the value nearly. 


EXAMPLES FOR PRACTICE. 


(1.) Find 2 from the equation 2* = 5. Ans. 2°129372. 
(2.) Solve the equation #* = 123456789. Ans. 8°6400268. 


(3.) Find 2 from the equation 2* = 2000. Ans. 4°8278226. 


* In equations of this kind, the following method may be adopted:—Let a*=a; then # log. x=log. a; 
put log. a=y, and log. a=b; then ay=5, and log. w+log. y=log. b; hence y+log. y=log. b. Now, 
y may be found by double position, as above, and then # becomes known. When a is less than 


unity, put a= ; and a=t3 then we have by=y .*. y log. b=log. y, and if log. b=c, and log. y=2; 


then cy=z, and log. c+log. y=log. 2, or log. c+2#=log. z. Hence 2 may be found by the pre- 
ceding method, and then y and # become known. 


INTEREST AND ANNUITIES. 


Tue solution of all questions connected with interest and annuities vy be 
greatly facilitated by the employment of algebraical formule. 
In treating of this subject we may employ the following notation : 


Let » pounds denote the principal. 


eo ee : interest of £1 for one year. 


£” tyiets owt interest of p pounds for ¢ years. 

SOs vee amount of » pounds for ¢ years at the rate of inte- 
rest denoted by 7. 

teat. A the number of years that p is put out to interest, 


SIMPLE INTEREST, 


Prosiem I.— To find the interest of a sum p for t years at the rate r. 

Since the interest of one pound for one year is 7, the interest of p pounds 
for one year must be p times as much, or pr; and for t years ¢ times as mnch as 
for one year, consequently, 


Prosiem Il.— 70 find the amount of a sump laid out for t years at simple 
interest at the rate yr. 

The amount must evidently be equal to the principal together with the inte- 
rest upon that principal for the given time, 


Hence, 
P+thopir 
#41 ode 08). a5 Se ee vo vals (2) 


tt 


Example 1. 


Required the interest of £873. lds. for 23 years at 42 per cent. per annum. 
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Tt will be found convenient to reduce broken sums of money and periods of 
time to decimals of a pound and of a year, respectively. 
By the formula (1) we have 


i= /p t r 
'n the example before us - 
C= sae A eee = £873.75 
r pid ae faame ck ra - = £.0475* 
OE CL a eer cea = 2.5 years. 


I 


873.75 X 2.5 x -0475 pounds, 
£103.7578125 
£103. 15s, 13d. 


The amount of the above sum at the end of the given time will be 


pt ptr 
£873. 15s. 4+. £103, 15s, 13d. 
£977. 10s. 13d. 


s 


HT Ul Ul 


PRESENT VALUE AND DISCOUNT AT SIMPLE INTEREST, 


Lhe present value of any sum s due t years hence ts the principal wich in 
the time t will amount to s. 


The discount upon any sum due t years hence is the difference between that 
sum and its present value. 


Prosiem II].—To find the present value ef s pounds due t years hence, sumple 
interest being calculated at the rate rv. 


By formula (2) we find the amount of a sum p at the end of t years to be 
‘=> p t+ ptr 


Consequently p will represent the present value of the sum s due ¢ years hence, 
and we shall have 





for the expression required. 


Prosiem 1V.—To find the discount on s pounds due t years hence, at the rute 
x, simple interest. : 


* 7 is the interest of Ll for one year To find the value of r when interest is calculated at the rate 
of £43, or L4.75 per cent. per annum, we have the following proportion, 


TAO bess) L475 13° 


Ree 
100 
=) LOSS 
In like manner, 
When the rate of interest per cent.is 15 then r = LO.05 
oo — —_ oe 43 — = ~=—0.04775 
— —_ -—— — 4g _ a0: 045 
~— _— _ _ 4 _ = 0,0425 
-- — == — 4 — Oe 
— —_ _ _ 33 —_ == 9 10,0370. 


20 
3 
te 
=} 

2 

o 
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Since the discount on s is the difference between s and its present value, we 
shall have 





a (4) 





Example. 


Required the discount on £100, due 3 months hence, interest being calculated 
at the rate of 5 per cent. per annum. 


Here, 
§, Soar ie = £100 
¢ = 3 month = .29 years 
oe romefitar rt 1 


Here the present value of p is 


decd saeite: 
100 
= T+ .25 X .05 


t00_ 
1.6125 


98.76543 pounds. 


il 


I 


But, 

£100 

£98,76543 = £98, 15s, 34d. 
£1. 4s. 82d. 


et 


s—pord 


ANNUITIES AT SIMPLE INTEREST. 


Prosiem V.—To find the amount of an annuity a continued for ‘ years, 
simple interest being allowed at the rate x upon the successive payments. 

At the end of the first year the annuity a will be due, at the end of the second | 
year a second payment a will become due, together with ar, the interest for — 
one year upon the first payment, at the end of the third year a third payment a 
becomes due, together with 2 a r, the interest for one year upon the two former 
payments, and so on, the sum of all these will be the amount required, 


Thus, 
At the end of the first year the sum due is a. 
fe .. second . . aa 
Pe .. third - g at 2ar. 
“s .- fourth Bs 5 a+3ar. 
&e. &e. &e. 
sho IE 5 on 


Hence, adding these all together for the whole amount, 


$= laf ar(L42@43 Bien. crossover (Em 1) ) 
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Or, taking the expression for the sum of the arithmetical series, 1.-- 24 3 


Bete. cc, (i — 1) 





Prosiem VI.— 7 find the present value of an annuity a payable for t years, 
simple interest being allowed at the rate r. 

It is manifest that the present value of the annuity must be a sum such, that, 
if put out to interest for ¢ years at the rate 7, its amount at the end of that pe- 
riod will be the same with the amount of the annuity. 

Hence, if we call this present value p, we shall have by Probs, I and V. 


p+ptr = amount of annuity. 
Q t (¢ — 1) 
i) ae ee 
f t (¢ — 1) 
ta ra 
“p= a 1.2 
1+ ¢t7 
as ol i BE 2 
— 79° ltr se eereeeeeeseerees »..(6) 


COMPOUND INTEREST. 


Prostem VII.— Zo find the amount of a sum p laid out for t years, compound 
interest being allowed ut the rate v. 

At the end of the first year the amount will be, by Problem IL. 

ptpr, orp (l+r) 

‘ince compound interest is allowed, this sum p (1 -++ 7) now becomes the 
principal, and hence, at the end. of the second year, the amount will be 
p (1+ r), together with the interest on p (1-+ 7) for one year; that is, it 
will be 

p(l-r) +prd+r), orp (lr)? 
The sum p (1 ++ 7)* must now be considered as the principal, and hence the 
whole amount at the end of the third year will be 


pee) pr (hr) ", orp (ep 7)” 
And, in like manner, at the end of the ¢” year we shall have 
_ =) i So 2 eee caspatro cite taster peek teeeet (7) 


Any three of the four quantities, s, p, 7, ¢, being given, the fourth may always 
be found from the above equations. 


Example I. 


Find the amount of £15. 10s. for 9 years, compound interest being allowed 


*It is unnecessary to give any examples on this rule, as the purchase of annuities at simple 
interest can never be of practical utility. Thus, if we wished to ascertain by this formula the pre 
sent value of an annuity of L150, to continue for 40 years, calculating interest at 5 per cent., we 
should find it to be 11316 13s. 4d. But the interest of L1316 13s, 4d. at the same rate is upwards of 
£65 per annum continued for ever. 
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at the rate of £3} per cent. per annum. ‘The interest payable at the end of 


each year. 
By equation (7). 


s = p(l+r) 
. log. s = log. p + t log. (1 + 7) 
Hence, 
p = £15. 10s. ..,s..2. «= wipro. 
er = 9 years. 
Te =) ae 
log. pn = -£.1903317 
tlog. (1 +r) = _ 0.1344627 
. log. s = 13247944 = log, 21.12481 
- eho Aa eed arom 


£21, 2s, 53d. 


Example 2, 


Find the amount of £182. 12s. 6d. for 18 years, 6 months, and 10 days, at the 
rate of 3} per cent. per annum, compound interest; the interest being payable 
at the end of each year. 

In this case, it will be convenient, first, to find the amount at compound in- 
terest of the above sum for 18 years, and then calculate the interest on the re- 
sult for the remaining period. 


By formula (7), 
s = p(l-+r) 
“log. s = log. p +# log (1 +7r) 
Here, 
p = £182. 12%. 6d. = £182,625 
a = eso 
eyes = 18 years, 
-» log. p = 22615602 
tleg. (1+ 7) =. 0.2689254 
-» log.s = 2.5304856 = log. 339,224, 


Again, to find the interest on this sum for the short period, we have 


tt £148 


.. log. 7 log. s + log. ¢ + log. r. 
Here, 
8 = £339.224 
r= £ .035 
’=6 months, 10 days = —.527.402 years. 
: o. 1OP.S a6 2.804806 


log. 7 = 2.5440680 

log) # = 1.7221401 

. log. str = .07966937 = log. 6.2617200 
8-0 17 == 1 £6.26172 





The whole amount required will therefore be 


stst'r = £339.224+4 £6.26172 - 
= £345. 9s. 81d. 
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Example 3. 


Required the compound interest upon £410 for 2} years, at 4} per cent. per 
annum, the interest being’ payable half yearly. 
In this case, the time ¢ must be calculated in half years; anil since we have 


supposed 7 to be the interest of £1 for one year, we must substitute a8 which 


will be the interest of £1 for half a year ; the formula (7) will thus become 


c= pra)! 


. log. s = log. p+ 2 t log. (1 oe =) 


\ Here, 
ie gr e410 
Pos 045 
2t = 5 half years 
.. log. p 2.6127839 


5 log. 1.0225 = 0.0483165 


2.6611004 = log. 458.2471 
£458.2471. 


.. log. s 


i Il 


The interest must be the difference between this amount and the original prin- 
cipal, 
o—y 
£456.247 — £410 
£48 4s. 1iid. 


Hou ty 


Example 4. 


£400 was put out at compound interest, and at the end of 9 years amounted 
to £569 Gs. 8d; required the rate of interest per cent, 


Here s, p, ¢ are given, and 7 is sought. 


From formula 





s = p(l+ry 
We have 
1 
log. Q+r) = F (log. s — log. p) 
Here, 
ot 09 6s. Sd = £569.3333 
‘wa = £400 
= = 9 years 
°° log. s “=> 2.7553666 
log. p = 26020600 
-. log. s—log.p = .1533066 
.1533066 
log. I+7r) = tray re 
= .0170340 
= log. 1.0% 


04 = 4 per cent. 
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Example 5. 


In what time will a sum of money double itself, allowing 4 per cent. com- 
pound interest ? 


Here s, p, 7 are given, and ¢ is sought. 


From the formula (7) we have 





& = pla 
But here, 
Ss = 2p 
2p = p({l+r)* 
~ 2 = (1+7r) 
log. 2, 
Cit, Slog t las 
__ .3010300 
~f 301'70333 


17.673 years 
17 years, 8 months, 2 days. 


In like manner, if it be required to find in what time a sum will triple itself 
at the same rate, we have 


log. 3. 
ge aiid 
4771213 
28.011 years. 
28 years, 0 months, 3 days. 


Il II 


PRESENT VALUE AND DISCOUNT AT COMPOUND INTEREST. 


If we call p the present value of a sum s due ¢ years hence, and d its discount, 
reasoning precisely in the same manuer as in the case of simple interest, we 


shall find 


s 


if G4 oS ages See cdke doen etree (8) 
1 
d = * (1 — Ga .asest eh eae (9) 


ANNUITIES AT COMPOUND INTEREST. 


Prostem VIII. Zo find the amount of an annuity a continued Jor t years, 
compound interest being allowed at the rate r. 

At the end of the first year the annuity a will become due, at the end of the 
second year a second payment a will become due, together with the interest of 
the first payment a for one year, that is, a7; the whole sum upon which interest 
must now be computed is thus 2 a +- ar. 

At the end of the third year a further payment a becomes due, together with 
the interest on 2a +4 ar, i.e. 2ar + ar?; the whole sum upon which in- 


terest must now be computed is 3a + 3ar +ar*, The result will appear 
evident when exhibited under the following form: 
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| Whole amount at the end of Ist year = a 
aS aA eee 2nd ... = a+a-+ar 
= a4-a(l+7r) 
OE Eeseatangyrieses. OC =a+tata(l+r)+ar+ar(l+r) 
=a-+-+a(!+r)+a(Ul+r)? 
MME e ees Saas sb ci py «s.0ce os coe 4th =a+ta+a(l+r)+a(l+r)?+ar 
+ar(l+r)+ar(1+7r)? 
=a+-a(l+7)+a(1+r)* +a(1+4r)3 
Se Geeeeteesess ks OC... —= XC, 
ae trececeesecerseensnee EM 44, = a a(l+r)+a(14r)?+ a(1+rys 
See Aichip)ict, 
Hence the whole amount is 
s = afl +(l+r)t (lr)? 4... +(1+r)'-1} 
CHEE ata ee ah 


Prostem IX. To find the present value of an annuity a payable for t years, 
compound interest being allowed at the rate y. 


It is manifest that the present value of this annuity must be a sum such, that 
if put out to interest for ¢ years at the rate 7, its amount at the end of that period 
will be the same as the amount of the annuity. 


Hence, if we call this present value p, we shall have, by Probs. VII. and VIII, 


p(|+r7r)t = amount of annuity 


pATSS ED Nbrald 
Lge 


9 = Get! 
or 
a -(l+r)*—1 
Soyer ee aire: FUE PRR ak ctuENe x (11) 
Beamale 


What is the present value of an annuity of £500, to last for 40 years, com- 
pound interest being allowed at the rate of 2} per cent. per annum, 


By formula.(11), 


ryo@ (ks rt 
hi r (1 + 7)* 
Here, 
a. = £500 
r = £.025 
¢ = 40 years, 


~(-r* = (1,025) 
Zz 
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Now, 
log. (1.025) = 40 log. 1.025 
= 40 X .0107239 
= .4289560 
= log. 2.685072 
w. (1.025) = %685072 = (1 +r)! 
Also, 
a + 1, #5p0 
— = “(eal eS 20000 
1.68507 
ap = 20000X% sa OT 


= 20000 X .62757... 
= 12551.4 pounds, 


REVERSION OF ANNUITIES. 
Prosiem X. Zo find the present value (P) of an annuity a which is to com- 


mence after T years, and to continue for t years. 


The present value required is manifestly the present value of a for T + ¢ 
years, minus the present value of a for T years. 


PE ae jn 

By Problem IX. the present value of a for T + t years = > (+r)tte 
& 
r 


(i+7)r—1 
(Lr)? 


ay £.flbr jc 0+) — ef... MN oy Es (12) 


rigkte Pia <a S A ae. t, Seeake canna eee Tee for “EO Vere 





PURCHASE OF ESTATES. 


Propiem XI. To jind the present value p of an estate or perpetuity, whose 
annual rental is a, compound int«rest being calculated at the rate r. 


The present value of an annuity @, to continue for ¢ years, by Prob. IX, is 


ie < T= 7=8 


but if the annuity last for ever, as in the case of an estate, then ¢= , and 


1 1 : 
oe rar = >= 0; hence, in the present case, 


Example. 


What is the value of an estate, whose rental is £1000, allowing the purchaser 
5 per cent, for his money . : 
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Here, 
£1000 
£ .05 
: Bobs: OT ROO 
°° p — 05. 
= 20000, cr 20 years’ purchase. 


& 
Hl 


REVERSION OF PERPETUITIES. 


Prostem XII, To find the present value of an estate or perpetuity, whose an- 
nual rental is a pounds, to a person to whom it will revert after T years, com- 
pound interest being ailowed at the rate r. 

By Problem X., the present value of an annuity, to commence after T years 
and to continue for ¢ years, is 


p= <{ +) -T C+ 1-H 93 


Tn the present case, ¢ = ow, and .. (1 + r)—(T+ = 0; hence we shall 
have 
a J 
Pa-A ry (TPF pekeoan ce Dea Sun Ceo. dev eh dae Crees vie (14) 


EXAMPLES FOR PRACTICE. 


1. Find the interest of £555 for 24 years at 43 per cent. simple interest. 
Ans. £65 18s. lid. 


2. In what time will the interest of £1 amount to 15s., allowing 44 per cent. 
cimple interest ? Ans. 16 years, 8 months. 


3. What is the amount of £120 10s. for 24 years, at 43 per cent. simple in- 
terest ? Ans. £134 16s, 24d. 


4. The interest of £25 for 3} years, at simple interest, was found to be 
£3 18s, Sd.; required the rate per cent. per annum. Ans. 44. 


. Find the discount on £100 due at the end of 3 months, interest being cal- 
ca at the rate of 5 Be cent. per annum. Ans. £1 4s. 83d. 


6. What is the present value of the compound interest of £100 to be received 
five years hence, at 5 per cent, per annum. Ans. £78 7s. Odd. 


7. What is the amount of £721, for 21 years, at 4 per cent. per annum, com- 
pound interest ? Ans. £1642 19s. 93d, 


- 8. The rate of interest being 5 per cent,, in what number of years, at com- 


pound interest, will £1 amount to £100 ? Ans. 9+ years, 141.4 days, 
, 7.2 
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9, Mind the present value of £430, due nine months hence, discount being 
allowed at 44 per cent. per annum. Ans. £415 19s, 24d. 


10. Find the amount of £1000, fer 1 year, at 5 per cent. per annum, com- 
pound interest, the interest being payable daily. Ans. £1051. 5s. 9d. nearly. 


11. What sum ought to be given for the lease of an estate for 20 years, of 
the clear annual rental of £100, in order that the purchaser may make 8 per 
cent. of his money ? Ans. £981 16s, 33-7. 


12, Find the present value of £20, to be paid at the end of every five years, 
for ever, interest being calculated at 5 per cent. Ans. £72 7s. 93d. 


13. What is the present value of an annuity of £20, to continue for ever, and 
to commence after two years, interest being calculated at 5 per cent. ? 
Ans, £362 16s, 23d. 


14. The present value of a freehold estate of £100 per annum, subject to the 
payment of a certain sum (A) at the end of every two years, is £1000, allowing 
5 per cent. compound interest. Find the sum (A). Ans. A = £102 10s. 


15. What is the present value oi an annuity of £79 4s, to commence 7 years 
hence and continue tor ever, interest being caiculated at the rate of 43 per 
cent. ? Aus. £1293 5s, lL id. 


GEOMETRY. 


DEFINITIONS. 


1. A point ig that which has position, but no magnitude, 
nor dimensions; neither length, breadth, nor thickness. 
2. A line is length without breadth or thickness. 


3. A Surface or Superticies, is an extension or a figure of 
two dimensions, length and breadth; but without thickness. 


. A Body or Solid, is a tigure of three dimensions, name'y, 
eh breadth, and depth, or thickness. 


5. Lines are either Right, or Curved, or Mixed of these 
two. 

6. A Right Line, or Straight Line, lies all in the sanie 
direction, between its extremities; and is the shortest dis- 
tance between two points. 

When a Line is mentionea simpy, it meaus a Right Line, 

7. A Curve continually changes its direction between its 
extreine points. 


8. Lines are either Parallel, Oblique, Perpendicular, or 
Tangential. . 


9. Parallel Lines are always at the same perpendicular dis- 
tance; and they never meet, though ever so far produced. 


10. Oblique Lines change their distance, and would meet, 
if produced on the side of the least distance. 


11, One line is Perpendicular to another, when it inclines 
not more on the one side than the wr or when the angies 
on both sides of it are equal. 

12, A line or circle is Tangential, or is a Tangent to a 
circle, or other curve, when it touches it, without cutting, 
although both are produced. 


13. An Angle is the inclination or opening of two lines, 
haying different directions, and meeting in a point. 


14, Angles are Right or Oblique, Acute or Obtuse. 
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15. A Right Angle is that which is made by one line per- 
pendicular to another. Or when the angles on each side are 
equal to one another, they are right angles. 

16. An Oblique Angle is that which is made by two 
oblique lines; and is either less or greater than a right angle, 


17. An Acute Angle is less than a right angle. 


a 


18. An Obtuse Angle is greater than a right angle. 


19. Superficies are either Plane or Curved, 

20. A Plane Superficies, or a Plane, is that with which a right line may, 
every way, coincide. Or, if the line touch the plane in two points, it will 
touch it in every point. But, if not, it is curved. 

21. Plane Figures are bounded either by right lines or curves. 

22. Plane figures that are bounded by right lines have names according to 
the number of their sides, or of their angles; for they have as many sides as 
angles; the least nuinber being three. 

23. A figure of three sides and angles is called a Triangle. And it receives 
particular denominations from the relations of its sides and angles. 


24. An Equilateral Triangle is that whose three sides are 
all equal. 


25. An Isosceles Triangle is that wnich has two sides 
equal, 


26. A Scalene Triangle is tiiat whose three sides are all 
unequal. 


LX 
\ 
27. A Right-angled Triangle is that which has one right | 
angle. 


28, Other triangles are Oblique-angled, and are either ob- 
tuse or acute. 
29. An Obtuse-angled Triangle has one obtuse angle. 


acuie, 

3]. A figure of Four sides and angles is called a Quad- 
rangle, or a Quadrilateral. 

32. A Parallelogram is a quadrilateral which has both its 
pairs of opposite sides parallel. And it takes the following 
particular names, viz. Rectangle, Square, Rhombus, Rhom- 
boid, 


30. An Acute-angled Triangle has all its three angles 
ik 


33. A Rectangle is a parallelogram, having a right angle, a 


34, A Square is an equilateral rectangle ; having its length 
and breadth equal, or all its sides equal, and all its angles 
equal. 


DEFINITIONS. 3 
35. A Rhombeid is an cbligue-argled parallelogram. ee 4 


36. A Rhombus is an equilateral rhomboid ; having all its 
sides equal, but its angles oblique. 


37. A Trapezium is a quadrilateral which has not its op- 
posite sides parallel. | Kee \ 
‘ aay 


38. A Trapezoid has only one pair of opposite sides 
parallel. 


39. A Diagonal is a line joining any two opposite angles 
of a quadrilateral. 


40. Plane figures that have more than four sides are, in general, called 
Polygons: and they receive other particular names, according to the number 
of their sides or angles. Thus, 

41. A Pentagon is a polygon of five sides; a Hexagon, of six sides; a 
Heptagon, seven; an Octagon, eight; a Nonagen, nine; a Decagon, ten; an 
Undecagon, eleven; and a Dodecagon, twelve sides, __ 

42, A Regular Polygon has all its sides and all its angles equal.—lIf they are 
not both equal, the polygon is Irregular. 

43, An Equilateral Triangle is also a Regular Figure of three sides, and the 
Square is one of four: the former being also called a Trigon, and the latter a 
Tetragon, 

44, Any figure is equilateral, when ll its sides are equal: and it is equi- 
angular when all its angles are equal, When both these are equal, it is a 
regular figure. 


45. A Circle is a plane figure bounded by a curve line, ay 
called the Circumference, which is everywhere equidistant / \ 
from a certain point within, called its Centre. | / 

The circumference itself is often called a circle, and also Si 
the Periphery. ne 

i es 
Mek &: \ 
46, The Radius of a circle is a‘line drawn from the { pe 
° ‘ / . 
centre to the circumference. aS Ne 
te 
2. 

47. The Diameter of a circle is a line drawn through iu Pee 
the centre, and terminating at the circumference on both \ ; 
sides. SS 


48, An Arc of a circle is any pirt of the circumference. 


49, A Chord is a right line joining the extremities of 
an arc. 


50. A Segment is any part of a circle bounded by an ‘ 
are and its chord. ; 
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51. A Semicircle is half the circle, or a segment cut off 
by a diameter, 
The half circumference is sometimes called the Semi- . } 
circle, a 


52. A Sector is any part of a circle which is bounded by 
an arc, and two radii drawn to its extremities, . 


53. A Quadrant, or Quarter of a circle, is a sector having (| ' 
a quarter of the circumference for its arc, and its two radii i ay 
are perpendicular to each other. A quarter of the cireum- a el 


ference is sometimes called a Quadrant. 

54. The Height or Altitude of a figure is a perpendicular i ) 
let fall from an angle, or its vertex, to the opposite side, 
called the base. " 

55. In a right-angled triangle, the side opposite the right 


angle is called the Hypothenuse; and the other two sides 
are called the Legs, and sometimes the Base and Perpen- 


dicular, D E 
55. When an angle is denoted by three letters, of which 

one stands at the angular point, and the other two on the \ / 

two sides, that which stands at the angular point is read in B A C 


the middle, 

57. The circumference of every circle is supposed to be divided into 360 
equal parts called degrees; and each degree into 60 Minutes, each Minute into 
60 Seconds, and so on. Hence a semicircle contains 180 degrees, and a quad-. 
rant 90 degrees, 


58. The Measure of an angle is an are of any circle con- TADS 
tained between the two lines which form that angle, the [ } 
angular point being the centre; and it is estimated by the ‘i yl 
number of degrees contained in that are, Sree 

59. Lines, or chords, are said to be Equidistant from the 
centre of a circle, when perpendiculars drawn to them from i 
the centre are equal. bes 

60. And the right line on which the Greater Perpendi- —— 


cular falls, is said to be farther from the centre. 

61. An Angle in a Segment is that which is contained 
by two lines, drawn from any point in the arc of the seg 
ment, to the two extremities of that are. 





62, An Angle on a segment, or an are, is that which is contained by two 
lines, drawn from any point in the opposite or supplementary part of the civ- 
cumference, to the extremities of the arc, and containing the are between 
them. 


63. An Angle at the circumference, is that whose angular 
point or summit is any where in the circumference, And 
an angle at the centre, is that whose angular point is at the 
eentre. 
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64. A right-lined figure is Inscribed in a circle, or the 
circle Circumscribes it, when all the angular points of the 
figure are in the circumference of the circle. _ 


65. A right-lined figure Circumscribes a circle, or the 
circle is Inscribed in it, when all the sides of the figure 
touch the circumference of the circle. 


66, One right-lined figure is inscribed in another, or the 
latter circumscribes the former, when all the angular points 
of the former are placed in the sides of the latter. 


67. A Secant is a line that cuts a circle, lying partly 
within, and partly without it. 


OOO) 


68. Two triangles, or other right-lined figures, are said to be mutually equi- 
lateral, when all the sides of the one are equal to the corresponding sides of the 
other, each to each: and they are said to be mutually equiangular, when the 
angles of the one are respectively equal to those of the other. 

69. Identical figures, are such as are both mutually equilateral and equi- 
angular; or that have all the sides and all the angles of the one, respectively 
equal to all the sides and all the angles of the other, each to each; so that if the 
one figure were applied to, or laid upon the other, all the sides of the one would 
exactly fall upon and cover all the sides of the other; the two becoming as it 
were but one and the same figure. 

70. Similar figures, are those that have all the angles of the one equal to all 
the angles of the other, each to each, and the sides about the equal angles pro 
portional. 

71. The Perimeter of a figure, is the sum of all its sides taken together. 

72, A Proposition, is something which is either proposed to be done, or to 
be demonstrated, and is either a problem or a theorem. 

73. A Problem, is something proposed to be done. 

74, A Theorem, is something proposed to be demonstrated. 

75, A Lemma, is something which is premised, or demonstrated, in order to 
render what follows more easy. 

76. A Corollary, is a consequent truth, gained immediately from some pre- 
ceding truth, or demonstration. 

77. A Scholium, is a remark or observation made upon something goin 
before it. 
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AXIOMS. 


1, Tunes which are equal to the same thing are equal to each other. 

2. When equals are added to equals, the wholes are equal. 

3. When equals are taken from equals, the remainders are equal. - 

4. When equals are added to unequals, the wholes are unequal. 

5. When equals are taken from unequals, the remainders are unequal. 

6. Things which are double of the same thing, or equal things, are equal to 
each other. 

7. Things which are halves of the same thing, are equal. 

8. Every whole is equal to all its parts taken together. 

9. Things which coincide, or fill the same space, are identical, or mutually 
equal in all their parts. 

10. All right angles are equal to one another. 

1]. Angles that have equal measures, or arcs, are equal. 


THEOREM I. 


If two triangles have two sides and the included angle tn the one, equal to two 
sides and the included angle in the other, the triangles will be identical, or equal 
in all respects. 

In the two triangles ABC, DEF, if the side AC rt F 
be equal to the side DF, and the side BC equal to 
the side EF, and the angle C equal to the angle F; 
then will the two triangles be identical, or equal in all 
respects. A BoD 

For conceive the triangle ABC to be applied to, or 
placed on, the triangle DEF, in such a manner that the point C may coincide 
with the point F, and the side AC with the side DF, which is equal to it. 

Then, since the angle F is equal to the angle C (by hyp.), the side BC will 
fall on the side EF, Also, because AC is equal to DF, and BC equal to EF 
(by hyp.), the point A will coincide with the point D, and the point B with the 
point E ; consequently the side AB will coincide with the side DE. Therefore 
the two triangles are identical, and have all their other corresponding parts 
equal (ax. 9), namely, the side AB equal to the side DE, the angle A to the 
angle D, and the angle B to the angle E. Q. E. D, 


THEOREM It 


When two triangles have two angles and the included side in the one, equal to 
two angles and the included side in the other, the triangles are identical, or have 
their other sides and angles equal. 


i, 
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_ Let the two triangles ABC, DEF, have the angle 
A equal to the angle D, the angle B equal to the angle 
E, and the side AB equal to the side DE; then these 
two triangles will be identical. 

For, conceive the triangle ABC to be placed on 
the triangle DEF, in such manner that the side AB 
may fall exactly on the equal side-DE. Then, since the angle A is equal to 
the angle D (by hyp.), the side AC must fall on the side DF; and, in like 
manner, because the angle B is equal to the angle E, the side BC must fal] on 
the side EF. Thus the three sides of the triangle ABC will be exactly placed 


A Bs) K 


‘on the three sides of the triangle DEF: consequently the two triangles are 


identical (ax. 9), having the other two sides AG, BC, equal to the two DF, 
EF, and the remaining angle C equal to the remaining angle F, Q,E.D. 


THEOREM III. 


In an isosceles triangle, the angles at the base are equal, Or, if a triangle 
have two sides equal, their opposite angles will also be equal. 

If the triangle ABC have the side AC equal to the side 
BC: then will the angle B be equal to the angle A. 

For, conceive the angle C to be bisected, or divided into 
two equal parts, by the line CD, making the angle ACD 
equal to the angle BUD. 

Then, the two triangles ACD, BCD, have two sides and 
the contained angle of the one, equal to two sides and the saih gested 
contained angle of the other, viz. the side AC equal to BC, the angle ACD 
egual to BCD, and the side CD common; therefore these two triangles are 
identical, or equal in all respects (th. 1); and consequently the angle A equal 





tothe angle B. Q.E.D. 


Corol. 1. Hence the line which bisects the vertical angle of an isosceles 
triangle, bisects the base, and is also perpendicular to it. 

Corol. 2. Hence too it appears, that every equilateral triangle, is also equi- 
angular, or has all its-angles equal. 


THEOREM IV. 


When a triangle has two of its angles equal, the sides opposite to them are 
also equal. 

If the triangle ABC, have the angle A equal to the 
angle B, it will also have the side AC equal to the side C 


BC. 

For, conceive the side AB to be bisected in the point y it 
D, making AD equal to UB; and join DC, dividing the 
whole triangle into the two triangles ACD, BCD. Also 
conceive the triangle ACD to be turned over upon the A De 
triangle BCD, so that AD may fall on BD. (th. 3, Cor. 1) 

Then, because the line AD is equal to the line DB (by hyp.), the point A 
coincides with the point B, and the point D with the point D. Also, because 
the angle A is equal to the angle B (by hyp.), the line AC will fall on the line 
BC, and the extremity C of the side AC will coincide with the extremity C of 
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the sidé BC, because DC is common to both; consequently the side AC is 
equal to BC. Q.E.D. ee 
Corol. Hence every equiangular triangle is also equilateral. 


THEOREM V. 


When two triangles have all the three sides in the one, equal to all the three 
sides in the other, the triangles are identical, or have also their three angles equal, 
each to each. ; 

Let the two triangles ABC, ABD, have their 
three sides respectively equal, viz. the side AB 
equal to AB, AC to AD, and BC to BD; then 
shall the two triangles be identical, or have their 
angles equal, viz. those angles that are opposite to 
the equal sides; namely, the angle BAC to the 
angle BAD, the angle ABC to the angle ABD, 
and the angle C to the angle D. 

For, conceive the two triangles to be joined 
together by their longest equal sides, and draw the 
line CD, 

Then, in the triangle ACD, because the side AC is equal to AD (by hyp.), 
the angle ACD is equal to the angle ADC (th. 3). In like manner, in the 
triangle BCD, the angle BCD is equal to the angle BDC, because the side BC 
is equal to BD. Hence then, the angle ACD being equal to the angle ADC, 
and the angle BCD to the angle BDC, by equal additions the sum of the two 
angles, ACD, BCD, is equal to the sum of the two ADC, BDC, (ax. 2), that is, 
the whole angle ACB equal to the whole angle ADB. 

Since, then, the two sides AC, CB, are equal to the two sides AD, DB, each 
to each, (by hyp.), and their contained angles ACB, ADB, also equal, the two 
triangles ABC, ABD, are identical (th, 1), and have the other angles equal, 
viz. the angle BAC to the angle BAD, and the angle ABC to the angle ABD. 


Q. E. D. 





THEOREM VI, 


When one line meets another, the angles which it makes on the same side of 
the other, are together equal to two right angles. 

Let the line AB meet the line CD: then will the two 
angles ABC, ABD, taken together, be equal to two right 
angles. 

For, first, when the two angles ABC, ABD, are equal 
to each other, they are both of them right angles (def. 15) . 
But when the angles are unequal, suppose BE drawn C B D 

perpendicular to CD. Then, since the two angles EBG, 

LBD, are right angles (def. “15), and the angle EBD is equal to the two angle 
EBA, ABD, together (ax. 8), the three Angles, EBC, EBA, and ABD, ar 
e ual to two right angles. 

But the two ane EBC, EBA, are fouetiioe equal to the angle ABC (ax. 8), 
Consequently, the two angles ABC, ABD, are also equal to two right angles, 
Q. E. D. 

Corol, 1. Hence also, conversely, if the two angles ABC, ABD, on both 
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sides of the line AB, make up together two right angles, then CB and BD form 
one continued right line CD. 

Corol. 2. Hence, all the angles which can be made, at any point B, by any 
number of lines, on the same side of the right line CD, are, when taken all to- 
gether, equal to two right angles. 

Corol. 3. And, as all the angles that can be made on the other side of the 
line CD are also equal to two right angles; therefore, all the angles that can be 
made quite round a point B, by any number of lines, are equal to four riglit 
angles. . ; 

Corol. 4. Ulence, also, the whole circumference of a‘circle, 
being the sum of the measures of all the angles that can be Sat 
made about the centre F (def. 57), is the measure of four right cea L\ 
angles. Consequently, a semicircle, or 180 degrees, is the ele 
measure of two right angles; and a quadrant, or 90 degrees, . 
the measure of one right angle. 


THEOREM VII. 


When two lines intersect each other, the opposite angles are equal. 

Let the two lines AB, CD, intersect in the point E; 
then will the angle AEC be equal to the angle BED, 
and the angle AED be equal to the angle CEB. 

For, since the line CE meets the line AB, the two 
angles AEC, BEC, taken together, are equai to two * E 
right angles (th. 6). 

In like manner, the line BE, meeting the line EPpinD 
makes the two angles BEC, BED, equal to two right 
angles. 

Therefore, the sum of the two angles AEC, BEC, is equal to the sum of the 
‘two BEC, BED (ax. 1). 

And if the angle BEC, which is common, be taken away from both these, 
the remaining angle AEC will be equal to the remaining angle BED (ax. 3). 

And in like manner it may be shown, that the angle AED is equal to the 
opposite angle BEC. 


THEOREM VIII. 

When one side of a triangle is produced, the outward angle is greater than 
either of the two inward opposite angles. 

Let ABC be a triangle, having the side AB pro- 
duced to D; then will the outward angle CBD be 
greater than either of the inward opposite angles A 
or C. 

For, conceive the side BC to be bisected in the 
point E, and draw the line AE, producing it till EF 
be equal to AE; and join BF. 

Then, since the two triangles AEC, BEF, have the 
side AE = the side EF, and the side CE = the side BE (by suppos.), and the 
included or opposite angles at E also equal (th. 7), therefore, those two tri- 
angles are equal in all respects (th. 1), and have the angle C = the correspond- 
ing angle EBF. Bat the angle CBD is greater than the angle EBF; conse 

quently, the said outward angle CBD is also greater than the angle C. 
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In like manner, if CB be produced to G, and AB be bisected, it may be 
shown that the outward angle ABG, or its equal CBD, is greater than the other 
angle A, | 


THEOREM IX. 


The greater side, of every triangle, is opposite to the greater angle; and the 
greater angle opposite to the greater side. 

Let ABC bea triangle, having the side AB greater 
than the side AC; then will the angle ACB, opposite the 
greater side AB, be greater than the angle B, opposite the 
less side AC. 

For, on the greater side AB, take the part AD equal to 
the less side AC, and join CD. Then, since BCD is a 
triangle, the outward angle ADC is greater than the inward opposite angle B 
(th. 8). But the angle ACD is equal to the said outward angle ADC, because 
AD is equal to AC (th. 3). Consequently, the angle ACD also is greater than 
the angle B. And since the angle ACD is only a part of ACB, much more 
must the whole angle ACB be greater than the angle B. Q. E. D. 

Again, conversely, if the angle C be greater than the angle B, then will the 
side AB, opposite the former, be greater than the side AC, opposite the latter. 

For, if AB be not greater than AC, it must be either equal to it, or less than 
it. But it cannot be equal, for then the angle C would be equal to the angle B 
(th. 3), which it is not, by the supposition, Neither can it be less, for then the 
angle C would be less than the angle B, by the former part of this; which is 
also contrary to the supposition. The side AB, then, being neither equal to 

AC, nor less than it, must necessarily be greater. Q. E. D. 





THEOREM X, 


Lhe sum of any two sides of a triangle is greater than the third side. 


Let ABC be a triangle; then will the sum of any two 
of its sides be greater than the third side, as for in- 
stance, AC -+- CB greater than AB. 

For, produce AC till CD be equal to CB, or AD equal 
to the sum of the two AC -++ CB; and join BD :—Then, 
because CD is equal to CB (by constr.), the angle D is 
equal to the angle CBD (th.3). But the angle ABD 
is greater than the angle CBD, consequently, it must 
also be greater than the angle D. And, since the greater side of any triangle 
is opposite to the greater angle (th. 9), the side AD (of the triangle ABD) is 
greater than the side AB. But AD is equal to AC and CD, or AC and CB, 
taken together (by constr.); therefore, AC +- CB is also greater than AB, 
Q. E. D. ; 

Corol. The shortest distance between two points, is a single right line drawn 
from the one point to the other. : 


ee 
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THEOREM Xl, 


The difference of any two sides of a triangle, is less than the third side. 


THEOREMS. Be 
Let ABC be atriangle; then will the difference of 

any two sides, as AB — AC, be less than the third side D 

BC. eee 


For, produce the less side AC to D, till AD be equal ‘ 

to the greater side AB, so that CD may be the differ- ‘ : a 
ence of the two sides AB — AC; and join BD. Then, Ss 
because AD is equal to AB (by constr.), the opposite 
angles D and ABD are equal (th. 3). But the angle 
CBD is less than the angle ABD, and consequently also less than the equal angle 
D. And since the greater side of any triangle is opposite to the greater angle 


’ (th, 9), the side CD (of the triangle BCD) is less than the side BO. QE. D. 


angle AEF is equal to the alternate angle EFG (th. 12). 
_ But the angle AEF is equal to the angle EFD (by hyp.) 


Otherwise. Set off upon AB a distance AI equal to C 
AC. Then (th. 20) AC + CB is greater than AB, that is, . 
greater than AI + 1B. From these, take away the equal é > 
parts, AC, AI, respectively; and there remains CB greater ‘ 
than IB. Consequently, IB is less than CB. Q. E. D. A IB 


THEOREM XII. 


When a line intersects two parallel lines, it makes the alternate angles equal tc 
each other. 

Let the line EF cut the two parallel lines AB, CD; 
then will the angle AEF be equal to the alternate angle 
EFD. 

For if they are not equal, one of them must be greater 
than the other; let it be EFD for instance which is the 
greater, if possible; and conceive the line FB to be 
drawn, cutting off the part or angle EFB equal to the 
angle AEF, and meeting the line AB in the point B. 

Then, since the outward angle AEF, of the triangle BEF, is greater than the 
inward opposite angle EFB (th. 8); and since these two angles also are equal 
(by the constr.) it follows, that those angles are both equal and unequal at the 
same time: which is impossible. Therefore the angle EFD is not unequal to 
the alternate angle AEF, that is, they are equal to each other. Q. E. D. 

Corol. Right lines which are perpendicular to one, of two parallel lines, are 
also perpendicular to the other. 





THEOREM XIII. 


When a line, cutting two other lines, makes the alternate angles equal to each 
other, those two lines are parallel. 

Let the line EF, cutting the two lines AB, CD, make . 
the alternate angles AEF, DFE, equal to each other; 
then will AB be parallel to CD. 

For if they be not parallel, let some other line, as FG, 
be parallel to AB. Then, because of these parallels, the 





_ Therefore the angle EFD is equal to the angle EFG (ax. 1); that is, a part is 


equal to the whole, which is impossible. Therefore no line but CD can be pa- 
rallel to AB. Q. E. D. 
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Corol, Those lines which are perpendicular to the same line, are parallel to — 
each other, 


THEOREM XIiv, 


When a line cuts two parallel lines, the outward angle is equal to the inward ) 
opposite one, on the same side; and the two inward angles, on the same side, are 
together equal to two right angles. 

Let the line EF cut the two parallel lines AB, CD; 
then will the outward angle EGB be equal to the in- 
ward opposite angle GHD, on the same side of the line 
EF; and the two inward angles BGH, GHD, taken to- 
gether, will be equal to two right angles. 

For since the two lines AB, CD, are parallel, the 
angle AGH is equal to the alternate angle GHD, (th, 
12). But the angle AGH is equal to the opposite angle 
EGB (th. 7). Therefore the angle EGB is also equal 
to the angle GHD (ax. 1). Q. E. D. 

Again, because the two adjacent angles EGB, BGH, are together equal to 
two right angles (th. 6); of which the angle EGB has been shown to be equal 
to the angle GHD; therefore the two angles BGH, GHD, taken together, are 
also equal to two right angles. 

Corol. |. And, conversely, if one line meeting two other lines, make the angles 
on the same side of it equal, those two lines are parallels, 

Corol, 2. If a line, cutting two other lines, make the sum of the two inward 
angles on the same side, less than two right angles, those two lines will not be 
parallel, but will meet each other when produced, 





THEOREM XV. 
Those lines which are parallel to the same line, are parallel to each other. 


Let the lines AB, CD, be each of them parallel to the 
line EF; then shall the lines AB, CD, be parallel to A G B 











each other, C ; 
For, let the line GI be perpendicular to EF, Then WH 
will this line be also perpendicular to both the lines AB, E Fi 





CD (corol. th. 12), and consequently the two lines AB, 
CD, are parallels (corol, th. 13), Q. E. D, 


THEOREM XVI. 


When one side of a triangle is produced, the outward angle is equal to both the 
inward opposite angles taken together. ‘ 

Let the side AB, of the triangle ABC, be produced 
to D; then will the outward angle CBD be equal to the 
sum of the two inward opposite angles A and C, 

For, conceive BE to be drawn parallel to the side AC 
of the triangle. Then BC, meeting the two parallels 
AC, BE, makes the alternate angles C and CBE equal - 4 | pene 
(th. 12), And AD, cutting the same two parallels AC, , 
BE, makes the inward and outward angles on the same side, A and EBD; equal 
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to each other (th. 14). Therefore, by equal additions, the sum of the two angles 
A and C, is equal to the sum of the two CBE and EBD, that is, to the whole. 
angle CBD (by ax. 2). Q. E. D. 


THEOREM XVII. 


In any triangle, the sum of all the three angles ts equal to two right angles, 

Let ABC be any plane triangle ; then the sum of the 
three angles A -++- B + C is equal to two right angles. Cc 

For, let the side AB be produced to D. Then the : 
outward angle CBD is equal to the sum of the two in- 
ward opposite angles A ++ C (th. 16). To each of these 
equals add the inward angle B, then will the sum of the A Bix) 
three inward angles A -+ B + C be equal to the sum of 
the two adjacent angles ABC ++ CBD (ax. 2). But the sum of these two last 
adjacent angles is equal to two right angles (th. 6). Therefore also the sum of 
the three angles of the triangle A 4+ B+ C is equal to two right angles (ax. 1). 
Q. E. D. 

Corol. 1. If two angles in one triangle, be equal to two angles in another tri- 
angle, the third angles will also be equal (ax. 3), and the two triangles equi- 
angular. 

Corol. 2. If one angle in one triangle, be equal to one angle in another, the 
sums of the remaining angles will also be equal (ax. 3). 

Corol. 3. If one angle of a triangle be right, the sum of the other two will also 
be equal to a right angle, and each of them singly will be acute, or less than a 
right angle. 

Corol. 4, The two least angles of every triangle are acute, or each less than a 
right angle. 


THEOREM XVIII. 


In any quadrangle, the sum of all the four inward angles, is equal to four right 
angles. 

Let ABCD be a quadrangle ; then the sum of the four 
inward angles, A + B+ C + D is equal to four right 
angles, 

Let the diagonal AC be drawn, dividing the quadrangle 
into two triangles, ABC, ADC. Then, because the sum of 
the three angles of each of these triangles is equal to two ple | et oe 
right angles (th. 17); it follows, that the sum of all the “a ae 
angles of both triangles, which make up the four angles 
of the quadrangle, must be equal to four right angles (ax. 2). Q. E. D. 

’ Corol. 1. Hence, if three of the angles be right ones, the fourth will also be a 
right angle. 

Corol. 2. And if the sum of two of the four angles be equal to two right 
angles, the sum of the remaining two will also be equal to two right angles. 


/ 7m a 1 


THEOREM XIx. 


In any figure whatever, the sum of all the inward angles, taken together, ws 
equal to twice as many right angles, wanting four, as the figure has sides. 
AA 
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Let ABCDE be any figure; then the sum of all its 
inward angles, A-+ B+ C-+D-+E, is equal to 
twice as many right angles, wanting four, as the figure 
has sides. 

For, from any point P, within it, draw lines, PA, PB, 
PC, &c. to all the angles, dividing the polygon into as 
many triangles as it has sides. Now the sum of the 
three angles of each of these triangles, is equal to two 
right angles (th. 17); therefore the sum of the angles of all the triangles is 
equal to twice as many right angles as the figure has sides. But the sum of all 
the angles about the point P, which are so many of the angles of the triangles, 
but no part of the inward angles of the polygon, is equal to four right angles 
(corol. 3, th. 6), and must be deducted out of the former sum. Hence it fol- 
lows, that the sum of all the inward angles of the polygon alone, A + B+ € 
-+- D + E, is equal to twice as many right angles as the figure has sides, want- 
ing the said four right angles. Q. E. D. 





THEOREM Xx. iss 
_ When every side of any figure is produced out, the sum of all the outward 
angles thereby made, is equal to four right angles. 

Let A, B, C, &c. be the outward angles of any po- 
lygon, made by producing all the sides; then will the 
sum A-+B+C+D+4+E, of all those outward 
angles, be equal to four right angles. 

For every one ‘of these outward angles, together 
with its adjacent inward angle, make up two right 
angles, as A +. a equal to two right angles, being the 
two angles made by one line meeting another (th. 6). 
And there being as many outward, or inward. angles, 
as the figure has sides; therefore the sum of all the 
inward and outward angles, is equal to twice as many right*angles as the figure 
has sides ; therefore the sum of all the inward and outward angles, is equal to 
twice as many right angles as the figure has sides. But the sum of all the in- 
ward angles, with four right angles, is equal to twice as many right angles as the 
figure has sides (th. 19). ‘Therefore the sum of all the inward and all the out- 
ward angles, is equal to the sum of all the inward angles and four right angles 
(by ax. |). From each of these take away all the inward angles, and there re- 
main all the outward angles equal to four right angles (by ax. 3). Q. E. D, 





THEOREM XXI. 


A perpendicular is the shortest line that can be drawn JSrom a given point to an 
indefinite line. And, of any other lines drawn Srom the same. point, those that 
are nearest the perpendicular are less than those more remote. 

If AB, AC, AD, &c. be lines drawn from the given point 
A, to the indefinite line DE, of which AB is perpendicular ; 
then shall the perpendicular AB. be less than AC, and AC 
less than AD, &c. 

For, the angle B being a right one, the angle C is acute, 
(by cor. 3, th. 17), and therefore less than the angle B, But 
the less angle of a triangle is subtended by the less side (th. 
9). Therefore the side AB is less than the side AC. 
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J 
Again, the angle ACB being acute, as before, the adjacent angle ACD will 
be obtuse (by th. 6); consequently the angle D is acute (corol. 3, th. 17), and 
therefore is less than the angle C. And since the less side is opposite to the less 
angle, therefore the side AC is less than the side AD. Q. E.D. 
Corol. A perpendicular is the least distance of a given point from a line. 


THEOREM XXIi. 


The opposite sides and angles of any parallelogram are equal to each other ; 
and the diagonal divides it into two equal triangles. 
Let ABCD be a parallelogram, of which the diagonal is 


BD; then will its opposite sides and angles be equal to pe sueeeee 
each other, and the diagonal BD will divide it into two ore | 
equal parts, or triangles. le, ‘ 

B A 


_ For, since the sides AB and DC are parallel, as also the 

sidesAD and BC (defin. 32), and the line BD meets them ; 

therefore the alternate angles are equal (th. 12), namely, 

the angle ABD to the angle CDB, and the angle ADB to the angle CBD. 
Hence the two triangles, having two angles in the one equal to two angles in 
the other, have also their third angles equal (cor. 1, th. 17), namely, the angle 
A equal to the angle C, which are two of the opposite angles of the parallelo- 
gram. 

Also, if to the equal angles ABD, CDB, be added the equal angles CBD, 
ADB, the wholes will be equal (ax. 2), namely, the whole angle ABC to the 
whole ADC, which are the other two opposite angles of the parallelogram. 
Q. E. D. 

Again, since the two triangles are mutually equiangular, and have a side in 
each equal, viz. the common side BD; therefore the two triangles are identical 
(th. 2), or equal in all respects, namely, the side AB equal to the opposite side 
DC, and AD equal to the opposite side BO, and the whole triangle ABD equal 
to the whole triangle BCD. Q. E. D. 

Corol. 1. Hence, if one angle of a parallelogram be a right angle, all the other 
three will also be right angles, and the parallelogram a rectangle. 

Corol. 2. Hence also, the sum of any two adjacent angles of a parallelogram 
is equal to two right angles. 


THEOREM XXIII. 


Every quadrilateral, whose opposite sides are equal, is a parallelogram, or has 
its opposite sides parallel, 

Let ABCD be a quadrangle, having the opposite sides 
equal, namely, the side AB equal to DC, and AD equal to 


BC; then shall these equal sides be also parallel, and the = Z 

figure a parallelogram. \ 4 | 
For, let the diagonal BD be drawn. Then, the tri- 2 (ft 4g 

angles, ABD, CBD, being mutually equilateral (by hyp.), B A 


they are also mutually equiangular (th, 5), or have their 

corresponding angles equal; consequently the opposite 
sides are parallel (th: 13); viz. the side AB parallel to DC, and AD parallel to 
BC, and the figure is a parallelogram, * Q. E. D. 


Ave: 2 
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THEOREM XXIV. 


Those lines which join the corresponding extremes of two equal and parallel 
lines, are themselves equal and parallel, 


Let AB, DOC, be two equal and parallel lines; then will the Tine AD, BC, 
which join their extremes, be also equal and parallel. [See the fig. above.j 

For, draw the diagonal BD. Then, because AB and DC are parallel (by 
hyp.), the angle ABD is equal to the alternate angle BDC (th. 12). Hence then, 
the two triangles having two sides and the contained angles equal, viz. the side 
AB equal to the side DG, and the side BD common, and the contained angle 
ABD equal to the contained angle BDC, they have the remaining sides and 
angles also respectively equal (th. 1); consequently AD is equal to BC, and also 
parallel to it (th. 12), Q. E. D. ) 


THEOREM XXY. 


Parallelograms, as also triangles, standing on the same base, and between the 
same parallels, are equal to each other. 


Let ABCD, ABEF, be two parallelograms, and ABC, 
ABF, two triangles, standing on the same base, AB, and 
between the same parallels AB, DE; then will the paral- 
lelogram ABCD be equal to the parallelogram ABEF, and 
the triangle ABC equal to the triangle ABP. 

For, since the line DE cuts the two parallels AF’, BE, 
and the two AD, BC, it makes the angle E equal to the 
angle AFD, and the angle D equal to the angle BCE (th. 14); the two triangles 
ADF, BCE, are therefore equiangular (cor. 1, th. 17); and having the two 
corresponding sides AD, BC, equal (th. 22), being opposite sides of a parallelo- 
gram, these two triangles are identical, or equal in all respects (th. 2). If each 
of these equal triangles then be taken from the whole space ABED, there will re- 
main the parallelogram ABEF in the one case, equal to the amt 99 ABCD 
in the other (by ax. 3). 

Also the triangles ABC, ABF, on the same base AB, and between the same 
parallels, are equal, being the halves of the said equal parallelograms (th, 22). 
Q. E. D. 

Corol. 1, Parallelograms, or triangles, having the same base and altitude, are 
equal. For the altitude is the same as the perpendicular or distance between 
the two parallels, which is every where equal, by the definition of parallels. 

Corol. 2. Parallelograms, or triangles, having equal bases and altitudes, are 
equal. For, if the one figure be applied with its base on the other, the bases 
will coincide or be the same, because they are equal: and so the two figures, 
having the same base and altitude, are equal. 





THEOREM XXVI. 


If a parallelogram and a triangle, stand on the same base, and between the 
same parallels, the parallelogram will be double the triangle, or the triangle half 
the parallelogram. 
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Let ABCD be a parallelogram, and ABE a triangle, on 
the same base AB, and between the same parallels AB, 
DE; then will the parallelogram ABCD be double the 
triangle ABE, or the triangle half the parallelogram. 

For, draw the diagonal AC of the parallelogram, divid- 
ing it into two equal parts (th. 22). Then because the 
triangles ABC, ABE, on the same base, and between the. 
same parallels, are equal (th. 25); and because the one triangle ABC is half the 
parallelogram ABCD (th. 22), the other equal triangle ABE is also equal to 
half the same parallelogram ABCD. Q. E. D. 
~ Corol. 1. A triangle is equal to half a parallelogram of the same base and 
altitude, because the altitude is the perpendicular distance between the paral- 
lels, which is everywhere equal, by the definition of parallels, 

Corol. 2. If the base of a parallelogram be half that of a triangle, of the 
same altitude, or the base of the triangle be double that of the parallelogram, 
the two figures will be equal to each other. 





‘THEOREM XXVII. 
Rectangles that are contained by equal lines, are equal to each other. 


Let BD, FH, be two rectangles, having the sides AB, Dp cH G 
BC, equal to the sides EF, FG, each to each; then will ; 
the rectangle BD be equal to the rectangle FH. 

For, draw the two diagonals AC, EG, dividing the 
two parallelograms each into two equal parts. Then ‘ 
the two triangles ABC, EFG, are equal to each other Ai shB 
(th. 1), because they have the two sides AB, BC, and ; 
the contained angle B, equal to the two sides EF, FG, and the contained angle 
F (by hyp). But thesé equal triangles are the halves of the respective rect- 
angles, And because the halves, or the triangles, are equal, the wholes, or the 
rectangles DB, HF, are also equal (by ax. 6). Q. E. D. 

Corol. The squares on equal lines are also equal; for every square is a spe- 
cies of rectangle. 





THEOREM XXVIII, 


The complements of the parallelograms, which are about the diagonal of any 
parallelogram, are equal to each other. 

Let AC be a parallelogram, BD a diagonal, EIF par- 
allel to AB or DC, and GIH parallel to AD or BC, 
making ATI, IC, complements to the parallelograms 
EG, HF, which are about the diagonal DB: then will 
the complement AI be equal to the complement IC. 

For, since the diagonal DB bisects the three parallel- 
ograms AC, EG, HF (th. 22); therefore, the whole tri- ! 
angle DAB being equal to the whole triangle DCB, and the parts DEI, 1HB 
respectively equal to the parts DGI, IF B, the remaining parts AI, IC, must also 
be equal (by ax. 3). Q. E. D. 





THEOREM XXIX, 


A trapezoid, or trapezium having two sides parallel, is equal to half a parai- 
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lelogram, whose base is the sum of these two sides, and its altitude the perpenil- 
cular distance between them. 

Let ABCD be the trapezoid, having its two sides AB, 
DC, parallel; and in AB produced take BE equal to 
DC, so that AE may be the sum of the two parallel 
sides; produce DC also, and let EF, GC, BH, be all 
three parallel to AD. Then is AF a parallelogram of 
the same altitude with the trapezoid ABCD, having its 
base AE equal to the sum of the parallel sides of the trapezoid; and it is to be 
proved that the trapezoid ABCD is equal to half the parallelogram AF. 

Now, since triangles, or parallelograms, of equal bases and altitude, are equal 
(corol. 2, th. 25), the parallelogram DG is equal to the parallelogram HE, and 
the triangle CGB equal to the triangle CHB; consequently, the line BC bisects, 
or equally divides, the parallelogram AF, and ABCD is the half of it. Q.E.D. 





THEOREM XXX- 


The sum of all the rectangles contained uader one whole line, and the several 
parts of another line, any way divided, is equal to the rectangle contained under 
the two whole lines. 

Let AD be the one line, and AB the other, divided AS 
into the parts AE, EF, FB; then will the rectangle D.. (Gy. FG 
contained by AD and AB, be equal to the sum of the 
rectangles of AD and AE, and AD and EF, and AD 
and FB: thus expressed, AD. AB = AD. AE ATR epee ps 
+ AD.EF + AD. FB, 

For, make the rectangle AC of the two whole lines AD, AB; and draw EG, 
FH, perpendicular to AB, or parallel to AD, to which they are equal (th. 22). 
Then the whole rectangle AC is made up of all the other rectangles AG, EH, 
FC. But-these rectangles are contained by AD and AE, EG and EF, FH 
and FB; which are equal to the rectangles of AD and AE, AD and EF, AD 
and FB, because AD is equal to each of the two EG, FH. Therefore, the 
rectangle AD. AB is equal to the sum of all the other rectangles AD. AE, 
AD.EF, AD.FB. Q. E. D. 

Corol. If a right line be divided into any two parts, the square on the whole 
line, is equal to both the rectangles of the whole line and each of the parts. 


THEOREM XXXI. 


The square of the sum of two lines, is greater than the sum of their squares, 
by twice the rectangle of the said lines. Or, the square of a@ whole line is 
equal to the squares of its two parts, together Mich twice the rectangle of those 
parts. 

Let the line AB be the sum of any two lines. AC, CB; E HAD 
then will the square of AB be equal to the squares of AC, 


- CB, together with twice the rectangle of AC.CB. That alae I 





is, AB? = AC? -+- CB* + 2AC. CB. 

For, let ABDE be the square on the sum or whole line 
AB, and ACFG the square on the part AC. Produce CF A CB 
and GF to the other sides at H and I. 

From the lines CH, GI, which are equal, being each equal to the sides of the 
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square AB or BD (th. 22), take the parts CF, GF, which are also equal, being 
the sides of the square AF, and there remains FH equal to FI, which are also 
equal to DH, DI, being the opposite sides of the parallelogram. Hence, the 
figure HI is equilateral : and it has all its angles right ones (corol. J. th, 22); 
it is therefore a square on the line FI, or the square of its equal CB. Also the 
figures EF, FB, are equal to two rectangles under AC and CB; because GF is 
equal to AC, and FH or FI equal to CB. But the whole square AD is made 
up of the four figures, viz. the two squares AF, FD, and the two equal rect- 
angles EF, FB. That is, the square of AB is equal to the squares of AC, CB, 
together with twice the rectangle of AC, CB. Q. E. D. 

Corol. Hence, if a line be divided into two equal parts; the square of the 
whole line will be equal to four times the square of half the line. 


THEOREM XXXII. 


The square of the difference of two lines, is less than the sum of thewr squares 
by twice the rectangle of the said lines. 


Let AC, BC, be any two lines, and AB their differ- 
ence : then will the square of AB be less than the squares 
of AC, BC, by twice the rectangle of AC and BC. Or, | 
AB? = AC? + BC? — 2AC. BC. D 

For, let ABDE be the square on the difference AB, en 
and ACFG the square on the line AC. Produce ED A B 
to H; also produce DB and HC, and draw KI, making 
BI the square of the other line BC. K 1 

Now, it is visible that the square AD is less than the 
two squares AF, BI, by the two rectangles EF, DI. But GF is equal to the 
one line AC, and GE or FH is equal to the other line BC; consequently, the 
rectangle EF, contained under EG and GF, is equal to the rectangle of AC 
and BC. 

Again, FH being equal to CI or BC or DH, by adding the common 
part HC, the whole HI will be equal to the whole FC, or equal to AC; 
and consequently, the figure DI is equal to the rectangle contained by AC 
and BC. 

Hence, the two figures EF, DI, are two rectangles of the two lines AC, BC; 
and consequently the square of AB is less than the squares of AC, BC, by twice 
the rectangle AC.BC. Q. E. D. 


ma 


F 
H 
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THEOREM XXXIil. 


The rectangle under the sum and difference of two lines, is equal to the dif- 
ference of the squares of those lines. * 


* This and the two preceding theorems, are evinced algebraically, by the three expressions, 


(a+b) = a+ 2ab +5? = a® +b + 2ab 
(a —,b)? = a? —2ab 4+ 6 = a? +? — 2th 
(aq + b\ (@a~b) = 0? —2?, 
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Let AB, AC, be any two unequal lines; then will the . : 
difference of the squares of AB, AC, be equal to a rect-. Be Begg 
angle under their sum and difference. That is, 

. AB? — AC? = AB+ AC. AB — AC, 

For, let ABDE be the square of AB, and ACFG the 
square of AC, - Produce DB till BH be equal to AC; 
draw HI parallel to AB or ED, and produce FC both 
ways to I] and K. 

Then the difference of the two squares AD, AF, is 
evidently the two rectangles EF, KB. But the rect- 
angles EF, BI, are equal, being contained under equal lines; for EK and BH 
are each equal to AC, and GE is equal to CB, being each equal to the differ. 
ence between AB and AC, or their equals AE and AG. ‘Therefore, the two 
EF, KB, are equal to the two KB, BI, or to the whole KH; and consequently 
KH is equal to the difference of the squares AD, AF. But KH is a rectangle 
contained by DH, or the sum of AB and AC, and by KD, or the difference of 
AB and AC. Therefore, the difference of the squares of AB, AC, is equal to 
the rectangle under their sum and difference, Q. E. D. 





THEOREM XXXIV. 


In any right-angled triangle, the square of the hypothenuse is equal to the sum 
of the squares of the other two sides. 

Let ABC be a right-angled triangle, having the 
right angle C; then will the square of the hypothe- 
nuse AB, be equal to the sum of the squares of the 
other two sides AC, CB. Or AB? = AC? + BC* 

For, on AB describe the square AE, and on AC, 
CB, the squares AG, BH; then draw CK parallel 
to AD or BE; and join AI, BF, CD, CE. 

Now, because the line AC meets the two CG, 
CB, so as to make two right angles, these two form 
one straight line GB (corol. 1, th. 6), And be- 
cause the angle FAC is equal to the angle DAB, 
being each a right angle, or the angle of a square ; 
to each of these equals add the common angle BAC, so will the whole angle or 
sum FAB, be equal to the whole angle or sum CAD, But the line FA is equal 
to the line AC, and the line AB to the line AD, being sides of the same square; 
so that the two sides FA, AB, and their included angle FAB, are equal to the 
two sides CA, AD, and the contained angle CAD, each to each: therefore, the 
whole triangle AFB is equal to the whole triangle ACD (th, 1). 

But the square AG is double the triangle AFB, on the same base FA, and 
between the same parallels F A, GB (th. 26); in like manner, the parallelogram 
AK is double the triangle ACD, on the same base AD, and between the same 
parallel AD, CK. And since the doubles of equal things are equal (by ax. 6); ; 
therefore, the square AG is equal to the parallelogram AK, 

In like manner, the other square BH is proved equal to the other parallelo- 
gram BK. Consequently, the two squares AG and BH together, are equal to 
the two parallelograms AK and BK together, or to the whole square AF. 

That is, the sum of the two squares on the two less sides, is equal to the square 
on the greatest side. Q. E. D. 
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Corol. 1, Hence, the square of either of the two less sides, is equal to the 
difference of the squares of the hypothenuse and the other side (ax. 3); or, 
equal to the rectangle contained by the sum and difference of the said hypo- 
thenuse and other side (th. 33). | 


Corol. 2. Hence, also, if two right-angled triangles have two sides of the 
one equal to two corresponding sides of the other; their third sides will also be 
equal, and the triangles identical. | 


THEOREM. XXXV. 


In any triangle, the difference of the squares of the two sides, is equat to the 
difference of the squares of the segments of the base, or of the two lines, or dis- 
tances, included between the extremes of the base and the perpendicular, 


Let ABC be any triangle, having CD per- 
pendicular to AB; then will the difference of 
the squares of AC, BC, be equal to the differ- 
ence of the squares of AD, BD; that is, 
AC? — BC? = AT)? — BD*, 





For, since AC? is equal to AD* +- CD? , ; 
and BC? is equal to BD’ + Cr (by th. 34); 


Therefore the difference between AC’ and BC’, is equal to the difference 
between AD? + CD? and BD*?-+ CD*, or equal to the difference between 
AD* and BD*, by taking away the common square CD2. Q.E. D. 


Corol. The rectangle of the sum and difference of the two sides of any tri- 
angie, is equal to the rectangle of the sum and difference of the distances be- 
tween the perpendicular and the two extremes of the base, or equal to the rect- 
angle of the base and the difference or sum of the segments, according as the 
_ perpendicular falls within or without the triangle. 


That is, (AC +- BC) . (AC — BC) = (AD + BD) . (AD— BD) 
Or, (AC + BC), (AC—BC) = AB (AD— BD) in the 2d fig. 
And, (AC 4+ BC) . (AC — BC) = AB. (AD + BD) in the Ist fig, 


THEOREM XXXVI. 


In any obtuse-angled triangle, the square of the side subtending the obtuse 
angle, is greater than the sum of the squares of the other two sides, by twice 
the rectangle of the base and the distance of the perpendicular from the obtuse 
angle. 

Let ABC be a triangle, obtuse angled at B, and CD perpendicular to AB; 
then will the square of AC be greater than the squares of AB, BC, by twice the 


rectangle of AB, BD. That is, AC? = AB? + BC?-++ 2AB.BD. See the 
Ist fig. above. 


For, AD? = AB? + BD? 4- 2AB. BD (th. 31). 

And AD? +- CD? = AB? + BD? 4+ CD? + 2AB. BD (ax. 2.) 
But AD? + CD? = AC?, and BD? + CD? = BC? (th. 34). 

Therefore AC? = AB? + BC*?-++2AB.BD, Q. E. D. 
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THEOREM XXXVII. 


In any triangle, the square of the side subtending an acute angle, is less than 


the squares of the base and the other side, by twice the rectangle of the base and — 


the distance of the perpendicular from the acute angle, 


- Let ABC be a triangle, having the angle A 
acute, and CD perpendicular to AB; then will 
the square of BC be less than the squares of AB, 
AC, by twice the rectangle of AB, AD. ‘That is, fl 
BC? = AB? + AC?—2AD. AB. Aly-t9 SDR 
For, BD? = AD? 4- AB? —2 AD. AB (th. 32). 
And Bb? +- DC? = AD? + DC? + AB? — 2 AD. AB (ax. 2), 
Therefore BC? = AC? -+ AB? — 2AD. AB (th. 34). Q.E.D, 


C 





THEOREM XXXVIII. 


In any triangle, the double of the square of a line drawn from the vertex to the 
middle of the base, together with double the square of the half base, is equal to the 
sum of the squares of the other two sides. 

Let ABC be a triangle, and CD the line drawn from 
the vertex to the middle of the base AB, bisecting it - 
into the two equal parts AD, DB; then will the sum 
of the squares of AC, CB, be equal to twice the sum 
of the squares of CD, AD; or AC? + CB*=2CD? 
+ 2AD?. 

For, AC? = CD? + AD? + 2AD. DE (th. 36). 
And, BC? = CD? + BD? — 2 AD. DE (th. 37). 

Therefore, AC? +- BC? = 2CD? +4 AD?+ BD? ~ 

. = 2CD? 4+ 2AD? (ax. 2). Q. ED, 





THEOREM XXXIX. 


In an isosceles triangle, the square of a line drawn from the vertex to any point 
in the base, together with the rectangle of the segments of the base, is equal to the 
square of one of the equal sides of the triangle. 


‘Let ABC be the isosceles triangle, and CD a line Cc 
drawn from the vertex to any point D in the base: then 
will the square of AC be equal to the square of CD, to- 
gether with the rectangle of AD and DB. That is, 


AC? = CD? + AD. DB. ADE B 
For AC? — CD? = AE? — DE? (th. 35). 
= AD. DB (th. 33). 
Therefore AC? = CD? -+ AD. DB (ax. 2). QE. D. 


THEOREM XL. 


In any parallelogram, the two diagonals bisect each other s and the sum of 


their squares ts equal to the sum of the squares of all the Sour sides of the paral- 
lelogram. 
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Let ABCD be a parallelogram, whose diagonals in- 


tersect each other in E: then will AE be equal to KG, D oe 
and BE to ED; and the sum of the squares of AC, BD, s | 
will be equal to the sum of the squares of AB, BC, CD, 2 


DA. That is, 


AE = EC, and BE = ED, A B 
and AC? 4+ BD? = AB? + BC? +- CD? + Da’, 


For, the triangles AEB, DEC, are equiangular, because they have tne oppo- 
site angles at E equal (th. 7), and the two lines AC, BD, meeting the parallels 
AB, DC, make the angle BAE equal to the angle DCE, and the angle ABI: 
equal to the angle CDE, and the side AB equal to the side DC (th, 22); there- 
fore, these two triangles are identical, and have their corresponding sides equal 
(th. 2), viz. AE= EC, and BE =ED. ; 

Again, since AC is bisected in EF, the sum of the squares AD? ++ DC* = 2AL 
+ 2DF? (th. 38). 

In like manner, AB? ++ BC? = 2AE? 4+ 2BE° or 2DE? . 

Therefore, AB? -- BC? + CD? -- DA’ = 4 AF? + 4DE? (ax. 2). 

But, because the square of a whole line is equal to 4 times the square of halt 
the line (cor. th, 31), that is, AC? = 4AK2, and BD? = 4DE’: 

Therefore, AB? + BC? 4+ CD? + DA? = AC* + BD? (ax. 1). Q. E. D. 

Cor. 1. If AD = DC, or the parallelogram be a rhombus ; then AD? = Ak?’ 
4. ED?, CD? = DE? + CE?, &c. 

ae 2. Hence, and by th. 34, the diagonals of a rhombus intersect at right 
angles. 


VHEOREM XLI. 


Tf a line, drawn through or from the centre of a circle, bisect a chord, it wil 
be perpendicular to wt; or, if it be perpendicular to the chord, it will bisect both 
the chord and the are of the chord. 


Let AB be any chord in a circle, and CD a line drawn 
from the centre C to the chord. Then, if the chord be 
bisected in the point D, CD will be perpendicular to AB, 

Draw the two radii CA, CB. Then the two triangles 
ACD, BCD, having CA equal to CB (def. 44), and CD 
common, also AD equal to DB (by hyp.); they have all 
the three sides of the one, equal to all the three sides of 
the other, and so have their angles also equal (th. 5). Hence, then, the angle 
ADC being equal to the angle BD6, these angles are right angles, and the line 
CD is perpendicular to AB (def. 11). 


Again, if CD be perpendicular to AB, then will the chord AB be bisected at 
the point D, or have AD equal to DB; and the arc AEB bisected in the point 
E, or have AE equal EB. 


For, having drawn CA, CB, as before; then, in the triangle ABC, because’ 
the side CA is equal to the side CB, their opposite angles A and B are also 
equal (th. 3). Hence, then, in the two triangles ACD, BCD, the angle A is 
equal to the angle 5B, and the angles at D are equal (def. 11); therefore, their 
third angles are also equal (corol, 1, th. 17). And having the side CD com- 
mon, they have also the side AP equal to the side DB (th. 2). 
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Also, since the angle ACE is ‘equal to the angle BCE, the are AE, which 
measures the former (def. 57), is equal to the arc BE, which measures the lat- 
ter, since equal angles must have equal measures. ‘ 

Corol. Hence, a line bisecting any chord at right angles, passes through the 
centre of the circle. 


FHEOREM XLII. 


If more than two equal lines can be drawn from any point within a circle to 
the circumference, that point will be the centre. 

Let ABC be a circle, and D a point within it: then, 
if any three lines, DA, DB, DC, drawn from the point 
D to the circumference, be equal to each other, the 
point D will be the cenire. 

Draw the chords AB, BC, which let be bisected in the 
points E, F, and join DE, DF. 

Then, the two triangles DAE, DBE, have the side 
DA equal to the side DB by supposition, and the side 
AE equal to the side EB by hypothesis, also the side DE common: therefore, 
these two triangles are identical, and have the angles at E equal to each other 
(th. 5); consequently, DE is perpendicular to the middle of the chord AB (defi: 
11), and therefore passes through the centre of the circle (corol. th. 41). 

In like manner, it may be shown that DF passes through the centre. Con- 
sequently, the point D is the centre of the circle, and the three equal lines DA, 
DB, DC, are radii. Q. E. D. 





THEOREM XLII, 


If two circles, placed one within another, touch, the centres of the circles and 
the point of contact will be ali in the same right line. 


Let the two circles ABC, ADE, touch one another 
internally in the point A; then will the point A and the 
centres of those circles be all in the same right line, 

Let F be the centre of the circle ABC, through 
which draw the diameter AFC, ‘Then, if the centre 
of the other circle can be out of this line AC, let it be 
supposed in some other point as G; through which 
draw the line FG, cutting the two circles in B and D. 

Now, in the triangle AFG, the sum of the two sides FG, GA, is greater than’ 
the third side AF (th. 10), or greater than its equal radius FB. From each of 
these take away the common part FG, and the remainder GA will be greater 
than the remainder GB. But the point G being supposed the centre of the 
inner circle, its two radii, GA, GD, are equal to each other; consequently, GD 
will also be greater than GB, But ADE being the inner circle, GD is neces- 
sarily less than GB, So that GD is both greater and less than GB; which is 
absurd. To get quit of this absurdity we must abandon the supposition that 
produced it, which was that G might be out of the line AFC, Consequently, 
the centre G cannot be out of the line AFC. Q. E. D, ) 





THEOREM XLIV. 


If two circles touch one another externally, the centres of the circles and the 
point of contact will be all in the same right line. | 
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- Let the two circles ABC, ADE, touch one another ex- 
ternally at the point A; then will the point of contact A 
and the centres of the two circles be all in the same right 
line, 

Let F be the centre of the circle ABC, through which 
draw the diameter AFC, and produce it to the other cir- 
cle at E. ‘Then, if the centre of the other circle ADE can f 
be out of the line FE, let it, if possible, be supposed in fers of 
some other point as G; and draw the lines AG, FBDG, C 
cutting the two circles in B and D. | 

Then, in the triangle AFG, the sum of the two sides AF, AG, is greater than 
the third side FG (th. 10). But, F and G being the centres of the two circles, 
the two radii GA, GD, are equal, as are also the two radii AF, FB. Hence 
the sum of GA, AF, is equal to the sum of GD, BF; and, therefore, this latter 
sum also, GD, BF, is greater than GF, which is absurd, Consequently, the 
centre G cannot be out of the line EF. Q.E. D. 





THEOREM XLV. 


Any chords ina circle, which are equally distant from the centre, are equal to 
each other ; or if they be equal to each other, they will be equally distant from 
the centre. 

Let AB, CD, be any two chords at equal distances 
from the centre G; then will these two chords AB, 
CD, be equal to each other, 

Draw the two radii GA, GC, and the two perpendi- 
culars GE, GF, which are the equal distances from the 
centre G. Then, the two right-angled triangles, GAE, 
GCF, having the side GA equal the side GC, and the 
side GE equal the side GF, and the angle at E equal to the angle at F, there- 
fore those two triangles are identical (cor. 2, th. 34), and have the line AE 
equal to the line CF. But AB is the double of AE, and CD is the double of 
CF (th. 41); therefore AB is equal to CD (by ax. 6). Q.E.D. . 

Again, if the chord AB be equal to the chord CD; then will their distances 
from the centre, GE, GF, also be equal to each other. iki 

- For, since AB is equal CD by supposition, the half AE is equal the half CF. 
Also, the radii GA, GC, being equal, as well as the right angles E and F, 
therefore the third sides are equal (cor. 2, th. 34), or the distance GE equal the 
distance GF. Q.E.D. 





THEOREM XLVI. . 
: A line perpendicular to the extremity of a radius, is a tangent to the circle. 


Let the line ADB be perpendicular to the radius CD of 
a circle; then shall AB touch the circle in the point D 
only. al i 

From any other point E in the line AB draw CFE to | 
the centre, cutting the circle in F. 

Then, because the angle D, of the triangle CDE, is a 
right angle, the angle at E is acute (cor. 3, th. 17), and 
consequently less than the angle D, But the greater side 
is always opposite to the greater angle (th. 9); therefore the side CE is greater 
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than the side CD, or greater than its equal CF. Hence the point © is without 
the circle; and the same for every other point in the line AB. Consequently 
the whole line is without the circle, and meets it in the point D only. 


THEOREM XLVII. 


When a line is a tangent to a circle, a radius drawn to the point of contact 
ts perpendicular to the tangent. 


Let the line AB touch the circumference of a circle at the point D; then 
will the radius CD be perpendicular to the tangent AB. [See the last figure.] 

For, the line AB being wholly without the circumference except at the point 
D, every other line, as CE, drawn from the centre C to the line AB, must pass 
out of the circle to arrive at this line. The line CD is therefore the shortest 
that can be drawn from the point C to the line AB, and consequently (th. 21,) 
it is perpendicular to that line. 

Corol. Hence, conversely, a line drawn perpendicular to a tangent, at the 
point of contact, passes through the centre of the circle. 


THEOREM XLYVIII. 


The angle formed by a tangent and chord is measured by half the arc of that 
chord. 


Let AB be a tangent to a circle, and CD a chord drawn from the point. of 
contact C; then is the angle BCD measured by half the are CDF, and the 
angle ACD measured by half the are CGD. 

Draw the radius EC to the point of contact, and the radius EF perpendicular 
to the chord at H. 

Then the radius EF, being perpendicular to the chord = C R 
CD, bisects the arc CFD (th.41), Therefore CF is half 
the arc CFD. 

In the triangle CEH, the angle H being a right one, 
the sum of the two remaining angles E and C is equal to 
a right angle (cor. 3, th. 17), which is equal to the angle 
BCE, because the radius CE is perpendicular to the tan- 
gent. From each of these equals take away the common part or angle C, and 
there remains the angle E equal to the angle BCD. But the angle E is 
measured by the arc CF (def. 57), which is the half of CFD; therefore the 
equal angle BCD must also have the same measure, namely, half the are CFD 
of the chord CD. : 

Again, the line GEF, being perpendicular to the chord CD, bisects the arc 
CGD (th. 41). Therefore CG is half the are CGD. Now, since the line CE, 
meeting FG, makes the sum of the two angles at E equal to two right angles 
(th. 6), and the line CD makes with AB the sum of the two angles at C equal 
to two right angles; if from these two equal sums there be taken away the 
parts or angles CEH and BCH, which have been proved equal, there remains 
the angle CEG equal to the angle ACH. But the former of these, CEG, 
being an angle at the centre, is measured by the arc CG (def. 57); consequently 
the equal angle ACD must also have the same measure CG, which is half the 
arc CGD of the chord CD. Q.E.D. : 


Corol.1. The sum of the two right angles is measured by half the circum 
ference. For the two angles BCD, ACD, which make up two right angles, are 
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measured by the arcs CF, CG, which make up half the circumference, FG 
being a diameter. 


Corol. 2. Hence also one right angle must have for its measure a quarter of 
the circumference, or 90 degrees. 


THEOREM XLIX. 


An angle at the circumference of a circle ts measured by half the arc that sub- 
tends it. 
Let BAC be’an angle at the circumference; it has for its 
measure, half the arc BC which subtéends 05 7°08 gACb tle t¢ee-ee aie 
For, suppose the tangent DE to pass through the point of ee 
of contact A: then, the angle DAC being measured by 
half the arc ABC, and the angle DAB by half the arc AB B\_ 
(th. 48); it follows, by equal subtraction, that the differ- 
ence, or angle BAC, must be measured by half the arc BC, which it stands 
upon, QE. D. 


C 


THEOREM L. 


All angles in the same segment of a circle, or standing on the same arc, are 
equal to each other. 
Let C and D be two angles in the same segment ACDB, 


or, which is the same thing, standing on the supple- C D 
mental arc AEB; then will the angle C be equal to the 
angle D. 

For, each of these angles is measured by half the arc ANG eB 
AEB;; and thus, having equal measures, they are equal to E 


each other (ax. 11). 


THEOREM LI. 
An angle at the centre of a circle is double the angle at the circumference, 
when both stand on the same arc. 


Let © be an angle at the centre C, and D an angle at the ye 


circumference, both standing on the same arc or same 
chord AB; then will the angle C be double of the angle C 
D, or the angle D equal to half the angle C. 
A B 


For, the angle at the centre C is measured by the whole 
arc AEB (def. 57), and the angle at the circumference D E 
is measured by half the same arc AEB (th. 49) ; therefore the angle D is only 
half the angle C, or the angle C double the angle D. 


THEOREM LI. 
An angle in a semicircle, 1s a right angle. 
If ABC or ADC be a semicircle; then any angle D in 


that semicircle, is a right angle. D 
For, the angle D, at the circumference, is measured (ie 
by half the are ABC (th. 49), that is, by a quadrant of the A \C 


circumference. But a quadrant is the measure of a right 
angle (cor. 4, th. 6; or cor. 2, th. 48). Therefore the 
angle D is a right angle, 
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THEOREM LIII. 


The angle formed by a tangent to a circle, and a chord drawn Mh the point 
of contact, is equal to the angle in the alternate segment. 
If AB be a tangent, and AC a chord, and D any angle 
in the alternate segment ADC; then will the angle D A MieB 
be equal to the angle BAC made by the tangent and BE 
chord of the arc AEC. 
For, the angle D, at the circumference, is measured : x 
by half the arc AEC (th. 49); and the angle BAC, made 
by the tangent and chord, is also measured by the same 
half arc AEC (th, 48); therefore these two angles are equal (ax. 11). 


THEOREM LIV. 


The sum of any two opposite angles of a quadrangle inscribed in a circle, is 
equal to two right angles. 

Let ABCD be any quadrilateral inscribed in a circle; 
then shall the sum of the two opposite angles A and C, or 
B and D, be equal to two right angles. é 

For the angle A is measured by half the arc DCB, which 
it stands upon, and the angle C by half the are DAB (th, 
49); therefore the sum of the two angles A and C is 
measured by half the sum of these two arcs, that is, by half 
the circumference. But half the circumference is the measure of two right 
angles (cor. 4, th. 6); therefore the sum of the two opposite angles A and C is 
equal to two right angles. In like manner it is shown, that the sum of the 
other two opposite angles, D and B, is equal to two right angles, Q. E. D. 





THEOREM LY. 


Tf any side of a quadrangle, inscribed in a circle, be produced out, the outward 
angle will be equal to the inward opposite angle. 

If the side AB, of the quadrilateral ABCD, inscribed 
in a circle, be produced to E; the outward angle DAE 
will be equal to the inward opposite angle C. 

Fer, the sum of the two adjacent angles DAE and 
DAB is equal to two right angles (th. 6); and the sum 
of the two opposite angles C and DAB is also equal to 
two right angles (th. 54); therefore the former sum, of the two angles DAE pe: 
DAB, is equal to the latter sum, of the two C and DAB (ax. 1). From each of 
these equals taking away the common angle DAB, there remains the angle 
DAE equal the angle C. Q.E. D. 





EA 


THEOREM LyI. 
Any two parallel chords intercept equal arcs. 
Let the two chords AB, CD, be parallel: then will the 
arcs AC, BD, be equal; or AC = BD. 
Draw the line BC. Then, because the lines AB, CD, 
are parallel, the alternate angles B and C are equal (th. 
12). But the angle at the circumference B, is measured 
by half the arc AC (th. 49); and the other equal angle 
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at the circumference C is measured by half the arc BD: therefore the halves of 
the arcs AC, BD, and consequently the arcs themselves, are also equal. Q.E. D. 
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THEOREM LVII. 


When a tangent and chord are parallel to each other, they intercept equal arcs. 
Let the tangent ABC be parallel to the chord DF; then 
are the arcs BD, BF, equal; that is, BD = BF. ici 
Draw the chord BD. Then, because the lines AB, DF, be o% 
are parallel, the alternate angles D and B are equal (th. | 
12). But the angle B, formed by a tangent and chord, is nit 
measured by half the arc BD (th. 48); and the other angle pix A 


at the circumference D is measured by half the arc BF (th. 49); therefore the 
arcs BD, BF, are equal. Q. E. D. 


THEOREM LVIII. 


The angle formed within a circle, by the intersection of two chords, is measur ed 
by half the sum of the two intercepted arcs. 

Let the two chords AB, CD, intersect at the point E: 5 
then the angle AEC, or DEB, is measured by half the ALS 
‘sum of the two arcs AC, DB. [7 oh ) 

Draw the chord AF parallel to CD. Then, because FY JE 
the lines AF, CD, are parallel, and AB cuts them, the 
angles on the same side A and DEB are equal (th. 14), 
But the angle at the circumference A is measured by half 
the arc BF’, or of the sum of FD and DB (th. 49); therefore, the angle E is 
also measured by half the sum of FD and DB. 


Again, because the chords AF’, CD, are parallel, the ares AC, FD, are equal 

_ (th. 56); therefore, the sum of the two ares AC, DB, is equal to the sum of the 

two FD, DB; and consequently the angle E, which is measured by half the 
latter sum, is also measured by half the former. Q. E. D. 





ah 


THEOREM LIx. 


The angle formed out of a circle, by two secants, is measured by half the dif- 
Jerence of the intercepted ares. 


Let the angle E be formed by two secants EAB and 
ECD; this angle is measured by half the difference of 
the two ares AC, DB, intercepted by the two secants. 

Draw the chord AF parallel to CD. Then, because 
the lines AF, CD, are parallel, and AB cuts them, the 
angles on the same side A and BED are equal (th. 14), 
But the angle A, at the circumference, is measured by 
half the are BI* (th, 49), or of the difference of DF and DB: therefore, the 
equal angle E is also measured by half the difference of DF, DB. 





Again, because the chords AF’, CD are parailel, the arcs AC, FD, are equal 
_ (th. 56); therefore, the difference of the two arcs AC, DB, is equal to the dif- 
_ ference of the two DF, DB. Consequently, the angle E, which is measured by, 


half the latter difference, is also measured by half the former, --Q. E. D. 
BB 
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THEOREM LX. 


The angle formed by two tangents, is measured by half the difference of the 
two intercepted arcs. 


Let EB, ED, be two tangents to a circle at the points 
A, C; then the angle Eis measured by half the differ- 
ence of the two ares CFA, CGA. 


Draw the chord AF parallel to ED. Then, because 
the lines AF, ED, are parallel, and EB meets them, the 
angles on the same side A and E are equal (th. 14). 
But the angle A, formed by the chord AF and tangent 
AB, is measured by half the arc AF’ (th. 48); therefore, the equal angle E 
is also measured by half the same arc AF’, or half the difference of the ares 
CFA and CF, or CGA (th. 57.) 





Corol. In like manner it is proved, that the angle 
E, formed by a tangent ECD, and a secant EAB, is 
measured by half the difference of the two intercepted 
ares CA and CFB. 


hy, 
y 






THEOREM LXI. 


When two lines, meeting a circle each in two points, cut one another, either 
within it or without it; the rectangle of the parts of the one, is equal to the 
rectangle of the parts of the other ; the parts of each being measured from the 
point of meeting to the two intersections with the circumference. 


Let the two lines AB, CD, meet each other in E; 
then the rectangle of AE, EB, will be equal to the rec- 
tangle of CE, ED, Or, AE. EB = CE. ED. STK 


For, through the point E draw the diameter IG; also, ( i) 
from the centre H draw the radius DH, and draw HI vp 
perpendicular to CD. < 


G 

Then, since DEH is a triangle, and the perp. HI 
bisects the chord CD (ths 41), the line CE is equal to CLA 
the difference of the segments DI, EI, the sum of them 
being DE. Also, because H is the centre of the circle, if \) 
and the radii DH, FH, GH, are all equal, the line EG D B 
is equal to the sum of the sides DH, HE; and EF is G 
equal to their difference. 


But the rectangle of the sum and difference of the two sides of a triangle is 
equal to the rectangle of the sum and difference of the segments of the base 
(th. 35); therefore the rectangle of FE, EG, is equal to the rectangle of CE, 
ED. In like manner it is proved, that the same rectangle of FE, EG, is equal 
to the rectangle of AE, EB. Consequently, the rectangle of AE, EB, is also 
equal to the rectangle of CE, ED (ax. 1. QED. 
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Corol. 1. When one of the lines in the second case, as 
DE, by revolving about the point E, comes into the posi- 
tion of the tangent EC or ED, the two points C and D 
running into one; then the rectangle of CE, ED, becomes 
the square of CE, because CE and DE are then equal. 
Consequently, the rectangle of the parts of the secant, 
AE. EB, is equal to the square of the tangent, CE”. 





Corol. 2. Hence, both the tangents EC, EF, drawn from the same point EF, 
are equal; since the square of each is equal to the same rectangle or quantity 
AE. EB. 


THEOREM LXII. 


In equiangular triangles, the rectangles of the corresponding or like sides, taken 
alternately, are equal. . 


Let ABC, DEF, be two equiangular triangles, hav- 
ing the angle A= the angle D, the angle B = the 
angle E, and the angle C = the angle F’; also the 
like sides AB, DE, and AC, DF, being those opposite 
the equal angles; then will the rectangle of AB, DF, 
be equal to the rectangle of AC, DE. 


In BA, produced take AG equal to DF; and 
through the three points B, C, G, conceive a circle 
BCGH to be described, meeting CA produced at H, 
and join GH. 

Then the angle G is equal to the angle C on the same are BH, and the angle 
H equal to the angle B on the same arc CG (th. 50); also the opposite angles 
at A are equal (th. 7): therefore the triangle AGH is equiangular to the triangle 
ACB, and consequently to the triangle DFE also. But the two like sides AG, 
DF, are also equal by supposition, consequently the two triangles AGH, DFE, 
are identical (th. 2), having the two sides AG, AH, equal to the two DF, DE, 
each to each. 

But the rectangle GA. AB is equal to the rectangle HA. AC (th. 61): con- 
sequently the rectangle DF’. AB is equal to the rectangle DE. AC. Q. E. D. 





THEOREM LXIII, 


The rectangle of the two sides of any triangle, is equal to the rectangle of the 
perpendicular on the third side and the diameter of the circumscribing circle. 


Let CD be the perpendicular, and CE the diameter of the 
circle about the triangle ABC; then the rectangle CA. CB 
is — the rectangle CD.CE. 

For, join BE: then in the two triangles ACD, ECB, the 
angles A and E are equal, standing on the same arc BC 
(th. 50); also the right angle D is equal to the angle B, 
which is also a right angle, being in a semicircle (th. 52): 
therefore these two triangles have also their third angles equal, and are equi- 
angular. Hence, AC, CE, and CD, CB, being like sides, subtending the equal 
angles, the rectangle AC. CB, of the first and last of them, is equal to the rect- 
angle CE. CD, of the other two (th. 62). 

BB 2 
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THEOREM LXIV. 


The square of a line bisecting any angle of a triangle, together with the rect- 
angle of the two segments of the opposite side, is equal to the rectangle of the two 
other sides including the bisected angle. , 


Let CD bisect the angle C of the triangle ABC; then the 
square CD? -+- the rectangle AD. DB is = the rectangle 
AC. CB. 

For, let CD be produced to meet the circumscribing circle 
at EH, and join AE. . 

Then the two triangles ACE, BCD, are equiangular : for 
the angles at C are equal by supposition, and the angles B 
and E are equal, standing on the same are AC (th. 50); consequently the third 
angles at A and D are equal (cor. 1, th. 17): also AC, CD, and CE, CB, are 
like or corresponding sides, being opposite to equal angles: therefore the rect- ~ 
angle AC. CB is = the rectangle CD. CE (th. 62). But the latter rectangle 
CD.CE is = CD? -+ the rectangle CD. DE (th. 30); therefore the former 
rectangle AC. CGB is also = CD* + CD. DE, or equal to CD? 4- AD. DB, 
since CD. DE is — AD. DB (th. 61). Q. E. D. 





THEOREM LXY. 


The rectangle of the two diagonals of any quadrangle inscribed in a circle, is 
equal to the sum of the two rectangles of the opposite sides. 


Let ABCD be any quadrilateral inscribed in a circle, and 


AC, BD, its two diagonals: then the rectangle AC. BD, is a XC 

= the rectangle AB. DC + the rectangle AD. BC. 4) 
For, let CE be drawn, making the angle BCE equal to the 

angle DCA. Then the two triangles ACD, BCE, are equi- A BB: 


angular; for the angles A and B are equal, standing on the 

same arc DC; and the angles DCA, BCE, are equal by sup- ea 
position; consequently the third angles ADC, BEC, are also equal: also AC, 
BC, and AD, BE, are like or corresponding sides, being opposite to the equal 
angles: therefore the rectangle AC . BE is = the rectangle AD . BC (th. 62). 

Again, the two triangles ABC, DEC, are equiangular: for the angles BAC, 
BDC, are equal, standing on the same are BC; and the angle DCE is equal to. 
the angle BCA, by adding the common angle ACE to the two equal angles 
DCA, BCE; therefore the third angles E and ABC are also equal: but AC, 
DC, and AB, DE, are the like sides: therefore the rectangle AC. DE is = the 
rectangle AB. DC (th. 62). . 

Tence, by equal additions, the sum of the rectangles AC. BE + AC. DE is © 
— AD.BC+ AB. DC. But the former sum of the rectangles AC. BE -+- AC 
DEis — the rectangle AC. BD (th. 30): therefore the same rectangle AC. 
BD is equal to the latter sum, the rect. AD. BC + the rect, AB. DC (ax. 1). 
Q. E.D. | : 

Corol. Hence, if ABD be an equilateral triangle, and © any point in the arc © 
BCD of the circumscribing circle, we have AC = BC+ DC. For AC. BD ; 
being = AD. BC + AB. DC; dividing by BD = AB = AD, there results 
AC => BC+ DC. : 


i 
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OF RATIOS AND PROPORTIONS. 


DEFINITIONS. 


Der. 76. Ratio is the proportion or relation which one magnitude bears to 
another magnitude of the same kind, with respect to quantity. 

Note. The measure, or quantity, of a ratio, is conceived, by considering what 
part or parts the leading quantity, called the Antecedent, is of the other, called 
the consequent ; or what part or parts the number expressing the quantity of the 
former, is of the number denoting in like manner the latter. So, the ratio of a 
quantity expressed by the number 2 to a like quantity expressed by the number 6, 
is denoted by 2 divided by 6, or 2 or }: the number 2 being 3 times contained 
in 6, or the third part of it. In like manner, the ratio of the quantity 3 to 6, is 
measured by 2 or 1; the ratio of 4 to 6 is 4 or 3; that of 6 to 4 is § or 75 &e. 


77. Proportion is an equality of ratios. ‘Thus, 


78. Three quantities are said to be proportional, when the ratio of the first to 
the second is equal to the ratio of the second to the third. As of the three quan- 
tities A (2), B (4), C (8), where 3 = 4 = 3, both the same ratio. 


79. Four quantities are said to be proportional, when the ratio of the first to 
the second, is the same as the ratio of the third to the fourth. As of the four 
A (4), B (2), C (10), D (5), where $ = *9 = 2, both the same ratio. 

Note. To denote that four quantities, A, B,C, D, are proportional, they are 
usually stated or placed thus, A: B::C: Ds; and read thus, A is to B as C is 
to D. But when three quantities are proportional, the middle one is repeated, 
and they are written thus, A: B:: B: C. 


The proportionality of quantities may also be expressed very generally by the 
Age GC 
equality of fractions, as at pa. 121. Thus, if B= Dp then A: B:: C: D, also 
B:A::D:C,A:C::B:D.and C: A:: D: B. 


80. Of three proportional quantities, the middle one is said to be a Mean Pro- 
portional between the other two ; and the last, a Third Proportional to the first 
and second. 


81. Of four proportional quantities, the last is said to be a Fourth Proportional 
to the other three. taken in order. 


82. Quantities are said to be Continually Proportional, or in Continued Pro- 
portion, when the ratio is the same between every two adjacent terms, viz. when 
the first is to the second, as the second to the third, as the third to the fourth, 
as the fourth to the fifth, and so on, all in the same common ratio. 

As in the quantities 1, 2, 4, 8, 16, &c.; where the common ratio is equal to 2. 


83. Of any number of quantities, A, B, C, D, the ratio of the first A, to the 
last D, is said to be Compounded of the ratios of the first to the second, of the 
second to the third, and so. on to the last. 


84. Inverse ratio is, when the antecedent is made the consequent, and the 
consequent the antecedent. Thus, if 1: 2:: 3:6; then inversely, 2:1:: 6:3. 
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85. Alternate proportion is, when antecedent is compared with antecedent, 
and consequent with consequent.—As, if 1: 2::3:6; then, by alternation, or 
permutation, it will be 1: 3:: 2: 6. 


86. Compound ratio is, when the sum of the antecedent and consequent is 
compared, either with the consequent, or with the antecedent. — Thus, if 
1:2::3:6, then, by composition, 1 + 2:1::3-+6:3, and 14 2:2::3 
+ 6:6. 

$7. Divided ratio is, when the difference of the antecedent and consequent is 
compared, either with the antecedent or with the consequent.—Thus, if 1 : 2 
:: 3:6, then, by division, 2—1:1::6—3: 3, and 2—1:2::6—3:6. 


Note. The term Divided, or Division, here means subtracting, or parting ; 
being used in the sense opposed to compounding, or adding, in def. 86. 


THEOREM LXVI. 


Equimultiples of any two quantities have the same ratio as the quantity them- 
selves. 


Let A and B be any two quantities, and mA, mB, any equimultiples of them, 
m being any number whatever: then will mA and mB have the same ratio as A 
and B, or A: B:: mA: mB. 

For es 

Corol. Hence, like parts of quantities have the same ratio as the wholes; be- 
cause the wholes are equimultiples of the like parts, or A and B are like parts 
of mA and mB. 


B ; 
= > the same ratio. 


THEOREM LXVII, 

If four quantities, of the same hind, be proportionals ; they will be in propor- 
tion by alternation or permutation, or the antecedents will have the same ratio as 
the consequents. 


Let A: B:: mA: mB; then will A: mA:: B: mB. 


mA m mB m ; 
For A =T and BRP= both the same ratio. 


Otherwise. Let A: B:: C: D; then shall B: Az: C: D. 


A C 
For, let B-=D7=* then A = Br, and C = Dr: therefore B = a 
C B 1 D 1 
and D=—. Hence A=) and G=F: Whence it is evident that 
7 r 
= a (ax. 1) .or-B eA 22 in-C. 


In a similar manner may most of the other theorems be demonstrated. 


THEOREM LXVIII. 


If four quantities be proportional; they will be in proportion by inversion, or 
inversely. 
Let A: B:: mA: mB; then will B: A:: mB: mA, 


mA A ; 
For mB = B both the same ratio. 


- 
2 
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THEOREM LXIX. 


If four quantities be proportional ; they will be in proportion by composition 
and division. : 

Let A: B:: mA: mB; 

Then will BA: A::mB+mA: mA, 

and B+ A: B:: mB + mA: mB. 
mA A mB B 

For [B-p mA = BEA} mB mA BEA 

Corol. It appears from hence, that the sum of the greatest and least of four 
proportional quantities, of the same kind, exceeds the sum of the other two. 
For since A: A+B: :mA::mAemB --- A:A+B::mA-+mB, where A is the 
least, and mA+mB the greatest; then m+1.A+mB, the sum of the greatest and 


least, exceeds m+1.A+B, the sum of the two other quantities. 


THEOREM LXX. 


If, of four proportional quantities, there be taken any equimultiples whatever 
of the two antecedents, and any equimultiples whatever of the two consequents ; 
the quantities resulting will still be proportional, 


, 


Let A: B:: mA: mB; also, let pA and pmA be any equimultiples of the two 
antecedents, and gB and gmB any equimultiples of the two consequents ; then 
will - - - - pA: gB:: pmA: qmB. 


B B 
For wa r, both the same ratio. 
Pp 


THEOREM LXXI. 


If there be four proportional quantities, and the two consequents be either 
augmented or diminished by quantities that have the same ratio as the respective 
antecedents ; the results and the antecedents will still be proportionals. 


Let A: B:: mA: mB, and nA and nmA any two quantities having the same 
ratio as the two antecedents; then will A: B+ nA::mA:mB + nmaA. 
For mB + nmA _ B+ nA 


Soae , both the same ratio. 
mA 





THEOREM LXXII. 


If any number of quantities be proportional, then any one of the antecedents 
will be to its consequent, as the sum of all the antecedents, vs to the sum of ull the 
 consequents. | 


Let A: B:: mA: mB::nA:nB, &c.; then will A: B:: A -- mA + nA: B 
+ mB -+ nB, &e. 

B+mB+nB_ (l+tm+n)B_ B ; 
For ee aaa C+ et ny A i the same ratio. 


THEOREM LXXIII. 


If a whole magnitude be to a whole, as a part taken from the first, is to a part 
taken from the other ; then the remainder will be to the remainder, as the whole 
to the whole. 
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[ct A> B:t-- A: — B; 
na if; 
then will A: B::A——A B= B 
Bath te 
For ————- = ae both the same ratio. 
Aa tes. 


THEOREM LXXIV. 


Lf any quantities be proportional ; their squares, or cubes, or any like powers, 
or roots, of them, will also be proportional. 
Let A: B:: mA: mB; then will A": B®:: m™A*: m"B*. 
nBr B2 
For oe = 7=,, both the same ratio, 
mA as 


See also th. vu. 


THEOREM LXXV. 


Uf there be two sets of proportionals ; then the products or rectangles of the 
corresponding terms will also be proportional. 


Let A: B:: mA: mB, 
and C: D:: nC :nD 
then will AC: BD :: mnAC : mnBD. 


_mnuBD _ BD both th ti 
or, < OST V pgs AC oth . same ratio. 


THEOREM LXXVI. 


If four quantities be proportional; the rectangle or product of the two ex- 
tremes, will be equal to the rectangle or product of the two means. And the 
CONVEr Se. 

Let A: B:: mA: mB; 
then is A X mB = B X mA = mAB, as is evident. 


THEOREM LXXVIL 


Tf three quantities be continued proportionals ; the rectangle or product of the 
two extremes, will be equal to the square of the mean. And the converse. 


Let A, mA, m* A, be three proportionals, : 
or A: mA::mA:m?A; 
then is A X m?A = m?*A2, as is evident. 


THEOREM LXXVIII. 


If any number of quantities be continued proportionals ; the ratio of the nit st 
to the third, will be duplicate or the square of the ratio of the first and second; 
and the ratio of the first and fourth will be triplicate or the cube of that of the 
Jirst and second; and so on. 


_ 
a > 
ri 
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Let A, mA, m?A, m3 A, &c. be proportionals ; 





A 1 
then is ee 5 but mA = m2? and 


THEOREM LXXIX, 


Triangles, and also parallelograms, having equal altitudes, are to each other 
as their bases. 


Let the two triangles ADC, DEF, have the same alti- 
tude, or be between the same parallels AE, IF; then = [ 
is the surface of the triangle ADC, to the surface of the 
triangle DEF, as the base AD is to the base DE. Or 

AD: DE:: the triangle ADC: the triangle DEF. 


For, let the base AD be to the base DE, as any one 
number m (2), to any other number n (3); and divide the respective bases into 
those parts, AB, BD, DG, GH, HE, all equal to one another; and from the 
points of division draw the lines BC, GF, HF, to the vertices Cand F. Then 
will these lines divide the triangles ADC, DEF, into the same number of parts 
as their bases, each equal to the triangle ABC, because those triangular parts 
have equal bases and altitude (cor. 2, th. 25); namely, the triangle ABC equal 
to each of the triangles BDC, DFG, GFH, HFE. So that the triangle ADC, 
is to the triangle DFE, as the number of parts m (2) of the former, to ths num- 
ber 7 (3) of the latter, that is, as the base AD to the base DE (def. 79). 

In like manner, the parallelogram ADKI is to the parallelogram DEF'K, as 
the base AD is to the base DE; each of these having the same ratio as the 
number of their parts, m ton. Q. E. D. 








/ 4 
‘aes Sie | 


ABDGHE 


THEOREM LXXxX. 


Triangles, and also parallelograms, having equal bases, are to each other as 
their altitudes. 


Let ABC, BEF, be two triangles having the 
equal bases AB, BE, and whose altitudes are the 
perpendiculars CG, FH; then will the triangle 
ABC : the triangle BEF :: CG: FH. 


For, let BK be perpendicular to AB, and equal 
to CG; in which let there be taken BL = FH; 
drawing AK and AL. 





Then triangles of equal bases and heights being equal (cor. 2, th. 25), the 
triangle ABK is = ABC, and the triangle ABL—= BEF. But, considering 
now ABK, ABL, as two triangles on the bases BK, BL, and having the same 
altitude AB, these will be as their bases (th. 79), namely, the triangle ABK : 
the triangle ABL:: BK: BL. 


But the triangle ABK = ABC, and the triangle ABL= BEF, also BK = CG 
and BL= FH. 


Therefore, the triangle ABC ;: triangle BEF ;: CG: FH. 
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And since parallelograms are the doubles of these triangles, having the same 
bases and altitudes, they will likewise have to each other the same ratio as their 
altitudes. Q. E. D. ' 


Corol. Since, by this theorem, triangles and parallelograms, when their 
bases are equal, are to each other as their altitudes; and by the foregoing one, 
when their altitudes are equal, they are to each other as their bases; therefore, 
universally, when neither are equal, they are to each other in the compound 
ratio, or as the rectangle or product of their bases and altitudes. 


THEOREM LXXXI. 


If four lines be proportional ; the rectangle of the extremes will be equal to 
the rectangle of the means. And, conversely, if the rectangle of the extremes, 
of four lines, be equal to the rectangle of the means, the four lines, taken alter- 
nately, will be proportional. 


Let the four lines A, B, C, D, be proportionals, 
or A: B::C:D; then will the rectangle of A 
and D be equal to the rectangle of B and C; or ac| C 

B 


the rectangle A. D= B.C. eae 
For, let the four lines be placed with their i R 


four extremities meeting in a common point, 
forming at that point four right angles; and 
draw lines parallel to them to complete the rect- 
angles P, Q, R, where P is the rectangle of A and D, Q the rectangle of B and 
C, and R the rectangle of B and D. | 

Then the rectangles P and R, being between the same parallels, are to each 
‘other as their bases A and B (th. 79); and the rectangles Q and R, being be- 
tween the same parallels, are to each other as their bases C and D. But the 
ratio of A to B, is the same as the ratio of C to D, by hypothesis; therefore the 
ratio of P te R, is the same as the ratio of Q to R; and consequently the rect- 
angles P and Q are equal. Q. E. D. 


Again, if the rectangle of A and D, be equal to the rectangle of B and C; 
these lines will be proportional, or A: B:: 0: D. 


For, the rectangles being placed the same as before: then, because parallel- 
ograms between the same parallels, are to one another as their bases, the rect- 
angle P: R:: A: B, and Q:R:: C:D. But as P and Q are equal, by sup- 
position, they have the same ratio to R, that is, the ratio of A to B is equal to 
the ratio of Cto D, or A: B::C:D. QE. D. 


Corol. 1. When the two means, namely, the second and third terms, are equal, 
their rectangle becomes a square of the second term, which supplies the place of 
both the second and third. And hence it follows, that when three lines are 
proportionals, the rectangle of the two extremes is equal to the square of the 
mean ; and, conversely, if the rectangle of the extremes be equal to the square 
of the mean, the three lines are proportionals. 


Corol. 2. Since it appears, by the rules of proportion in arithmetic and al- 
gebra, that when four quantities are proportional, the product of the extremes 
is equal to the product of the two means; and, by this theorem, the rectangle of 
the extremes is equal to the rectangle of the two means; it follows, that the area 
or space of a rectangle is represented or expressed by the product of its length 
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and breadth multiplied together. And, in general, a rectangle in geometry is 
similar to the product of the measures of its two dimensions of length and 
breadth, or base and height. Also, a square is similar to, or represented by, the 
measure of its side multiplied by itself, ‘So that, what is shown of such pro- 
ducts, is to be understood of the squares and rectangles. 


Corol, 3. Since the same reasoning, as in this theorem, holds for any paral- 
Jelograms whatever, as well as for the rectangles, the same property belongs to 
all kinds of parallelograms, having equal angles, and also to triangles, which are 
the halves of parallelograms; namely, that if the sides about the equal angles of 
parallelograms, or triangles, be reciprocally proportional, the parallelograms or 
triangles will be equal ; and, conversely, if the parallelograms or triangles be 
equal, their sides about the equal angles will be reciprocally proportional. 


Corol. 4. Parallelograms, or triangles, having an angle in each equal, are in 
proportion to each other as the rectangles of the sides which are about these 
equal angles. 


THEOREM LXXXII- 


Tf a line be drawn m a triangle parallel to one of is sides, it will cut the other 
two sides proportionally. 

Let DE be parallel to the side BC of the triangle ABC ; 
then will AD : DB:: AE: EC. 

For, draw BE and CD. Then the triangles DBE, DCE 
are equal to each other, because they have the same base 
DE, and are between the same parallels DE, BC (th. 25). 
But the two triangles ADE, BDE, on the bases AD, DB, 
have the same altitude; and the two triangles ADE, CDE, 
on the bases AE, EC, have also the same altitude ; and be- 
cause triangles of the same altitude are to each other as their bases, therefore 


the triangle ADE: BDE:: AD : DB, 
and triangle ADE : CDE :: AE: EC. 
But BDE is = CDE; and equals must have to equals the same ratio ; there- 
fore AD: DB:: AE: EC. Q.E.D. 
Corol. Hence, also, the whole lines, AB, AC, are proportional to their cor- 
responding proportional segments (corol. th. 66), 
viz. AB: AC:: AD: AE, 
and AB: AC:: BD: CE. 





’ (THEOREM LXXXIII. 


A line whieh bisects any angle of a triangle, divides the opposite side into two 
segments, which are proportional to the two other adjacent sides. 


Let the angle ACB, of the triangle ABC, be bisected by 


the line CD, making the angle r equal to the angle s: then B 
will the segment AD be to the segment DB, as the side AC A 
is to the side CB. Or, AD: DB:: AC: CB. Gy Chol 
For, let BE be parallel to CD, meeting AC produced at ae | 
E. Then, because the line BC cuts the two parallels CD, “4 ji ™N 
A D b 


BE, it makes the angle CBE equal to the alternate angle s 
(th. 12), and therefore also equal to the angle r, which is 


. 


equal to s by the supposition. Again, because the line AE cuts the two paral- 
lels DC, BE, it makes the angle E equal to the angle r on the same side of it 
(th. 14). Hence, in the triangle BCE, the angles B and E, being each equal to 
the angle 7, are equal to each other, and consequently their opposite sides CB, 
CE, are also equal (th. 3). 

But now, in the triangle ABE, the line CD, being drawn parallel to the side 
BE, cuts the two other sides AB, AE, proportionally (th. 82), making AD to 
DB, as is AC to CE or to its equal CB. Q. E. D. 
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Case 2. The proposition is also applicable when an external angle of a 
triangle is bisected. 


Let AC, one of the sides of the triangle ABC, be produced 


to E, and let the angle BCE be bisected by the straight E 
line CD, cutting AB produced in D; then C 
AD: DB:: AC: CB. E 
Let BF be parallel to CD. A B D 


Then, because the line BC cuts the parallel lines CD, 
FB, it makes the angle CBF equal to the alternate angle BCD; and, there- 
fore, also equal to the angle DCE, which is equal to BCD by supposition. 
Again, because the line EA cuts the two parallel lines CD, FB, it makes the 
angle DCE equal to the angle CFB, on the same side of the line. Hence, in 
the triangle BCF, the angle BFC, and FBC, being each equal to the angle 
DCE, are equal to each other; and, consequently, their opposite sides BC, CF, 
are also equal. 

Now, in the triangle ADC, the line BF being drawn parallel to the side CD 
cuts the two sides AD, AC, proportionally; making 


AD: AC:: DB: CF (theor. 72); 
Or, AD : DB:: AC; GF. 


But, BC is equal to CF; therefore, 
AD: DB:: AC: CB. 


THEOREM LXXXIV. 
Equiangular triangles are similar, or have their like sides proportion«:. 


Let ABC, DEF, be two equiangular triangles, having 
the angle A equal to the angle D, the angle B to the angle C 
E, and consequently the angle C to the angle F; then will 
AB: AC:: DE: DF,- 

For, make DG = AB, and DH = AC, and join GH. 
Then the two triangles ABC, DGH, having the two sides + pe 
AB, AC, equal to the two DG, DH, and the contained Lis ke 
angles A and D also equal, are identical, or equal in all 
respects (th. 1), namely, the angles B and C are equal to the 
angles G and H. But the angles B and C are equal to the 
angles E and F by the hypothesis; therefore also the angles D Gk 
G and H are equal to the angles E and F (ax. 1), and con- 
sequently the line GH is parallel to the side EF (cor. 1, th, 14), 


Z Z 
| 
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Tfence then, in the triangle DEF, the line GH, being parallel to the side EF, 
divides the two other sides proportionally, making DG: DH :: DE: DF (cor. 
th. 82). But DG and DH are equal to AB and AC ; therefore also AB: AC 
‘: DE: DF. Q. E. D. 


THEOREM LXXXV. d 


Triangles which have their sides proportional, are also equiangular, 


In the two triangles ABC, DEF, if AB: DE:: AC 
: DF :: BC: EF; the two triangles will have their cor- 
responding angles equal. 

For, if the triangle ABC be not equiangular with the 
triangle DEF’, suppose some other triangle, as DEG, to 
be equiangular with ABC. But this is impossible: for 
if the two triangles ABC, DEG, were equiangular, their 
sides would be proportional (th. 84). So that, AB being 
to DE as AC to DG, and AB to DE as BC to EG, it 
follows that DG and EG, being fourth proportionals to 
the same three quantities, as well as the two DF, EF, 
the former, DG, EG, would be equal to the latter, DF, EF. Thus, then, the 
two triangles, DEF, DEG, having their three sides equal, would be identical 
(th. 5); which is absurd, since their angles are unequal. 





THEOREM LXXXVI. 


Triangles, which have an angle in the one equal to an angle in the other, and 
the sides about these angles proportional, are equiangular. 


Let ABC, DEF, be two triangles, having the angle A = the angle D, and the 
sides AB, AC, proportional to the sides DE, DF: then will the triangle ABC 
be equiangular with the triangle DEF. ; 


For, make DG = AB, and DH = AC, and join GH. 


Then, the two triangles ABC, DGH, having two sides equal, and the con- 
tained angles A and D equal, are identical and equiangular (th. 1), having the 
angles G and H equal to the angles B and C. But, since the sides DG, DH, 
are proportional to the sides DE, DF, the line GH is parallel to EF (th. 82); 
hence the angles E and I" are equal to the angles G and H (th. 14), and con- 
sequently to their equals Band C. Q. FE. D. [See fig. th. 84,1 


THEOREM LXXXVII.. 


In a right-angled triangle, a perpendicular from the right angle, is a mean 
proportional between the segments of the hypothenuse ; and. each of the sides, 
about the right angle, is a mean proportional between the hypothenuse and the 
adjacent segment. 


_ Let ABC be a right-angled triangle, and CD a perpen- 
dicular from the right angle C to the hypothenuse AB; 
then will 
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CD be a mean proportional between AD and DB; 
AC a mean proportional between AB and AD; 
BC a mean proportional between AB and BD. 


Or, AD: CD:: CD: DB; and AB: BC:: BC: BD; and AB: AC:: AC: AD. 


For, the two triangles ABC, ADC, having the right angles at C and D equal, 
and the angle A common, have their third angles equal, and are equiangular 
(cor. 1, th. 17). In like manner, the two triangles ABC, BDC, having the 
right angles at C and D equal, and the angle 6 common, have their third angles 
equal, and are equiangular. 


Hence then, all the three triangles, ABC, ADC, BDC, being ba been “by will 
have their like sides proportional (th. 84) 


viz. AD: CD:: CD: DB; 
and AB: AC :: AC: AD; 
and AB: BC :: BC: BD. ‘ Q. E. D. 


Corol. 1. Because the angle in a semicircle is a right angle (th. 52); it fol- 
lows, that if, from any point C in the periphery of the semicircle, a perpendicular 
be drawn to the diameter AB; and the two chords CA, CB, be drawn to the ex- 
tremities of the diameter: then are AC, BC, CD, the mean proportionals as in 
this theorem, or (by th. 77), CD? = AD. DB; AC? = AB. AD; and BC? 
= AB. BD. 


Corol. 2. Hence AC? : BC? :: AD: BD. 
Corol. 3. Hence we have another demonstration of th. 34. 


For since AC? = AB. AD, and BC? = AB. BD 
By addition AC? -- BC? = AB (AD + BD) = AB?. 


THEOREM LXXXVIII. 


Equiangular or similar triangles, are to each other as the squares of their 
like sides, 


Let ABC, DEF, be two equiangular triangles, AB 
ang DE being two like sides: then will the triangle 
ABC be to the triangle DEF, as the square of AB is to 
the square of DE, or as AB* to DE®. 


For, the triangles being similar, they have their like A B 
sides proportional (th. 84), and are to each other as y 
the rectangles of the like pairs of their sides (cor. 4, 
th. 81); 


therefore AB: DE:: AC: DF (th. 84), 
and AB: DE:: AB: DE of equality: D G E 
therefore AB? : DE? :: AB. AC: DE. DF (th. 75). 
But A ABC: A DEF:: AB. AC: DE, DF (cor. 4, th. 81), 
therefore A ABC: A DEF :: AB? : DE Q. EF. D 
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THEOREM LXXXIX. 
All similar figures are to each other, as the squares of their like sides. 


Let ABCDE, FGHIK, be any two si- 
milar figures, the like sides being AB, FG, 
and BC, GH, and so on in the same or- 
der: then will the figure ABCDE be tc 
the figure FGHIK, as the square of AB to 
the square of FG, or as AB* to FG *. 

For, draw BE, BD, GK, GI, dividing . 
the figures into an equal number of tri- 
angles, by lines from two equal angles B and G. 


~ 


* 
a 
, 
@ ee Dd ene Swed aoe wee: 





The two figures being similar (by suppos.), they are equiangular, and have 
their like sides proportional (def. 67). 


Then, since the angle A is = the angle F, and the sides AB, AE, propor- 
tional to the sides FG, FK, the triangles ABE, FGK, are equiangular (th. 86). 
In like manner, the two triangles BCD, GHI, having the angle C = the angle 
H, and the sides BC, CD, proportional to the sides GH, HI, are also equian- 
gular, Also, if from the equal angles AED, FKI, there be taken the equal 
angles AEB, FKG, there will remain the equals BED, GKI; and if from the 
equal angles CDE, HIK, be taken away the equals CDB, HIG, there will re- 
main the equals BDE, GIK; so that the two triangles BDE, GIK, having two 
angles equal, are also equiangular. Hence each triangle of the one figure, is 
equiangular with each corresponding triangle of the other. 


But equiangular triangles are similar, and are proportional to the squares of 
their like sides (th. 88). 

Therefore the A ABE: A FGK:: AB*: FG’, 
and A BCD: A GHI :: BC’: GH’, 
and A BDE: A GIK :: DE?: IK’. 

But as the two polygons are similar, their like sides are proportional, and con- 
sequently their squares also proportional ; so that allthe ratios AB? to FG?, and 
BC2 to GH?2, and DE? to IK?, are equal among theinselves, and consequent- 
ly the corresponding triangles also, ABE to FGK, and BCD to GHI, and BDE 
to GIK, have all the same ratio, viz. that of AB® to FG?: and hence all the 
antecedents, or the figure ABCDE, have to all the consequents, or the figure 
FGHIK, still the same ratio, viz. that of AB * to FG ? (th. 72). Q. E. D. 


THEOREM XC. 


Similar figures inscribed in circles, have their like sides, and also their whole 
perimeters, in the same ratio as the diameters of the circles in which they are in- 
scribed, . 

Let ABCDE, FGHIK, be two 
similar figures, inscribed in the cir- 
cles whose diameters are AL and 
FM; then will each side AB, BC, 
&e. of the one figure be to the like 
side FG, GH, &c. of the other figure, 
cy the whole perimeter AB -- BC 
+. &c. of the one figure, to the 
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whole perimeter FG + GH -+ &c. of the other figure, as the diameter AL to 
the diameter FM. “i 


For, draw the two corresponding diagonals, AC, FH, as also the lines BL, 
GM. Then, since the polygons are similar, they are equiangular, and their like 
sides have the same ratio (def. 67); therefore the two triangles ABC, FGH, 
have the angle B = the angle G, and the sides AB, BO, proportional to the | 
two sides FG, GH; consequently these two triangles are equiangular (th. 86), 
_and have the angle ACB = FHG. But the angle ACB = ALB, standing on 
the same arc AB; and the angle FHG — FMG, standing on the same are FG; 
therefore the angle ALB = FMG (ax.1). And since the angle ABL = FGM, 
being both right angles, because in a semicircle; therefore the two triangles. 
ABL, FGM, having two angles equal, are equiangular; and consequently their 
‘like sides are proportional (th, 84); hence AB: FG :: the diameter AL: the 
diameter FM. 


In like manner, each side BC, CD, &c. has to each side GH, HI, &e. the 
same ratio of AL to FM; and consequently the sums of them are still in the 
same ratio, viz, AB +- BC + CD, &c.: FG + GH + HI, &e. :: the diam. 
AL : the diam. FM (th. 72). Q. E. D, 
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THEOREM XCI. 


Similar figures inscribed in circles, are to each other as the squares of the 
diameters of those circles. 


Let ABCDE, FGHIK, be two similar figures, inscribed in the circles whose 
diameters are AL and FM;; then the surface of the polygon ABCDE will be to 
the surface of the polygon FGHIK, as AL2 to FM 2 , 


For, the figures being similar, are to each other as the squares of their like 
sides, AB? to FG? (th. 88), But, by the last theorem, the sides AB, FG, are as 
the diameters AL, FM; and therefore the squares of the sides AB2 to FG as 
the squares of the diameters AL? to FM? (th. 74). Consequently the polygons 
ABCDE, FGHIK, are also to each other as the squares of the diameters AL 2 
to FM? (ax,1). Q.E.D. [See fig. th. xc.] 


THEOREM XCIl. 
The circumferences of all circles are to each other as their diameters. 


Let D, d, denote the diameters of two circles, and C, c, their circumferences ‘ 
then will D:d::C:c, or D: C::d:e. 


For (by theor. 90), similar polygons inscribed in circles have their perimeters 
in the same ratio as the diameters of those circles. 


Now, as this property belongs to all polygons, whatever the number of the 
sides may be; conceive the number of the sides to be indefinitely great, and 
the length of each infinitely small. till they coincide with the circumference 
of the circle, and be equal to it, indefiu/tely near. Then the perimeter of the 
polygon of an indefinite number of sides, is the same thing as the circumfer- 
ence of the circle. Hence it appears that the circumferences of the circles, 
being the same as the perimeters of such polygons, are to each other in the 
same ratio as the diameters of the circles. Q,. FE. D, 
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THEOREM XCIII. 


The areas or spaces of circles, are to each other as the squares of their 
diameters, or of their radii. 


Let A, a, denote the areas or spaces of two circles, and D, d, their diameters ; 
then A: a:: D?: d?. 

For (by theorem 91), similar polygons inscribed in circles are to each other 
as the squares of the diameters of the circles. 


Hence, conceiving the number of the sides of the polygons to be increased 
more or more, or the length of the sides to become less and less, the polygon 
approaches nearer and nearer to the circle, till at length, by an infinite ap- 
proach, they coincide, and become in effect equal; and then it follows, that the 
spaces of the circles, which are the same as of the polygons, will be to each 
other as the squares of the diameters of the circles. Q. E. D. 


Corol. The spaces of circles are also to each other as the squares of the cir- 
cumferences; since the circumferences are in the same ratio as the diameters 
(by theorem 92). 


THEOREM XCIV. 


The area of any circle, is equal to the rectangle of half tts circumference and 
half its diameter. 


Conceive a regular polygon to be inscribed in a cir- : 
cle; and radii drawn to all the angular points, dividing 
it into as many equal triangles as the polygon has (\/\ 
sides, one of which is ABC, of which the altitude is 
the perpendicular CD from the centre to the base AB. ANY: 
Then the triangle ABC, being equal to a rectangle of eo 
half the base and equal altitude (th. 26, cor. 2), is equal = ‘ 
to the rectangle of the half base AD and the altitude CD; consequently, the 
whole polygon, or ail the triangles added together which compose it, is equal to 


the rectangle of the common altitude CD, and the halves of all the sides, or 
the half perimeter of the polygon. 


Now, conceive the number of sides of the polygon to be indefinitely increased ; 
then will its perimeter coincide with the circumference of the circle, and con- 
sequently the altitude CD will become equal-to the radius, and the whole poly- 
gon equal to the circle. Consequently, the space of the circle, or of the polygon 
in that state, is equal to the rectangle of the radius and half the circum. 
ference. Q. E. D, 
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PROBLEMS. 


PROBLEM I, 





To make an equilateral triangle on a givensline AB, 


From the centres A and B, with the distance AB, de- 
scribe-ares, intersecting in C. Draw AC, BC, and ABC 
will be the equilateral triangle. 


For the equal radii AC, BC, are, each of them, egual 
to ARB. 


PROBLEM II. 


To bisect a given angle BAC. 


From the centre A, with any radius, describe an arc, 
cutting off the equal lines AD, AE; and from the two 
centres D, E, with the same radius, describe arcs inter- 
secting in F; then draw AF, which will bisect the angle 
A as required. 

Join DF, EF, Then the two triangles ADF, AEF, 


having the two sides AD, DF, equal to the two AE, EF 
(being equal radii), and the side AF common, they are 
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mutually equilateral; consequently, they are also mutually equiangular (th, 5), 


and have the angle BAF equal to the angle CAF, 


Scholium. In the same manner is an are of a circle bisected. 


PROBLEM Iti. 


To bisect a given line “AB. 


From the two centres A and B, with any equal radii, 
describe arcs of circles, intersecting each other in C and 
D; and draw the line CD, which will bisect the given 
line AB in the point E. 


Draw the radii AC, BC, AD, BD. Then, because all 
these four radii are equal, and the sidé CD common, the 
two triangles ACD, BCD, are mutually equilateral ; con- 
sequently, they are also mutually equiangular (th. 5), and 
have the angle ACE equal to the angle BCE. 





Hence, the two triangles ACE, BCE, having the two sides AC, CE, equal to 
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*he two sides BC, CE, and their contained angles equal, are identical (th. 1), 
and therefore have the side AE equal to EB. 


PROBLEM tV. 


At a given point ©, in a line AB, to erect a perpendicular, 


From the given point C, with any radius, cut off anv 
equal parts CD, CE, of the given line; and, from the two 
centres D and E, with any one radius, describe arcs inter- 
secting in F'; then join CF, which will be perpendicular 
as required. | AD C EB 

Draw the two equal radii DF, EF. ‘Then the two tri- 
angles CDF, CEF, having the two sides CD, DF, equal to the two CH, EP, 
and CF common, are mutually equilateral; consequently they are also mutually 
equiangular (th. 5), and have the two adjacent angles at C equal to each other; 
therefore, the line CF is perpendicular to AB (def. 11). 


Fr 


OTHERWISE. 


When the point C is near the end of the line. 


From any point D, assumed above the line, as a F 
centre, through the given point C describe a circle, cut- 
ting the given line at E; and through E and the centre D 
D, draw the diameter EDF; then join CF, which will 
be the perpendicular required. A E CB 


For the angle at C, being an angle in a semicircle, is 
a right angle, and therefore the line CF is a perpendicular (by def. 15). 


PROBLEM V. 


From a given point A, to let fall a perpendicular on a given line BC. 


From the given point A as a centre, with any con- 
venient radius, describe an arc, cutting the given line at 
the two points D and E; and from the two centres D, EF, 
with any radius, describe two arcs, intersecting at F; 
then draw AGF, which will be perpendicular to BC as 
required. 


Draw the equal radii AD, AE, and DF, EF. Then the 
two triangles ADF’, AEF, having the two sides AD, DF, equal to the two AE, 
EF’, and AF, common, are mutually equilateral; consequently, they are also 
mutually equiangular (th. 5), and have the angle DAG equal the angle EAG. 
Hence then, the two triangles ADG, AEG, having the two sides AD, AG, equal 

_ to the two AE, AG, and their included angles equal, are therefore equiangular 


(th. 1), and have the angles at G equal; consequently AG is perpendicular to 
BC (def. 11). . 
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OTHERWISE, 


When the point is nearly opposite the end of the line. 


‘From any point D, in the given line BG, as a centre, 
describe the arc of a circle through the given point A, 
cutting BC in E; and from the centre BE, with the 
radius EA, describe another arc, cutting the former in 
F; then draw AGF, which will be perpendicular to 
BC as required. 


Draw the equal radii DA, DF, and EA, EF, Then 
the two triangles DAE, DFE, will be mutually equilateral; consequently, they 
are also mutually equiangular (th. 5), and have the angles at Dequal. Hence, 
the two triangles DAG, DFG, having the two sides DA, DG, equal to the two 
DF, DG, and the included angles at D equal, have also the angles-at G equal 
(th. 1); consequently, those angles at G are right angles, and the line AG is 
perpendicular to DG. 





PROBLEM VI. 
To make a triangle with three given lines AB, AC, BC. 
With the centre A, and distance AC, describe an C 
arc. With the centre B, and distance BC, describe 
another arc, cutting the former in C. Draw AC, 
BC, and ABC will be the triangle required. e 


A 
For the radii, or sides of the triangle, AC, BC, are as C 
equal to the given lines AC, BC, by construction. Bee 


Note. If any two of the lines are not together greater than the third, the 
construction is impossible. 


PROBLEM VII. 


At a given point A, in a line AB, to make an angle equal to a given angle ©, 


From the centres A and C, with any one radius, 
describe the arcs DE, FG. Then, with radius DE, 
and centre F, describe an arc, cutting FG in G. 
Through G draw the line AG, and it will form the 


Liye 
C D 
y G 
angle required. 
Conceive the equal lines or radii, DE, FG, to be 
A FB 


drawn. Then the two triangles CDE, AFG, being } 
mutually equilateral, are mutually equiangular (th. 5), and have the angle at 
A equal to the angle at C 

PROBLEM VHII. 


Through a given point A, to draw a line parallel to a given line BC. 





From the given point A draw a line AD to any EA F 
point in the given line BC. Then draw the line EAF = 
making the angle at A equal to the angle at D (b . 
g g q g OY) 5g 


prob. 5); so shall EF be parallel to BC as required. 


PROBLEMS. 405 


For, the angle D being equal to the alternate angle A, the lines BC, EF, 
are parallel, by th. 13. 


PROBLEM IX. 


To divide a line AB into any proposed number of equat parts. 


Draw any other line AC, forming any angle with the 
given line AB; on which set off as many of any equal C 
parts AD, DE, EF, FC, as the line AB is to be divided E 
into. Join BC; parallel to which draw the other lines ne 
FG, EH, DI: then these will divide AB in the man- 
ner required, — For those parallel lines divide both 
the sides AB, AC, proportionally, by th. 82. 


PROBLEM X. 
To make a square on a given line AB, 


Raise AD, BC, each perpendicular and equal to AB; 
and join DC: so shall ABCD be the square sought. 


For all the three sides AB, AD, BC, are equal, by 
the construction, and DC is equal and parallel to AB 
(by th. 24); so that all the four sides are equal, and i B 
the opposite ones are parallel. Again, the angle A or 
B, of the parallelogram, being a right angle, the angles are all right ones (cor. 
1, th. 22). Hence, then, the figure, having all its sides equal, and all its angles 
right, is a square (def. 34), 


PROBLEM XI. 


To make a rectangle, or a parallelogram, of a given length and breadth, AB, BC. 


Erect AD, BC, perpendicular to AB, and each equal 
to BC; then join DC, and it is done. 


Dp) 
The demonstration is the same as the last problem. q | 


And in the same manner is described any oblique 
parallelogram, only drawing AD and BC to make the 
given oblique angle with AB, instead of perpendicular 
to it. 


PROBLEM XII. 
To make a rectangle equal to a given triangle ABC. 


Bisect the base AB in D; then raise DE and BF 
perpendicular to AB, and meeting CF parallel to AB, 
at E and F; so shall DF be the rectangle equal to the 
given triangle ABC (by cor. 2, th. 26). 
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PROBLEM XIII. 


Lo make a square equal to the sum of two or more gwen squares. 


Let AB and AC be the sides of two given squares. - 
Draw two indefinite lines AP, AQ, at right angles to 
each other ; in which place the sides AB, AC, of thie 
given squares ; join BC: then a square described on 
BC will be equal to the sum of the two squares de- 
scribed on AB and AC (th, 34). 





In the same manner, a square may be made equal 
to the sum of three or more given squares. For, if 
AB, AC, AD, be taken as the sides of the given squares, then, making 
AE = BC, AD = AD, and drawing DE, it is evident: that the square on DE 
will be equal to the sum of the three squares on AB, AC, AD. And so on for 
more squares, 


PROBLEM XIV. . 


Lo make a square equal to the difference of two given squares. - 
Let AB and AC, taken in the same straight line, be 
equal to the sides of the two given squares. From the . 
centre A, withathe distance AB, describe a circle’ and D 
make CD perpendicular to AB, meeting the circumfer- (as 
ence in D: so shall a square described on CD be equal AUS 
to AD? — AC?®, or AB?— AC?, as required (cor. th. 34). 


PROBLEM XV. 


To make a triangle equal to a given quadrilateral ABCD. 


Draw the diagonal AC, and parallel to it DE, meet- 
ing BA produced at E, and join CE; then will the tri- 
angle CEB be equal to the given quadrilateral ABCD, 


For, the two triangles ACE, ACD, being on the same 
base AC, and between the same parallels AC, DE, are ecre » 
equal (th, 25); therefore, if ABC be added to each, it é 
will make BCE equal ts ABCD (ax. 2). 





PROBLEM XVI. 


Lo make a triangle equal to a given pentagon ABCDE, 


Draw DA and DB, and also EF, CG, parallel to 
them, meeting AB produced at F and G; then draw 
DF and DG; so shall the triangle DFG be equal to 
the given pentagon ABCDE, 


For, the triangle DFA = DEA, and the triangle 
DGB = DCB (th. 25); therefore, by adding DAB to iS ee Sk 
the equals, the sums are equal (ax. 2), that is, DAB 4 


+ DAF + DBG = DAB + DAE -+ DBC, or the triangle DFG = tothe 
pentagon ABCDE, 
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PROBLEM XVII. 


To make a square equal to a given rectangle ABCD 


Produce one side AB, till BE be equal to the other GER 
side BC. On AE as a diameter describe a circle meet- D_ ‘ ct 
ing BC produced at F: then will BF be the side of the rie , 
square BFGH, equal to the given rectangle BD, as \ 
required; as appears by cor. th. 87, and th. 77. E 


FROBLEM XVIII. 


To describe a circle about a given triangle ABC. 


Bisect any two sides with two of the perpendiculars 
DE, DF, DG, and D will be the centre. 

For, Join DA, DB, DC. Then the two right-angled 
triangles DAE, DBE, have the two sides, DE, EA, 
equal to the two DE, EB, and the included angles at E 
equal: these two triangles are therefore identical 
(th, 1), and have the side DA equal to DB. In like 
manner it is shown, that DC is also equal to DA or 
DB. So that all the three, DA, DB, DC, being equal, they are radii of a circle 
passing through A, B, and C. 





Note.—The problem is the same in effect when it is required— 
To describe the circumference of a circle through three given points A, B, C. 


Then, from the middle point B draw chords BA, BC, 
to the two other points, and bisect these chords perpen- 
dicularly by lines meeting in O, which will be the cen- 
ire. Again, from the centre O, at the distance of any 
one of the points, as OA, describe a circle, and it will 
pass through the two other points, B, C, as required. 
The demonstration is evidently as above. 





PROBLEM XIX. 


An isosceles triongle ABC being given, to describe another on the same base 
AB, whose vertical angle shall be only half the vertical angle C. 


From C as a centre, with the distance CA, 
describe the circle ABE. Bisect AB in D, join E 
DC, and produce to the circumference E, join 
EA and EB, and ABE shall be the isosceles tri- 
angle required. } 

For, since in the triangle EDA, EDB, AD is 
equal to DB, and DE common to both, and the 
right angle EDA, equal to the right angle EDB, 
the side EA must be equal to the side EB, the tri- 
angle AEB, is therefore isosceles, and the angle 
ACB at the centre, must be double of the angle AEB at the circumference 
for they both stand on the same segment AB. 
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PROBLEM XX. 


Given an isosceles triangle AEB, to erect another on the same base AB, whith 


shall have double the vertical angle E. | 


Describe a circle about the triangle AEB, find its cen- 
tre C, and join CA, CB, and ACB is the triangle re- 
quired, 

The angle C at the eentre is double of the angle E 
at the circumference, and the triangle ACB is isosceles 
for the sides CA, CB being radii of the same circle are 
equal. 


PROBLEM XXi, 


To find the centre of a given cirele. 


Draw any chord AB; and bisect it perpendicularly 
with the line CD: this (th. 41, cor.) will be a diameter. 
Therefore bisect CD in O, which will be the centre, as 
required. 


PROBLEM XAilI. 


To draw a tangent to a cirele, through a given point A. 


1, When the given point A is in the circumference 
of the circle: join A and the centre O; perpendicular 
to which draw BAC, and it will be the tangent, by 
th. 46. 

2. When the given point A is out of the circle: 
draw AO to the centre O; on which as a diameter 
describe a semicircle, cutting the given circumference 
in D; through which draw BADC, which will be the 
tangent as required. 

For, join DO. Then the angle ADO, in a semi- 
circle, is a right angle, and consequently AD is perpen- 
dicular to the radius DO, or is a tangent to the circle 
(th. 46.) 


PROBLEM XXII. 


i) 
> 
x 


On a given line AB to describe a segment of a circle, to contain a given angle C. 


At the ends of the given line make angles DAB, 
DBA, each equal to the given angle C. Then draw 
AE, BE, perpendicular to AD, BD; and with the 
centre E, and radius EA or EB, describe a circle; so 
shall AFB be the segment required, as any angle F 
made in it will be equal to the given angle C. 

For, the two lines AD, BD, being perpendicular to 
the radii EA, EB (by construction), are tangents to 


T) 
A B 
i) \ 
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the circle (th, 46); and the angle A or B, which is equal to the given 
angle C by construction, is equal to the angle F in the alternate segment ALG 
(th. 53). 


PROBLEM XXIV. 


To cut off a segment from a circle, that shall contain a given angle ©. 


Draw any tangent AB to the given circle ; and a 1) 
chord AD to make the angle DAB equal to the given 
angle C; then DEA will be the segment required, 
any angle E made in it being equal to the given Ee D 
angle C, C Ace ae 


PROBLEM XXV. 


To inscribe an equilateral triangle in a given circle, 


Through the centre C draw any diameter AB, From 
the point B as a centre, with the radius BC of the given 
circle, describe an arc DCE. Join AD, AE, DE, and 
ADE is the equilateral sought. 

Join DB, DC, EB, EC. Then DCB is an equila- 
teral triangle, having each side equal to the radius of 
the given circle. In like manner, BCE is an equila- 
teral triangle. But the angle ADE is equal to the angle 
ABE or CBE, standing on the same are AE; also the angle AED is equal 
to the angle CBD, on the same arc AD; hence the triangle DAE has two of 
its angles, ADE, AED, equal to the angles of an equilateral triangle, and 
therefore the third angle at A is also equal to the same; so that the triangle 
is equiangular, and therefore equilateral. 





PROBLEM XXVI. 


To inscribe a circle in a given triangle ABC. 


Bisect any two angles A and B, with the two lines 
AD, BD. From the intersection D, which will be 
the centre of the circle, draw.the perpendiculars DE, 
DF, DG, and they will be the radii of the circle 
required, 

For, since the angle DAE is equal to the angle 
DAG, and the angles at E, G, right angles (by con- Je E 
struction), the two triangles, ADE, ADG, are equiangular; and, having also 
the side AD common, they are identical, and have the sides DE, I)G, equal 
(th. 2), In like manner it is shown, that DF is equal to DE or DG. 

Therefore, if with the centre D, and distance DE, a circle be described, it 
will pass through all the three points, E, F, G, in which points also it will 
touch the three sides of the triangle (th. 46), because the radii DE, DF DG, 
are perpendicular to them. 
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PROBLEM XXVII. 


To inscribe a square in a given circle. 


Draw two diameters AC, BD, crossing at right angles B 
in the centre E. Then join the four extremities A, B, 
C, D, with right lines, and these will form the inscribed 
square ABCD. A 

For the four right-angled triangles AEB, BEC, 
CED, DEA, are identical, because they have the sides + 
EA, EB, EC, ED, all equal, being radii of the circle, 
and the four included angles at E all equal, being right angles, by the construc- 
tion. Therefore, all their third sides AB, BC, CD, DA, are equal to one 
another, and the figure ABCD is equilateral. Also, all its four angles, A, B, 
C, D, are right ones, being BoB in a semicircle. Consequently the figure 
is a square. 


QO 


PROBLEM XXVIII. 
To describe a square about a given circle. 


Draw two diameters AC, BD, crossing at right 


angles, in the centre E. ‘Then through their four ex- i et 

tremities draw FG, IH, parallel to AC, and FI, GH, ? 

parallel to BD, and they will form the square FGH1, A C 
For, the opposite sides of parallelograms being 

equal, FG and IH are each equal to the diameter AC, DH 


FI and GH each equal to the diameter BD; so that 

the figure is equilateral. Again, because the opposite angles of parallelograms 
are equal, all the four angles F, G, H, I, are right angles, being equal to the 
opposite angles at E. So that the figure FGHI, having its sides equal, and its 
angles right ones, is a square, and its sides touch the circle at the four points 
A, B, C, D, being perpendicular to the radii drawn to those points. 


PROBLEM XXIX. 


To inscribe a circle in a given square. 


Bisect the two sides FI, FG, in the points A and B (last fig.) Then, through 
these two points draw AC parallel to FG or IH, and BD parallel to FI or GH. 
Then the point of intersection E will be the centre, and the four lines EA, EB, 
EC, ED, radii of the inscribed circle. 

For, because the four parallelograms EF, EG, EH, EI, have their opposite 
sides and angles equal, therefore all the four lines EA, EB, EC, ED, are equal, 
being each equal to half a side of the square. So that a circle described from 
the centre E, with the distance EA, will pass through all the points A, B, C, D, 
and will be inscribed in the square, or will touch its four sides in those points, 
because the angles there are right ones. 


PROBLEM XXX. 
Lo describe a circle about a given square. 


(See fig. Prob. xxvii.) | 
Draw the diagonals AC, BD, and their intersection E will be the centre. 


» + 
BY,’ 
iT 


Place two of the given lines AB, AC, or their equals, 


Join AC; and with centre C and distance CB, describe 
the circle BD ; then with centre A and distance AD, C B 
- describe the are DE; so shall AB be divided in E in ex. / J 

- treme and mean ratio, or so that AB: AE:: AE: EB. 
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As the diagonals of a square bisect each other (th. 40), then will EA, EB, EC, 
ED, be all equal, and consequently these are radii of a circle passing through 
the four points A, B, C, D. 


} PROBLEM XXXI. 


To find a third-proportional to two given lines, AB, AC. 


Place the two given lines AB, AC (or two lines equal 
to them), to form any angle at A; and. in AB set, off 4 eB 
AD = AG. Join BC, and draw DE parallel to it; so 4 

will AE, on the line AC, be the third proportional C 


sought. A > 
For, since DE is parallel to BC, the two lines AB, D 


AC, are cut proportionally by DE (th. 82): hence, 


AB: AC:: AD (= AC): AE, and AE is, therefore, the third proportional 
required. 


PROBLEM XXXII. 


To find a fourth proportional to three given lines, AB, AC, AD. 


to make any angle at A; and on AB set off, or place, a Cc 
the other line AD, or its equal. Join BC, and paral- A———— 

lel to it draw DE: so shall AE be the fourth propor- E 

tional as required. PEN 


For, because of the parallels BC, DE, the two sides “* ar, 


) AB, AC, are cut proportionally (th. 82): so that AB: AC :: AD: AE, 


PROBLEM XXXIII. 


To find a mean proportional between two lines AB, BC. : 


Place AB, BC, joined in one straight line AC; on Ante ag 
which, as a diameter, describe the semicircle ADC ; to 
meet which erect the perpendicular BD; and it will be 
the mean proportional sought, between AB and BC (by 
cor. th, 87). 





= 


PROBLEM XXXIV. 
To divide a given line in extreme and mean ratio. 


Let AB be the given line to be divided in extreme 
and mean ratio, that is, so that the whole line may be 
io the greater part, as the greater is to the less part. 
Draw BC perpendicular to AB, and equal to half AB. D 


_ Produce AC to the circumference at F. Then, ADF 
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being a secant, and AB a tangent, because B is a right angle: therefore the 
rectangle AF:AD is equal to AB? (cor. 1, th. 61); consequently the means 
and extremes of these are proportional (th. 77), viz. AB: AF or AD + DE 
:: AD: AB, But AE is equal to AD by construction, and AB = 2 BC= DF; 
therefore, AB : AE +- AB:: AE: AB or AE + EB; and by division, 
AB: AE:: AE: EB. 


PROBLEM XXXY. 


To cut a given line AB ina point F, so that the square of the one part BE 
may be equal to the rectangle of the whole line AB and the other part A¥. 


Produce AB till BC be equal to it, erect the 
perpendicular BD equal to AB or BC, bisect BC 
in E, join ED and make EF equal to it; the I K 
square of the segment BF is equivalent to the 
rectangle contained by the whole BA and its ree (7p EC 
maining segment AF, ‘The line AB is then said 
to be divided by medial section at the point F. 

For on BC construct the square BG, make BH equal to BF, and draw IHK 

_and FI parallel to AC and BD. Since AB is equal to BD, and BF to BH, 
the remainder AF is equal to HD: and it is further evident, that FH is : 
square, and IC and DK are rectangles. But BC being bisected in E and pro. 
duced to F, the rectangle under CF, FB, or the rectangle 10, together witt 
the square of BE, is equivalent to the square of EF or DE, But the square o 
DE is equivalent to the squares of DB and BE; whence the rectangle IC, witl 
the square of BE, is equivalent to the squares of DB and BE; or, omitting the 
common square of BE, the rectangle IC is = to the square of DB. Take away 
from both the rectangle BK, and there remains the square BI, or the square o 
BF, = to the rectangle HG, or the rectangle contained by BA and AF. 

Cor. Hence also the construction of another problem of the same nature ; in 
which it is required to produce a straight line AB, such that the rectangle con: 
tained by the whole line thus produced and the part produced, shall be equi 
valent to the square of the line AB itself. 

Bisect AB in C, draw the perpendicular BD = BC, join AD and continu 
it until DE = DB or BC, and on AB produced 
take AF = AE: the line AF is the required ex- 


tension of AB. For make DG = DB or BC; and 5 
because the rectangle EA, AG together with the G 
square of DG or DB, is equivalent to the square 


of DA or to the squares of AB and DB; the rec- A 0 ae 
tangle EA, AG, or FA, AC, is equivalent to the 
square of AB. 


D Seah ey 


PROBLEM XXXVI, 


Given either one of the sides AB, or the base a b, to construct an isoscele 
triangle, so that each of the angles at the base may be double of tts vertical angle 


First, let one of the sides AB be given. By the last C 
problem divide it into two parts, AC, CB, such that A 
CB? = AB x AC, Construct the triangle, having 
the base = CB, and each of the two sides = AB, 





B 
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Next, if the base AB be given, by the second case of the foregoing propo- 
sition, produce AB to ©, so that AC x CB = AB’ 
then will AB be the base, and AC the length of each A B C 
of the-two sides. ad 


« 


PROBLEM XXXVII. 


To describe a regular pentagon on a given line AB, 


On AB erect the isosceles triangle ACB having each of the angles at the 
base double of its vertical angle, on AB again construct another isosceles tri- 
angle whose vertical angle AOB is double of ACB, 
and about the vertex O place the isosceles triangles 


AOD, DOC, COE, and EOB; these triangles, R 
with AOB, will compose a regular pentagon. 
For the angle AOB, being the double of ACB, D — K 


which is the fifth part of two right angles, must 


be equal to the fifth part of four right angles ; and yr 
consequently five angles, each of them equal to Uy 
AOB, will adapt themselves about the point O. ee i. 


But the bases of those central triangles, and which 

form the sides of the pentagon, are all equal ; and the angles at their bases 
being likewise equal, they are equal in the collective pairs which constitute the 
internal angles of the figure. It is therefore a regular pentagon. 


- PROBLEM XXXVIIL 


To describe a hexagon upon a given line AB. 


From A and B as centres, with AB as radius, describe arcs intersecting in O 
(fig. to the next problem). From O as a centre, with the same radius, describe 
a circle ABCDEF. Within this circle set off from B, the chords BC, CD, DE, 
EF, FA, in succession, each equal to AB: they will, together with AB, form 
the hexagon required. 

The demonstration is analogous to that of the following problem. 


PROBLEM XXXIX, 
To inscribe a regular hexagon in a circle. 


Apply the radius AO of the given circle as a chord, 
AB, BC, CD, &c. quite round the circumference, and it 
will complete the regular hexagon ABCDEF. B <p F 
| For, draw the radii AO, BO, CO, DO, EQ, FO, 

‘completing six equal triangles; of which any one, as ses 
ABO, being equilateral (by constr. ), its three angles are C E 
all equal (cor. 2, th. 3), and any one of them, as AOB, 1 
is one-third of the whole, or of two right angles (th. 17), 
or one-sixth of four right angles. But the whole circumference is the measure 
‘of four right angles (cor. 4, th. 6). Therefore the arc AB is one-sixth of the 


~~ 


circumference of the circle, and consequently its chord AB one side of an equi< 
lateral hexagon incribed in the circle. And the same of the other chords. 

Cor. The side of a regular hexagon is equal to the radius of the circum- 
scribing circle, or to the chord of one-sixth part of the circumference. 
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PROBLEM “XL. 


On a given line AB to construct a regular octagon. 


Bisect AB by the perpendicular CD, which 


make = CA or CB, join DA and DB, pro- G H 

duce CD making DO = DA or DB, draw 

AO and BO, thus*ferming an angle equal to F I 
the half of ADB, ahd about the vertex O y 


the octagon. 
For the distances AD, BD are evidently 

equal; and because CA, CD, and CB are all A Cc B 

equal, the angle ADB is contained in a semi- . 
circle, and is, therefore, a right angle. Consequently AOB is equal to the 

half of a right angle, and eight such angles will adapt themselves about the 

point 0. Whence the figure BAEFGHIK, having eight equal sides and equal 

angles, is a regular octagon. 


repeat the equal ate AOB, AOE, EOF, 
FOG, GOH, HOI, IOK, and KOB to compose bi \> K 


PROBLEM XL&£, 


To divide the circumference of a given circle successively into 4, 8, 12, and 
24 equal parts. 


1. Insert the radius AB three times from A to D, E, and C; from the 
extremities of the diameter AC, and with a distance equal to the double chord 
AE, describe arcs intersecting in the point F; 
and from A, with the distance BF, cut the 
circumference on opposite sides at G and H: 
AG, GC, CH, and HA are quadrants. 

2. From the point F with the radius AB, 
cut the circle in I and K, and from A and C 
inflect the chord AI from L and M; the cir- 
cumference is divided into eight equal portions 
by the points A, I, G, K,C,M,H,andL. - 

3. The arc DG, on being repeated, will 
form twelve equal sections of the circumfe- 
rence, | 
4, The arc ID is the twenty-fourth part of . of f 
the circumference. 





PROBLEM XLII. 


ts 


To divide the circumference of a given circle successively into 8, 10, and 20 ~ 
equal parts. 4 


Mark out the semicircumference ADEC by the triple insertion of the radius, : : 
m A and C with the double chord AE describe arcs intersecting in F, from i 


Age F i = . f - 
; 
7 
. ‘ 
~ 


. 
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A with the distance BF cut the circle in ~ ve 
G and H, inflect the chords GH and GI : a 
equal to the radius AB, and from the D—\* 
points H and I, with distance BF or AG, 
describe ares intersecting in L. Hq 
For BL is the greater segment of the 
radius BH divided by a medial section ; A C 


wherefore AL is equal to the side of the 
inscribed pentagon, and BL, to that of 
the decagon inscribed in the given circle. 
Hence AL may be inflected five times 
in the circumference, and BL ten times ; 
and consequently the are MK, or the excess of the four 
equal to the twentieth part of the whole circumference. 






above lite’ fifth, is 


PROELEM XBIII. 





To describe a regular pentagon, hexagon, or octagon, about a circle. 


In the given circle inscribe a regular polygon of 
the same name or number of sides, as ABCDE, by 
one of the foregoing problems. Then to all its 
angular points draw tangents (by prob. 22), and these 
will form the circumscribing polygon required. 





For all the chords, or sides of the inscribed figure, 
AB, BC, &c., being equal ; and all the radii OA, OB, Bi HAG 
&c., being equal; all the vertical angles about the point O are equal. But the 
angles OEF, OAF, OAG, OBG, made by the tangents and radii, are right 
angles; therefore OEF -+-- OAF = two right angles, and OAG -+ OBG 
= two right angles; consequently, also, AOE +. AFE = two right angles, 
and AOB + AGB = two right angles (cor. 2, th. 18), Hence, then, the 
angles AOE +- AFE being = AOB + AGB, of which AOB is = AOE; 
consequently, the remaining angles F and G are also equal. In the same 
manner it is shown, that all the angles F, G, H, I, K, are equal. 


Again, the tangents from the same point FE, FA, are equal, as also the 
tangents AG, GB (cor. 2, th. 61); and the angles F and G of the isosceles 
triangles AFE, AGB, are equal, as well as their opposite sides AE, AB; con- 
sequently, those two triangles are identical (th. 1), and have their other sides 
EF, FA, AG, GB, all equal, and FG equal to the double of any one of them. 
In like manner it is shown, that all the other sides GH, HI, IK, KF, are equal 
to FG, or double of the tangents GB, BH, &c. 


Hence, then, the circumscribed figure is both equilateral and equiangular ; 
which was to be shown. 


-Cor.—The inscribed circle touches the middle of the sides of the polygon. 
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PROBLEM XLIV. 
To inscribe a circle in a regular polygon. 


Bisect any two sides of the polygon by the perpendi- 
culars GO, FO, and their intersection O will be the 
centre of the inscribed circle, and OG or OF will be 
the radius. 

For the perpendiculars to the tangents AF, AG, pass 
through the centre (cor., th. 47); and the inscribed 
circle touches the middle point F, G, by the last corol- 
lary. Also, the two sides AG, AO, of the right-angled triangle AOG, being 
equal to the two sides AF, AO, of the right-angled triangle AOF, the third sides 
OF, OG, will also be equal (cor., th. 45). ‘Therefore, the circle described with 
the centre O and radius OG will pass through F, and will touch the sides in 
the points G and F. And the same for all the other sides of the figure. 





PROBLEM XLy. 
To describe a circle about a regular polygon. 


Bisect any two of the angles C and D with the lines 
CO, DO; then their intersection O will be the centre 
of the circumscribing circle; and OC, or OD, will be 
the radius. 

For, draw OB, OA, OE, &c., to the angular points of 
the given polygon. Then the triangle OCD is isosceles, 
having the angles at C and D equal, being the halves 
of the equal angles of the polygon BCD, CDE; there- 
fore, their opposite sides CO, DO, are equal (th. 4). But the two triangles 
OCD, OCB, having the two sides OC, CD, equal to the two OC, CB, and the 
included angles OCD, OCB, also equal, will be identical (th. 1), and have their 
third sides BO, OD, equal. In like manner it is shown, that all the lines OA, 
OB, OC, OD, OE, are equal. Consequently, a circle described with the centre 
O and radius OA, will pass through all the other angular points, B, C, D, &e., 
and will circumscribe the polygon. 





PROBLEM XLVI. 


On a given line to construct a rectilinear figure similar to a given recti- 
linear figure. 


Let abcde be the given rectilinear figure, 
and AB the side of the proposed similar 
figure that is similarly posited with ad. 

Place AB in the prolongation of ad, 
or parallel to it. Draw AC, AD, AE, &c., 
parallel to ac, ad, ae, respectively. Draw 
BC parallel to bc, meeting AC in C; CD 
parallel to cd, and meeting AD in D; DE parallel to de, and meeting AE in 
E; and so on, till the figure is completed. Then ABCDE will be similar to 
abcde, from the nature of parallel lines and similar figures (th. 89). 





THEOREMS AND PROBLEMS. 417 


MIscELLANEOUS EXERCISES IN PLANE GEOMETRY. 


(1.) From two given points, to draw two equal straight lines, which shall 
meet in the same point of a line given in position. 


(2.) From two given points, on the same side, or opposite sides of a line 
given in position, to draw two lines, which shall meet in that line, and make 
equal angles with it. 


(3.) To trisect a given finite straight line. 


(4.) If from the extremities of the diameter of a semicircle, perpendiculars 
be let fall on any line cutting the semicircle, the parts intercepted between 
- those perpendiculars and the circumference are equal. 


(5.) If on each side of any point in a circle any number of equal ares be 
taken, and the extremities of each pair joined, the sum of the chords so drawn 
will be equal to the last chord produced to meet a line drawn from the given 
point through the extremity of the first are. 


(6.) If one circle touch another externally or internally, any straight line 
drawn through the point of contact will cut off similar segments. 


(7.) If two circles touch each other, and also touch a straight line, the part 
of the line between the points of contact is a mean proportional between the 
diameters of the circles. ; 


(8.) From two given points in the circumference of a given circle, to draw 
two lines to a point in the circumference, which shall cut a line given in 
position, so that the part of it intercepted by them may be equal to a given 
line. 


(9.) If from any point within an equilateral triangle perpendiculars ‘be 
drawn to the sides, they are, together, equal to a perpendicular drawn from 
any of the angles to the opposite side. 


(10.) If the three sides of a triangle be bisected, the perpendiculars drawn 
to the sides, at the three points of bisection, will meet in the same point. 


(11.) If from the three angles of a triangle lines be drawn to the points of 
bisection of the opposite sides, these lines intersect each other in the same 
point. 

(12.) The three straight lines which bisect the three angles of a triangle, 
meet in the same point. 


(13.) If from the angles of a triangle perpendiculars be drawn to the oppo- 
site sides, they will intersect in the same point. 


(14.) If any two chords be drawn in a circle, to intersect at right angles, 
the sum of the squares of the four segments is equal to the square of the 
diameter of the circle.. 


(15.) In a given triangle to inscribe the greatest square. 


(16.) In a given triangle to inscribe a rectangle, whose sides shall have a 
given ratio. 
DD 
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(17.) The two sides of a triangle are, together, greater than the double of 
the straight line which joins the vertex and the bisection of the base. 

(18.) If in the sides of a square, at equal distances from the four angles, 
four other points be taken, one in each side, the figure contained by the 
straight lines which join them shall also be a square. 

(19.) If the sides of an equilateral and equiangular pentagon be produced 
to meet, the angles formed by these lines are, together, equal to two right 
angles. 

(20.) If the sides of an equilateral and equiangular hexagon be produced 
to meet, the angles formed by these lines are, together, equal to four right 
angles. 

(21.) If squares be described on the three sides of a right-angled triangle, 
and the extremities of the adjacent sides be joined, the triangles so formed 
are equal to the given triangle, and to each other, 

(22.) If squares be described on the hypothenuse and sides of a right- 
angled triangle, and the extremities of the sides of the former, and the ad- 
jacent sides of the others, be joined, the sum of the squares of the lines joining 
them will be equal to five times the square of the hypothenuse. 

(23.) To bisect a triangle by a line drawn parallel to one of its sides. 

(24.) To divide a circle into any number of concentric equal annuli. 

(25.) To inscribe a square in a given semicircle. 


(26.) If in a right-angled triangle a perpendicular be drawn from the right 
angle to the hypothenuse, and circles inscribed in the triangles on each side 
of it, their diameters will be to each other as the subtending sides of the right- 


angled triangle. 

(27.) If on one side of an equilateral triangle, as a diameter, a semicircle be 
described, and from the opposite angle two straight lines be drawn to trisect 
that side, these lines produced will trisect the semi-circumference. 

(28.) Draw straight lines across the angles of a given square, so as to form 
an equilateral and equiangular octagon. 

(29.) The square of the side of an equilateral triangle, inscribed in a circle, 
is equal to three times the square of the radius. 

(30.) To draw straight lines from the extremities of a chord to a point in 
the circumference of the circle, so that their sum shall be equal to a given 
line. 


(31.) In a given triangle to inscribe a rectangle of a given magnitude. 


(32.) Given the perimeter of a right-angled triangle, and the perpendicular 
from the right angle upon the hypothenuse, to construct the triangle. . 


(33.) Describe a circle touching a given straight line, and also passing 
through two given points. 

(34.) In an isosceles triangle to inscribe three circles, touching each other, 
and each touching two of the three sides of the triangle. 


GEOMETRY OF PLANES. 


DEFINITIONS. 


1. A PLANE is a surface in which, if any two points be taken, the straight line 
which joins these points will be wholly in that surface. 

2. A straight line is said to be perpendicular to a plane, when it is perpendi- 
cular to all the straight lines in the plane which pass through the point in which 
it meets the plane. 

This point is called the foot of the perpendicular. 

8. The inclination of a straight line to a plane, is the acute angle contained 
by the straight line, and another straight line drawn from the point in which 
the first meets the plane, to the point in which a perpendicular to the plane, 
drawn from any point in the first line, meets the plane. 

4, A straight line is said to be parallel to a plane when it cannot meet the 
plane, to whatever distance both be produced. 

5. It will be proved in Prop. 2, that the common intersection of two planes is 
a straight line; this being premised, 

The angle contained by two planes, which cut one another, is measured by 
the angle contained by two straight lines drawn from any point in the common 
intersection of the planes perpendicular to it, one in each of the planes. 

This angle may be acute, right, or obtuse. 

If it be a right angle, the planes are said to be perpendicular to each other. 

6. Two planes are parallel to each other, when they cannot meet, to whatever 
distance both be produced. 


PROP. I. 
Bs 
A straight line cannot be partly in a plane, and partly out of tt. 


For, by def. (1), when a straight line has two points common to a plane, it 
lies wholly in that piane. 


PROP. II. 
If two planes cut each other, their common intersection is a straight line. 


Let the two planes, AB,CD, cut one another, and 
let P, Q, be two points in their common section. 

Join P, Q; 

Then, since the points P, Q, are in the same 
plane AB, the straight line PQ which joins them 
must lie wholly in that plane. 

For a similar reason, PQ must lie wholly in 
the plane CD. 

.. The straight line PQ is common to the two 
planes, and is .*. their common intersection. 

pp 2 
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PROP. Ill. 


Any number of planes may be drawn through the same straight line. 
For let a plane, drawn through a straight line, be conceived to revolve round 
the straight line as an axis. Then the different positions assumed by the re- 
volving plane will be those of different planes drawn through the straight line. 


PROP. IV. 


One plane, and one plane only, can be drawn, 
1°, Through a straight line, and a point not situated in the given line. 
2°. Through three points which are not in the same straight line.. 
3°. Through two straight lines which intersect each other. 
4° Through two parallel straight lines. 

1, For if a plane be drawn through the given line, and be conceived to re- 
volye round it as an axis, it must in the course of a complete revolution pass 
through the given point, and so assume the position enounced in 1°. 

Also, one plane only can answer these conditions, for if we suppose a second 
plane passing through the same straight line and point, it must have at least 
two intersections with the first, which is impossible. 

2, Join two of the points, this case is then reduced to the last. 

3. Take a point in each of the lines which is not the point of intersection, 
join these two points; the case is now the same as the two former. . : 

4, Parallel straight lines are, by their definition, in the same plane, and, by 
the first case, one plane only can be drawn through either of them, and a point 
assumed in the other. . 


Cor. Hence, the position of a plane is determined by, 
1. A straight line, and a point not in the given straight line. 
2, A triangle, or three points not in the same straight line. 
3. Two straight lines which intersect each other. 
4. Two parallel straight lines. 


PROP. V. 


Tf a straight line be perpendicular to two other straight lines which intersect 
at its foot in a plane, it will be perpendicular to every other straight line 
drawn through its foot in the same plane. and will therefore be perpendicular 
to the plane. 

Let XZ be a plane, and let the straight line PQ 
be perpendicular to the two straight lines AB, CD 
which intersect in Q in the plane XZ. 

Draw any straight line EF through Q; 

Then PQ will be perpendicular to EF. 

Draw through any point K in QF a straight line 
GH, such, that GK = KH. 

Join ts Gs Pek: P, HS 

Then, since GH, the base of the A GQH, is bi- 
sected in K; 

GQ + HQ = 2GK* + 2QK’............ 
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Similarly, since GH, the base of A GPH, is bisected in K; . 


.. GP? + HP? = 2GK’ + 2PEK’. 
But the angles PQG, PQH, are right angles, .*. the above becomes, 
PQ: + GQ + PQ’ + HQ = 2GK + rl Sd ee PA OPE CEES Seo (2) 


Taking (1) from (2), there remains, 
2PQ? = 2PK? — 2QK* 
- PQ + Qk? = PK 
Hence, the angle PQK is a right angle. 


In like manner, it may be proved that PQ is at right angles to every other 
straight line passing through Q in the plane XZ. 


PROP. VI. 


A perpendicular is the shortest line which can be drawn from any point to 
a. plane. . 

Let PQ be perpendicular to the plane XZ; P 

From P draw any other straight line PK to the 
plane XZ; 

Then PQ — PK. 

In the plane XZ draw the straight line QK, join- 
ing the points Q, K. 

Then, since the line PQ is perpendicular to the 
plane XZ, the angle PQK is a right angle; and 
.. PQ is less than any other line PK. (Geom. 
Theor, xxi.) 



































Cor. 1. Hence, oblique lines equally distant from the perpendicular are 
equal, and, if two oblique lines be unequally distant from the perpendicular, the 
more distant is the larger. 


That is, if QG, QH, QK, ...... are all equal, 
then PG, PH, PK,...... are all equal; and 


if QH be greater than QG, then PH is greater than 
PG. 








Cor. 2. A perpendicular measures the distance 
of any point from a plane. The distance of one 
point from another is measured by the straight line 
joining them, because this is the shortest line which can be drawn from one 
point to another. So also, the distance from a point toa line, is measured 
by a perpendicular, because this line is the shortest that can be drawn from 
the point to the line. In like manner, the distance from a point to a plane, 
must be measured by a perpendicular drawn from that point to the plane, 
because this is the shortest line that can be drawn from the point to the 
plane. 
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PROP. VII. 


Let PQ be a perpendicular on the plane XZ, and GH a straight line in that 
plane ; if from Q, the foot of the perpendicular, QK be drawn perpendicular to 
GH, and P, K, be joined ; then PK will be perpendicular to GH. 


Take KG = KH, join P,G; P,H; Q,G; Q,H; P 

* KG = KH, and KQ common to the triangles f 
GQK, HQK, and angle GKQ = angle HKQ, fi 
each being a right angle. Hf | 


QG = QH 
PG = PH Cor. to last Prop. 
Hence, the two triangles GKP, HKP,-have the 
two sides GK, KP, equal to the two sides HK, KP, 
and the remaining side GP, equal to the remaining 
side HP. 
-. Angle GKP = angle HKP, and .«. each of them is a right angle. 





Cor. GH is perpendicular to the plane PQK, for GH is perpendicular to each 
of the two straight lines KP, KQ. 


Remark.—The two straight lines PQ, GH, present an example of two 
straight lines which do not meet, because they are not situated in the same 
plane. . 

The shortest distance between these two lines is the straight line QK, which 
is perpendicular to each of them. 

For, join any two other points, as P, G; 


Then, PG > PK ; 
ands KP > KQ last Prop. 
. PG > KQ 


The two lines PQ, GH, although not situated in the same plane, are con- 
sidered to form a right angle with each other. For PQ, and a straight line 
drawn through any point in PQ parallel to GH, would form a right angle. 

In like manner, PG, and QK, which represent any two straight lines not 
situated in the same plane, are considered to form with each other the same 
angle which PG would make with any parallel to @K, drawn through a point 
in PG, 


PROP. VIII. 


If two straight lines be perpendicular to the same plane, they will be parallel 
to each other. 

Let each of the straight lines PQ, GH, be per- 
pendicular to the plane XZ. 

Then, PQ will be parallel to GH. 

In the plane XZ draw the straight line QH, 
joining the points Q,H. 

Then, since PQ, GH, are perpendicular to the 
plane XZ; they are perpendicular to the straight 
line QH in that plane; and, since PQ, GH, are 
both perpendicular to the same line QH, they 
are parallel to each other. (Geom. theor. 13, cor.) 
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Cor. 1. Conversely, if two straight lines be ‘parallel, and if one of them be 
perpendicular to any plane, the other will also be perpendicular to the same 
plane. 

Cor. 2. Two straight lines parallel to a third, are parallel to each other. 

For, conceive a plane perpendicular to any one of them, then the other two 
being parallel to the first, will be perpendicular to the same plane; hence, by 
the Prop. they will be parallel to each other. 

The three straight lines are not supposed to be in the same plane, in this 
case the Proposition has been already demonstrated. 


PROP. IX. 


If a straight line, without a given plane, be parallel to a straight line in the 
plane, it will be parallel to the plane. 

Let AB, lying without the plane XZ, be parallel 
to CD, lying in the plane, 

Then AB is parallel to the plane XZ. 

Through the parallels AB, CD, draw the plane 
ABCD. 

If the line AB can meet the plane XZ, it must 
meet it in some point of the line CD, which is 
the common intersection of the two planes. ZL 

But AB cannot meet CD, because AD is paral- 


lel to CD. 
Hence, AB cannot meet the plane XZ, % ¢. AB is parallel to the plane XZ. 
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PROP. Xe 


The sections made by a plane cutting two parallel planes, are parallel. 


Let FE, GH, be the sections made by the plane 

GF which cuts the parallel planes XZ, WY; 
Then, FE will be parallel to GH. 

For if the lines FE, GH, which are situated 
in the same plane, be not parallel, they will meet 
if produced. ‘Therefore, the planes XZ, WY, in 
which these lines lie, will meet if produced, and 
.. cannot be parallel, which is contrary to the 


hypothesis. 
.. FE is parallel to GH. 









































PROP, XI. 
Parallel straight lines included between two parallel planes are equat. 


Let the parallels EG, FH, be cut by the parallel 
planes XZ, WY, inthe points G, H, BE, F; 
Then, EG = FH, 


Through the parallels EG, FH, draw the plane 
EGHEF, intersecting the parallel planes in GH, 
FE. 

Then, GH is parallel to FE, by last Prop. 

And, GE is parallel to HF ; 
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.. GHFE is a parallelogram; and therefore, 
EG = FH 
Cor. Two parallel planes are every where equidistant. 


PROP. XII. 


If two planes be parallel to each other, a straight line which is perpendicular to 
one of the planes, will be perpendicular to the other also. 

Let the two planes XZ, WY, be parallel, and 
let the straight line AB, be perpendicular to the 
plane XZ; 

Then, AB will be perpendicular to WY. 

For, from any point H in the plane WY, draw 
HG perpendicular to the plane XZ, and draw 
AG, BH. 

Then, since BA, HG, are both perpendicular to 
XZ; .*. the angles A, G, are right angles. 

And, since the planes XZ, WY, are parallel, .-. the perpendiculars BA, HG, 
are equal. 

Hence AG is parallel to BH, and AB being perpendicular to AG, is perpen- 
dicular to BH also. 

In like manner, it may be proved, that AB is perpendicular to all other lines 
which can be drawn from B in the plane WY. 

.. AB is perpendicular to the plane WY. 





Cor. Conversely, if two planes be perpendicular to the same straight line, 
they will be parallel to each other. 


PROP. XIil. 


If two straight lines which form an angle, be parallel to two other straight 
lines which form an angle in the same direction, although not in the same plane 
with the former, the two angles will be equal, and their planes will be parallel. 


Let the two straight lines AB, BC, in the plane 

XZ, be parallel to the two DE, EF, in the plane WY ; 
- Then, angle ABC = angle DEF. 

For, make AB = DE, BC = EF; join A, C; 
Dosa, D; B, Es C, F; 

Then, the straight lines AD, BE, which join the 
egual and parallel straight lines AB, DE, are them- 
selves equal and parallel. 

For the same reason, CF, BE, are equal and paral- 
lel. 

. AD, CF, are equal and parallel, and ... AC, DF, are, also, equal and 
parallel. 

Hence, the two triangles ABC, DEF, having all their sides equal, each to 
each, have their angles also equal. 

*, angle ABC = angle DEF. 








Again, the plane XZ is parallel to the plane WY. 
For, if not, let a plane drawn through A parallel to DEF, meet the straight 
lines FC, EB, in G and H. 
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Then, DA = EH = FG Prop. 
But, DA = EB = FC 
..EH = EB, FG = FC 


which is absurd ; hence, 


Cor. 1. If two parallel planes XZ, WY, are met 
by two other planes ADEB, CFEB, the angles ABC, 
DEF, formed by the intersection of the parallel 
planes, will be equal. 

_. For the section AB is parallel to the section 
DE, Prop. 

So also, the section BC is parallel to the section 

EF. 








. angle ABC = angle DEM. 


Cor. 2. If three straight lines AD, BE, CF, not situated in the same plane, 
be equal and parallel, the triangles ABC, DEF, formed by joining the extre- 
mities of these straight lines, will be equal, and their planes will be parallel. 


PROP. XIV. 


If two straight lines be cut by parallel planes, they will be cut in the same 
ratio. 


Let the straight lines AB, CD, be cut by the 
parallel planes XZ, WY, VS, in the points A, E, B; 
C, F,D; 

Then, AE :-EB:: CF: FD. 

Join A,C; B,D; A,D; and let AD meet the 
plane WY in G; join E, G; G, F; 

Then, the intersections EG, BD, of the paral- 
lel planes WY, VS, with the plane ED, are parallel. 
(Prop. x.) 















































AE: EB:: AG: GD 


Again, the intersections AC, GF, of the parallel planes XZ, YW, with the 
plane CG, are parallel, 
AG: GD :: CF: FD 
-. comparing this with the first proportion, 
AE: EB:: CF: FD 


PROP. XV. 


If a straight line be at right angles to a plane, every plane which passes 
through it will be at right angles to that plane. 

Let the straight line PQ be at right angles to 
the plane XZ. | 

Through PQ draw any plane PO, intersecting 
XZ in the line OQW. 

Then, the plane PO is perpendicular to the 
plane XZ. 

Draw RS, in the plane XZ, perpendicular to 
WQO. 
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Then, since the straight line PQ is perpendicular to the plane XZ, it is 
perpendicular to the two straight lines RS, OW, which pass through its foot 
in that plane. 

But the angle PQR, contained between PQ, QR which are perpendiculars 
to OW, the common intersection of the planes XZ, PO, measures the angle of 
the two planes (Def. 5); hence, since this angle is a right angle, the two planes 
are perpendicular to each other, 


Cor. If three straight lines, such as PQ, RS, OW, be perpendicular to each 
other, each will be perpendicular to the plane of the two others, and the three 
planes will be perpendicular to each other. 


PROP. XVI. 


If two planes be perpendicular to each other, a straight line drawn in one of 
the planes perpendicular to their common section, will be perpendicular to the 
other plane. 

Let the plane VO be perpendicular to the plane 
XZ and let OW be their common section. 

In the plane VO draw PQ perpendicular to 
OW; 

Then PQ is perpendicular to the plane XZ. 

From the point Q, draw QR in the plane XZ, 
perpendicular to OW 

Then, since the two planes are perpendicular, 
the angle PQR is a right angle. 

.. The straight line PQ, is perpendicular to Z 
the straight lines QR, QO, which intersect at its foot in the plane XZ. 

.. PQ is perpendicular to the plane XZ, 





Cor. If the plane VO be perpendicular to the plane XZ, and if from any 
point in OW, their common intersection, we erect a perpendicular to the plane: 
XZ, that straight line will lie in the plane VO. 

For if not, then we may draw from the same point a straight line in the plane 
VO, perpendicular to OW, and this line, by the Prop. will be perpendicular to 
the plane XZ, 

Thus we should have two straight lines drawn from the same point in the 
plane XZ, each of them perpendicular to the given plane, which is absurd. 


PROP. XVII. 


Lf two planes which cut each other, be each of them perpendicular to a third 
plane, their common section will be perpendicular to the same plane. 


Let the two planes VO, TW, whose common 
section is PQ, be both perpendicular to the plane 
XZ. 

Then, PQ is perpendicular to the plane XZ. 

For, from the point Q, erect a perpendicular 
to the plane XZ. 

Then, by Cor. to last Prop., this straight line 
must be situated at once in the planes VO and 
TW, and is.*. their common section. 





ss coe 
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SOLID ANGLES. 


DEFINITION. 


A solid angle is the angular space contained between several planes which 
meet in the same point. 

Three planes, at least, are required to form a solid angle. 

A solid angle is called a trihedral, tetrahedral, &c. angle, according as it is 
formed by three, four,.... plane angles. 


PROP. I. 


If a solid angle be contained by three plane angles, the sum of any two of these 
: angles will be greater than the third. 

It is unnecessary to demonstrate this proposition except in the case where 
the plane angle, which is compared with the two others, is greater than either 
of them. 

Let A be asolid angle, contained by the three 
plane angles BAC, CAD, DAB, and let BAC be 
the greatest of these angles ; 

Then, CAD + DAB 7 BAC. 

In the plane BAC draw the straight line AE, 
making the angle BAE = angle BAD. 

Make AE = AD, and through E draw any 
straight line BEC, cutting AB, AC, in the points 
B,C; join D, B; D, C; 

Then, .: AD = AE, and AB is common to the two triangles DAB, BAE, 
and the angle DAB = angle BAE. 





BD = BE 
But, BD + DC 7 BE + EC, 
DC 7 EC 
Again, «.* AD = AE, and AC is common to the two triangles DAC, EAC, 

but the base DC = base EC. 

.. angle DAC > angle EAC 

But, angle DAB = angle BAE 

angle CAD + angle DAB 7 angle BAE + angle EAC 

= angle BAC. 


PROP. II. 
The sum of the plane angles which form a solid angle, is always less than fowr 
right angles. 
Let P be asolid angle contained by any number 
of plane angles APB, BPC, CPD, DPE, EPA. 
Let the solid angle P be cut by any plane 
ABCDE. 
Take any point O in this plane; join A, O; 
B, 0; C,0; D, 0; E,9; 
Then, since the sum of all the angles of every 
triangle is always equal to two right angles, the 
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sum of all the angles of the triangles ABP, BPC, ..... about the point P, 
will be equal to the sum of all the angles of the equal number of triangles 
“Uh ts 8 UG) Atari ara oes ae about the point O. 


Again, by the last Prop., angle ABC — angle ABP + angle CBP; in 
like manner, angle BCD — angle BCP + angle DCP, and so for all the 
angles of the polygon ABCDE. 

Hence, the sum of the angles at the bases of the triangles whose vertex is O, 
is less than the sum of the angles at the bases of the triangles whose vertex 
is P. 

. The sum of the angles about the point O, must be a than the sum of 
the eras, about the point P. 
But, the sum of the angles about the point O, is four right angles. 
.. The sum of the angles about the point P, is less-than four right angles. 


PROP. III. 
Lf two solid angles be formed by three plane angles which are equal, each to each 
the planes in which these angles lie will be equally inclined to each other. 


Let P, Q, be two solid angles, each con- 
tained by three plane angles; 


Let angle APC = angle DQF, angle P 
APB = angle DQE, and angle BPC =angle | 
EQF. 
Then, the inclination of the planes APC, C F 
APB, will -be equal to the inclination of the ,/B| 7 Me D 
planes DQF, DQE. me A 


Take any point B in the intersection. of 
the planes APB, CPB. 
From B draw BY perpendicular to the plane APC, meeting the plane in Y. 
From Y draw YA, YC, perpendiculars on PA, PC; join A, B; B, C; 
Again, take QE = PB, from E draw EZ perpendicular to the plane DQF, 
meeting the plane in Z, from Z draw ZD, ZF, perpendiculars on QD, QF; join 
D, E; BE, F. 
The triangle PAB is right angled at A, and the triangle QDE is right angled 
at D. (Geom. of Planes, Prop. vu.) 
Also, the angle APB = angle DQE, by construction, 
. angle PBA = angle QED 
But, the side PB = side QE, .. the two triangles APB, DQF, are equal 
and similar. . 
*. PA = QD, and, AB = DE 
In like manner, we can prove that, 
PC = QF, and, BC = EF 
We can now prove that the quadrilateral PAYC, is equal to the quadrilateral 
QDZF. 
For, let the angle APC be placed upon the equal angle DQF, then the point 
A will fall upon the point D, and the point C on the point F, because PA= QD, 
and PC = QF. 
At the same time, AY, which is perpendicular to PA, will fall upon DZ, 
which is perpendicular to QD; and in like manner, CY will fall upon FZ. 
Hence, the point Y will fall on the point Z, and we shall have, 
AY. = DZ, and, OYi== arg 
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But, the triangles AYB, DZE, are right angled in Y and Z, the hypothenuse 
AB = hypothenuse DE, and the side AY = side DZ; hence, these two tri- 


angles are equal. 
-. angle YAB = angle ZDE 


The angle YAB is the inclination of the planes APC, APB; and, 
The angle ZDE is the inclination of the planes DQP, DQE. 
., These planes are equally inclined to each other. 


In the same manner, we prove that angle YCB = angle ZFE, and conse- 
quently, the inclination of the planes APC, BPC, is equal to the inclination of 
the planes DQF, EQF. 

We must, however, observe, that the angle A of the right angled triangle 
YAB, is not, properly speaking, the inclination of the two planes APC, APB, 
except when the perpendicular BY falls upon the same side of PA as PC does; 
if it fall upon the other side, then the angle between the two planes will be 
obtuse, and, added to the angle A of the triangle YAB, will make up two right 
angles. But, in this case, the angle between the two planes DQF, DQE, will 
also be obtuse, and, added to the angle D of the triangle ZDE, will make up 
two right angles, 

Since, then, the angle A will always be equal to the angle D, we infer that 
the inclination of the two planes APC, APB, will always be equal to the incli- 
nation of the two planes DQF, DQE. In the first case, the inclination of the 
plane is the angle A or D; in the second case, it is the supplement of those 
angles. 


Scuotium.—If two solid trihedral angles have the three plane angles of the 
one equal to the three plane angles of the other, each to each, and at the same 
time the corresponding angles arranged in the same manner in the two solid 
angles, then these two solid angles will be equal; and if placed one upon the 
other, they will coincide. In fact, we have already seen, that the quadrilateral 
PAYC will coincide with the quadrilateral QDZF. Thus, the point Y falls 
upon the point Z, and, in consequence of the equality of the triangles AYB, 
DZE, the straight line YB, perpendicular to the plane APC, is equal to the 
straight line, ZE perpendicular to the plane DQE; moreover, these perpendi- 
culars lie in the same direction; hence, the point B will fall upon the point E, 
the straight line PB on the straight line QE, and the two solid angles will 
entirely coincide with each other. 

This coincidence, however, cannot take place, except we suppose the equal 
plane angles to be arranged in the same manner in the two solid angles; for if 
the equal plane angles be arranged in an inverse order, or, which comes to the 
same thing, if the perpendiculars YB, ZE, instead of being situated both on the 
same side of the planes APC, DQF, were situated on opposite sides of these 
planes, then it would be impossible to make the two solid angles coincide with 
each other. It would not, however, be less true, according to the above theorem, 
that the planes, in which the equal angles lie, would be equally inclined to each 
other; so that the two solid angles would be equal in all their constituent parts, 
without admitting of superposition. This species of equality, which is not ab- 
solute, or equality of coincidence, has received from Legendre a particular de- 
scription. He terms it equality of symmetry. 

Thus, the two solid trihedral angles in question, which have the three plane 
angles of the one, equal to the three plane angles of the other, each to each, but 
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arranged in an inverse order, are termed angles equal by symmetry, or simply, 
symmetrical angles. 

The same observation applies to solid angles formed by more than three 
plane angles. ‘Thus, a solid angle formed by the plane angles A, B, C, D, E, 
and another solid angle formed by the same angles in an inverse order, 
A, E, D, C, B, may be such that the planes in which the equal angles are situ- 
ated are equally inclined to each other. These two solid angles, which would 
in this case be equal, although not admitting of superposition, would be termed 
solid angles equal by symmetry, or symmetrical solid angles. 

In plane figures, there is no species of equality to which this designation can 
belong, for all those cases to which the term might seem to apply, are cases of 
absolute equality, or equality of coincidence. ‘The reason of this is, that the po- 
sition of a plane figure may be altered at pleasure, and one may take the upper 
part for the under, and vice versa. ‘This, however, does not hold in solids, in 
which the third dimension may be taken in two different directions. 


SOLID GEOMETRY. 


DEFINITIONS. 


1. Srriar solid figures are such as haye all their solid angles equal, each to 
each, and are contained by the same number of similar planes. 

2. A pyramid is a solid figure contained by planes that are constituted be- 
twixt one plane and one point above it in which they meet. 





3. A prism is a solid figure contained by plane figures, of which, two that are 
opposite are equal, similar, and parallel to each other; and the others are 
parallelograms. 





4. A sphere is a solid figure described by the revolution of a semicircle about 
its diameter, which remains unmoved. 

Thus, the inner side of the semicircle ABC revolving round the diameter 
AC, which remains fixed, generates a sphere. 





C 

5. The axis of a sphere is the fixed right line about which the semicircle 
revolves. 

Thus AC, in the figure above, is the axis of the sphere. 

6. The centre of a sphere is the same with that of the semicircle. 

7. The diameter of a sphere is any right line which passes through the 
centre, and is terminated both ways by the superficies of the sphere. 

8. Aright cone is a solid figure described by the revolution of a right-angled 
triangle about one of the sides containing the right angle, which side remains 
fixed. 

If the fixed side be equal to the other side containing the right angle, the 
cone is called a right-angled cone ; if it be less than the other side, an obtuso- 
angled; and if greater, an acute-angled cone. 
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Thus, the side AC, revolving round AB, one of the sides which contains the 
right angle and remains fixed, generates a cone. 





9. The axis of a cone is the fixed right line about which the triangle revolves, 

In figure above, AB is the axis. 

10. The base of a cone is the circle described by that side containing the 
right angle which revolves. 

11. A cylinder is a solid figure described by the revolution of a right-angled 
parallelogram about one of its sides which remains fixed. 

Thus, the revolution of the parallelogram AC about its side AB, which re- 
mains fixed, generates a cylinder. 





Cc 

12. The axis of a cylinder is the fixed right line about which the parallelo- 
gram revolves. . 

13. The bases of a cylinder are the circles described by the two revolving 
opposite sides of the parallelogram. 

14, Similar cones and cylinders are those which haye their axes and the 
diameters’of their bases proportionals. 

15. A cube is a solid figure contained by six equal squares. 





16. A tetrahedron is a solid figure contained by four equal and equilsteral 
triangles. 





17. An octahedron is a solid figure contained by eight equal and equila- 
teral triangles, 
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18. A dodecahedron is a solid figure contained by twelve equal pentagons 
which are equilateral and equiangular. 





19. An icosahedron is a solid figure contained by twenty equal and equila- 
teral triangles. 





20. A parallelupiped is a solid figure contained by six quadrilateral figures, 
whereof every opposite two are parallel. 





PROPOSITIONS. 


PROP. I. 


lf a prism be cut by y a plane parallel to its base, the section will be equal and 
like to the base. 


Let AG be any prism, and IL a plane parallel to the 
base AC; then will the plane IL be equal and like to the 
base AC, or the two planes will have all their sides and 
all their angles equal, 

For, the two planes, AC, IL, being parallel, by hypo- 
thesis; and two parallel planes, cut by a third plane, 
having parallel sections; therefore, IK is parallel to AB, 
KLto BC, LM toCD, and IMtoAD. But Aland BK are 
parallels, by Def. 3 ; ; consequently, AK isa parallelogram ; and the opposite sides, 
AB, IK, are equal. In like manner, it is shown that KL is = BC and LM = 
CD, and IM = AD, or the two planes, AC, IL, are mutually equilateral. But 
these two planes, having their corresponding sides parallel, have the angles 
‘contained by them also equal; namely, the angle A = the angle IJ, the angle 
B = the angle K, the angle C = the angle L, and the angle D = the angle M. 
So that the two planes, AC, IL, have all their corresponding sides and angler 
@qual, or are equal and like, Q, B.D. 


EE 
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PROP. II. 


If a cylinder be cut by a plane parallel to its base, the section will be a cireie, 
equal to the base. 

Let AF be a cylinder, and GHI any section parallel 
to the base ABC; then will GHI be a circle, equal to y 
ABC. 

For, let the planes KE, KF, pass through the axis of G 
the cylinder MK, and meet the section GHI in the three 
points H, I, L; and join the points as in the figure. 

Then, since KL, CI, are parallel; and the plane KI, 
meeting the two parallel planes ABC, GHI, makes the | 
two sections KC, LI, parallel; the figure KLIC is therefore a parallelogram, 
and consequently has the opposite sides LI, KC equal, where KC is a radius of 
the circular base. 

In like manner, it is shown that LH is equal to the radius KB; and that any 
other lines, drawn from the point L to the circumference of the section GHI, 
are all equal to radii of the base; consequently, GHI is a circle, and equal 
to ABC. Q. E. D. 





= 






At: 
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PROP. III. 


All prisms, and a cylinder, of equal bases and altitudes, are equal to 
each other. 

Let AC, DF, be two prisms, and 

a cylinder, upon equal bases AB, 


DE, and haying equal altitudes; i 
then will the solids AC, DF, be 
R Si Se 3 
equal, 
For, let PQ, RS, be any two 
Ep E 





sections parallel to the bases, and 
equidistant from them. Then, by 
the last two propositions, the section PQ is equal to the base AB, and the sec- 
tion RS equal the base DE. But the bases AB, DE, are equal by the hypo- 
thesis; therefore the sections PQ, RS, are also equal. And in like manner, it 
may be shown, that any other corresponding sections are equal to one another. 

Since, then, every section in the prism AC, is equal to its corresponding 
section in the prism, or cylinder RS, the prisms and cylinder themselves, which 
are composed of those sections, must also be equal. Q. E. D. 

Corol. Every prism, or cylinder, is equal to a rectangular parallelopipedon, 
of an equal base and altitude. 


PROP. IV. 


Pectangular parallelopipedons, of equal altitudes, have to each other the same 
proportion as their bases. ‘ 

Let AC, EG, be two rectangular paral- 
lelopipedons, having the equal altitudes 
AD, EH; then will AC be to EG as the 
base AB is to the base EF 

For, let the proportion of the base AB 
to the base EF, be that of any one num- 
ber m (3) to any other number 7 (2). 
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And conceive AB to be divided into m equal parts, or rectangles, AI, LK, 
MB (by dividing AN into that number of equal parts, and drawing IL, KM, 
parallel to BN). And let EF be divided, in like manner, into n equal parts, 
or rectangles, EO, PF: all of these parts of both bases being mutually equal 
among themselves. And through the lines of division let the plane sections LR, 
MS, PV, pass parallel to AQ, ET. 

Then the parallelopipedons AR, LS, MC, EV, PG, are all equal, having equal 
bases and heights. Therefore, the solid AC is to the solid EG, as the number 
of parts in AC to the number of equal parts in EG, or as the number of varts 
in AB to the number of equal parts in EF; that is, as the base AB to the base 
EF. -Q.E. D. 

Corol. From this proposition, and the corollary to the last, it appears, that 
all prisms and cylinders of equal altitudes, are to each other as their bases; 


every prism and cylinder being equal to a rectangular parallelopipedon of an 
equal base and height. 


PROP. V. 


Rectangular parallelopipedons, of equal bases, are in proportion to each other 
as their altitudes. 
Let AB, CD, be two rectangular parallelo- 
pipedons standing on the equal bases AE, a: 
CF; then will AB be to CDas the altitude Eun 
EB is to the altitude DF. / rs D 
For, let AG be a rectangular paralielopi- aay Anu) 
pedon on the base AE, and its altitude EG E ae F 
equal to the altitude F'D of the solid CD. / / SO 
Then, AG and CD are equal, being prisms ; 
of equal bases and altitudes. But if HB, HG, be considered as bases, the solids 
AB, AG, of equal altitude AH, will be to each other as those bases HB, HG. 
But these bases HB, HG, being parallelograms of equal altitude HE, are to 
each other as their bases EB, EG; and therefore the two prisms AB, AG, are 
to each other as the lines EB, EG. But AG is equal CD, and EG equal FD; 
consequently, the prisms AB, CD, are to each other as their altitudes EB, FD; 
that is, AB: CD::EB: FD. Q.E.D. 
Corol. 1. From this proposition, and the corollary to Prop. 111, it appears, 
that all prisms and cylinders, of equal bases, are to one another as their altitudes. 
Corol. 2. Because, by corol. 1, prisms and cylinders are as their altitudes, 
when their bases are equal. And, by the corollary to the last theorem, they 
are as their bases, when their altitudes are equal. ‘Therefore, universally, when 
neither are equal, they are to one another as the product of their bases and 
altitudes. And hence, also, these products are the proper numeral measures of 
their quantities or magnitudes. 


PROP. VI. 


Similar prisms and cylinders are to each other as the cubes of their altitudes, or 
of any other like linear dimensions. 
Let ABCD, EFGH, be two similar prisms; D 
then will the prism CD be to the prism GH, as 
AB' to EF, or as AD* to EH”. 4 
For, the solids are to each other as the product 
of their bases and altitudes (Prop. v., cor. 2), that i Re 3 
is,as AC. AD to EG. EH. But the bases, being 
EE 2 
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similar planes, are to each other as the squares of their like sides, that is, 
AC to EG as AB? to EF’; therefore, the solid CD is to the solid GH as 
AB?. AD to EF2. EH, But BD and FH, being similar planes, have their like 
sides proportional, that is, AB: EF :: AD: EH, or AB’: EF*:: AD?* : EH’; 
therefore, AB. AD : EF’. EH :: AB*:; EF’, or :: AD*® : EH*; and conse- 
quently, the solid CD : solid GH :: AB®*: EF*:: AD*: EH @@LE2D. 


PROP. VII 


In a pyramid, a section parallel to the base is similar to the base, and these two 
planes will be to each other as the squares of their distances from the vertex. 


Let ABCD be a pyramid, and EFG a section parallel to 
the base BCD, also AIH a line perpendicular to the two 
planes at H and [; then will BD, EG, be two similar 
planes, and the plane BD will be to the plane EG as AH? 
to AT’. 

For, join CH, FI. Then, because a plane cutting two 
parallel planes, makes parallel sections, therefore the plane 
ABC, meeting the two parallel planes BD, EG, makes the 
sections BC, EF, parallel ;—in like manner, the plane ACD 
makes the sections CD, FG, parallel. Again, because two pair of parallel lines 
make equal angles, the two EP, FG, which are parallel to BC, CD, make 
the angle EFG equal the angle BCD. And, in like manner, it is shown, that 
each angle in the plane EG is equal to each angle in the plane BD, and conse- 
quently those two planes are equiangular. 

Again, the three lines AB, AC, AD, making with the parallels BC, EF, and 
SD, FG, equal angles; and the angles at A being common, the two triangles 
ABC, AEF, are equiangular, as also the two triangles ACD, AFG and have 
therefore their like sides proportional, namely, AC: AF:: BC: EF.: CD: FG. 
And, in like. manner, it may be shown, that all the lines in the plane EG are 
proportional to all the corresponding ones in the base BD. Hence, these two 
planes, having their angles equal and their sides proportional, are similar. 

But, similar planes being to each other as the squares of their like sides, the 
plane BD: EG:. BC’: EF’: or:: AC? : AF*, by what is shown above. But 
the two triangles AHC, AIF, having the angles H and I right ones, and the 
angle A common, are equiangular, and have therefore their like sides propor- 
tional, namely, AC: AF:: AH: AI, or AC’: AF®:: AH’: AT. Consequently 
the two planes BD, EG, which are as the former squares AC’, AF’, will be 
also as the latter squares AH’, Al’, that is, BD : EG :: AH? ATR 





PROP. VIII. 


In a right cone a section parallel to the base is acircle; and this section 1s to the 
base as the squares of their distances from the vertex. 


Let ABCD be aright cone, and GHIasection parallel to 
the base BCD; then will GHI bea circle, and BCD, GHI, 
will be to each other as the squares of their distances from 
the vertex. i“ 
For, draw ALF perpendicular to the two parallel planes; 
and let the planes ACE, ADE, pass through the axis of 
the cone AKE, meeting the section in the three points ¥ y 
H, 1, K. 


- 
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Then, since the section GHI is parallel to the base BCD, and tne planes CK, 
DK, meet them, HK is parallel to CE, and 1K to DE. And because the tri- 
angles formed by these lines are equianglar, KH: EC :: AK: AE :: KI: ED. 
But EC is equal to ED, being radii of the same circle ; therefore, KI is also 
equal to KH. And the same may be shown of any other lines drawn from the 
point K to the circumference of the section GHI, which is therefore a circle. 

_ Again, by similar triangles, AL : AF :: AK : AE or :: KI : ED, hence 
AL?: AF®:: KI?: ED*; but, KI®: ED?*:: circle GHI: circle BCD; therefore, 
AL?: AF*:: circle GHI: circle BCD. Q. FE, D. 


PROP, IX, 


If a right cone BCD be cut by a plane AGK which is parallel to a plane touching 
the cone along the slant side BC, the section AGK is a parabola. 


Let BCD be that position of the generating triangle, 
which is perpendicular to the cutting plane AGK; AH 
their common section, which is parallel to BC. Draw 
AL parallel to CD, Then, since the plane BCD passes 
through the axis, it is perpendicular to the base CKD 
and to every circular section EPF parallel to the base ; 
it is also perpendicular to AGK. Hence, the common 
section PR of the planes AGK, EPF, is perpendi- 
cular to BCD and therefore to AH and EF. 

But, AN: NF :: BC: CD, which is a constant ratio, 
therefore AN « NF oa EN x NF (for EN is equal and parallel to AL, and con- 
stant) & NP? by the property of the circle. Hence, the curve is a parabola, 
whose axis is AH. (See Conic Sections, infra, Parabola, Prop. VII.) 


Cor. If L be the latus rectum of the parabola GAK, L x AN = NP? = 
EN x NF: 





NE AL AL? 
=< EN. Se Toe yw ee Se 
BESENX By eh Wier =H 





PROP. X- 


- 


If a right cone BAD be cut by a plane AMP through both slant sides, the 
section is an ellipse. : 


Let BAD be that position of the generating triangle 
which is perpendicular to the cutting plane; EPF any 
circular section, Draw MHK parallel to AD and 
therefore bisected by the axis BO. 


Then, AN: EN:: AM: MK 
NM: NF :: AM: AD; 
.. AN x NM: EN x NF(NP’):: AM’: AD x MK 





which is the property of an ellipse, one of whose axes 
is AM and the other a mean proportional between AD 
and MK. (Conic Sections, infra, Ellipse, Prop. XII.) 
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PROP. XI. 


Ifa riyht cone BED be cut through one side BE by a plane RAP which being 
produced backwards cuts the other side DB produced, the section is an hyperbola. 
M 





Let DGEH be any circular section, BGH a triangular section through the 
vertex B of the cone parallel to the plane RAP. 
Then, AN : EN :: BF : EF 
NM: ND :: BF : FD 
AN X NM : EN X ND (NP*) :: BE® : EF X FD (FH’) 
which is the property of an hyperbola, whose axis major is AM and whose 
conjugate axis is to AM as FH to BF. 


Cor. If GT, HT, be tangents to the circle at G,H; and planes passing 
through GT, H'T, respectively, touch the cone along the lines BG, BH; also if 
TB, the common section of the planes, meet AM in C: then the common sec- — 
tions CO, CQ, of the plane RAP extended to meet the tangent planes are the - 
asymptotes of the hyperbola. 

Draw BL parallel to DE, meeting AM in L. Then the axes of the hyperbola 
being in the proportion of BF to FH, the angle GBH or the equal angle OCQ 
is the angle between the asymptotes. 

Now, by similar triangles ALB, BFE, and CLB, BFT; AL: CL:: TF: FE, 
and therefore AC: CL :;: TE: FE, In like manner, by similar triangles 
MLB, BFD, and CLB, BFT; ML: CL:: TF: DF, and therefore CM: CL:: 
TD:DF. But by the property of the circle, TE : FE :: TD: DF. There- 
fore, CA = CM. Hence C is the centre of the hyperbola, and CO, CQ, are 
the asymptotes. (Conic Sections, infra, Hyperbola, Prop. XII.) 


PROP, XII. 

All pyramids and right cones of equal bases and altitudes are equal to one another. 

Let ABC, DEF, be any pyra- 
mids and cone, of equal bases 
BC, EF, and equal altitudes AG, 
DH; then will the pyramids and 
cone ABC and DEF, be equal. 

For, parallel to the bases, and ~ 
at equal distances AN, DO, from 
the vertices, suppose the planes 
Ik, LM, to be drawn. 
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‘Then, by Props. vil. and vuil., 
DO* : DH? ::°LM : EF, 
and AN* : AG? :: IK : BO. 
But, since AN*, AG®, are equal to DO?, DH’; therefore, IK : BC :: LM: EF 
But BC is equal to EF, by hypothesis; therefore, IK is also equal to LM. 
In the same manner, it is shown that any other sections, at equal distance 
from the vertex, are equal to each other. 
Since, then, every section in the cone, is equal to the corresponding section 
in the pyramids, and the heights are equal, the solids ABC, DEF, composed of 
those sections, must be equal also. Q. E. D. 


PROP. XIII. 


Every pyramid of a triangular base, is the third part of a prism of the same 
base and altitude. 

Let ABCDEF be a prism, and BDEF a pyramid, upon 
the same triangular base DEF; then will the pyramid 
BDEF be a third part of the prism ABCDEF. 

For, in the planes of the three sides of the prism, draw 
the diagonals BF, BD, CD. Then the two planes BDF, 
BCD, divide the whole prism into the three pyramids 
BDEF, DABC, DBCF; which are proved to be all equal 
to one another as follows: 

Since the opposite ends of the prism are equal to each other, the pyramid 
whose base is ABC and vertex D, is equal to the pyramid whose base is DEF 
and vertex B (Prop. xu.), being pyramids of equal base and altitude. 

But the latter pyramid, whose base is DEF and vertex B, is the same solid 
as the pyramid whose base is BEF and vertex D, and this is equal to the 
third pyramid, whose base is BCF and vertex D, being pyramids of the same 
altitude and equal bases BEF, BCF. 

Consequently, all the three pyramids which compose the prism, are equal to 
each other, and each pyramid is the third part of the prism, or the prism is 
triple of the pyramid. Q. E. D. 


Corol. 1. Every pyramid, whatever its figure may be, is the third part of a 
prism of the same base and altitude; since the base of the prism, whatever be 
its figure, may be divided into triangles, and the whole solid into triangular 
prisms and pyramids. 





Cor. 2. Any right cone is the third part of a cylinder, or of a prism, of equal 
base and altitude; since it has been proved that a cylinder is equal to a prism, 
and a cone equal to a pyramid, of equal base and altitude. 


Scuotrum.—Whatever has been demonstrated of the proportionality of prisms, 
or cylinders, holds equally true of pyramids or cones,—the former being 
always triple the latter; viz. that similar pyramids or cones, are as the cubes of 
their like linear sides, or diameters, or altitudes, &c. 
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FROP. XIV. 


If a sphere be cut by a plane, the section will be a circle. 


Because the radii of the sphere are all equal, each of them heing equal to 
the radius of the describing semicircle, it is evident that if the section pass 
through the centre of the sphere, then the distance from the centre to every 
point in the periphery of that section will be equal to the radius of the sphere, 
and the section will therefore be a circle of the same radius as the sphere. 
But if the plane do not pass through the centre, draw a perpendicular to it 
from the centre, and draw any number of radii of the sphere to the intersection 
of its surface with the plane; then these radii are evidently the hypothenuses 
of a corresponding number of right-angled triangles, which have the perpendi- 
cular from the centre on the plane of the section, as a common side; conse- 
quently their other sides are all equal, and therefore the section of the sphere 
by the plane is a circle, whose centre is the point in which the perpendicular 
cuts the plane. 


Cor. If two spheres intersect one another, the common section is a circle, 


ScHOLIUM. 


All the sections through the centre are equal to one another, and are 
greater than any other section which does not pass through the centre, Sec- 
tions through the centre are called great circles, and the other sections small 
or less circles. Also, a straight line drawn through the centre of a circle of 
the sphere perpendicular to the plane of the circle is a diameter of the sphere, 
and the extremities of this diameter are called the poles of the circle. Hence 
it is evident that the arcs of great circles between the pole and circumference 
are equal, for the chords drawn in the sphere from either pole of a circle to 
the circumference are all equal. 


PROP. XV. 


Every sphere is two-thirds of its circumscribing cylinder. ~ 


Let ABCD be a cylinder circumscribing the sphere 
EFGH; then will the sphere EFGH be two-thirds of 
the cylinder ABCD. For let the plane AC be a section 
of the sphere and cylinder through the centre I, and join 
Al, BI. Let FIH be parallel to AD or BC, and EIG 
and KL parallel to AB or DC, the base of the cylinder; 
the latter line KL meeting BI in M, and the circular 
section of the sphere in N. 

Then, if the whole plane HFBC be conceived to revolve about the line 
HF as an axis, the square FG will describe a cylinder AG, and the quadrant 
1¥G will describe a hemisphere EFG, and the triangle IFB will describe a 
cane LAB. | Also, in the rotation, the three lines, or parts, KL, KN, KM, as 





radii, will describe corresponding circular sections of these solids, yiz. KL a 


section of the cylinder, KN a section of the sphere, and KM a section of the 
cone, 


. 
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Now, FB being equal to FI, or IG, and KL parallel to FB, then by similar 
triangles IK=KM (Geom, Theor. 82), and IKN is a right-angled triangie; 
hence IN? is equal to [K?+ KN? (Theor. 34). But KL is equal to the radius 
1G or IN, and KM=IK;; therefore KL? is equal to KM*-++ KN, or the square 
of the longest radius of the said circular sections, is equal to the sum of 
the squares of the two others. Now circles are to each other as the squares 
of their diameters, or of their radii, therefore the circle described by KL is 
equal to both the circles described by KM and KN; or the section of the 
cylinder is equal to both the corresponding sections of the sphere and cone. 
And as this is always the case in every parallel position of KL, it follows 
that the cylinder EB, which is composed of all the former sections, is equal 
to the hemisphere EFG and cone IAB, which are composed of all the latter 
sections. 

But the cone 1AB is a third part of the cylinder EB (Prop. XIII. Cor. 2); 
consequently the hemisphere EFG is equal to the remaining two-thirds; 
or the whole sphere EFGH is equal to two-thirds of the whole cylinder 
ABCD. 

Corol. I. A cone, hemisphere, and cylinder of the same base and altitude 
are to each other as the numbers 1, 2, 3. 

Corol. 2. All spheres are to each other as the cubes of their diameters; all 
these being like parts of their circumscribing cylinders. 


Corol. 8. From the foregoing demonstration it appears that the spherical 
zone or frustum EGNP is equal to the difference between the cylinder EGLO 
and the cone IMQ, all of the same common height IK. And that the 
spherical segment PFN is equal to the difference between the cylinder ABLO 
and the conic frustum AQMB, all of the same common altitude FK. 


ScHOLIUM. 


By the scholium to Prop. XIII. we have 
cone AIB:cone QIM:: IF*: 1K? :: FH’: (FH—2FK)° 
- cone AIB: frustum ABMQ:: FH?: FH3—(FH—2FK)? 
:: FH?:6FH?FK—12FH.FK?+8FK?°; 
but cone AIB = one-third of the cylinder ABGE; hence 
cylinder AG: frustum ABMQ::3FH® :6FH?. FK—12FH.FK*+8FK? 
Now cylinder AL : cylinder AG is FK os FI 
.. cylinder AL : frustum ABMQ:: 6FH? -6F H?—12FH. FK+8FK?* 
*, cylinder AL :segment PFN::6FH?: 12FH.FK—8FK?, dividendo 


; ea : FK(3FH—2FK). 
But cylinder AL = circular base whose diameter is AB or FH multiplied by 
the height FK; hence cylinder AL = circle EFGH x FK. 


.. segment PFN = eect EFGH gpy_—oPK)FK?. 


an RARE Ea 


SPHERICAL GEOMETRY. 


DEFINITIONS. 


1, A SPHERE is a solid terminated by a curve surface, and is such that all the 
points of the surface are equally distant from an interior point, which is called 
the centre of the sphere. 

We may conceive a sphere to be generated by 
the revolution of a semicircle APB about its dia- eS 
meter AB; for the surface described by the motion 
of the curve ABP will have all its points equally 
distant from the centre O 


2. The radius of a sphere is a straight line 
drawn from the centre to any point on the sur- 
face. 
The diameter or axis of a sphere is a straight line B 
drawn through the centre, and terminated both 
ways by the surface. 
It appears from Def. 1, that all the radii of the same sphere are equal, and 
that all the diameters are equal, and each double of the radius. 


3. It will be demonstrated, (Prop. 1.), that every section of a sphere, made by 
a plane, is a circle; this being assumed, 

A great circle of a sphere is the section made by a plane passing through the 
centre of the sphere. 

A small circle of a sphere is the section made by a plane which does not pass 
through the centre of the sphere. 


4, The pole of a circle of a sphere is a point on the surface of the sphere 
equally distant from all the points in the circumference of that circle. 

It will be seen, (Prop. 11.), that all circles, whether great or small, have two 
poles. 


5. A spherical triangle is the portion of the surface of a sphere included by 
the arcs of three great circles. 


6. These arcs are called the sides of the triangle, and each is supposed to be 
less than half of the circumference. 


7. The angles of a spherical triangle are the angles contained between the 
planes in which the sides lie. 


8. A plane is said to be a tangent to a sphere, when it contains only one point . 
in common with the surface of the sphere. 
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PROP. I. 


Every section of a sphere made by a plane is a circle. 


Let AZBX be a sphere whose centre is O. 

Let XPZ be a section made by the plane XZ. 

From O draw OC perpendicular to the plane XZ. 

In XPZ take any points Pi, Pz, Ps,.----- 

Join CP,; CP2; CPs; ...... also, OPi; OP: ; 
OP; po 8 eee 

Then, since OC is perpendicular to the plane 
XZ, it will be perpendicular to all straight lines 
passing through its foot in that plane. (Geometry = 
of Planes.) | 

Hence, the angles OCP:, OCP2, OCPs,...... are right angles, 


OP? CP; + OC 
OP; CP; + OC 
OP; CP,* + OC 





But, since Pi, Ps, Ps,...... are all points upon the surface of the sphere, 
‘ by Def. ie OP, ie OP. = OP; ae ESR, 


CPi — CP; pean: CP3 eotees 


Hence, XPZ is a circle whose centre is C, and every other section of a sphere 
made by a plane may, in like manner, be proved to be a circle. 


Cor. 1. If the plane pass through the centre of the sphere, then OC = 0, and 
the radius of the circle will be equal to the radius of the sphere. 


Cor. 2. Hence, all great circles are equal to one another, since the radius of 
each is equal to the radius of the sphere. 


Cor. 3. Hence, also, two great circles always bisect each other, for their com- 
mon intersection passing through the centre is a diameter. 


Cor. 4. The centre of a small circle and that of the sphere, are in a straight 
line, which is perpendicular to the plane of the small circle. 


Cor. 5. We can always draw one, and only one, great circle through any 
two points on the surface of a sphere, for the two given points and the centre 
of the sphere give three points, which determine the position of a plane. 

If, however, the two given points are the extremities of a diameter, then 
these two points and the centre of the sphere are in the same straight line, and 
an infinite number of great circles may be drawn through the two points. 

Distances on the surface of a sphere are measured by the arcs of great cir- 
cles. ‘The reason for this is, that the shortest line which can be drawn upon the 
surface of a sphere, between any two points, is the arc of a great circle joining 
them. 
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PROP. II. 


If a diameter be drawn perpendicular to the plane of a great circle, the extre- 
mities of the diameter will be the poles of that circle, and of all the small circles 
whose planes are parallel to tt. 


Let APB be a great circle of the sphere whose 
centre is O. 

Draw ZN a diameter perpendicular to the plane 
of circle APB. 

Then, Z and N, the extremities of this diameter, 
are the poles of the great circle APB, and all the 
small circles, such as apd, whose planes are paral- 
lel to that of APB. 

Take any points P;, Pe, ..... in the circum- 
ference of APB. : 

Through each of these points respectively, and the points Z and N, describe 
great circles, ZP,\N, ZP,N. 





Jom OPPs «OP sy SiGe ee 

Then, since ZO is perpendicular to the plane of APB, it is perpendicular to 
all the straight lines OP), OPs,...... drawn through its foot in that plane. 

Hence, all the angles ZOPi, ZOP.2,...... are right angles, and ... the 
APES Zita, 20 ass os a's are quadrants. 


Thus, it appears that the points Z and N are equally distant from all the 
points in the circumference of APB, and are .-. the poles of that great circle, 

Again, since ZO is perpendicular to the plane APB, it is also perpendicular 
to the plane apd, which is parallel to the former. 


Hence, the oblique lines Zp,, Zp2,..... drawn to pi, Pe, in the circum- 
ference of apb, will be equal to each other. ((eometry of Planes.) 
.. The chords Zpi, Zpe,.....- being equal, the arcs Zpi, Ape,..... 


which they subtend, will also be equal. 
.. The point Z is the pole of the circle apb; and, for the same reason, the 


point N is also a pole. 


Cor. 1. Every arc P,Z drawn from a point in the circumference of a great 
circle to its pole, is a quadrant, and this arc P,Z makes a right angle with the 
arc AP,\B. For, the straight line ZO being perpendicular to the plane APB, 
every plane which passes through this straight line will be perpendicular 
to the plane APB (Geometry of Planes); hence, the angle between these 
planes is a right angle, or, by (Def. 7), the angle of the arcs AP, and ZP, is a 
right angle. 

Cor. 2. In order to find the pole of a given arc AP, of a great circle, take 
P,Z equal to a quadrant, and perpendicular to AP,, the point Z will be a pole 
of the arc AP); or, from the points A and P, draw two arcs AZ and P,Z per- 
pendicular to AP, the point Z in which they meet is a pole of AP). 


Cor. 3. Reciprocally, if the distance of the point Z from each of the points 
A and P, is equal to a quadrant, then the point Z is the pole of AP;, and each 
of the angles ZAP,, ZP,A, is a right angle. 

For, let O be the centre of the sphere, draw the radii OA, OP,;, OZ; 

Then, since the angles AOZ, P,OZ, are right angles, the straight line OZ is 
perpendicular to the straight lines OA, OP,, and is ... perpendicular to their 
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plane; hence, by Prop., the point Z is the pole of AP,, and .". the angle ZAP,, 
ZP,A, are right angles. . 


Cor. 4. Great circles, such as ZA, ZP,, whose planes are at right angles t« 
the plane of another great circle, as APB, are called its secondaries ; and it ap: 
pears from the foregoing corollaries, that, 

1. The planes of all secondaries pass through the axis, and their circumfer- 
ences through the poles of their primary; and that the poles of any great circle 
may always be determined by the intersection of any two of its secondaries. 

2, The arcs of all secondaries intercepted between the primary and its poles 
are = 90°. 

3. A secondary bisects all circles parallel to its primary. 

Cor. 5. Let the radius of the sphere = R, radius of small circle parallel to it 


= +r. Distance of two circles, or Oo = 6. 
Join Op, are Pipi = 9. 


R2 = r “fF > 
ry = Reos.@ 
a, => Histas @ 


Cor. 6. Two secondaries intercept similar arcs of circles parallel to their 
primary, and these ares are to each other as the cosines of the arcs of the se- 
condaries between the parallels and the primary. 
For the arcs of the parallels subtend at their respective centres, angles equal 
to the inclinations of the planes of the secondaries, and these arcs will therefore 
be similar. 
Also, if 7, 72, be the radii of two small parallels, the rest of notation as 
before, 
circumference p,p, __ whole circumference of Ist 
circumference q; gs ~ whole circumference of 2d 

v1 

r% 

_ Roos. o 

R cos. Q 

COs. @ 

COSs Q’ 





PROP. Ili. 


Every plane perpendicular to a radius at its extremity, is a tangent to the 
sphere in that point. 


Let ZXY be a plane perpendicular to the radius 
OZ. 

Then, ZXY touches the sphere in Z. 

‘Take any point P in the plane, join ZP; OP, 

Then, since OZP is a right angled triangle, 

-, The side OP is > side OZ. 

Hence, the point P is without the sphere; and, 
in like manner, it may be shown, that every point 
in XYZ, except Z, is without the sphere. 

Therefore, the plane XYZ is a tangent to the 
sphere. 
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PROP. IV. 


The angle formed by two arcs of great circles, is equal to the angle contained by 
the tangents drawn to these arcs at their point of intersection, and is measured 
by the arc described from their point of intersection or pole, intercepted by 
the ares containing the angle. 


Let ZPN, ZQN, arcs of great circles, intersect 


in Z. —~ ~. 

Draw ZT, ZT’, tangents to the arcs at the 
point Z. 

With Z as pole, describe the arc PQ. 

Take O the centre of the sphere, and join OP, ES ieee 
OQ. . 
Then, the spherical angle PZQ is equal to the 
angle 'T'Z'I’, and is measured by the arc PQ. 

For the tangent ZT drawn in the plane ZPN, is 
perpendicular to radius OZ. 

And the tangent ZT’ drawn in the plane ZQN, is perpendicular to ra- 
dius OZ. 

Hence, the angle TZT’ is equal to the angle contained by these two planes, 
that is, to the spherical angle PZQ. (Geom. of Planes). | 

Again, since the arcs ZP, ZQ, are each of them equal to a quadrant ; 

.. Each of the angles ZOP, ZOQ, is a right angle, 

.. The angle QOP is the angle contained by the planes ZPN, ZQN, and is 
Saad Zid ys 

.. The arc PQ, which measures the angle POQ, measures the angle between 
the planes, that is, the spherical angle PZQ. 


Cor. 1. The angle under two great circles is measured by the distance be- 
tween their poles. For the axis of the great circles drawn through their poles 
being perpendicular to the planes of the circles, the angles undex,these axes 
will be equal to the angle between the circles; but the angle under the axes is 
obviously measured by the arc which joins their extremities, that is, by the dis- 
tance between their poles, 


Cor. 2. The angle under two great circles is measured by the arc of a com- 
mon secondary intercepted between them. 

For, since the secondary passes through the poles of both, taking away from 
the equal quadrants of the secondary between each circle and its pole, the com- 
mon are intercepted between one circle and the pole of the other, the remain- 
ders are the intercept of the common secondary between the two circles, and 
the distance between their poles, and these are therefore equal, But the latter 
is, by the last Cor., the measure of the angle. 
: 

Cor. 3. Vertical spherical angles, such as QP W, 
QPS, are equal, for each of them is the angle 
formed by the planes QPS, WPR. 

W 

Also, when two arcs cut each other, the two 
adjacent angles QPW, QPR, when taken toge- 
ther, are always equal to two right angles. 


2) 


i 
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PROP. V. 


If from the angular points of a spherical triangle considered as poles, three 
arcs be described forming another triangle, then, reciprocally, the angular points 
of this last triangle will be the poles of the sides opposite to them in the first. 


Let ABC be a spherical triangle. 

From the points A, B, C, considered as poles, 
describe the arcs B’C’, A’C’, A’B’, forming the 
spherical triangle A’B/C’. 

Then, A’ will be the pole of BC, B’ of AC, and 
C’ of AB. 

For, since B is the pole of A/C’, the distance 
from B to A’ is a quadrant. 

And, since C is the pole of A’B/, the distance 
from C to A’ is a quadrant. 

_ Thus, it appears that the point A’ is distant by a quadrant from the points 
B and C. 





*, A’ is the pole of the arc BC. 
Similarly, it may be shown that B’ is the pole of AC, and C’ the pole of AB. 


PROP. VI. 


The same things being given as in the last proposition, each angle in either 
of the triangles will be measured by the supplement of the side opposite to tt 
in the other triangle. 

Produce the sides of the first triangle to D, E, 

. F, G, H, K. 

Then, since A is the pole of B’C’, the angle A 
is measured by the arc EK. 

For the same reason, the angles B and C are 
measured by the arcs DH and FG respectively. 

Because B’ is the pole of FK, the arc B/K is a 





quadrant. 
Because C’ is the pole of DE, the arc C’E isa 
quadrant, 
- BK + CE = 180° 
or, BC’ +- EK = 180° 
EK = 180°—BC 
Similarly, DH = 180°—ATC 
FG = 180° — A’B 


But the arcs EK, DH, FG, are the measures of the angles A, B, C, respec- 
tively, ... 180° — B’C,, 180° — A’C’, 180° — A’B’, or the supplements of B’C, 
A‘C’, and A/B’, are the measures of these angles, 


Again, since A’ is the pole of HG, the angle A’ is measured by GH. 

For the same reason, the angles B’, C’, are measured by the arcs FK and 
DE respectively. 

Because B is the pole of A’C’, the arc BH is a quadrant. 

Because C is the pole of A B’, the arc CG is a quadrant. 


‘ 
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~ BH + CG = 180° 
‘or, GH + BC = 180° C 
- GH = _ 180° — BC 
Similarly, FK “= 180° — AC 
DE = 180° — AB 


And GH, FK, DE, are the measures of the angles A’, B’, C’, respectively. 
These triangles ABC, A’B’C, are, from their properties, usually called Polar 
triangles, or Supplemental triangles. 


PROP. VII. 


In any spherical triangle any one side is less than the sum of the two cthers. 


Let ABC be a spherical triangle, O the centre 
of the sphere. Draw the radii OA, OB, OC. 

Then the three plane angles AOB, AOC, BOC; 
form a solid angle at the point O, and these three 
angles are measured by the ares AB, AC, BC. 

But each of the plane angles which form the 
solid angle, is less than the sum of the two others. 

Hence each of the arcs AB, AC, BC, which 
measures these angles, is less than the sum of the 
two others. 





PROP. VIII. 


The sum of the three sides of a spherical triangle is less than the circumference 
of a great circle. 


Let ABC be any spherical triangle. 

Produce the sides AB, AC, to meet in D. 

Then, since two great circles always bisect each 
other (Prop. l, cor.) the arcs ABD, ACD, are 
semicircles. 

Now, in the triangle BCD, 

BC 2 BD + DOC, by Prop. vit.; 

* AB+AC+ BC < AB+ BD + AC + DC 
z. ABD + ACD 

z. circumference of great circle. 





—— 


CONIC SECTIONS. 


TuereE are three curves, whose properties are extensively applied in Mathema- 
tical investigations, which, being the sections of a cone made by a plane in dif- 
ferent positions, are called the Conic Sections (see page 437). ‘These are, 


1. Tue PARABOLA. 
2, THe ELLIpsE. 
3. Tue HypersBo.a. 


Before entering upon the discussion of their properties, it may be useful to 
enumerate the more useful theorems of proportion which have been proved in 
the treatises on Algebra and Geometry, or which are immediately deducible 
from those already established. For convenience in reference, they may be 
arranged in the following 


TABLE. 
If As at Mae aa TU : D 
fren SAS otc: G ys: .B : D 
Or ite ta AL Ge ss. Ty : C 
A+B: B ::€+D: OD 
etek, ts SS. UF mene as D 
A :A+B:: C : C+D 
A. * Aw i C Sere Seas | 
5 A+B:A—B::€+D: C—D 
mans wee. 2: onG : ° aD 
a mA : mB mC nD 
A B C D 
m * om Hain with 
Y, rang: C D 
ined m n 
ae a B Om Dp" 
Also if A B D E 
And B C iD the is 
Then A C D er F 
And if A B E Saat 
And B C D Paes 
Then A C D oa 
If A B GC CP 
And E cal buke G : H 
And K aR M N 


Then A.BK.K : B.F.L :: C.G.M: D.HN 
FE 
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PABA OU 


DEFINITIONS. 


1. A Parasota is a plane curve, such, that if from any point in the curve two 
straight lines be drawn; one to a given fixed point, the other perpendicular to 
a straight line given in position: these two straight lines will always be equal to 
one another. 


2. The given fixed point is called the focus of the parabola. 


3. The straight line given in position, is called the directrix of the pa- 
rabola. 


Thus, let QAq be a parabola, 5S the focus, 
Nv the directrix ; 
Take any number of points, P,, P;, Ps, 


TE in the curve; 
JOU, Fis sy Pye, ef eaeisee. and draw 
PyNig LaNe ji Pg Nay ssreseness perpendicular 


to the directrix; then 
Sree fi Ny, SP; = P, Ne, Niel Ef fea 
BiGINe gic nsteset os « 





4. A straight line drawn perpendicular to 
the directrix, and cutting the curve, is called a diameter ; andthe point in 
which it cuts the curve is called the vertex of the diameter. 


5, The diameter which passes through the focus is called the avis, and the 
point in which it cuts the curve is called the principal verter. 


Thus: draw N, P; Wi, Ne Pe We, Ns Ps* 
W;, KASX, through the points P,, Pz, Ps, 
S, perpendicular to the directrix; each of 
these lines is a diameter; P,, Pe, Ps, A, are 
the vertices of these diameters ; ASX is the axis 
of the parabola, A the principal vertex. 


6. A straight line which meets the curve in 
any point, but which, when produced both 
ways, does not cut it, is called a tangent to the 
curve at that point. 





7. A straight line drawn from any point in the curve, parallel to the tangent 
at the vertex of any diameter, and terminated both ways by the curve, is called - 
an ordinate to that diameter. 


8, The ordinate which passes through the focus, is called the parameter of 
that diameter. 
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9. The part of a diameter intercepted between its vertex and the point in 
which it is intersected by one of its own ordinates, is called the abscissa of the 
- diameter. 


10. The part of a diameter intercepted between one of its own ordinates and 
its intersection with a tangent, at the extremity of the ordinate, is called the 
sub-tangent of the diameter. 


Thus: let TPé be a tangent at P, the ver- 
tex of the diameter PW. 

From any point Q in the curve draw Qq 
parallel to T¢ and cutting PW in v. Through 
S draw RSr parallel to Te. 

Let QZ, a tangent at Q, cut WP, produced 
in Z. 

Then Qgq is an ordinate to the diameter 
PW; Hr is the parameter of PW. 

Pp is the abscissa of PW, corresponding to 
the point Q. 

vZ is the sub-tangent of PW, corresponding to the point Q. 





11. A straight line drawn from any point in the curve, perpendicular to the 
axis, and terminated both ways by the curve, is called an ordinate to the axis. 


12. The ordinate to the axis which passes through the focus is called the 
principal parameter, ox latus rectum of the parabola. 


13. The part of the axis intercepted between its vertex and the point in 
which it is intersected by one of its own ordinates, is called the abscissa of the 
axis. 


14. The part of the axis intercepted between one of its own ordinates, and its 
intersection with a tangent at the extremity of the ordinate, is called the sub- 
tangent of the axis. 


Thus: from any point P in the curve draw 
Pp perpendicular to AX and cutting AX in 
M. Through S draw LS/ perpendicular to 
AX. 

Let PT, a tangent at P, cut XA produced 
in T. 

Then, Pp is an ordinate to the axis; L/ is 
the latus rectum of the curve. | 

AM is the abscissa of the axis corresponding 
to the point P. 

MT is the sub-tangent of the axis corresponding to the point P. 





It will be proved in Prop. 3, that the tangent at the principal vertex is per- 
pendicular to the axis; hence, the four last definitions are in reality included 
in the four which immediately precede them. 


Cor. It is manifest from def. 1, that the paris of the curve on each side of 
the axis are similar and equal, and that every ordinate Pp is bisected by the 
axis. 
FF2 
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15. If a tangent be drawn at any point, anda straight line be drawn from 
the point of contact perpendicular to it, and terminated by the curve, that 
straight line is called a normal. ' 

16. The part of the axis intercepted between the intersections of the normal 
and the ordinate, is called the sub-normal. | 


Thus: let TP be a tangent at any point 
P. 

From P draw PG perpendicular to the tan- 
gent, and PM perpendicular to the axis. 

Then PG is the normal corresponding to 
the point P; MG is the sub-normal corres- 
ponding to the point P. 





PROP. I. 


The distance of the focus from any point in the curve, is equal to the sum of 
the abscissa of the axis corresponding to that point, and the distance from the 
focus to the vertex. ‘That is, ou) 


SP. = AM-AS. 


For, 
Le ies | by Def. (1) 
= KM -: NM is a parallelogram. 
= AM + AK 


— AM + AS «. AK = AS, by Def (1). 





PROP. Ii. 


The latus rectum is equal to four times the distance from the focus to the 
verter. That is, IP is] 


LI — 4A8. wh x 
For, 
W = 2158, Def. 114.3 cor. 
= 2IN 
— 25K 


4AS <<: AS= AK, 
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PROP, III. 


To draw a tangent to the parabola at any point. 


Let P be the given point. 

Join S, P; draw PN perpendicular to the 
directrix. 

Bisect the angle SPN by the straight line 
at 

Tt is a tangent at the point P. 

For if Tt be not a tangent, let Té cut the 
curve in some other point p. 

Join 8, p; draw pr perpendicular to the di- 
rectrix; join 5, N. 

Since SP = PN, PO common to the tri- 
angles SPO, NPO, and angle SPO = angle NPO by construction, 

ims .. SO = NO; and angle SOP = angle NOP. 





Again, since SO = NO, Op common to the triangles. SOp, NOp, and angle 


SOp = angle NOp, 
OD. ao | ND. 


But since p is a point in curve, and pn is drawn perpendicular to the directrix, 


 pN = pn. 


That is, the hypothenuse of a right-angled triangle equal to one of the sides, 
which is impossible, .*. p is not a point in the curve; and in the same man- 
ner it may be proved that no point in the straight line Tt can be in the curve, 
except P. 

, Tt is a tangent to the curve at P. 


Cor. 1. A tangent at the vertex A, is perpendicular to the axis. 


Corie. = sP 
For, since NW is parallel to TX 


Pee ath eo NEW 
— «SPT by construction, 
abe ST 


Cor. 3. Let Q q be an ordinate to the diameter PW, cutting SP in x. 





Tens Ps =. Pv 


. For, since Qq is parallel to T¢ Nt Ww 
ee Pen oe PT 
= «NPT by construction, , ae 1 
— Pur interior vpposite angie, , 
miabasa = Pp 
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Cor. 4. Draw the normal PG. 


tien, ose Gr 
For since < GPT is a right angle, 
moro =< PGT + PTC 
Sek OL ee 


Take away the common < SPT and there 
remains 





<.SPG = «SGP 
jas) ee 


PROP. IV. 


The subtangent to the axis is equal to twice the abscissa. ‘That is, 


MT = 2AM x 
For, MT MS + ST 
MS + SP. Prop. 3. cor. 2. 
MS+SA+ AM. Prop.l. T 
2 AM. 






Cor. MT is bisected in A. 


PROP. Ve 


The subnormal is equal to one half of the latus rectum. 'That ts, 


MG. = - if we denote the latus rectum by L. 


SG — SM 

SP — SM. Prop. 3. cor. 4. 
AS + AM—SM. Prop. 1. 
AS + AS + SM — SM 

2 AS 


L 
ry Prop. 2. 


For, MG 


“HWW 





I 


PROP. Vi. 


if a straight line be drawn from the focus perpendicular to the tangent at any 
point, it will be a mean proportional between the distance from the focus to that 
point, and the distance from the focus to the vertex. 


That is, if SY be a perpendicular let fall from S upon Té the tangent at any 
point 2 
BSP DON its ees 
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Join A, Y. 
Since SP = ST, and SY is drawn perpen- 
dicular to the line PT, 
Pave — XP. 
Also by Prop. 4., 
ca a AM 
.*. Since AY cuts the sides of A TPM pro- 
portionally, AY is parallel to MP, 
-, AY is perpendicular to AM. 
Hence the A* SYA, SYT, are similar, 
° Piss oy 2 OA 


or, SP:SY::SY:SA +*«: SP = ST by Prop. 3. cor. 2. 





Cor. 1. Multiplying extremes and means, 
Oe ak oA 


Cor. 2 SP: SA:: SP? : SY? 
Cor. 3. By Cor. 1, 


SY? 
Sea Sa" 
And since SA is constant for the same parabola, 
SP o SY?. 
Cor. 4. By Cor. 1., 
SY2 = AS.SP 
4:‘SY? = 4 AS. SP 


L.SP. Prop. 2 


PROP. VII- 


The square of any semi-ordinate to the axis is equal to the rectangle under the 
latus rectum and the abscissa. 


That is, if P be any point in the curve 
PM* = LL. AM. 


For, 


PM? = SP?— SM? Geom. Theor. 34. 
= (AM+ AS)p—(AM—AS/ = 

>,» SP=AM-+-AS (Prop.1),&SM= ‘AM_AS 
= 4AS.AM. Geom. Theor. 31 & 32. 
= L. AM. Prop. 1. 


Cor. 1. Since L is constant for the same pa- 
rabola PM? o AM, 

That is, The abscisse are proportional to the 
squares of the ordinates. 
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PROP. VIII. 


If Qq be an ordinate to the diameter PW 
and Pv, the corresponding abscissa, then, 


Ov = 45SP xX Pv. 


Draw PM an ordinate to the axis. 

Join S, Q; and through Q draw DQN 
perpendicular to the axis. 

From § let fall SY perpendicular on the 
tangent at P. 


The triangles SPY, QDzy, are similar. 
Qu? : QD? :: SP? : SY? 





eh as 2 : SA, Prop. v1. Cor. 2, 
The triangles PTM, QDv, are also similar ; 
: QD": “De mee ch Mies at TE 


:: PM2 : PM. MP , 
:: 4AS.AM: 2PM. AM (Va. / 
:: 4AS : 2PM e ) 
2PM.QD = 4AS-. Dv : — = 
But, 
PM? — QN? = 4AS. AM—4AS. AN = 4AS(AM—AN) = 4AS,.MN 
And, PM? — QN? = (PM + QN) (PM — QN) 
‘= (PM + QN). QD / 
.. (PM-+QN).QD = 4AS.MN = 4AS. DP’ 


But, 2PM. QD = .4AS. Dv F : f a 2 fe Spey, 
. (PM—QN).QD = 4AS. Pv : 
Or, QD*?= 4AS. Pv CIV Awa 
a Qu? : 4AS.Pv :: SP : SA, 
Qo* = ASP. Pe. 


Cor. 1. In like manner it may be proved, that 
quv* =P Te, 


Hence, Qu = qv; and sinve the same may be proved for any ordinate, it 
follows, that 


A diameter bisects all its own ordinates. 


Cor. 2. Let Rr be the parameter to the 
diameter PW. 


Then, by Prop. ut. Cor. 3. 


Pz = Pv 
PS Pv 





Se 


»~. 
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Now, by the Proposition, 
RV?. = 4S8P.PV 
ee 
4RV? or Rr? = 16SP? 
Briss. are 


Hence the Proposition may be thus enunciated : 

The square of the semi-ordinate to any diameter is equal to the rectangle 
under the parameter and abscissa. 

I¢ will be seen, that Prop. vit. is a particular case of the present proposition. 


Bolg SEI Sere, 


DEFINITIONS. 


1. AN ELLIPSE is a plane curve, such that, if from any point in the curve two 
straight lines be drawn to two given fixed points, the sum of these straight lines 
will always be the same. 

2. The two given fixed points are called the foci. 

Thus, let ABa be an ellipse, S and H 
the foci. 

Take any number of points in the curve 
P I> Ps, P OMe a... 

Join S,Pi A H,P, ; S,Pe ; H,P2 3 S,P3 ’ 
H,P;; ----- then, 

SP, + HP, SES, SP. + HP, = SP3-+ 
HP; = ----- 

3. If astraight line be drawn joining the 
foci and bisected, the point of bisection is 
ealled the centre. 

4, The distance from the centre to either focus is called the eccentricity. 





5. Any straight line drawn through the centre, and terminated both ways by 
the curve, is called a diameter. 

6. The points in which any diameter meets the curve are called the vertices 
of that diameter. 

7. The diameter which passes through the foci is called the axis mayor, and 
the points in which it meets the curve are called the principal vertices. 


8. The diameter at right angles to the axis major is called the axis minor. 


Thus, let ABa be an ellipse, S and H 
the foci. | 

Join S,H; bisect the straight line SH in 
C, and produce it to meet at the curve in 
A and a. 

Through C draw any straight line Pp, 
terminated by the curve in the points P, p. 

Through © draw Bd at right angles to _ p 
Aa. 
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‘hen, C is the centre, CS or CH the eccentricity, Pp is a diameter, P and 
p its vertices, Aa is the major axis, Bd is the minor axis. 

9. A straight line which meets the curve in any point, but which, being pro- 
duced both ways, does not cut it, is called a tangent to the curve at that point. 

10. A diameter drawn parallel to the tangent at the vertex of any other dia- 
meter, is called the conjugate diameter to the latter, and the two diameters are 
called a pair of conjugate diameters. 

11. Any straight line drawn parallel to the tangent at the vertex of any dia- 
meter and terminated both ways by the curve, is called an ordinate to that 
diameter. 

12. The segments into which any diameter is divided by one of its own ordi- - 
nates are called the absciss@ of the diameter. 

13. The ordinate to any diameter, which passes through the focus, is called 
the parameter of that diameter. 


Thus, let Pp be any diameter, and Tt a 
tangent at P. 

Draw the diameter Dd parallel to T?. 

Take any point Q in the curve, draw Qq 
parallel to Té, cutting Pp in v. 

Through S draw Rr parallel to Tz. 

Then, Dd is the conjugate diameter to 
Pp. 

Qg is the ordinate to the diameter Pp, > y soda d 
corresponding to the point Q. 

Pv, vp are the abscisse of the diameter 
Pp, corresponding to the point Q. 

Rr is the parameter of the diameter Pp. 

14, Any straight line drawn at right angles to the major axis, and terminated 
both ways by the curve, is called an ordinate to the axis. 

15. The segments into which the major axis is divided by one of its own or- 
dinates are called the abscisse of the axis. 

16. The ordinate to the axis which passes through either focus is called the 
latus rectum. 

(It will be proved in Prop. 1v., that the tangents at the principal vertices are 
perpendicular to the major axis ; hence, definitions 14, 15, 16, are in reality 
included in the three which immediately precede them. ) 

17. If a tangent be drawn at the extremity of the latus rectum and produced 
to meet the major axis, and if a straight line be drawn through the point of in- 
tersection at right angles to the major axis, the tangent is called the focal tan- 
gent, and the straight line the directrix. 

Thus, from P any point in the curve, 
draw PMp perpendicular to Aa, cutting 
Aa in M. 

Through S draw Li perpendicular to 
Aa. 

Let LT, a tangent at L, cut Aa produced 
in T. 

Through T draw Nn perpendicular to 
Aa, 
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Then, Pp is the ordinate to the axis, corresponding to the point P 
AM, Ma are the abscissz of the axis, corresponding to the point P. 
L/ is the Jatus rectum. 

LT is the focal tangent. 

Nn is the directrix. 


18, A straight line drawn at right angles to a tangent from the point of con~ 
tact, and terminated by the major axis, is called a normal. 

The part of the major axis intercepted between the intersections of tae normal 
and the ordinate, is called the subnormal. 


Let Tt be a tangent at any point P. 

From P draw PG perpendicular to Té 
meeting Aq in G. i 

From P draw PM perpendicular to 
Aa. 

Then, PG is the normal corresponding 
to the point P. 

MG is the subnormal corresponding to 
the point P. 





PROP. I. 


The sum of two straight lines drawn from the foci to any point in the curve ts 
equal to the major axis. That is, if P be any point in the curve, 


SP + HP = Aa. 


For, 
SP + HP = AS + AH 
= 2AS-+ SH, 

And, Def. 1. 
SP + HP = aS + aH 
= 2aH + SH, 

.. 2(SP 4+- HP) = 2(AS-+ 5H 
+ Ha) 

Or, 


SP + HP = Aa. 





Cor. 1. The centre bisects the axis 


major, for 
2AS+ SH = 2aH-+ SH 
as met A | 
And, SC = CH by definition 3. 
wo AO == aC, 
Cor. 2 
SP +. HP = 2 AC 
. SP = 2 AC — HP 
HE = 2 AC — SP 


SP — HP = 2 AC —2 HP. 
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PROP, Il. 


The centre bisects all diameters. 


Take any point P in the curve, 
Join 8,P; H,P; 8,H; 
Complete the parallelogram SPHp, 
Jéin C,p; CP; 
Then, since the opposite sides of a paral- 
lelogram are equal, 
SP = Hp , HP = Sp 
.. SP + PH = Sp + pH 
.*. p is a point in the curve. > 
Again, since the diagonals of a parallelo- 
gram bisect each other, and since SH is bi- 
sected in C, 
.. Pp is a straight line, and a diameter, and is bisected in C. 
And in like manner, it may be proved that every other diameter is bisected 
in C. 





PROP. Ile 


The distance of either focus from the extremity of the axis minor is equal to 
the semi-axis major. 
That is, , 
SB or HB = AC, 
Since SC = HC, and CB is common to 
the two right-angled triangles SCB, HCB, 
ae 8 Bf 5 Ore B 
But, 
SB + HB = 2 AC. Prop. 1. 
Sis or be A 


A a 
Cor. 1. BC? = AS .Sa. 
For, 
BC? = SB? — SC? 
= AG*.— SC: b 
= (AC + 8C).(AC—SC) 
— AS. Sa. 


Cor. 2. The square of the eccentricity is equal to the difference of the square 
of the semi-axes ; 

For, 
SB* — BC# 
== AU*— BG” 


SC? 


_ ELLIPSE AGN 


PROP. IV. 


To draw a tangent to the ellipse at any point. 


Let P be the given point. 
Join §,P; H,P; produce SP. 
 Bisect the exterior angle HPK by the 
straight line T¢. 
Tt is a tangent to the curve at P. 
For, if T¢ be not a tangent, let T¢ cut the 
curve in some other point p. 
‘Join S,p; H,p; make PK = PH; join 
p,K; HK cutting Tt in Z. 
Since HP = PK, PZ common to the 
triangles HPZ, KPZ, and the angle HPZ 
= angle KPZ by construction, 


. HZ = KZ, and the angle HZP = angle KZP. 





Again, since HZ = KZ, Zp common to the triangles HZp, KZp, and angle 


HZp = angle KZp, 
“. pK = pH. 


But, since any two sides of a triangle are greater than the third side, 


Sp+pK 7 SK 
> SP+ PK 
> SP+PH .. PK=PH by construction, 
> Sp + pH, by definition }, 
-~ pK = pH. 


urd, .*. p is not a point in 


But we haye just proved that pK = pH, which is abs 
at no point in the straight 


the curve, and in the same manner it may be proved th 


line Tt can be in eae curve except P. 
. Tt is a tangent to the curve at P. 


Cor. 1. Hence, tangents at A and a, are perpendicular to the major axis, and 
tangents at B and are perpendicular to the minor axis. 


Cor. 2. SP and HP make equal angles with every tangent. 
Cor. 3. Since HPK, the exterior angle of the iriangle SPH, is bisected 


by the straight line Tv, cutting the base SH produced in T 
, ST: HT:: SP: HP. 
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PROP. Y. 
Tangents drawn at the vertices of any diameter are parallel. 
Let Tt, Ww, be tangents at P, p, the vertices of the diameter PCp. 


Join 8,P; P,H; S,p; p,H; 

Then, by Prop. 2, SH is a parallelogram, 
and since the opposite angles of parallelo- 
grams are equal, 

“. < SPH = angle SpH 
supplement of <— SPH = supplement of < 
SpH 

or, 


< SPT + <~HPi =< SpW-+ = Hpw 





But SPT = = HP 
And 2 SpW = Bek by Prop. 4. Cor. 2. 
Hence, these four angles are all equal, 
.5 Sune? os Hyp, 
And since SP is parallel to Hy, 
< SPp = — PopH, 
-. whole < TPp = whole < wpP, and they are alternate angles, 
.. Tt is parallel to Ww. : 
Cor. Hence, if tangents be drawn at the vertices of any two diameters, they 
will form a parallelogram circumscribing the ellipse. 


PROP. VI, 


Ff straight lines be drawn from the foci to a vertex of any diameter, the dis- 
tance from the vertex to the intersection of the conjugate diameter, with either 
focal distance, is equal to the semi-axis, major. 


That is, if Dd be a diameter conjugate to Pp, cutting SP in E, and HP ine, 
PE or Pe = AC. 


Draw PF perpendicular to Dd, and HI , 
parallel to Dd or Té, cutting PF in O, 
Then, since the angles at O are right ei 
angles, the — IPO = — HPO, and PO I 
common to the two triangles HPO, IPO, A 
see, - 
Also, since SC = HC, and CE is parallel 
HI, the base of A SHI, 
.*. (Siac BY, 






Hence, 
2PE = 2EI + QIP 
= SE-+ EI + IP +- HP 
= SP + HP 
= 2AC 
Aree od pee. \ bs 


Also, < PEe = 2 PeE, -. PES Pega 
Pe ="AC, 


) 4 
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PROP. VII. 


Perpendiculars, from the foci upon the tangent at any point, intersect the 
tangent in the circumference of a circle, whose diameter is the major axis. 


_ From § let fall SY perpendicular on Tt 
a tangent at P. 
Join §,P; H,P; produce HP to meet 
SY produced in K. 
_ Join CY; 


Then, since angle SPY = angle KPY 
(Prop. 1y.), and the angles at Y are right 
angles, and PY common to the two tri- 
angles, SPY, KPY, 

Ses oak TS, 
And SY = YK. 


Again, since SY = YK, and H€ = CS, CY cuts the sides of the triangle 
HSK proportionally, 


.. CY is parallel to HK. 
_ Also, since CY is parallel to HK, SY = YK, HC = O8, 





(A Bhi 4 HK 

} (HP 4 PK) 
} (HP + SP) 
4 Aa 

AC, 


Hence, a circle described with centre C and radius CA will pass through Y, 
And in like manner, if HZ be drawn perpendicular to T¢, it may be proved 
that the same circle will pass through Z also 


PROP. VIII. 


The rectangle, contained by the perpendiculars, from the foci upon the tangent 
at any point, is equal to the square of the semi-axis, Minor. 
That is, 
SY. HZ = BC’ 
Let Ti be a tangent at any point P. 


On Aa describe a circle cutting Tt in Y 
and Z. 

Join 8,Y; H,Z; 

Then, by the last Prop. SY, HZ are per- 
pendicular to T?. 

Produce YS to meet the circumference 
in y. . 

Join C,y; ©, Z; 

Since yYZ is a right angle, the segment 
in which it lies is a semicircle, and Z,y, are 
the extremities of a diameter. 


ag 
\ ee 
- = aes 
- ir 
- 
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. yCZ is a straight Jine and a diameter. 
Hence the triangles SCy, HCZ, are in every respect equal. 
bs Oe io ara 
2 SY. AS YS ee 
NAS oe 
= BC’ (Prop. 3. Cor. 1.) 





PROP. IX. 


Perpendiculars let fall from the foci upon the tangent at any point are to each 
other as the focal distance of the point of contact. 
That is, 
SY : HZ:: SP: HP. 
For the triangles SPY, HPZ, are mani- 
festly similar, 
Seb OS VALE Hrs) GREE = Bed 


Cor. Hence, 





Sa A HP 
eh framed eb fae 5 VAS ae 
= be. ae last Prop. 
Gs goetteen < 
So also, 
7a DU. = 
Lo) DEORE ie 


PROP, X. 


If a tangent be applied at any point, and from the same point an ordinate to 
the axis be drawn, the semi-axis major is a mean proportional between the dis- 
tance from the centre to the intersection of the ordinate with the axis, and the 
distance from the centre to the intersection of the tangent with the axis. 

That is, 


CT: CA:: CA: CM. 





> 
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Since the exterior angle HPK is bisected by Tt, Propositton, 4 
eee etka ss SP: >) HP. © (Geom. Theor, 93, pt. 2.) 
“. ST + HT: ST—HT::SP + HP. SP— HP 
or, 2Cr : mer yes)” VAG SP — HP 
serene te Tt) HGS SP Pe hoc ececscesccecccaee (1) 


But since PM is drawn from the vertex of A SPH perpendicular on base SH, 
.. SM + HM: SP —HP:: SP + HP:SM—_HM 
Pee Ess DAC ts 8 OM... 0... ca. ccccsehcditisincdiecsc.3 (2) 


Comparing this with the proportion marked (1), we have 
tierra Ate 3s ZAC + -2 CM 
or, eG : CATs: CA 3 CM. 


PROP. XI. 


Tf a circle be described on the major axis of an ellipse, and if any ordinate to 
the axis be produced to meet the vircle, tangents drawn to the ellipse and circle, 
at the pomts in which they are intersected by the ordinate, will cut the major 
axis in the same point. 


Let AQa, be a circle described on Aa, 

Take any point P in the ellipse, draw PM (TE aa 
perpendicular to Aa, and produce MP to : 
meet the circle in Q, join C, Q, 


Draw PT a tangent to the ellipse at P cut- ¢/ 
ting CA produced in T, 
Join TQ: \ 3 
Then QT is a tangent to the circle at Q. pee / 
For if 'TQ be not a tangent, draw QT’ a eel 







tangent at Q cutting CA in T’. 


Then CQT’ is a right angle. 
.. Since QM is drawn from the right angle CQ’ perpendicular on the hy- 
pothenuse, 
.. CT’: CQ::CQ:CM. (Geom. Theor. 87.) 
or, CT’: CA:: CA: CM, +: CQ=CA. 


But, by the last proposition, 
CE 2CA:: CA: GM, 
hey SCL: 
which is absurd, therefore QT’ is not a tangent at Q; in the same manner it 


may be proved that no line but QT can be a tangent at Q, 
of XC 


Cor. 1. Describe a circle on the minor 
axis. 

Draw Pm an ordinate to the minor axis 
cutting the circle in q. 

Let a tangent at P cut the minor axis 
produced in ¢. 

Then, since Pm is parallel to AC, and PM 
to BC, 





GG 
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Ct: Cm: CT : MT 
TO ead 8 gb 

2: Cg? :Cm* +. the A* CQT, Cmq are similur 

. BC?: ° Cm? N 

Se Ut 2 en: : CB : Cm. | 


Which is analogous to the property proved in the last Prop. for the major 
axis. 


Cor. 2. Join tq. 
We can prove, as above, that tq is a tangent to the circle Bg. 


PROP. XII. 


The square of any semi-ordinate to the axis, is to the rectangle under the ab- 
scisse@, as the square of the semi-axis minor is to the square of the semi-axis 
major. 


That is, if P be any point in the curve, 
PM?: AM. Ma:: BC? : AC® 


Describe a circle on Aa, and pro- 
duce MP to meet it in Q. rail 
At the points P and Q draw the Fh 
tangents PT, QT, which will intersect i 
the axis in the same point T. (Prop. 
11. ») 1 


Let the tangent to the ellipse inter- ‘sea e 
sect the circle in Y, Z. v2 «ft Ab Eaeeeell 
Join §8,Y; H,Z; SY and HZ-are ie Tie 
Par pendicalar to Te. (Prop. 7.) "aie 
Hence the triangles PMT, SYT, HZT, are ate to each other. 
Pee Ok, ees SLES ce eee 
andre: , HA 22. AUT ne Te 
SPM? ss SY MHA ss i ee TVs TZ 
or,  PM2 : BC? :: MT? : TQ? (Prop. 11, and Geom. Theor. 61.) 
:: QM? : CQ? +: MQT, MQC are similar A‘. 
:: AM.Ma: AC? 
capa? AM.Ma:: BGs | 2 (AG#. 








BP, Pe 
Cor. 1- 
Let P, M,, Pe Mz, -- be ordinates to the 
axis from any points P,, Pe- -- | > Cl MMH 7A 


Then by Prop. 





P, M,?: AM,. Mia:: BC? : AC2 
P. M,?2: AM... Mea:: BC? :. AG? 
P,M,?: P,M2? :: AM,. M,a: AMg. Mea. 
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That is, the squares of the ordinates to the axis are to each other 
angles of their abscisse. 






Cor. 2. By the fifth proportion in Prop. 
PM: QM:: BC: AC. 


Cor, 3. By Prop. 
. PM?: AM. Ma:: BC?: AC? 


But AM = AC+CM, Ma = AC— CM, 
» PM?: (AC + CM) Dt : BC?: AC* 
PM?: AC 2— CM? : BC?: AC 2 


Cor. 4. Describe a circle on Bd, draw 
Pm, an ordinate to the minor axis cutting 
the circle in 9. 


Then, Pm = CM , Se = Cm. 
Then by Cor. 3, 





AC%*—Pm?: AC? :: Cm? : BC2 

Pm* “8g AL eae “BC? ~ Cm? : BC? 

oe +- Om) (BC — Cm) : BC? 

Pip Bm. mb : BO? 
, or, Pm? ene a AG? : BG?. 


Which is analogous to the property proved in the Prop. for the major axis. 


Cor. 5 
Pm: gm:: AC: BC. 


PROP. XIII. 
The latus rectum ts a third proportional to the axis major and minor. 


That is, 
Aa: B6b:: Bb: Li. 


Since LS is a semiordinate to the 
axis, _ ) 
AC?: BC?:: AS.Sa : LS’, Prop. 12. 
BG? : LS’, Prop. 3. 
; Cor. 1. 
™AC:BC:: BC :LS 





Aa : Bb :: Bb : LL 
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PROP. XIV, 


The area of oll the parallelograms, curcumscribing an ellipse, formed by draw- 
ing tangents at the extremities of two conjugate diameters, is constant, each being 
equal to the rectangle under the axes. 


Let Pp, Dd, be any two conjugate 
diameters, SROX a parallelogram cir- 
cumscribing the ellipse formed by draw- 
ing tangents at P, D, p, d; then Pp, 
Dd, divide the parallelogram SROX 
into four equal parallelograms. 

Draw PM, dm, ordinates to the axis; 
PF perpendicular to Dd. 

Produce CA to meet PX in T and 
Sd in ¢. 





Then, GT: CA:: CA : CM 
And, Ct : CA:: CA : Cm 
e. OT: Gt: On 2 OM 

But, CT: Ct :: TM : Cm, by similar triangles. 
-- MI: Cm:: Cm : CM, 


Again, CM: CA:: CA : OT 
“ CM: CA:: MA : AT, dividendo. 
Or, CM : Ma :: MA : MT, componendo. 


AM. Ma = CM, MT = Om?..cnc geen . (2) 


But, AC: BC’:: AM.Ma(Cm?) : PM’, Prop, 12. 
- AC: BC:: Cm : PM 
Similarly, AC : BO :: CM : dm 
Or, BC: dm:: CA : CM 
But, OCT: CA:: CA : CM 
ete CABG aan 
But, PF: CT :: dm : Cd’, for A Cal =i Gee 
a OA ss) 1 Cpe meade 


*. rectangle PF .Cd = rectangle AC. BC 
or, parallelogram CX = rectangle AC. BC 
.*. parallelogram SROX = 4 AC: BC 


—Aaddey 
Cor. By (2), 
Cm? = AM. Ma 
= (CA + CM). (CA — CM) 
= CA?2— CM? 
“ CA? = CM?-+ Cm? 


And similarly, CB? = PM2-+ dm? 
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‘PROP. XV. 


The sum of the squares of any two conjugate diameters, is equat to the same 
constant quantity, namely, the sum of the squares of the two axes. 

That is, | 

If Pp, Dd, be any two conjugate diame- 
ters, 

Pp? + Dd? = Aa? + Bb?. 
Draw PM, Dm, ordinates to the axis. 
Then, by Cor. to Prop. 14, 





AC? + BC? = CM?+- Cm’?-+-PM?-+-dm 
= CP?+ CD? 
-*, 4A C?4-4BC? = 4CP? +4CD? 
Or, Aa?+- Bo? = Pp? + Dad’. 


PROP. XVI. 
The rectangle under the focal distances of any point is equal to the square of 
the semi-conjugate. 
That is, if CD be conjugate. to CP, 
Sree ex CD.*. 
Draw SY, HZ, perpendiculars to the 


tangent at P, and PF perpendicular on 
CD. 





Then by similar triangles SPY, PEF, 


setae Ose P 3° PH 
fees: sy ss AC ?- PFos PES AC, by'Prop:6 
Similarly, HP : HZ :: AC: PF 
Peper : OY . HZ :2°AG*: PE 
| :: CD?:-BC?, Prop. 14. 
But SY. HZ = BC?, by Prop. 8. 
Pieces =— CD-*, 


PROP. XVII. 

If two tangents be drawn, one at the principal vertex, the other at the vertex 
of any other diameter, each meeting the other diameter produced, the two tan- 
gential triangles thus formed, will be equal. 

That is, 

- A CPT = A CAK. 

Draw the ordinate PM, then, 

CM: CA:: CP: CK,by similar A* 
But, CM: CA :: CA: CT, Prop. x. 

“, CA: CT:: CP: CK. 

The two triangles CPT, CAK, have thus 
the angle C common, and the sides about 
that angle reciprocally proportional; these 
triangles are therefore equal. 
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Cor. 1. From each of the equal triangles CPT, CAK, take the common space 
CAOP; there remains, 
triangle OAT = triangle OKP. 


Cor. 2. Also from the equal triangles CPT, CAK, take the common triangle 
CPM; there remains, 
triangle MPT = trapez. AKPM. 


PROP. XVIII. 


The same being supposed, as in last proposition, 
then any straight lines, QG, QE, drawn parallel 
to the two tangents shall cut off equal spaces. 


That is, 
triangle GQE = trapez. AKXG 
triangle rgE = trapez. AKRr 





Draw the ordinate PM. 
The three similar triangles CAK, CMP, CGX, 


are to each other as CA? , CM?, CG’, 
.. trap. AKPM : trap. AKXG :: CA? — CM?: CA’ —CG*, dividendo. 
But, PIE: QG? :: CA2— CM? ; CA? —CG’, 


. trap. AKPM : trap. AKXG :: PM? : QG? 
But, trian. MPT : trian. GQE:: PIV2 : QG?, -: the triangles 
are similar. 

.. trap. AKPM : trian. MPT :: trap. AKXG : trian. GQE. 


But by Prop. 17., Cor. 2, 
trap. AKPM = triangle MPT 
trap. AKXG = triangle GQE 
And similarly, trap, AKRr = _ triangle rqE 


Cor. 1. The three spaces AKXG, TPXG, GQE, are all equal. 


Cor. 2. From the equals AKXG, EQG, take the equals AKRr, Egr ; 

there remains, 
RrXG = rqQG. 

Cor. 3. From the equals RrXG; rqQG, take the common space rquXG 


there remains, 
triangle vQX = _ triangle vgh. 


Cor. 4. From the equals EQG, TPXG, take the commen space EvXG ; 


there remains, 
TPvE = triangle vQX. 


Cor. 5. If we take the particular case in which 
QG coincides with the minor axis, 


The triangle EQG becomes the triangle IBC, 
The figure AK XG becomes the triangle AKC, 
triangle IBC = triangle AKC 
= triangle CPT, 
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PROP. XUX,. 


Any diameter bisects all its own ordinates. 

That is, 
If Q@ be any ordinate to a diameter CP, 

9, == vg. 

Draw QX, gz, at right angles to the major 
axis ; 

Then triangle vQX = triangle vgz; Prop. 18, 
Cor. 3. 

But these triangles are also equiangular ; 

Ces =~ 2 09. 


Cor. Hence, any diameter divides the ellipse into two equal parts. 





PROP. XX. 


The square of the semiordinate to any diameter, is to the rectangle under the 

absciss@, as the square of the semi-conjugate to the square of the semi-diumeter. 
That is, 
If Qg be an ordinate to any diameter CP, 
Qu? : Pv.vp :: CD*: CP? 

Produce Qg to meet the major axis in E; 

Draw QX, DW, perpendicular to the major 
axis, and meeting PC in X and W. 

Then, since the triangles CPT, CvE, are 
similar, 

trian. CPT : trian. CuE :: CP? : Cv? 
or, trian. CPT : trap. TPvE :: CP? : CP? — Cv? 





Again, since the triangles CDW, vQX, are similar, 
triangle CDW : triangle voQX :: CD? +: vQ 
But triangle CDW = triangle CPT; Prop. 18., Cor. 5. 
And triangle vQX = trapez. TPvE; Prop. 18., Cor, 3. 
se CP? : CD? :: CP?—Cv*: vQ 
Or,’ Qu? : Polvp ::. CD?....: CP? 


Cor. 1. The squares of the ordinates to any diameter, are to each other as 
the rectangles under their respective abscisse. 


Cor. 2. The above proposition is merely an extension of the property 
already proved in-Prop. 12, with regard to the relation between ordinates to 
the axis and their abscisse. 


HYPERBOLA. 


arts 


DEFINITIONS. 


1, AN HYPERBOLA jis a plane curve, such that, if from any point in the curve 
two straight lines be drawn to two given fixed points, the excess of the straight 
line drawn to one of the points above the other wili always be the same. 


2. The two given fixed points are called the foci. 


Thus, let QAg be an hyperbola, S and H the foci. 


Take any number of points in the curve, P 13\ Bo Pg oo 
Join 8,P:,H,P,; 8,Pe, H,Ps,; S, Ps, Hobson then, 
HP, — SP, = HP, — SP; = HP; — SP; = ...... 





log 
If HP, — SP, and SP’, — HP’, ..:... be always equal to the same constant 
quantity, the points P, Py, Ps ..... and P) , Pe, P's, will lie in two opposite 


and similar hyperbolas QAg, Q/aq’, which in this case are called opposite hyper- 
bolas. 

3. If a straight line be drawn joining the foci, and bisected; the point of bi- 
section is called the centre. 

4. The distance from the centre to either focus is called the eccentricity. 


5. Any straight line drawn through the centre, and terminated by two oppo- 
site hyperbolas, is called a diameter. 

6. The points in which any diameter meets the hyperbolas are called the ver- 
tices of that diameter, 

7. The diameter which passes through the foci is called the axis major, and 
the points in which it meets the curves the principal vertices. _ 

8. If a straight line be drawn through the centre at right angles to the major 
axis, and with a principal vertex as centre, and radius equal to the eccentricity, 
a circle be described, cutting the straight line in two points, the distance between 
these points is called the axis minor. 
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Thus, let Qg, Q’q’ be two opposite hyperbolas, S 
and H the foci, join 8, H; 

Bisect SH in C, and let SH cut the curves in 
A, a. 

Through C draw any straight line Pp, termi- 
nated by the curves in the points P, p. 

Through C draw any straight line at right angles 
to Aa, and with centre A and radius = CS describe 
a circle cutting the straight line in the points B, 0. 

Then C is the centre, CS or CH the eccentrici- 
ty, Pp is a diameter, P and p its vertices, Aa is the 
major axis, Bd is the minor axis. 





oo 
\ 


Q’ 


The hyperbolas X2, X’z’, whose major axis is 
Bd, and whose minor axis is Aa, are called the 
conjugate hypzrbolas to Qa, Q’7. 





9. A straight line, which meets the curve in any 
point, but which, being produced both ways, does not cut it, is called a tangent 
to the curve at that point. 


10. A straight line, drawn through the centre, parallel to the tangent, at the 
vertex of any diameter, is called the conjugate diameter to the latter, and the 
two diameters are called a pair of conjugate diameters. 

The vertices of the conjugate diameter are its intersections with the conjugate 
hyperbolas. 


1]. Any straight line drawn parallel to the tangent at the vertex of any 
diameter, and terminated both ways by the curve, is called an ordinate to that 
diameter. 


12. The segments into which any diameter produced is divided by one of its 
own ordinates and its vertices, are called the absciss@ of the diameter. 

13. The ordinate to any diameter, which passes through the focus, is called 
the parameter of that diameter. 

Thus, let Pp be any diameter, and T? a tan- R 


gent at P; ; vibe 
Draw the diameter Dd parallel to Tt; 
Take any point Q in the curve, draw Qq 
parallel to Té and cutting Pp produced in v; 
‘Through S draw Rr parallel to Tt; 
Then Dd is the conjugate diameter to Pp, 
Qgq is the ordinate to the diameter Pp cor- 
responding to the point Q, 


Pv, vp, are the abscisse of the diameter Pp git Se 
corresponding to the point Q, \ 


Rr is the parameter of the diameter Pp. 





14. Any straight line drawn from any point in the curve at right angles to tl 
major axis produced, and terminated both ways by the curve, is called an o7~. 
nate to the axis. 
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15. The segments into which the major axis produced is divided by one of 
its own ordinates and its vertices, are called the abscisse of the axis. - 


16. The ordinate to the axis which passes through the focus, is called the 
principal parameter, or latus rectum. 

(It will be proved in Prop. 4, that the tangents at the principal vertices are 
perpendicular to the major axis; hence definitions 14, 15, 16, are in reality 
included in the three which immediately precede them.) 


17. df a tangent be drawn at, the extremity of the latus rectum, and produced 
to meet the major axis; and if a straight line be drawn through the point of 
intersection, at right angles to the major axis; the tangent is called the focal 
tangent, and the straight line the directriz. 


Thus, from P, any point in the curve, draw PMp 
perpendicular to Aa, cutting Aa in M; 
‘Through S draw L/ perpendicular to Aa; 
Let LT, a tangent at L, cut Aa in T; 
Through T draw Nz perpendicular to Aa: 
Then, Pp is the ordinate to the axis correspond- 
ing to the point P, 
AM, Ma, are the abscisse of the axis cor- 
responding to the point P, 
Li is the latus rectum, 
LT is the focal tangent, 
Nn is the directrix. 


~ 





PROP. I. 


The difference of two straight lines drawn from the foci to any point in the 
curve, is equal to the major axis. 


That is, if P be any point in the curve, 
HP — SP = «Age 


p 

7) 

For, | 7] 
HP—SP = AH—AS = Aa-+-aH—AS peas 
Def. }. Mek iw 
“7 CAS 


And, 
HP—SP = aS—aH = Aa—aH-+A8 a \ 
Or, / \ 
2(HP—SP) = 2Aa ¥ x! 
Her = "Aa 


Cor. 1 The centre bisects the major axis; for, since 


AH— AS) ==7\aS0l> am 
Or, SH —2AS = SH 2aH 
a AS: = ‘aH 
And CS = CH, by def. 3. 
AC.» -50 a0: 
Cor. II. 
HP —“SP) ===3A4C 
HP = 2AC+ SP 
SP = -HP 22AC 
HP+ SP = 2AC + 2SP. 


i 


te 
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PROP. IL. 
The centre bisects all diameters. 


Take any point P in the curve ; 
fon, ©; HB, P;'8, 0; ae Pp? 
Complete the parallelogram SPHp ; ee, 
Join C,p; ©, P; 

Then, since the opposite sides of parallelograms 
are equal, H 
HP. = Sp, SP = Hp; 

HP —SP = Sp—Hp; 
. p is a point in the opposite hyperbola by /P >= 
definition 2. 





Again, since the diagonals of a parallelogram bisect each other and since 
SH is bisected in C, (def. 3,) 

-, Pp is a straight line and a diameter, and is bisected in C. 

In like manner, it may be proved that any other diameter is bisected in C. 


PROP. III. 


The rectangle under the segments of the major axis produced; made by the 
focus and its vertices, is equal to the square of the semi-axis, minor. 
That is, 
AS .Sa 
For, 


BC? 


AB? — AC? 

SC? — AC?, by defy 8, 
(SC — AC) (SC + AC) 
AS. Se 


BC? 


Cor. The square of the eccentricity is equal to 
the sum of the squares of the semi-axes. 
For, SC? AB2, def. 8, 
AC? + BC’. 





PROP. IV. 
To draw a tangent to the hyperbola at any point. 
Let P be the given point ; 
Join 8S, P; H, P; Uf 
Bisect the angle SPH by the straight line 
Tt. 






Tt is a tangent to the curve at P. et 

For if Té be not a tangent, let Tt cut the 
curve in some other point p. 2 

Join S, p; H, p; draw SYO perpendicular 

to Tt, meeting HP in 0; join p, O. 

Since the angles at Y are right angles, and 
angle SPY = angle OPY by construction, and \ 
side YP common to the two triangles SYP, 

OYP; 
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io SY OY 
And SP = OP. 


Again, since SY = OY, and Yp common to the two triangles aha OYp, 
and the angles at Y equal; 


a Sp = Op 
. Hp—Op = Hp — Sp 
—-  HP.Ssr 
a Hee 

= HO 
Hp = HO + Op 


that is, one side of the triangle HOp is equal to the other two, which is absurd ; 
-*. p is not a point in the curve: and in the same manner, it may be proved 
that no point in the straight line T¢ can be in the curve, except P ; 

.. Ttis a tangent to the curve at P. 


Cor. 1, Hence tangents at A and a, are perpendicular to the major axis. 

Cor. 2. SP and HP make equal angles with every tangent. 

Cor. 3. Since SPH, the verticle angle of A SPH, is bisected by the straight 
line PT, which cuts the base in T, 


HT: TS:: HP: SP. 


PROP, Vz 
Tangents drawn at the vertices of a diameter are parallel. 


Let Tt, Ww, be tangents at P, p, the vertices 
_ of the diameter PCB. 

Join S,P; H, P; 8, p; H, p: 

Then, by Prop. 2, SH is a parallelogram, and 
since the opposite angles of parallelograms are 
equal, 

‘- angle SPH = angle SpH. 





But the tangenis Tt, Ww, bisect the angles 
SPH, SpH, respectively. w 
. angle WpS = angle HPT 
= angle PTS, which is the exterior opposite angle to WpS, 
*, Ww is parallel to Tz. 


Cor. If Dd be a diameter conjugate to 
Pp, and terminated by the conjugate hy- 
perbolas, tangents drawn at D and d will be 
parallel. 

Hence tangents drawn at the extremities 
of conjugate diameters form a parallelogram. 
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PROP. VI. 


If straight lines be drawn from the foci to a vertex of any diameter, the dis- 
tance from the vertex to the intersection of the conjugate diameter with either 
focal distance, is equal to the semi-axis, major. 


That is, if Dd be a diameter conjugate to 
Pp, cutting SP produced in E, and HP in e, 
PE orPe = AC. 

Draw HI parallel to Dd, meeting SP pro- 
duced in I, 
The angle PHI = alternate angle HPT 
= angle TPS 
= angle HIP 
*.* H1 is parallel to Dd or Tt 
cot —- HP. 
Also, since SC = HO, and CE is paral- 
lel to HI, the base of the A SHI, 





« SE =. El 
Hence, *.*° PE = PI—EI 
= HP—SE 
= HP—SP— PE 
oe ee ee DE 

= 2AC 

PR. = AC. 

Also angle PEe = angle PeE, .. Pe = PE and 
Pe, (AC: 
PROP. VIL 


Perpendiculars from the foci upon the tangent at any point, intersect the 
tangent in the circumference of a circle whose diameter is the major axis. 
From S let fall SY perpendicular on T¢ a tangent 
at P. 
Join §,P; H,P; lets HP meet SY in K3 join 
CY 
Then, since angle SPY = angle KPY, and the 
angles at Y are right angles, and the side PY com- 
mon to the two triangles SPY, KPY, 
fn ky 
and KP = SP. 
Again, since SY = YK, and SC = CH, CY 
cuts the sides of A HSK proportionally, 
_.* CY is parallel to HP. 
Also, since CY is parallel to HP, SY = KY, and SC = CH, 





OYA = 7a 
= + (CHP —'KP) 
= 34(HP— SP) 
= Aa 
=a AO 


Hence, a circle described with centre C and radius = CA, will pass through 


¥; and in like manner, if HZ be drawn perpendicular to Tt, it may be proved © 
that the same circle will pass through Z also. 
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PROP. VIII. 


The rectangle contained by perpendiculars Srom the foci upon the tangent at 
any point, is equal to the square of the semi-axis, minor. 


That is, 
SX esate ty, 


Let Tt be a tangent at any point P; p ; 

On Aa describe a circle cutting Tt in Y and Z; we ah 
join 8S, Y; H, Z. , 

Then, by last Prop., SY, HZ are perpendicular 
to Té. 

Let HZ meet the circumference in z; 

Join C,z; C, Y; 

Since 2ZY is a right angle, the segment in which 
it lies is a semicircle, and z, Y, are the extremities 
of a diameter ; 





‘, zCY is a straight line and a diameter. 


Hence the triangles CYS, CzH, are in every respect equal ; 
et Ame | 
3. OY, A eet Bee 
= HA.Ha. Geom. Theor, 61. 
= BC% Prop. 3. 


PROP. 1X. 
Perpendiculars let fall from the foci upon the tangent at any point, are to cach. 
other as the focal distance of the point of contact. 


That is, 
SY: HZ:: SP: HP. 


For the triangles SPY, HPZ, are manifestly 


similar ; 


DY? 443: Se oHP. 


Cor. Hence, 





SP 
SY = HZ. Hp 
SP 
SY 2 == SY. HZ. ap 


= BON 2 AUEERE 
So also, 
HP 
HZ? = BC?. =, 
HP 
PC) RPS AC 


_ cuts HS, the base of the triangle HPS, in T, .-. 


_.. HT — ST: HT + ST:: HP—SP: HP +SP 
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PROP. X. 


Tf a tangent be applied at any point, and from the same point an ordinate to 
the axis be drawn, the semi-axis major is a mean proportional between the dis- 
tance from the centre, to the intersection of the ordinate with the axis, and the 
distance from the centre to the intersection of the tangent with the axis. 


That is, 
CT: CA:: CA: CM. 


Since the angle SPH is bisected by PT, which 


HT =: ST ¢: «i HP : SP 





eae Or : SH :: 2AC :HP+SP 
meee, 3: OOH.) 6S HP HE SP. ...........cclontdith ce sshscel (1) 


But since PM is drawn from the vertex of triangle HPS perpendicular to 
HS produced, 
HM — SM: HP+SP:: HP—SP: HM-+ SM 


Seer bet SP =: DAC © 25. CMececigsessssecedegadneseck hastor (2) 


Comparing this with the proportion marked (1), we have 
Pee aAG. s+ 2AC «2p 2CM 
See Gl fs eam Oy. CM. 


PROP. XI, 


Let AQa be a circle described on the major axis, 
from the point T, draw TQ perpendicular to Aa, 
meeting the circle in Q, join QM. 

Then QM is a tangent to the circle at Q. 

Join C, Q. 

For if QM be not a tangent, draw QM’ a tangent 
at Q, cutting AC in M’. 

Then CQM' is a right angle. 

.. Since QT is drawn from the right angle CQM’ 








- perpendicular to the hypothenuse, 


. CW: CQ:: CQ: CT. 
Oro: CAs: A: CT, «- CQ = CA. 


But by the last Prop., 
Ole GAs: C4 2 CL 
.. CM = CM, 


which is absurd; .*.QM is nota tangent at Q; and in the same manner it may 


_ be proved that no line but QM’ can be a tangent at Q. 
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PROP. XII. 


The square of any semi-ordinate to the axis, is to the rectangle under the 
absciss@, as the square of the semi-axis minor, is to the square of the semi-axs 
major. 

That is, if P be any point in the curve, 

PM*: AM. Ma :: BC?: AC* 


Describe a circle on Aa, and draw PT a tangent 
to the hyperbola at P, intersecting the circle in the 
points Y, Z, and the major axis in T. 

Draw TQ perpendicular to Aa, meeting the cir- 
cle in Q; join QM 

Then QM zs a tangent to the circle at Q by 
Prop. 11, and .*. the angle CQM is a right angle. 

Join 8, Y; H, Z; SY and HZ are perpendicu- 
lar to Tt, Prop. 7. 

Hence the triangles PMT, SYT, HZT, are similar to each other. 

seen SS PUNY: ©) te AVNET cates ea 
and, Oe ol Z: 0 ete Doe te 

PMA: SY.HZs: eee i ; 
or, PM?: BC? :: MT? : TQ?, Prop. 8, and Geom. Theor. 61. 
QM? : CQ?, +: MQT, MCQ are similar triangles. 
_ t? AM.Ma: AC#*#, Geom. Theor. 61. 
ook Me: AM. Ma ss BOPee AUS. 

Cor, 1. 

Let P, My, Pegi iccest be ordinates to the axis from any point P,, P2,..... 
Then by Prop. 





P, M,?: AM,.M,a:: BC? & AC? 
P, M2? : AM,. Mea :: BG? 2: AC? 
ie ee Ett: P, M2? $s AM,. My a : AM. Mz, a. 
That is, the square of the ordinates to the axis are to each other as the rect- 
angles of their abscissa. 
Cor. 2. By Prop. / 
PM? : AM.Ma =: BO®7saGe 


But AM = CM — CA, Ma = CM + CA, 
* PM?: CM?— CA? :: BC?: AC2% 


PROP. XIII. 


The latus rectum ts a third proportional to the axis major and minor. 


That is, 
AG@ 270 32>. BG) 47 


Since LS is a semiordinate to the axis, 
AC? ; BC?:: AS. Sa: LS?, Prop. 12. 
BC? :LS% Prop. 3. 
» AGs BC.::.. BC. :LS 
or, AG?) BO: BB aredd. 





i | get ee 7 ae 
ta ar; 


. 
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PROP. XIV. 


The area of all parallelograms, formed by drawing tangents at the extremi- 
ties of two conjugate diameters, is constant, each being equat to the rectangle 


under the axes. 


Let Pp, Dd, be any two conjugate diame- 
ters, WwXz, a parallelogram inscribed be- 
tween the opposite and conjugate hyperbolas 
by drawing tangents at P, p, D,d; then Pp, 

Dd, divide the parallelogram WaXw into 
four equal parallelograms. 


Draw Pm, dm, ordinates to the axis ; PF 





_ perpendicular to Dd. 
Let CA meet PX in T and Wz in ¢; 


WwW 


CM 
Cm, Prop. 1. 


CA: 
CA: 


CAS 
CA :: 


OT: 
Cf : 


Then 


But, 


cr: 
Bd hea 
MT : 


Gf 2s 
Ct :: 
Cm :: 


Cm: 
MT: 
Cm : 


CM 
Cm, by similar triangles. 
CM 


CME pM Germs CM cchanysncsstieoneisnseser a b., (t) 


Ont: CA. :: CA: OF 
CM : CA :: MA: AT, dividendo: 
CM : Ma :: MA: MT, componendo: 
. Ma CM. MT Us oa ocdachaveettsnes 


AC’: 


Again, 
Or, 
AM 


Ma : PM’ 
PM? 
PM 


dm 


BC?:: AM. 
AC?: BC®:: Cm’: 
AC : BC:: Om : 
ACG: BC :: CM: 
BC :dm :: CA : CM 
Cr: CA :: CA : CM 
CT : CA:: BC : dm 
PF : CT :: dm : Cd 
PF : CA:: BC : Cd 


But, 
Or, 


Similarly, 
Or, 
But, 


But, 


.. Rectangle PF. CD = rectangle AO. BC 
or, Parallelogram CX = rectangle AC. BC 


.. Parallelogram WwXx = 4 AC. BO 
AG se DU, 


Gor. By (2), 
Cm? = AM. Ma 
= (CM — CA) (CM + CA). 
= CM". ..CA’ 
| ap CA? = Cif — Cn’ 
And similarly, CB’ = dm? — PM’. 

HH 
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PROP, XV. 


The difference of the squares of any two conjugate diameters, is equal to the 
same constant quantity, namely, the difference of the squares of the two axes. 


That is, if Pp, Dd, be any two conjugate diame- Ss 


ters, 


Pp?—.Dd? = Aa?— BOd?. 


Draw PM, dm, ordinates to the axis, 
Then, by Cor. to last Prop. 






AC? — BC?= CM? + PM? — (Cm? + dm?) 
Pe ads 
Lend? Bbti— Pp? Dd ®. 


PROP. XVIe 


The rectangle under the focal distances of any point, is equal to the square uf 
ithe semi-conjugate, 
That is, if CD be conjugate to CP, 


a) Sal A eke mph OB 


Draw SY, HZ, perpendiculars to the tangent at 
P, and PF perpendicular to CD; 


Then by similar triangles, SPY, PEF, 


SP: SY ::-PE: PF 
or: (SP.3+27 “SY 43: AC ae EE 
* PE = AC. by Prop. 6. 
Similarly, HP : HZ ::AC: PF 
., SP.HP: SY.HZ:: AC*: PF* 
:: CD?2: CB, by Prop, 14. 
But SY.HZ = CB?, by Prop. 8. 
-. oP. HP =.CD* 





PROP. XVII. 

If two tangents be drawn, one at the principal vertex, the other at the vertex 
of any other diameter, each meeting the other’s diameter produced, the two tan« 
gential triangles thus formed will be equal. 


That is, | 
triangle CPT = triangle CAK. : 
Draw the ordinate PM; then j 


4 







CM : CA:: CP: CK, by similar triangles. 

But, CM: CA:: CA: CT 

“. CA: CT ?:: CP: CK. 

The two triangles CPT, CAK, have thus the 
angle C common and the sides about that angle re- 
ciprocally proportional; these triangles are .* 
equal, : 

f 
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= | 6 . cr Take each of the equal triangles CPi’, _CAK, from the common 
space CAOP; there remains 
triangle OAT = OKP. 





Cor. 2. Also take the equal triangles CPT, CAK, from the common triangie 
CPM; there remains 
: triangle MPT = trapez. AKPM. 


PROP. XVIII. 


The same being supposed, as in last proposition, 2 
then any straight lines, QG, QE, drawn parallel 
_to the two tangents shall cut off equal spaces. 


That is, 
triangle GQE = trapez. AKXG 
triangle rgE = trapez. AKRr 


Draw the ordinate PM. 
The three similar triangles CAK, CMP, CGX, 





are to each other as CA?, CM’, CG6?, 
.. AKPM : trap. AKXG :: CM?— CA? : CG? — CA’, dividendo. 
But, PM? : QG? :: CM? — CA? : CG? — CA’, 


_.*, trap. AKPM: trap. AKXG :: PM? : QG? / 
But, trian. MPT : trian. GQE :: PM’ : QG*, °° the triangles 
are similar. 
.. trap. AKPM: trian. MPT :: trap. AKXG : trian. GQE, 
But, by Prop. xvi, Cor. 2, 
trap. AKPM = triangle MPT; 
trap, AKXG = triangle GQE. 
And similarly, trap. AKRr = triangle rqE. 


Cor. 1. The three spaces AKXG, TPXG, GQE, are all equal. A 


Cor. 2. From the equals, AKXG, EQG, take the equals AKRr, Egr; 


_ there remains, 
RrXG = rqQG. 


Cor. 3. From the equals RrXG, rqQG, take the common space rgvXG; 
there remains, 


triangle vQX = triangle vg. 


Cor. 4 From the equals EQG, TPXG, take the common space EvXG; 


there remains, 
TPvE = triangle vQX. 


Cor. 5. If we take the particular case in 
which QG coincides with the minor axis, 
. 


The triangle EQG becomes the triangle 
: TBC, 
The figure AKXG becomes the triangle 
AKC, 
.. triangle IBC 


. 


= triangle AKC 
= triangle CPT, 


HH2 
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PROP. XIX, 


Any diameter bisects all its own ordi- 

nates. 
That is, 
If Qq be any ordinate to a diameter CP, 
Qo i ee. 

Draw QX, gu, at right angles to the 
major axis ; 

Then triangle vQX = triangle yvqz ; 
Prop. xvut., Cor, 3. 

But these triangles are also equiangular ; 


GU) Al). a ven0, 





Cor. Hence, any diameter divides the hyperbola into two equal paris, 


PROP, XX. 


The square of the semi-ordinate to any diameter, is to the rectangle under the 
absciss@, as the square of the semi-conjugate to the square of the semi-diameter. 


That is, 
If Qq be an ordinate to any diameter CP, 
Qos Pup 32, COUR aCre 

Let Qg meet the major axis in EB; 

Draw QX, DW, perpendicular to the major 
axis, and meeting PC iu X and W. 

Then, since the triangles CPT, CvE, are 
similar, 

trian. CPT : trian. CuE :: CP? : Cv? 
or, trian, CPT : trap. TPvE :: CP? : Co? — CP? 





Again, since the triangles CDW, vQX, are similar, 
triangle CDW : triangle vQX :: CD’: vQ*; 
But, triangle CDW = triangle CPT; Prop. xvmt., Cor. 5, 
And triangle vQX = trapez. TPvE; Prop. xvuu., Cor. 3 
. CPF at: CD32 CGe* Cpt ieee 
Or, Qv? :Pv.vup:: CD* 4 +33 


Cor.1. The squares of the ordinates to any diameter, are to each other as_ 
the rectangles under their respective abscisse. 


Cor, 2. The above proposition is merely an extension of the property 
already proved in Prop. 12, with regard to the relation between ordinates to 


the axis and their abscisse. ; 
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ON THE ASYMPTOTES OF THE HYPERBOLA. 


DEFInition.—An Asymptote is a diameter which approaches nearer to meet 
the curve, the farther it is produced, but which, being produced ever so far, 
does never actually meet it. 


PROP. XXtI. 


If tangents be drawn at the vertices of the axes, the diagonals of the rectangle so 
formed are asymptotes to the four curves. 


Let MP meet CE in Q; 
Then, MQ’ : CM? :: AE’ : AC 
:: BC? ;: AC? 
:: MP? : CM? — CA® 


Pp’ 





Now, as CM increases, the ratio of CM’ to 
CM? — CA? continually approaches to a ratio of 
equality ; but CM’ — CA’ can never become actually 
equal to CM®, however much CM may be increased. 
Hence, MP is always less than MQ, but approaches continually nearer to an 
equality with it. 

In the same manner it may be proved, that CQ is an asymptote to the conju 
_ gate hyperbola BP’. 


Cor. 1. The two asymptotes make equal angles with the axis major and with 
the axis minor. 

Cor. 2. The line AB joining the vertices of the conjugate axes is bisected by 
one asymptote and is parallel to the other, 

Cor. 3. All lines perpendicular to either axis and terminated by the asym- 
p.otesarebisected by the axis. 


PROP. XXII. 


All the parallelograms are equal, which are formed between the asymptotes and 
curve, by lines drawn parallel to the asymptotes. 


That is, the lines GE, EK, AP, AQ, being 
parallel to the asymptotes CH, CA, then the paral- 
lelogram CGEK = parallelogram CPAQ. 


For, let A be the vertex of the curve, or extre- 
mity of the semi-transverse axis AC, perpendicular 
to which draw AL or AZ, which will be equal to 
the semi-conjugate, by definition x1x. Also, draw 
HEDeA parallel to Li. 

Then, CA? : AL? :: CD’ —CA’ : DE’, 
and by parallels, CAs. Ales tre Uli a DH: 
therefore, by subtract. CA* : AL’? :: CA? : DH’ — DE’ or rect. HE. EA; 
consequently, the square AL’ = the rectangle HE. EA. 





ee eee as a _—_. % 4 - bn 
= : F eat” ts Sites eo” € vir vat} v4 ‘ a he 
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But, by similar trian. PA : AL :: GE : EH, 
and, by the same, QA : Al :: EK =: Eh; 
therefore, by comp. PA. AQ: AL? :: GE. EK : HE. Eh; 
and, because AL’ = HE. EA, therefore PA. AQ = GE. EK, 


But the parallelograms CGEK, CPAQ, being equiangular, are as the rec- 
tangles GE.EK and PA. AQ. | 

And therefore the parallelogram GK = the parallelogram PQ. ’ 

That is, all the inscribed parallelograms are equal to one another. Q. E. D. 


Corol. 1. Because the rectangle GEK or CGE is constant, therefore GE is 
reciprocally as CG, or CG: CP:: PA: GE. And hence the asymptote con- 
tinually approaches towards the curve, but never meets it; for GE decreases 
continually as CG increases; and it is always of some magnitude, except when 
OG is supposed to be infinitely great, for then GE is infinitely small or nothing. 
So that the asymptote CG may be considered as a tangent to the curve at a 
point infinitely distant from C. 

Corol. 2. If the abscissas CD, CE, CG, &c., 
taken on the one asymptote, be in seometrisal 
progression increasing; then shall the ordinates 
DH, ETI, GK, &c., parallel to the other asymptote, 
be a decreasing geometrical progression, having 
the same ratio, For, all the rectangles CDH, ; 

CEI, CGK, &c., being equal, the ordinates DH, = 
EI, GK, &c., are reciprocally as the abscissas CD, 

CE, CG, &c., which are geometricals. And the hata 
reciprocals of geometricals are also geometricals, 

and in the same ratio, but decreasing, or in converse order, 





— 


PROF. XXIII. 


The three following spaces, between the asymptotes and the curve, are equal ; 
namely, the sector or trilinear space contained by an arc of the curve and two 
radii, or lines drawn from its extremities to the centre; and each of the two 
quadrilaterals, contained by the said arc, and two lines drawn from its ex- 
tremities parallel to one asymptote, and the intercepted part of the other 
asymptote. 


That is, 
The sector CAE = PAEG = QAEK, all 
standing on the same arc AE. 


For, as has been already shown, CPAQ = CGEK ; 
Subtract the common space CGIQ, 

So shall the paral. PI = the paral. IK ; 
To each add the trilineal LAE, e 
Then is the quadril. PAEG = QAEK. ; 
Again, from the quadrilateral CAEK, take the equal triangle CAQ, CEK, i 
and there remains the sector CAE = QAEK, N 
Therefore, CAE = QAEK — PAEG. Q. E. D. 7 
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APPLICATION OF ALGEBRA 


TO 


GEOMETRY. 


Wun it is proposed to resolve a geometrical problem algebraically, or by al- 
gebra, it is proper, in the first place, to draw a figure that shall represent the 
several parts or conditions of the problem, and to suppose that figure to be the 
true one. ‘Then, having considered attentively the nature of the problem, the 
figure is next to be prepared for a solution, if necessary, by producing or draw- 
ing such lines in it as appear most conducive to that end. ‘This done, the usual 
symbols or letters, for known and unknown quantities, are employed to denote 
the several parts of the figure, both the known and unknown parts, or as many 
of them as necessary, as also such unknown line or lines as may be easiest found, 
whether required or not. Then proceed to the operation, by observing the re- 
lations that the several parts of the figure have to each other; from which, and 
the proper theorems in the foregoing elements of geometry, make out as many 
equations independent of each other, as there are unknown quantities employed 
in them: the resolution of which equations, in the same manner as in arithmeti- 
cal problems, will determine the unknown quantities, and resolve the problem 
proposed. 

As no general rule can be given for drawing the lines, and selecting the fittest 
quantities to substitute for, so as always to bring out the most simple conclusions, 
because different problems require different modes of solution ; the best way to 
gain experience, is to try the solution of the same problem in different ways, 
and then apply that which succeeds best, to other cases of the same kind when 
they afterwards occur. -'The following’ particular directions, however, may be of 
some use. 

ist, In preparing the figure, by drawing lines, let them be either parallel or 
perpendicular to other lines in the figure, or so as to form similar triangles. 
And if an angle be given, it will be proper to let the perpendicular be oppusite 
to that angle, and to fall from one end of a given line, if possible. 

2d, In selecting the quantities proper to substitute for, those are to be chosen, 
whether required or not, which lié nearest the known or given parts of the 
figure, and by means of which the next adjacent parts may be expressed by ad- 
dition and subtraction only, without using surds. 

3d, When two lines or quantities are alike related to other parts of the figure 
or problem, the way is, not to make use of either of them separately, but to sub- 
stitute for their sum, or difference, or rectangle, or the sum of their alternate 
quotients, or for some line or lines in the figure, to which they have both the 
same relation. 

4th, When the area, or the perimeter, of a figure, is given, or such parts of it 
as have only a remote relation to the parts required; it is sometimes of use to 
assume another figure similar to the proposed one, having one side equal to 
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unity, or some other known quantity. For, hence the other parts of the figure 
may be found, by the known proportions of the like sides, or parts, and so an 
equation be obtained. For examples, take the following problems, 


PROBLEM I. 


In a right-angled triangle, having given the base (3), and the sum of the hypo- - 
thenuse and perpendicular (9); to find both these two sides. 


Let ABC represent the proposed triangle right-angled at é 
B. Put the base AB = 3 = 5, and the sum AC + BC of 
the hypothenuse and perpendicular = 9 — $3 also, let x de- 
note the hypothenuse AC, and y the perpendicular BC. 
Then by the question t+-y=s, A B 
and by theorem 34, Ona ee 
By transposition y in the ist equation gives, z= s — y, 
This value of x substituted in the 2d, gives s?9_ 2sy +-y? = y? + b, 


Taking’ away y’ on both sides leaves s*°—2sy = Gh 
By transposing 2 s y and 0°, gives f— b> =2sy, 
s iP 


And dividing by 2 s, gives 
Hence « = s —-5 = ¥ = AC; 


N. B. In this solution, and the following ones, the notation is made by using 
as‘many unknown letters, x and y, as there are unknown sides of the triangle, 
a separate leiter for each; in preference to using only one unknown letter for 
one side, and expressing the other unknown side in terms of that letter and the 
given sum or difference of the sides ; though this latter way would render the 
solution shorter and sooner; because the former way gives occasion for more 


and better practice in reducing equations; which is the very end and reason 
for which these problems are given at all. 


PROBLEM Ii. 


In a right-angled triangle, having given the hypothenuse (5), and the sum of the 
‘ base and perpendicular (7); to find both these two sides. 


Let ABC represent the proposed triangle right-angled at B. Put the given 
hypothenuse AC = 5 = a, and the sum AB + BC of the base and perpendi- 
cular = 7 = s; also let « denote the base AB, and y the perpendicular BC. 


Then by the question, Z4+y=s, 

and by theorem 34 xc? y? = Gs 

By transposing y in the Ist, gives Z=Ss —Yy, 

By substituting this value for @, gives s*—.2sy+2y? = a?, 

By transposing s?, gives 2y* —2sy =a? — s? 

By dividing by 2, gives y®? —sy = ta? — 1s, 

By completing the square, gives y?—sy+4s? =far—1 5% 
By extracting the root, gives ¥Y¥ —ts=Via* —Ts* 
By transposing 3s, gives y¥ =tstVia@—ist= 


4 and 3, the values of # and y% : 
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PROBLEM III, 


In a rectangle, having given the diagonal (10), and the perimeter, or sum of all 
the four sides (28); to find each of the sides severally. 





Let ABCD be the proposed rectangle; and put the D ae 
diagonal AC = 10= d, and half the perimeter AB + meat | 
BC or AD + DC = 14 =2;; also put one side AB= 2, ea 
and the other BC = y. : g B 

Hence, by right-angled triangles, TP fy? d*, 

And by the question BT ole eh) aoa, 

Then by transposing y in the 2d, gives r= a yy, 

This value substituted in the Ist, gives a? — 2ay + 2y? = d?, 

Transposing a”, gives 2y?— 2ay= d?—a?, 

And dividing by 2, gives y? =) ay = 4d* —21a', 

By completing the square, it is y*— ay + 4a? = 1d? — lat 


And extracting the root, gives 2 
And transposing } a, gives Ue ais aa a 
or 6, the values of « and y. 


< 


PROBLEM IV. 


Having given the base and perpendicular of any triangle; to find the side of a 
square inscribed in the_same. 

Let ABC represent the given triangle, and EFGH its CG 
inscribed square. Put the base AB = 3, the perpendi- 
cular CD = a, and the side of the square GF or GH = G E 
DI =a; then will Cl = CD— DI = a—zx. 

Then, because the like lines in the similar triangles 
ABC, GFC, are proportional (by theorem 84, Geom.), - Hi DEB 
AB: CD:: GF: CI, that is, b:a::4%:a—za. Hence, 
by multiplying extremes and means, ab — bz = az, and transposing ba, gives 
ab = ax + br; then dividing by a+, gives s = a = GF or GH, the 
side of the inscribed square; which therefore is of the same magnitude, what- 


ever the species or the angles of the triangles may be. 


PROBLEM Y. 


Jn an equilateral triangle, having given the lengths of the three perpendiculars, 
drawn from a certain point within, on the three sides ; to determine the sides, 
Let ABC represent the equilateral triangle, and DE, 

DF’, and DG, the given perpendiculars from the point Cc 

D. Draw the lines DA, DB, DC, to the three angular \ 

points; and let fall the perpendicular CH on the base 

AB. Put the three given perpendiculars, DE = a, 

DF = 08, DG =c, and put « = AH or BH, half the side f 

ofthe equilateral triangle. Then is AC or BC = 22, A 

and by right-angled triangles the perpendicular CH = 


VAC*— AH? = 1/ 4a*§— a? = \/ 2 = 81/3 





490 





Now, since the area or space of a rectangle, is nen by the product of 
ihe base and height (cor. 2, th. 81, Geom.), and since a triangle is equal to od 
a rectangle of equal base and beight (cor. 1, th, 26), it follows that, 


the whole triangle ABC is = AB X CH=z2 x LyY/3= x? / 3; | 
the triangle ABD =}AB X DG=2zXe=ea, 
the triangle BCD =iBC x DE=2z X @=az, : 

the triangle ACD =1AC X DF =z X 6=6z. 


















Put the three last triangles make up, or are equal to, the whole former or 
great triangle ; 
that is, «24/3 = ax + bx + cx: hence, dividing by z, gives 
£/3=a +6 +46, and dividing by ,/3, gives 


ies ea half the side of the triangle sought. 


Also, since the whole perpendicular CH is = x ,/3, it is therefore = @ +- 
b +-c. That is, the whole perpendicular CH, is just equal to the sum of all 
the three smaller perpendiculars DE -- D¥ -+- DG taken together, wherever 
the point D is situated. 


PROBLEM YI. 


In a right-angled triangle, having given the base (3), and the difference 
between the hypothenuse and perpendicular (1); to find both these two sides. 


PROBLEM VII. , . 

In a right-angled triangle, having given the hypothenuse (5), and the differ- 
ence between the base and perpendicular (1); to determine both these two 
sides, 

PROBLEM VIII, 


Having given the area, or measure of the space, of a rectangle, inscribed in — 
a given triangle; to determine the sides of the rectangle. 


PROBLEM IX. 


In a triangle, having given the ratio of the two sides, together with both the 
segments of the base, made by a perpendicular from the vertical angle; to 
determine the sides of the triangle. 


PROBLEM X., 


In a triangle, having given the base, the sum of the other two sides, and the 
length ef a line drawn from the vertical angle to the middle of the base; to 
find the sides of the triangle. 


E PROBLEM XI. 


In a triangle, having given the two sides about the vertical angle, with the — 
line bisecting that angle, and terminating in the base ; to find the base. i 


PROBLEM XII. 


‘To determine a right-angled triangle ; having given the lengths of two lines 
drawn from the acute anplee to the middle of the opposite sides. 


PROBLEM XIII. 


To determine a right angled-triangle; having given the aaa * and the 
radius of its inscribed Circle. 







TO GEOMETRY. 


a x PROBLEM XIV. 
ine daiSrinine a triangle ; having given the base, the perpendicular, and the 
ratio of the two sides. 





/ 


PROBLEM XV. 


To determine a right-angled triangle; having given the hypothenuse, and 
the side of the inscribed square. 


PROBLEM XVI. 


To determine the radii of three equal circles, described in a given circle, te 
_ touch each other and also the circumference of the given circle. 


PROBLEM XVII. 


In a Ree ceangled triangle, having given the perimeter, or sum of all the 
sides, and the perpendicular let fall from the right angle on the hypothenuse ; 
to determine the triangle, that is, its sides. 


PROBLEM XVIII. 


To determine a right-angled triangle; having given the hypothenuse, and 
the difference of two lines drawn from the two acute angles to the centre of the 
inscribed circle. 


PROBLEM XIX. 


‘To determine a triangle; having given the base, the perpendicular, and the 
difference of the two other sides. 


PROELEM XX. 


"To determine a triangle; having given the base, the perpendicular, and the 
a rectangle or product of the two sides. 


PROBLEM XXI. 


To determine a triangle ; having given the lengths of three lines drawn from 
_ the three angles, to the middle of the opposite sides. 


PROBLEM XX. 
In a triangle, bing given all the three Siegert to find the radius of the 
inscribed circle. 

PROBLEM XXIII. 


To determine a right-angled triangle; having given. the side of the inscribed 
square, and the radius of the inscribed circle. 


PROBLEM XXIV. 










To determine a triangle, and the radius of the inscribed circle; having given 
_ the lengths of three lines drawn from the three angles, to the centre of that 
circle. | 


PROBLEM XXY. 

To determine a right-angled triangle; having given the hypothenuse, and 
_the radius of the inscribed circle. 

PROBLEM XXVI. 


: To determine a triangle; having given the base, the line bisecting the 
% vertical angle, and the diameter of me circumscribing circle. 








PROBLEMS ON MAXIMA AND MINIMA. 


TO BE SOLVED GEOMETRICALLY. 


1. Divide a right line into two parts so that their rectangle shall be a 
maximum. 

2, Find a point in a given straight line, from which if two straight lines be 
drawn to two given points on the same side of the given line, and in the same 
plane with it, their sum shall be a maximum. ; 


3. Let ABC be a right-angled triangle of which AB is the hypothenuse, 
Draw through the angular point, C, a right line such, that the sum of two per- 
pendiculars let fall upon it from A and B, respectively, shall be a minimum. 


4, Through a given point within a circle, which is not the centre, to draw 
the least chord. 


5. Through either of the points of intersection of two given circles that cut 
each other, to draw the greatest of all straight lines, passing through that point, 
and terminated both ways by the two circumferences. 


6. Two semicircles whose radii are in a known ratio, lie on contrary sides of 
the same right line, the circumference of one terminating in the centre of the 
other. Draw the greatest right line perpendicular to the common diameiral 
line, and terminated both ways by the two curves. 


7. Through a given point in a given circle, out of the centre, draw a chord 
which shall cut off the least segment. 


8. To find a point in the circumference of a given circle, at which any given 
straight line drawn from the centre, but less than the radius of the circle, shall 
subtend the greatest angle. 


9. Given the base and the ratio of the sides, to determine the triangle when 
its area is a maximum. 


i0. In a given triangle to inscribe the greatest rectangle. 


11. To divide a given right line into two parts, such that the sum of tae 
squares of the two parts may be a minimum. 


12. In a given plane triangle to inscribe another, having its angular points in — 
the three sides of the given one, and its perimeter a minimum. 


13. Given the hypothenuse of a right-angled triangle, to construct it when the 
sum of one leg and the diameter of the inscribed circle is a maximum. 





ea 


PLANE TRIGONOMETRY. 


DEFINITIONS. 


1 PLANE TRIGONOMETRY treats of the relations and calculations of the sides 
and angles of plane triangles. 

2. The circumference of every circle (as before observed in Geom. def. 56) 
is supposed to be divided into 360 equal parts, called Degrees; also each de- 
gree into 60 Minutes, each minute into 60 seconds, and so on. 

Hence a semicircle contains 180 degrees, and a quadrant 90 degrees. 

3. The Measure of any angle (def. 57, Geom.) is an arc of any circle con- 
tained between the two lines which form that angle, the angular point being the 
centre ; and it is estimated by the number of degrees contained in that are. 

Hence, a right angle being measured by a quadrant, or quarter of the circle, 
is an angle of 90 degrees; and the sum of the three angles of every triangle, or 
two right angles, is equal to 180 degrees. Therefore, in aright-angled triangle, 
taking one of the acute angles from 90 degrees, leaves the other acute angle ; 
and the sum of two angles, in any triangle, taken from 180 degrees, leaves the 
third angle; or one angle being taken from 180 degrees, leaves the sum of the 
other two angles. 

4. Degrees are marked at the top of the figure with a small °, minutes with ’, 
seconds with’, and soon. Thus, 57° 30’ 12”, denote 57 degrees 30 minutes 
and 12 seconds. 

5. The Complement of an arc, is what it wants of 
a quadrant or 90°. Thus, if AD be a quadrant, 
then BD is the complement of the arc AB; and, 
reciprocally, AB is the complement of BD. So 
that, if AB be an arc of 50°, then its complement 
BD will be 40°. 

6. The Supplement of an arc, is what it wants of 
a semicircle, or 180° ‘Thus, if ADE be a semi- 
circle, then BDE is the supplement of the arc AB; 
and, reciprocally, AB is the supplement of the arc BDE. So that, if AB be 
an arc of 50°, then its supplement BDE will be 130°. 

7. The Sine, or Right Sine, of an arc, is the line drawn from one extremity 
of the are, perpendicular to the diameter passing through the other extremity. 
Thus, BF is the sine of the are AB, or of the are BDE. 

Corol. Hence the sine (BF) is half the chord (BG) of the double arc (BAG). 

8. The Versed Sine of an are, is the part of the diameter intercepted between 
the arc and its sine. So, AF is the versed sine of the arc AB, and EF the versed 
sine of the arc EDB. 

9, The Tangent of an arc, is a line touching the circle in one extremity of 
that arc, continued from thence to meet a line drawn from the centre through 
the other extremity: which last line is called the Secant of the same arc. 
Thus, AH is the tangent, and CH the secant, of the arc AB. Also, EI is the 
tangent, and CI the secant, of the supplemental arc BDE. And this latter tan- 
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gent and secant are equal to the former, but are accounted negative, as being 
drawn in an opposite or contrary direction to the former. 

10. The Cosine, Cotangent, and Cosecant, of an arc, are the sine, tangent, 
and secant of the complement of that arc, the Co being only a contraction of 
the word complement. Thus, the arcs AB, BD being the complements of each 
other, the sine, tangent or secant of the one of these, is the cosine, cotangent or 
cosecant of the other. So, BF, the sine of AB, is the cosine of BD; and BK, 
the sine of BD, is the cosine of AB: in like manner, AH, the tangent of AB 
is the cotangent of BD; and DL, the tangent of DB, is the cotangent of AB: 
also, CH, the secant of AB, is the cosecant of BD; and CL, the secant of BD, 
is the cosecant of AB. 

Corol. Hence several remarkable properties easily follow from these defini- 
tions; as, ; ‘ 

1st, That an arc and its supplement have the same sine, tangent, and secant ; 
but the two latter, the tangent and secant, are accounted negative when the arc 
is greater than a quadrant or 90 degrees. 

2d, When the arc is 0, or nothing, the sine and tangent are nothing, but the 
secant is then the radius CA.—But when the arc is a quadrant AD, then the 
sine is the greatest it can be, being the radius CD of the circle; and both the 
tangent and secant are infinite. 

3d, Of any arc AB, the versed sine AF, and cosine BK, or CF, together make 
up the radius CA of the circle.—The radius CA, tangent AH, and secant CH, 
form a right-angled triangle CAH. So also do the radius, sine, and cosine, 
form another right-angled triangle CBF or CBK. As also the radius, cotan- 
gent, and cosecant, another right-angled triangle CDL. And all these right- 
angled triangles are similar to each other. } 

11. The sine, tangent, or secant of an angle, is the sine, tangent, or secant of 
the arc by which the angle is measured, or of the degrees, &c. in the same are 
or angle. 

12. The method of constructing the 
scales of chords, sines, tangents, and se- 
cants, usually engrayen on instruments, 
for practice, is exhibited in the annexed 
figure. 

13. A Trigonometrical Canon, is a ta- 
ble exhibiting the length of the sine, tan- 
gent, and secant, to every degree and 
minute of the quadrant, with respect to 
the radius, which is expressed by unity, 
or 1, and conceived to be divided into 
10000000 or more decimal parts. And 
farther, the logarithms of these sines, 
tangents, and secants are also ranged in 
the tables; which are most commonly 


Tangents. 


used, as they perform the calculations by g 
only addition and subtraction, instead of A 
the multiplication and division by the 

natural sines, &e. according to the nature PAO HE OR YR SD 

of logarithms. Vers, Sin. 


Upon this table depends the numeral 
solution of the several cases in trigone- 
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metry, It will therefore be proper to begin with the mode of constructing it, 
which may be done in the following manner: 


PROBLEM I. 
To find the sine and cosine of a@ given are. 


: 
This problem is resolved after various ways. One of these is as follows, viz. 
by means of the ratio between the diameter and circumference of a circle, to- 
gether with the known series for the sine and cosine, hereafter demon- 

strated. Thus, the semicircumference of the circle, whose radius is 1, being 
_ 3'141592653589793, &c., the proportion will therefore be, 
as the number of degrees or minutes in the semicircle, 
; is to the degrees or minutes in the proposed are, 

so is 3.14159265, &c, to the length of the said arc, 
This length of the arc being denoted by the letter a; also its sine and cosine 

by s and c; then will these two be expressed by the two following series, viz. 


as a> al 
Bat — 9.9 Th aaaent ea 3.45.67 1 &e 
a?® as 
pe a ear Tou — ap t &e. 
a*® a* aé 


Reece eee 7 Saa6G te 


Examp.e 1.—If it be required to find the sine and cosine of one minute. 
Then, the number of minutes in 180° being 10800, it will be first, as 
10800 : 1 :: 3:14159265, &c. : '000290888208665 = the length of an arc of 
one minute. Therefore, in this case, 

a= ‘0002908882 
and Za*= 000000000004, &c. 
the difference is s = -°0002908882 the sine of 1 minute. 
Also, from i 
take 3a* = 0°'0000000423079, &c. 
leaves c = 9999999577 the cosine of 1 minute. 


EXxamPLe 11.—F or the sine and cosine of 5 degrees, 
Here, as 180°: 5°: : 3°14159265, &c. : (08726646 = a the length of 5 degrees. 
Hence, a = -08726646 
—ia = — :00011076 
+i? = 00000004 


these collected, give s = ‘08715574 the sine of 5°. 


And, for the cosine, 1= 1: 
—ia = — :00380771 
+i¢= 00000241 
these collected, give c = ‘99619470 the cosine of 5°. 


After the same manner, the sine and cosine of any other arc may be com- 
puted. But the greater the arc is, the slower the series will converge, in which 
case a greater number of terms must be taken to bring out the conclusion to 
the same degree of exaeimess, 
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Or, having found the sine, the cosine will be found from it, by the property 
of the right-angled triangle CBF, viz. the cosine CF = = NY, CB? — BF®, or 
c=Vil—s?*. 

There are also other methods of constructing the canon of sines and cosines, 
which, for brevity’s sake, are here omitted, 


PROBLEM II. 


Lo compute the tangents and secants. 


The sines and cosines being known, or found by the foregoing problem; the 
tangents and secants will be easily found, from the prions of similar triangles, 
in the following manner :— 

In the first figure, where, of the arc AB, BF is the sine, CF or BK the co- 
sine, AH the tangent, CH the secant, DL the cotangent, and CL the cosecant, 


the radius being CA, or CB, or CD; the three similar triangles CFB, CAH, 


CDL, give the following proportions : 

Ist, CF: FB:: CA: AH; whence the tangent is known, being a fourth 
proportional to the cosine, sine, and. radius. 

2d, CF: CB:: CA: CH; whence the secant is known, being a third pro- 
portional to the cosine and radius. 

3d, BF: FC :: CD: DL; whence the cotangent is known, being a fourth 
proportional to the sine, cosine, and radius. 

4th, BF: BC :: CD: CL; whence the cosecant is known, being a third pro- 
portional to the sine and radius, 

Having given an idea of the calculation of sines, tangents, and secants, we 
may now proceed to resolve the several cases of Trigonometry; previous to 


which, however, it may be proper to add a few preparatory notes and observa- 


tions, as below. 


Note 1.—There are usually three methods of resolving triangles, or the cases 
of trigonometry ; namely, Geometrical Construction, Arithmetical Computation, 
and Instrumental Operation. 

In the First Method.—The triangle is constructed by making the parts of 
the given magnitudes, namely, the sides from a scale of equal parts, and the 
angles from a scale of chords, or by some other instrument. Then, measuring 
the unknown parts, by the same scales or instruments, the solution will be ob- 
tained near the truth. 

In the Second Method.—Naving stated the terms of the proportion according 
to the proper rule or theorem, resolve it like any other proportion, in which a 
fourth term is to be found from three given terms, by multiplying the second 
and third together, and dividing the product by the first, in working with the 
natural numbers; or, in working with the logarithms, add the logs. of the se- 

cond and third terms together, and from the sum take the log. of the first term; 
then the natural number answering to the remainder is the fourth term sought. 

In the Third Method.—Or Instrumentally, as suppose by the log. lines on 
one side of the common two foot scales; Extend the compasses from the first 
term, to the second or third, which happens to be of the same kind with it; 
_ then that extent will reach from the other term to the fourth term, as required, 
taking both extents towards the same end of the scale. 


Note 2.,—In every triangle, or case in trigonometry, there must be given three 
parts, to find the other three. And, of the three parts that are given, one of 
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them at least must be a side; because the same angles are common to an infi- 
nite number of triangles, ; 
Note 3.—All the cases in trigonometry may be comprised in three varieties 
- only; viz. 
lst, When a side and its opposite angle are given. 
2d, When two sides and the contained angle are given. 
3d, When the three sides are given. 
For there cannot possibly be more than these three varieties of cases; for 
- each of which it will therefore be proper to give a separate theorem, as follows: 


THEOREM f. 


When a side and its opposite angle are two of the given paris. 


Then the sides of the triangle have the same proportion to each ofher, as the 
sines of their opposite angles have. 
That is, As any one side, 


Is to the sine of its opposite angle ; 
So is any other side, 
To the sine of its opposite angle. 


Demonstr.—For, let ABC be the proposed triangle, 


having AB the greatest side, and BC the least. ‘Take G 
AD = BC, considering it as a radius; and let fall the D eer 
perpendiculars DE, CH, which will evidently be the ES \ i; 
sines of the angles A and B, to the radius AD or BC. = 


Age eo Pe 
But the triangles ADE, ACF, are equiangular, and 


therefore AC : CF :: AD or BC: DE; that is, AC is to the sine of its opposite 
angle B, as BC to the sine of its opposite angle A, 


Note 1.—In practice, to find an angle, begin the proportion with a side oppo- 
site a given angle. And to find a side, begin with an angle opposite a given 
side. r 


Note 2.—An angle found by this rule is ambiguous, or uncertain whether it 
be acute or obtuse, unless it be a right angle, or unless its magnitu de be such 
as to prevent the ambiguity ; because the sine answers to two angles, which are 
supplements to each other; and accordingly the geometrical construction forms 
two triangles with the same parts that are given, as in the example below; and 
when there is no restriction or limitation included in the question, either of 
them may be taken. The degrees in the table, answering to the sine, is the 
acute angle; but if the angle be obtuse, subtract those degrees from 180°, and 
the remainder will be the obtuse angle. When a given angle is obtuse, or a 
right one, there can be no ambiguity ; for then neither of the other angles can 
be obtuse, and the geometrical construction will form only one triangle. 


EXAMPLE I, 


In the plane triangle ABC, Cc 
AB 345 yards 
Given, ~ BC 232 yards C 
angle A 37° 20/ 


Required the other parts. i A B 
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l. Geometrically. 


Draw an indefinite line, upon which set off AB = 345, from some conve- 
nient scale of equal parts.—Make the angle A = 37°3,—With a radius of 232, 
taken from the same scale of equal parts, and centre B, cross AC in the two 
points C, C.—Lastly, join BC, BC, and the figure is constructed, which gives 
two triangles, showing that the case is ambiguous. 

Then, the sides AC measured by the scale of equal parts, and the angles B 
and C measured by the line of chords, or other instrument, will be found to be 
nearly as below; viz. 

AC 174 angle B 27° angle C 115°3 
or 374} or 782 or 64 4 


2. Arithmetically. 


First, to find the angles at C: 


As side BC 232 a oxeasns si peeaphaetenetaes oan chug log. 2°3654880 
To sin. opp. angle A 370 20’...... oesye+aee aatera enemy 9°7827958 
So side AB B45 5.5 5isa sites oases sacs eeieeae gee 2°5378191 
To sin. opp. angle C 115° 36’ or 64° 24! .....seeeeeeeee 9°9551269 





Add angle A 37 20 37 20 








The sum 152 56 or 101 44 
Taken from 180 00 180 00 


Leaves angle B 27 04 or 78 16 


ee eee a ee 


Then, to find the side AC: 


Assine angle A = 37° 20! ...sserescesacssesseesoes «e+». log. 9°7827958 
To opposite side BC 238s cewek .nlesans <Xee Coreen 2°3654880 
So sine angle B ; 279 DAG ie aslo dw nein sess naeas os Peaeede 9-6580371 
18 16 ..ccccoccccerccssnccecssncans 9°9908291 

To opposite side AC 17407 ...sccecseeeeseseseeseeenevees 2°2407293 
OY, 374°56 ......eceeeeee se ccccseescccces 2°5735213 


3. Instrumentally. 


In the first proportion—Extend the compasses from 232 to 345 upon the 
line of numbers; then that extent will reach, on the sines, from 3793 to 64°3, 
the angle C. 

In the second proportion.— Extend the compasses from 37°3 to 27° or 78o4, 
on the sines; then that extent will reach, on the line of numbers, from 232 to 
174 or 3742, the two values of the side AC. 


EXAMPLE II, 
In the plane triangle ABC, 
AB 365 poles 
Given, < angle A 57° 12! 
Vinasie B 24 45 ie C4638 
Ans 





Required the other parts. AC 154°33 
BC 309°86 
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EXAMPLE IIL, 
In the plane triangle ABC, 





AC 120 feet 
Given, BC 112 feet [angle B 64° 34 2i" 
angle A 57° 27" or, 115.25 39 
Required the other parts. Ans, 2 angle C 57 58 39 


or, 7 7 2i 
| AB 112°65 feet 
‘are 16°47 feet 
THEOREM IL 
When two sides and their contained angle are given, 
Then it will be, 
As the sum of those two sides, 
Is to the difference of the same sides ; 
So is the tang. of half the sum of their opposite angles, 
‘To the tang. of half the difference of the same angles. 

Hence, because it has been shown under Algebra, that the half sum of any 
two quantities increased by their half difference, gives the greater, and dimi- 
nished by it gives the less, if the half Prone of the angles, so found, be 
added to their half sum, it will give the greater angle, and subtracting it will 
leave the less angle. 

Then, all the angles being now known, the unknown side will be found by 
the former atom. 

Demonstr.—Let ABC be the proposed triangle, 
having the two given sides AC, BC, including the © 
given angle ©, With the centre C, and radius G 
CA, the less of these two sides, describe a semi- 





D 
circle, meeting the other side BC produced in D = 
and E. Join AE, AD, and draw DF parallel to eer ss 


AE. 

Then, Bit is the sum, and BD the difference of 
the two given sides CB, CA. Also, the sum of the twoangles CAB, CBA, is 
equal to the sum of the two CAD, CDA, these sums being each the supplement 
of the vertical-angle C to two right angles: but the two latter CAD, CDA, are 
equal to each other, being opposite to the two equal sides CA, CD: hence, 
either of them, as ODA, is equal to half the sum of the two unknown angles 
CAB, CBA. Again, the exterior angle CDA is equal to the two interior angles 
B and DAB; therefore the angle DAB is equal to the difference between 
CDA and B, or between CAD and B; consequently the same angle DAB is 
equal to half the difference of the unknown angles B and CAB; of which it 
has been shown that CDA is the half sum. 

Now the angle DAE, in a semicircle, is a right angle, or AE is perpendicular 
to AD; and DF, parallel to AB, is also perpendicular to AD: consequently, 
AE is the tangent of CDA the half sum, and DF the tangent of DAB the half 
difference of che angles, to the same radius AD, by the definition of a tangent. 
But, the tangents Al, DF, being parallel, it will be as BE: BD :: AE: DE; 
that is, as the sum of the sides is to the difference of the sides, so is the tangent 
of half the sum of the opposite angles, to the tangent of half their difference. 

Note.—The sum of the unknown angles is found, by taking the given angle 


fi 180°, 
rom 180 112 
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EXAMPLE Tf. 


In the plane triangle ABC, C 
AB 345 yards os 
Given, AC 17407 yards re Ds 
ves A 37° 20’ A B 


Required the other parts. 
1. Geometrically. 


Draw AB = 345 from a scale of equal parts. Make the angle A = 37° 20 
Set off AC = 174 by the scale of equal parts. Join BC, and it is done. 

Then the other parts being measured, they are found to be nearly as follows ; 
viz. the side BC 232 yards, the angle B 27°, and the angle C 115°}. 


2. Arithmetically. 


As sum of sides AB, AC, ..........+006 eaten ste 519°07 log. 2°7152259 
To difference of sides AB, AG, ........0...00. 170°93 ... 2:2328183 
So tangent half sum angles C and B, ......... 71° 20° ... 10°4712979 


To tangent half difference angles Cand B 44 16 ... 9°9888903 





Their sum gives angle C 115 36 
Their diff. gives angle B 27) 4 


Then, by the former theorem, 


As sine angle C 115° 36’ or 64° 24 ......... satheaorenaey »» log. 9°9551259 

To its opposite side AB DAD ccesceswdase dat eee tee 2°5378191 

So sine angle A 37° 20! ......sscessesesesenecesetenereeeees 9°7827958 

To its opposite side BO esa rors sees sates a a 2+3654890 
3." Instrumentally. 


In the first proportion.—Extend the compasses from 519 to 171, on the line 
of numbers; and that extent will reach, on the tangents, from 71° (the contrary 
way, because the tangents are set back again from 45°), a little beyond 45, 
which being set so far back from 45, falls upon 44°3, the fourth term. 

In the second proportion. — Extend from 64°} to 37°3, on the sines; and 
that extent will reach, on the numbers, from 345 to 232, the fourth term - 


sought. 


EXAMPLE I. 
In the plane triangle ABC, 


AB 365 poles 
civen | AC 154°33 
angle A 57° 12! BC 309-86 


Required the other parts. Ans. < angle B 24° 45! 
angle C $80 3 


EXAMPLE III. 
In the plane triangle ABC, 


AC 120 yards 
Given, BC 112 yards 


angle © 57° 58! 39’ AB 112°65 
Required the other parts. Ans. 2 angle A 57°27 0 
. : angle B 64 34 21 


ark. a 
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THEOREM III. 
When the three sides of the triangle are given. 

Then, having let fall a perpendicular from the greatest angle upon the oppo- 
site side, or base, dividing it into two segments, and the whole triangle into 
two right-angled triangles; it will be, 

As the base, or sum of the segments, 
Is to the sum of the other two sides ; 
So is the difference of those sides, 
. T’o the difference of the segments of the base. 

Then half the difference of the segments being added to the half sum, or the 
half base, gives the greater segment; and the same subtracted gives the less 
segment. 

Hence, in each of the two right-angled triangles, there will be known two 
sides, and the angle opposite to one of them; consequently, the other angles 
will be found by the first problem. 

Demonstr.—By Cor. to Theorem 35, Geometry, the rectangle under the sum 
and difference of the two sides, is equal to the rectangle under the sum and 
difference of the two segments. Therefore, by forming the sides of these 
rectangles into a proportion, it will appear that the sums and differences are 
proportional as in this theorem, by Theor. 76, Geometry. 


EXAMPLE I. . 
In the plane triangle ABC, C 


AB 345 yards ben | ; 
Given, the sides AC 232 ie 
BC 174°07 A. P B 


To find the angles. 
1. Geometrically. 

Draw the base AB = 345 by ascale of equal parts. With radius 232, and 
centre A, describe an arc; and with radius 174, and centre B, describe another 
are, cutting the former in C. Join AC, BC, and it is done. 

Then, by measuring the angles, they will be found to be nearly as follow; 
viz. angle A 27°, angle B 37°3, and angle © 115°}. 


2, Arithmetically. 
Having let fall the perpendicular CP, it will be, 
As the base AB: AC 4+ BC :: AC — BC: AP — BP, 
that is, as 345 : 406°07 :: 57°93 : 68°18 = AP — BP, 





Tia ita Oo. ae Yous devs dae +s 34°09 
TG HAL WaSGIS, 0s 6vcec colets ees _172°50 
the sum of these is ........... «- 206°59 AP 


and their difference ............ 13841 = BP 
Then, in the triangle APC, right-angled at P, 





As the side AC ........-csecee op ROOAT MN hbiesmabae nites log. 2°3654880 

To sine opposite angle __...... DUS" canes at te as «»  10°0000000 

SWS RIGOI AE’. wass0.-acvdgets a anibay MOG OMe ciate asnde ned gt ie 2°3151093 

To sine opposite angle ACP G22 5G" ws vecgetsgnaverss 9°94.96213 
Which taken from......... 90 00 














Leaves the angle A....... 27 O4 
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Again, in the triangle BPC, right-angled at P, 
HAH AFLG ICIGO IS) cee, cacy scxccasss on V44°0T 33 stag hee log. 2°2407239 


To sine opposite angle P ....0 90% — ...seceseeue 3. cna 10°0000000 

So is side BP............ teevan eas 13941 cag osgpese seas 2°1411675 

To sin, opposite angle BCP... 52°40! ...........00 ek 9°9004.436 
Which taken from......... 90 00 
Leaves the angle B ........ 37 20 
Also, the angle ACP ...... 62° 56! 
Added to angle BCP ...... 52 40 
Gives the whole angle ACB ...... 115 36 


So that all the three angles are as follow; viz. 
the angle A 27° 4/;_ the angle B 37° 20’; the angle C 115° 367, 


3. Instrumentally. 
In the first proportion.—Extend the compasses from 345 to 406, on the line 


of numbers; then that extent will reach, on the same line, from 58 to 68:2 
nearly, which is the difference of the segments of the base. 


In the second proportion.—Extend from 232 to 2064, on the line of num- 


bers ; then that extent will reach, on the sines, from 90° is 63° 


reach from 90° to 52°2 on the sines. 


right-angled’ and oblique; besides which, there are other theorems suited to 
some particular forms of triangles, which are sometimes more expeditious in 
their use than the general ones; one of which, as the case for which it serves 
so frequently occurs, may be here taken, as follows: 


When, in a right-angled triangle, there are given one leg and the angles; to find 


In the third proportion. — Extend from 174 to 1383; then that extent will 


EXAMPLE II. 
In the plane triangle ABC, 


AB 365 poles 
Given the sides,~ AC 154°33 


BC 309°8€ angle A 57 12! 
To find the angles. Ans. < angle B 24 45 | 
angle C 98 3 
In the plane triangle ABC, 
AB 120 } 
Given the sides, 4 AC 112°65 | 
jas 112 angle A 57° 27 00" 
To find the angles. Ans jet B57 58 39 | 
angle C 64 34 21 4 


The three foregoing theorems include all the cases of plane triangles, both 


THEOREM IV. 


the other leg or the hypothenuse ; ié¢ will be, 
As radius, 7. e. sine of 90° or tangent of 45° 
Is to the given leg, 
So is the tangent of its adjacent ane 
To the other leg ; 
And so is the secant of the same ‘ania 
To the hypothenuse, 





x et a q 4 +i \ 
+ * 
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Demonstr. AB being the given leg, in the right-angled 
triangle ABC; with the centre A, and any assumed radius 
AD, describe an arc DE, and draw DF perpendicular to 
AB, or parallel to BC. Now it is evident, from the defini- 
tions, that DF is the tangent, and AF the secant, of the arc 

DE, or of the angle A which is measured by that arc, to the 

_ radius AD. Then, because of the parallels BC, DF, it will 
‘be as AD: AB:: DF: BC:: AF: AC, which is the same as the theorem is in 
words. 





EXAMPLE I. 


In the right-angled triangle ABC, 


1s the leg AB 162 
T d BC. 
erien yas A 53°7' fees Qofd 2G and BP 


1, Geometrically. 


Make AB = 162 equal parts, and the angle A = 53°7 48’'; then raise the 
perpendicular BC, meeting AC in C. So shall AC measure 270, and BC 216. 


2, Arithmetically. 


As VadiUs ......eeeeeeeenserees tang. 45° ...cesececeeeseees log. 10°0000000 
To leg AB w.ccee-eseeesecees (a kip eee baer ter 2:2095150 
So tang. angle A......... eet DO Ea Pop seen este ddaeuyars 10°1249371 
To leg BC ...sses-seeeeeeees BUG Ay a Gade dentro g tay sa 2°3344521 
So secant angle A ......++- BS CAR Fn coelans Ub avnne® 10°2218477 
To hyp. AC...cccereerseees DTD «rune snes satire - 2:4313627 


3. Instrumentally. 


Extend the compasses from 45° to 53° 4, on the tangents. Then that extent 
will reach from 162 to 216 on the line of numbers. 


EXAMPLE II. 


In the right-angled triangle ABC, 
the leg AB 180 
G 
ae, Mie angle A 62° 40° AG 392-0147 
To find the other two sides. Ans. } BC 348-2464 


Note. There is sometimes given another method for right-angled triangles, 
which is this : ; 

ABC being such a triangle, make one leg AB radius, 
that is, with centre A, and distance AB, describe an arc 
BF. Then it is evident that the other leg BC repre- 
sents the tangent, and the hypothenuse AC the secant, of 
the arc BF, or of the angle A. 

In like manner, if the leg BC be made radius; then 
the other leg AB will represent the tangent, and the hy- 
pothenuse AC the secant, of the arc BG or angle C. 

But if the hypothenuse be made radius; then each leg 
will represent the sine of its opposite angle ; namely, the leg AB the sine of the 
are AE or angle C, and the leg BC the sine of the arc CD or angle A. 
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And then the general rule for all these cases, is this, namely, that the sides 
of the triangle bear to each other the same proportion as the parts which they 
represent. 

And this is called, Making every side radius, 


OF HEIGHTS AND DISTANCES, &c. 


By the mensuration and protraction of lines and angles, are determined the 
lengths, heights, depths, and distances of bodies or objects. 

Accessible lines are measured by applying to them some certain measure a 
number of times, as an inch, or foot, or yard, But inaccessible lines must be 
measured by taking angles, or by some such method, drawn from the principles 
of geometry. 

When instruments are used for taking the magnitude of the angles in de- 
grees, the lines are then calculated by trigonometry : in the other methods, the 
lines are calculated from the principle of similar triangles, without regard to 
the measure of the angles. 

Angles of elevation, or of depression, are usually taken either with a theodo- 
lite, or with a quadrant, divided into degrees and minutes, and furnished with 
a plummet suspended from the centre, and two sides fixed on one of the radii, 
or else with telescopic sights. 


Lo take an angle of altitude and depression with the quadrant. 


Let A be any object, as the sun, moon, ora 
star, or the top of a tower, or hill, or other emi - 
nence: and let it be required to find the measure “ 
of the angle ABC, which a line drawn from the Bs 
object makes with the horizontal line BC. a 
Fix the centre of the quadrant in the angular Bw eC 
point, and move it round there asa centre, till 
with one eye at D, the other being shut, you per- as 
ceive the object A through the sights: then will 
the arc GH of the quadrant, cut off by the plumb 
line BH, be the measure of the angle ABC as required. 


B c 
The angle ABC of depression of any object A, ‘ 
is taken in the same manner; except that here ~S 
the eye is applied to the centre, and the measure * y 
of the angle is the arc GH, on the other side of i 
the plumb line. 34 
‘ed 


The following examples are to be constructed and calculated by the foregoing 
methods, treated of in Trigonometry, ' 


a 


Cx 
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EXAMPLE [f. 


Having measured a distance of 200 feet, in a direct horizontal line, from the 
bottom of a steeple, the angle of elevation of its top, taken at that distance, was 
found to be 4:7° 30’: from hence it is required to find the height of the steeple. 


Construction. 


Draw an indefinite line, upon which set off AC = 200 equal parts, for the 
measured distance. Erect the indefinite perpendicular AB; and draw CB so 
as to make the angle C = 47° 30’, the angle of elevation; anditisdone. Then 
AB, measured on the scale of equal parts, is nearly 2181. 





Calculation. 
AS radius ......... oo SOARS ee, ere 10°0000000 
ET  . ncaacaneasesccesce 23010300 
So tang. angle © 47° 30 ............cecesseecece 10°0379475 
Oe O Te 218-26 VOQUiTed ... ..c0..0c+.sseseereee 2°3389775 
EXAMPLE II. 


What was the perpendicular height of a cloud, or of a balloon, when its angles 
of elevation were 35° and 64° , as taken by two observers, at the same time, both 
on the same side of it, and in the same vertical plane; their distance as under 
being half a mile or 880 yards. And what was its distance from the said two 
observers ? 


Construction. 


Draw an indefinite ground line, upon which set off the given distance AB = 
880; then A and Bare the places of the observers. Make the angle A = 35°, 
and the angle B = 64°; and the intersection of the lines at C will be the place 


_ of the balloon; from whence the perpendicular CD, being let fall, will be its 


perpendicular height. Then, by measurement, are found the distances and 
height nearly as follows; viz. AC 1631, BC 1041, DC 936, 








c 
Calculation. Ue oF 
First, from angle B 640 St i 
Take angle A 35 ate 
Sesvesangle ACB 29-6) get 
a ee ah 
Then, in the triangle ABC, : 
Assine angle ACB 29° ...... men censateee Seuvodeeuges 9°6855712 
To op. side AB 880 Seabees avecbadues beereteviees 29444827 
So sine angle A BOO? Atay Rites ss Wowtesvacdarasedtetes 9°7585913 
To opposite side BC 1041°125 ...... ddaaievaveces dvb acnined «- 3°0175028 
magia Anele ACH 29°  . visscescese peayinitastathals « 9°68557 12 
To opposite side AB 880 __ a... oA ICE Oe desees 2°9444827 
Sosine angle B_ 116° or 64° ,.......... Bes Soa Be Boe « 9:9536602 


To opposite side AD 1631442 eis eececseeseeevees Ware hOB ZOT Le 
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And, in the triangle BCD, 
Assine angle D OO? secckscesendeaeans ese etvnne ssseee 10°0000000 
To opposite side BO 1041°125 .s.ssussssrsressesrensersercnees 3°0175028 
So sine angle B G4° ca cnc essen ereceeeaees socevcecedesan| SeRGCNDaEaE 
To opposite side CD  935°757 ..ssessseemreeeesserers sssosaeees SO OTL BOSe 


SS 








EXAMPLE I]. 


Having to find the height of an obelisk standing on the top of a declivity, I 
first measured from its bottom a distance of 40 feet, and there found the angle, 
formed by the oblique plane and a line imagined to go to the top of the obelisk, 
41°; but, after measuring on in the same direction 60 feet further, the like 
angle was only 23° 45’. What then was the height of the obelisk ? 


Construction. 

Draw an indefinite line for the sloping plane or declivity, in which assume 
any point A for the bottom of the obelisk, from whence set off the distance 
AC = 40, and again CD = 60 equal parts. Then make the angle C = 41°, 
and the angle D = 23°45’; and the point B, where the two lines meet, will 
be the top of the obelisk. Therefore AB, joined, will be its height. 


Calculation. 


From the angle C 41° 00 
Take the angle D 23 45 
Leaves the angle DBC 17 15 








Then, in the triangle DBC, 


As sine angle DBC 179 Ld! cosceccescccescees es Cevatpeceaap ceeee 9°4720856 
To opposite side DC GO —s—_— cnceveccccccccccees esvcscsccccsccses 1°7781513 
So sine angle D 98 AB HRA sine Rote tee ean 96050320 


To opposite side CB SU ABS cccicccsadaccbacenscheececcateree 0 io mann am 


eee 








And, in the triangle ABC, 


As sum of sides CB, CA 121°488 ccsccesecseseeecees 9-084.5333 
To difference of sides CB, CA 41°488 cesseseccsenseeeee 16179225 
Sotang. half sum angles A, B 69° 30" «sseeessseeeseeenee 10°4272623 
To tang. half diff. angles A, Bo 4D DAD wccecsevsncceeecsees 9.9606516 








The diff. of these is angle CBA 27 53 





Lastly, as sine angle CBA 27° OF eee see sovecst stirs QUE 96582842 
To opposite side GA. “AO. deoresss esnsescegeiras meme 1:6020600 
So sine angle C Al® Of —casscccccrecrecsoesscecssenss 9 GLOOM 


To opposite side AB 57623 csseerecseesresssserenseceeee 1:7607187 


ee 








EXAMPLE IV. . 


Wanting to know the distance between two inaccessible trees, or other ob- 
jects, from the top of a tower, 120 feet high, which lay in the same right line 
with the two objects, I took the angles formed by the perpendicular wall and 
lines conceived to be drawn from the top of the tower to the bottom of eaeh 


j 





- the two angles BAC, BAD, equal to the given 


\ 
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tree, and found them to be 33° and 64°}. What then may be the distance 
between the two objects ? . 


Construction. 


Draw the indefinite ground line BD, and 
perpendicular to it BA = 120 equal parts. 
Then draw the two lines AC, AD, making 





angles 33° and 643°. So shall © and D be 
the places of the two objects. 


Calculation. 
First, In the right-angled triangle ABC, 
AS VAIS .......0.ecerereeeecoees PS COAT Oe BI 100000000 
BREED: geese cscs seesece TOO Pe Medekswtts cass sas cewsusavcseses 20791812 
So tang. angle BAC... 33° ...scessseceseseseresenseeeceenes 9°8125174 
PEE BG i gees sceseece BOO. wacsay Se Ne FERRI CUE CT 1°8916986 
And, in the right-angled triangle ABD, 
IAS VACIUS ..cc0vccer-ceresccovecsscsccesscecsscscoencecssces «++» 10°0000000 
To AB q..cacscessesss 120 neaseee AS aOR pacer or Ents 2°0791812 
So tang. angle BAD 6404 ...... bee teacun eve tarkseye 10°3215039 
To BD 1c... cccccecsoess POLES cicccecvccseee cosecevevcece 24006851 








From which take BO '77°929  .....cccccccssssececeseeeees 
Leaves the dist. CD 173°656 as required. 


NXANIPLE V. 


. Being on the side of a river, and wanting to know the distance to a house 


‘which was seen on the other side, I measured 200 yards in a straight line by 


the side of the river; and then at each end of this line of distance, took the 
horizontal angle formed between the house and the other end of the line ; 
which angles were, the one of them 68° 2, and the other 73° 15’. What then 
were the distances from each end to the house ? 


Construction. 
Draw the line AB = 200 equal parts. Then draw AC so as to make the 
angle A = 68° 2’, and BC to make the angle B = 73° 15’.. So shall the point 
C be the place of the house required. 


Culeulation 


To the given angle A 6&° °° 2 
Add the given angle B 73 15 





Then their sum . 141 17 
Being taken from 180 0 
Leaves the third angle © 38 43 : 
Hence, As sin. angle C 389 43! ....60.ssee0e schicassasanswaaens sate LOOSUOS 
To op. side AB 200 — eerrsereees aesececccnceveneesessnte 2°3010300 
So sin. angle A 68° 2 sscsseee SOPH ETE thagiesacsacersarts 9°9672679 
To op. Side BC 296°54 ssrssersssrssessereerneneccrenrseres Q°4720917 
And, As sin. angle C 38° 43) .ssssssessessessessetseseeese eee 169° 962062 
To op. side AB 200 — sssseeseesssreeversoeecercrrensrenee 23010300 
So sin. angle B 73° 15! sssssecscessenseecaseessereerseres 9°9811711 
To op. side AC 30619 ss.ssesereseessserensers..sreesr 1B AB59949 


508 OF HEIGHTS AND DISTANCES, 


_ Exam. vi.—From the edge of a ditch of 36 feet wide, surrounding a fort, 
having taken the angle of elevation of the top of the wall, it was found to be 
62° 40’: required the height of the wall, and the length of a ladder to reach 


from my station to the top of it ? 
A ae of wall 69°64, 


ladder 78°4 feet. 


Exam, vi.—Required the length of a shoar, which, being to strut 11 feet 
from the upright of a building, will support a jamb 23 feet 10 inches from the — 
ground ? Ans. 26 feet 3 inches. 


Exam. vit.—A ladder, 40 feet long, can be so planted, that it shall reach a 
window 33 feet from the ground, on one side of the street; and by turning it 
over, without moving the foot out of its place, it will do che same by a window 
21 feet high, on the other side: required the breadth of the street? 

Ans. 56°649 feet. 

Exam. 1x.—A Maypole, whose top was broken off by a blast of wind, struck 
the ground at 15 feet distance from the foot of the pole: what was the height 
of the whole maypole, supposing the broken piece to measure 39 feet in length ? 

Ans. 75 feet. 

Exam. x.—At 170 feet distance from the bottom of a tower, the angle of its 
elevation was found to be 52° 30/: required the altitude of the tower. 

Ans. 221 feet. 

Exam. x1.—From the top of a tower, by the sea-side, of 143 feet height, it 
was observed that the angle of depression of a ship’s bottom, then at anchor, 
measured 35°: what then was the ship’s distance from the bottom of the wall ? 

Ans. 20422 feet. 

Exam. x11.—What is the perpendicular height of a hill; its angle of eleva- 
tion, taken at the bottom of it, being 46°, and 200 yards farther off, on a level 
with the bottom of it, the angle was 31°? Ans. 28628 yards. 


Exam. x111.—Wanting to know the height of an inaccessible tower; at the 
ieast distance from it, on the same horizontal plane, I took its angle of eleva- 
tion equal to 58°; then going 300 feet directly from it, found the angle there to 
be only 320: required its height, and my distance from it at the first station ? 

cre i Height, 307°53 
Distance, 192°15 

Exam. xtv.—Being on a horizontal plane, and wanting to know the height 
of a tower placed on the top of an inaccessible hill; 1 took the angle of eleva- 
tion of the top of the hill equal 40°, and of the top of the tower equal 51°; then 
measuring in a line directly from it to the distance of 200 feet farther, I found 
the angle to the top of the tower to be 33° 45/: what then is the height of the 
tower ? Ans. 93°33148 feet. 


Exam. xv.—From a window near the bottom of a house, which seemed to be 
on a level with the bottom of a steeple, I took the angle of elevation of the top 
of the steeple equal 40°; then from another window, 18 feet directly above the 
former, the like angle was 37° 30’: what then is the height and distance of the 
steeple ? Ae i Height, 210°44 

Distance, 250°79 

Exam. xvr.— Wanting to know the height of, and my distance from, an ob- 
ject on the other side of a river, which seemed to be ona level with the place 
where I stood, close by the side of the river; and not having room to measure 
backwards, on the same plane, because of the immediate rise of the bank, I 
placed a mark where I stood, and measured ina direction from the object. up 
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the ascending ground to the distance of 264 feet, where it was evident that I 
was above the level of the top of the object; there the angles of depression were 
found to be, viz. of the mark left at the river’s side 42°, of the bottom of the 
object 27°, and of its top 19°. Required then the height of the object, and the 
distance of the mark from its bottom ? Nae Saal 57°26 
Distance, 150°50 
Exam. xvu.—If the height of the mountain called the Peak of Teneriffe be 
4 miles, and the angle taken at the top of it, as formed between a plumb line 
and a line conceived to touch the earth in the horizon, or farthest visible point, 
be 87° 25’ 55"; it is required from hence to determine the magnitude of the 
whole earth, and the utmost distance that can be seen on its surface from the 
top of the mountain, supposing the form of the earth to be perfectly round? 
re Dist. 178°458 miles. 
HSS 
Diam. 7957°818 
Exam. xvi11.—Two sbips of war, intending to cannonade a fort, are, by the 
shallowness of the water, kept so far from it, that they suspect their guns can- 
not reach it with effect. In order, therefore, to measure the distance, they se- 
parate from each other a quarter of a mile, or 440 yards; then each ship ob- 
serves and measures the angles which the other ship and the fort subtends, 
which angles were 83° 45/ and 85° 15’. What then was the distance between 
each ship and the fort ? 2292°26 yards. 
2298°05 
Exam, x1x.—Being on the side of a river, and wanting to know the distance 
to a house which was seen at a distance on the other side; I measured out for 
a base 400 yards in a right line by the side of the river, and found that the 
two angles, one at each end of this line, subtended by the other end and the 
house. were 68° 2’ and 73° 15’. What then was the distance between each sta- 
tion and the house ? rien i 593°08 yards. 
61238 
Exam. xx.—Wanting to know the breadth of a river, I measured a base of 
500 yards in a straight line close by one side of it; and at each end of this line 
I found the angles subtended by the other end and a tree close on the bank on 
the other side of the river, to be 53° and 79° 12’. What then was the perpen- 
dicular breadth of the river ? Ans. 529°48 yards. 


Ans. 


Exam. xx1.—Wanting to know the extent of a piece of water, or distance 
between two headlands; I measured from each of them to a certain point in- 
land, and found the two distances to be 735 yards and 840 yards; also, the ho- 
rizontal angle subtended between these two lines was 55° 40’, What then was 
the distance required ? Ans. 741°2 yards. 


Exam. xx11.—A point of land was observed, by a ship at sea, to bear east-hy- 
south; and after sailing north-east 12 miles, it was found to bear south-east-by- 
east. It is required to determine the place of that headland, and the ship’s 
distance from it at the last observation ? ~ Ans, 26°0728 miles. 


Exam. xxu1.—Wanting to know the distance between a house and a mill, 
which were seen at a distance on the other side of a river, I measured a base 
line along the side where I was of 600 yards, and at each end of it took the 
angles subtended by the other end and the house and mill, which were as fol- 
low; viz. at one end the angles were 58° 20’ and 95° 20/, and at the other end 
the like angles were 53° 30’ and 98°45/, What then was the distance between 
the house and mill ? Ans, 959°5866 yards. — 
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Exam, xxiv.— Wanting to know my distance from an inaccessible object O,. 
on the other side of a river; and having no instrument for taking angles, but 
only a chain or cord for measuring distances; from each of two stations, A and 
B, which were taken at 500 yards asunder, I measured in a direct line from 
the object O 100 yards, viz. AC and BD each equal to 100 yards; also the 
diagonal AD measured 550 yards, and the diagonal BC 560. What then was 


the distance of the object O from each station A and B? 
i. Ans, $49 536°25 
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MENSURATION OF PLANES. 





Te area of any plane figure, is the measure of the space contained within its 
extremes or bounds; without any regard to thickness. 

This area, or the content of the plane figure, is estimated by the number of 
little squares that may be contained in it; the side of those little measuring 
squares being an inch, a foot, a yard, or any other fixed quantity. And hence, 
the area or content is said to be so many square inches, or square feet, or square 
yards, &c. 


Thus, if the figure to be measured be the rectangle PD : a 


ABCD, and the little square E, whose side is one inch, 

be the measuring unit proposed: then, as often as the = 
said little square is contained in the rectangle, so many oy 

square inches the rectangle is said to contain, which in 

the present case is 12. A a 


PROBLEM L 


Po find the area of any parallelogram, whether it be a square, a rectangle, a 
rhombus, or a rhomboid. 


Multiply the length by the perpendicular breadth, or height, and the product 
will be the area, * tee Uf é 


* The truth of this rule is proved in the Geometry, Theor. 81, Cor. 2. . Cue WI t6 

The same is otherwise proved thus: Let the foregoing rectangle be the figure proposed ; and let 
the length and breadth he divided into equal parts, each equal to the lineal measuring unit, being here 
4 for the length, and 3 for the breadth; and let the opposite points of division be connected by right 
lines. Then, it is evident that these lines divide the rectangle into a number of little squares, each 
equal to the square measuring unit E; and farther, that the number of these little squares, or the 
area of the figure, is equal to the number of lineal measuring units in the length, repeated as often as 
there are lineal measuring units in the breadth, or height 3, that is, equal to the length drawn into the 
height; which here is 4 X 3 or 12. 

And it is proved (Geometry, Theor. 25, Cor, 2), that a rectangle is equal to any oblique parallelo. 
gram, of equal length and perpendicular br_adth. Therefore, the rule is general for all parallelograma 
whatever. . 





ce 
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EXAMPLES. 


Ex. 1.—To find the area of a parallelogram, whose length is 1225, and 
height 8°5. 
12-25 length 
8°5 breadth 





6125 
9800 





104°125 area 





Ex. 2.—To find the area of a square, whose side is 35°25 chains. 
Ans. 124 acres, 1 rood, 1 perch. 
Ex. 3.—To find the area of a rectangular board, whose length is 12} feet, 
and breadth 9 inches. Ans. 93 feet. 
Ex. 4.—To find the content of a piece of land, in form of a rhombus, its 
length being 6.20 chains, and perpendicular height 5°45. 
Ans. 3 acres, 1 rood, 20 perches. 
Ex. 5.—To find the number of square yards of painting in a rhomboid, 


whose length is 37 feet, and breadth 5 feet 3 inches. 
Ans. 214%, square yards. 


PROBLEM II. 
To find the area of a triangle. 


Rv.eE 1.—Multiply the base by the perpendicular height, and half the product ~ 


will be the area.* Or, multiply the one of these dimensions by half the other. 


EXAMPLES. 


Ex. 1.—To find the area of a triangle, whose base is 625, and perpendicular 


“height 520 links? 
Here 625 X 260 = 162500 square links, 


or equal 1 acre, 2 roods, 20 perches, the answer. 


Ex. 2.—How many square yards contains the triangle, whose base is 40, and 
perpendicular 30 feet ? Ans. 662 square yards. 

Ex. 3.—To find the number of square yards in a triangle, whose base is 49 
feet, and height 254 feet. Ans. 6853, or 68°7361. 

Ex. 4.To find the area of a triangle, whose base is 18 feet 4 inches, and 
height 11 feet 10 inches. Ans. 108 feet, 52 inches. 


Rute 11.—When two sides and their contained angle are given: Multiply 
the two given sides together, and take half their product: ‘Then say, as radius 
is to the sine of the given angle, so is that half product, to the area of the tri- 
angle. 

Or, multiply that half product by the natural sine of the said angle. + 


* The truth of this rule is evident, because any triangle is the half of a parallelogram of equal base 
and altitude, by Geometry, Theor. 26. << & 


} For, let AB, AC, be the two given sides, including the given re 
angle A. Now 3AB X CP is the area, by the first rule, CP being 
perpendicular. But, by Trigonometry, as sine angle P, or radius, 
is to sine angle A:: AC: CP = sine angle A X AC, taking i 
radius = 1. Therefore, the area 3ABX CPis = 3AB X AC 4 a REEL 


X sin, angle A, to radius !; or, ; 
as radius : sin, angie A:: 2AB X AC : the area, 
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Ex. 1.—What is the area of a triangle, whose two sides are 30 and 40, and 
their contained angle 28° 57! 18" ? 
Here 3 xX 40 X 30 = 600, 
Therefore, 1 : 4841226 nat. sin. 28° 57 18” 
608 


290°47356, the answer. 


Ex, 2,—How many square yards contains the triangle, of which one angle is 
45°, and its containing sides 25 and 214 feet ? Ans. 20°86947, 


Rute 11.— When the three sides are given: Add all the three sides together, 
- and take half that sum. Next, subtract each side severally from the said half 
sum, obtaining three remainders. Lastly, multiply the said half sum and those 
three remainders all together, and extract the square root of the last product, 
for the area of the triangle. * 

Ex. 1.—To find the area of the triangle whose three sides are 20, 30, 40. 


20 45 45 45 
30 20 30 40 
40 — ee ae 
noe 25, first rem. 15,secondrem. 5, third rem. 


45, half sum. 


- Then 45 X 25 X% 15% 5 “= 84375. 
The root of which is 290°4737, the area. 


Ex, 2.—-How many square yards of plastering are in a triangle, whose sides 


are 30, 40, 50? Ans. 663. 
Ex, 3—How many acres, &c. contains the triangle, whose sides are 2569,. 
4.900, 5025 links ? Ans. 61 acres, 1 rood, 39 perches.. 


PROBLEM III. 
To find the area of a trapezoid. 

Add together the two parallel sides; then multiply their sum by the perpen- 
dicular breadth or distance between them; and half the product will be the area; 
by Geometry, theorem 29. 

Ex. 1.—In a trapezoid, the parallel sides are 750 and 1225, and the perpen- . 
dicular distance between them 1540 links: to find the area. 

1225 
750 


Pee 


1975 X% 770 = 152075 square links = 15 acres, 33 perches, 


* For, let a, b, c, denote the sides opposite respectively to A, B, C, the angles of the triangle A B C 
(see last fig.); then by Theor. 37, Geom. we have BC2=AB?2+AC?2—2AB.AP, or a?=b?+c?—2c.AP 


2 2s 
By Apa" tee, hence we have 
c 


Cp2ay2— (te? —a?)? _ 4b%e?@—(b? ++ c2—a?)? __ (2be-+b? + c?—a?) . (2be—b?®—c? +- a?) 
4c? 4c? 4c? 
*. 4c? CP2= {(b+c)2—a2} . { a®@—(c—b)? }=(a+b+c)(—a+b+c)(a—b+c)(a+b—c) 


a! hoy Ba at+bt+te —atb gh Ee i+ Sea 
“+5 AB.CP = 5c0P=/ { aoe atte ache, was 2 ~ Jee 


where s= 5 (atb+e)=half the sum of the three sides. 
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f 


Kx. 2.—How many square feet are contained in the plank, whose length is 
12 feet 6 inches, the breadth at the greater end 15 inches, and at the less end 


11 inches ? 


Ans. 1333 feet. 


Ex. 3.—In measuring along one side AB of a quadrangular field, that side 
and the two perpendiculars let fall on it from the two opposite corners, measured 
as below: required the content. 


Ans, 4 acres, 1 rood, 5°792 perches. 


AP = 110 links, 
AQ = 1745 
AB = 1110 
SY eS ES 
DQ =. 595 





PROBLEM Iv. 


To find the area of any trapezium. 


Divide the trapezium into two triangles by a diagonal: then find the areas 
of these triangles, and add them together. 

Note.—If two perpendiculars be let fall on the diagonal, from the other two 
opposite angles, the sum of these perpendiculars being multiplied by the dia- 
gonal, half the product will be the area of the trapezium. 


Ex. 1.—To find the area of the trapezium, whose diagonal is 42, and the two 
perpendiculars on it 16 and IS. 


Here 16--18 = 34, its half is 17. 
Then 42 X 17 = 714, the area. 


Ex. 2.—How many square yards of paving are in the trapezium, whose dia- 
gonal is 65 feet, and the two perpendiculars let fall on it 28 and 332 feet ? 


* 


Ans. 222.4, yards. 


Ex. 3.—In the quadrangular field ABCD, on account of obstructions there 
could only be taken the following measures, viz. the two sides BC 265, and 
AD 220 yards, the diagonal AC 378, and the two distances of the perpendicu- 
Jars from the ends of the diagonal, namely, AE 100, and CF 70 yards, Re- 
quired the area in acres, when 4840 square yards make an acre? 


Ans. 17 acres, 2 roods, 21 perches. 


PROBLEM V. 


To find the area of an irregular polygon. 


Draw diagonals dividing the proposed polygon into trapeziums and triangles. 
Then find the areas of all these separately, and add them together for the con- 
tent of the whole polygon. 


Exam.—To find the content of the irregular figure ABCDEFGA, in which 
are given the following diagonals and perpendiculars; namely, 


AC 55 
FD 52 
GC 44 
Gm 13 
Bn 18 
Go 12 
Ep 8 
Dq 23 


Ans, 1878°5. 
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PROBLEM VI. 
To find the area of a regular polygon, 


Rute 1.—Multiply the perimeter of the polygon, or sum of its sides, by the 
perpendicular drawn from its centre on one of its sides, and take half the pro- 
duct for the area.* 


Ex. 1.—To find the area of the regular pentagon, each side being 26 feet, 
and the perpendicular from the centre on each side is 17.2047737. 


Here 25 X% 5 = 125 is the perimeter. 
And 17:2047737 KX 125 = 2150°5967125. 
Its half 1075°298356 is the area sought. 


Ruxe 1.—Square the side of the polygon; then multiply that square by the 
area or multiplier set against its name in the following table, and the product 
will be the area. + 


























No. of Nias Areas, or 
Sides. Multipliers. 
3 Trigon, or triangle 0°4:330127 
4 Tetragon, or square 1:0000000 
5 Pentagon 1°7204774 
6 | Hexagon 2°5980762 
7 Heptagon 36339124 
8 Octagon 48284271 
9 Nonagon 6°1818242 
10 Decagon 76942088 
11 Undecagon 9°3656399 
12 Dodecagon 11°1961524 





Exam.—Taking here the same example as before, namely, a pentagon, whose 
side is 25 feet. 
Then, 25? being = 625, 
And the tabular area 1°7204774; 
Therefore, 1°7204774 X 625 = 1075°298375, as before. 


Ex, 2.—To find the area of the trigon, or equilateral triangle, whose side 
is 20, Ans. 173-20508. 


* ‘Ihis 8 only in effect resoiving the polygon into as many equa) triangles as it has sides, by draw- 
ing lines from the centre to all the angles; thea ‘inding their areas, and adding them all together. 


+ This rule is founded on the property, that: like polygons, being similar figures, are to one another 
as the squares of their like sides ; which is pfeved in the Geomett y, Theorem 89. Now, the multi- 
pliers in ,the table, are the areas of the respestive polygons te the side 1. Whence the rule is 
manifest. 

Note.—The areas in the table, to each side \, nay 02 computed be 
{he following manner: From the centre C of the polygon draw lines 
to every angle, dividing the whole figure into as many equal triangles 
as the polygon has sides ; and Jet ABC be one of those triangles, 
the perpendicular of which is CD. Divide 360 degrees by the num- 
ver of sides in the polygon, the quotient gives the angle at the 
centre ACB. The half of this gives the angle ACD; and this 
taken from 90°, leaves the angle CAD. Then, as radius is to AD, % 
so is tangent angle CAD to the perpendicular CD. This multiplied A DB 
by AD, gives the area of the triangle ABC; which, being multiplied by the number of the triangles, 
or of the sides of the polygon, gives its whole area, as in the table. 
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Ex. 3. To find the area of a hexagon, whose side is 20 Ans. 1039-23048, 

Ex. 4. To find the area of an octagon, whose side is 20. Ans. 1931-37084, 

Ex. 5. To find the area of a decagon, whose side is 20. Ans. 3077-68352, 
- PROB, VII. 


. 


Lo find the diameter and circumference of any circle, the one from the other. 


Puts may be done nearly by either of the two following proportions, viz. 
As 7 is to 22, so is the diameter to the circumference. 
Or, As 1 is to 3°1416, so is the diameter to the circumference.* 


Ex. 1. To find the circumference of the circle whose diameter is 20. 
By the first rule, as 7 : 22 : : 20 : 62¢, the answer. 


Ex. 2. If the circumference of the earth be 25000 miles, what is its diameter ? 
By the 2d rule, as 3:1416 : 1 : : 25000 : 79573, nearly the diameter. 


* For, let ABCD be any circle, whose centre is E, and let AB, BC, be any 
two equal arcs. Draw the several chords as in the figure, and join BE ; also F 
draw the diameter DA, which produce to F, till BF be equal to the chord BD. 

Then the two isosceles triangles DEB, DBF, are equiangular, because they 
have the angle at D common; consequently DE: DB :: DB: DF. But the 
two triangles AFB, DCB are identical, or equal in all respects, because they 
have the angle F = the angle BDC, being each equal the angle ADB, these being 
subtended by the equal arcs AB, BC; also the exterior angle FAB of the quad- 
rangie ABCD, is equal the opposite interior angle at C; and the two triangles 
have also the side BF = the side BD; therefore the side AF is also equal the 
side DC. Hence the proportion above, viz. DE: DB :: DB: DF = DA+AF 
becomes DE: DB:: DB: 2DE+DC. Then, by taking the rectangles of the 
extremes and means, it is DB?= 2 DE?+DE. DC. 


? 





Now, if the radius DE be taken=1, this expression becomes DB2= 2+DC, and hence DB= V2+ DC. 
That is, if the measure of the supplemental chord of any arc be increased by the number 2, the square 
root of the sum will be the supplemental chord of half that are. 


Now, to apply this to the calculation of the circumference of the circle, let the arc AC be taken equal 
tox of the circumference, and be successively bisected by the above theorem: thus, the chord AC, of 3 
of the circumference, is the side of the inscribed regular hexagon, and is therefore equal the radius AE 
or 1; hence, in the right-angle triangle ACD, it will be DC= 7 AD?—AC?= V22—1?= ./3=1°7320508076, 
the supplemental chord of s of the periphery. 


Then, by the foregoing theorem, by always bisecting the arcs, and adding 2 to the last square root, 
there will be found the supplemental chords of the 12th, the 24th, the 48th, the 96th, &c. parts of the 
periphery; thus, 





/3°7320508076 = 1°9318516525 ) ae , 
/3'9318516525 = 1°9828897297 2 of 

n/3°9828897227 = 1°9957178465 a xe ae ; 
43°9957178465 = 1:9989291743 a eter ae of the 
39989291748 = 1:9997322757 chee dt vis periphery, 
,/3°9997322757 = 1°9999330678 wiz 

»/3°9999330678 = 1°9999832669 rs 

39999832669 = ....... Re of 


Since then it is found that 3°9999832669 is the square of the supplemental chord of the 1536th part of 
the periphery, let this number be taken from 4, the square of the diameter, and the remainder 
0°0000167331 will be the square of the chord of the said 1536th part of the periphery, and consequently 
the root ./0°0000167331=0°0040906112 is the length of that chord; this number then being multiplied 
by 1536, gives 6-2831788 for the perimeter of a regular polygon of 1536 sides inscribed in the circle; 
which, as the sides of the polygon nearly coincide with the circumference of the ‘circle, must also 
express the length of the circumference itself, very nearly, 


BEX? 
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PROBLEM VIII. 
To find the length of any are of a circle. 
Multiply the degrees in the given are by the radius of the circle, and the 
product again by the decimal 01745, for the length of the arc.* 


Ex. 1.—To find the length of an are of 30 degrees, the radius being 9 feet. 


Ans. 4°7115. 
Ex. 2.—To find the length of an arc of 12° 10/, or 12°%, the radius being 10 


feet. Ans. 271231. 


PROBLEM IX, : : 


To find the area of a circle. 


+ Rue 1.—Multiply half the circumference by half the diameter. Or multi- 
ply the whole circumference by the whole diameter, and take 3 of the product. 

Rure 1.—Square the diameter, and multiply that square by the decimal 
“7854, for the area. “ 


Ex. 1.—To find the area of a circle whose diameter is 10, and its circum- 
ference 31°415, 








By Rule 1. By Rule 2. 
31°416 “71854 
10 100 = 10° 
4)314+16 ; 
78-bA the area 78°54 


eed 


But now, to show how near this determination is to the truth, let AQP 
= 00040906112 represent one side of such a regular polygon of 1536 sides, ca 
and SRT a side of another similar polygon described about the circle ; and ik 
from the centre E let the perpendicular EQR be drawn, bisecting AP and 
ST inQ and R. Then, since AQ is = 2AP = 0:0020453056, and EA = a 
therefore EQ? = EA? — AQ® = ‘9999958167, and consequently its root 
gives EQ = ‘9999979084; then, because of the parallels AP, ST, it is 
EQ: ER:; AP: ST:: the whole inscribed perimeter : the circum- 
scribed one; that is, as ‘9999979084 : 1 :: 62831788 : 62831920 the 
perimeter of the circumscribed polygon. But the circumference of the 
circle being greater than the perimeter of the inner polygon, and less than 
that of the outer, it must consequently be greater than 62831788, 

but less than 62831920, 

and must therefore be nearly equal 3 their sum, or 6.2831854, which in fact is true to the last 
figure, which should be a3 instead of the 4, 

Hence, the circumference being 6°2831854 when the diameter is 2, it will be the half of that, or 
3°1415927, when the diameter is 1, to which the ratio in the rule, viz. 1 to 31416 is very near. Also 
the other ratio in the rule 7 to 22 or 1 to 3} = 31428, &c., is another near approximation. 


E 


* It having been found, in the demonstration of the foregoing problem, that when the radius ofa 
circle is 1, the length of the whole circumference is 62831854, which consists of 360 degrees; there- 
fore, as 360° : 62831854 :: 1° : 01745, &c., the length of the arc of 1 degree. Hence, the number 
01745, multiplied by any number of degrees, will give the length of the are of those degrees. And, 
because the circumferences, and ares, are as the diameters, or radii of the circles; therefore, as the 
radius 1 is to any other radius 7, so is the length of the are above mentioned to r X ‘01745 X degrees 
in the arc, which is the length of that are as in the rule. 


+ This first rule is proved in the Geometry, Theor. 94. 

‘And the second rule is deduced from the first in this manner : It appears by the demonstration of 
Problem ", that when the diameter of a circle is 1, its circumference is 3°1415927, or nearly 31416; 
then, by the first rule, 1 X 31416— 4 = -7854, which is therefore the area of the circle whose 
diameter is 1. But the areas of different circles are to each other as the square of their diameters, by 
Geometry, Theor. 93; therefore, as 1? :d* :: “1854 : “7854d@’, the area of the circle whose diameter 
is d, as in the second rule. 


OF PILANES, 517 


Ex. 2.—To find the area of a circle, whose diameter is 7, and circumfer- 
ence 22, Ans, 383. 
Ex. 3._-How many square yards are in a circle, whose diameter is 33 feet ? 
Ans. 1-069, 


PROBLEM xX. 


Lo find the area of a circular ring, or space included between two concentric 
circles. 

Take the difference between the areas of the two circles, as found by the last. 
problem.—Or, which is the same thing, subtract the square of the less diameter 
from the square of the greater, andsmultiply their difference by °7854.—Or, 
lastly, multiply the sum of the diameters by the difference of the same, and 
that product by *7854; which is still the same thing, because the product of the 
sum and difference of any two quantities, is equal ‘to the difference of their 
squares, 

Ex. 1.—The diameters of two concentric circles being 10 and 6, required the 
area of the ring contained between their circumferences. 

Here 10 +- 6 = 16 the sum, and 10 — 6 = 4 the difference, 
Therefore, *7854 X 16 X 4= -7854 X 64 = 50-2656, the area. 

Ex. 2.—What is the area of the ring, the diameters of whose bounding cir- 

cles are 10 and 20? Ans. 235°62. 


PROBLEM XI. 
Lo find ihe area of the sector of a circle. 


Rvutx 1.—Multiply the radius, or half the diameter, by half the are of the 
sector, for the area. Or, multiply the whole diameter by the whole arc of the 
sector, and take 4 of the product. The reason of which is the same as for the 
first rule to problem 9. 


Rue u.—As 360 is to the degrees in the arc of the sector, so is the area of 
the whole circle, to the area of the sector. 
This is evident, because the sector is proportional to the length of the arc, or 
to the degrees contained in it. 
' Ex. 1.—To find the area of a circular sector, whose are contains 18 degrees ; 
the diameter being 3 feet. 
1,—By the Ist Rule. 
First, 3°1416 % 3 = 9°4248 the circumference. 
And 360 : 18 :: 94248 : 47124, the length of the arc. 
Then, °47124 X% 3+ 4 = °11781X 3 = *35343, the area. 
2.—By the 2d Rule, 
First, *7854 x 3° = 7-0686, the area of the whole circle. 
Then, as 360 : 18 :: 7-0686 : -35343, the area of the sector. 
Ex. 2.—To find the area of a sector, whose radius is 10, and arc 20. 


Ans. 100. 
Ex. 3.—Required the area of a sector, whose radius is 25, and its arc contain- 
ing 147° 29’, Ans. 804°4017. 


PROBLEM XU, 
Lo find the area of a segment of a circle. 


Rute 1.—Find the area of the sector having the same arc with the sepment 
by the last problem. 
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Kind also the area of the triangle, formed by the chord of the segment and 
the two radii of the sector. 

Then take the sum of these two for the answer, when the segment is greater 
than a semicircle: or take their difference for the answer, when it is less than 
a semicircle.—As is evident by inspection. 


Ex. 1.—To find the area of the segment ACBDA, its chord AB being 12, 
and the radius AE or C= 10. 


First, As AE: AD :: sin. angle D 90°: sin. 360 52’ C 
= 36°87 degrees, the degrees in the angle AEC or are oA 
AC. Their double, 73°74, are the degrees in the whole { 7 ‘ 
arc ACB. ee 
Now, °7854 % 400 = 31416, the area of the whole . \, ay, 

circle, eer 


Therefore, 360° : 73°74 :: 314°16 : 64'3504, area of the 

whole sector ACBE. 
Again, / AE? — AD? = V/ 100 — 36 = ,/64 = 8 = DE. 
Therefore, AD x DE = 6 X 8 = 48, the area of the triangle AEB. 
Hence, sector ACBE — triangle AEB = 16°3504, area of seg. ACBDA. 


Rute 1.—Divide the height of the segment by the diameter, and find the 
quotient in the column of heights in the following tablet :—Take out the corres- 
ponding area in the next column on the right hand; and multiply it by the 
square of the circle’s diameter, for the area of the segment.* 


Note.—When the quotient is not found exactly in the table, proportion 
may be made between the next less and greater area, in the same manner as is 
done for logarithms, or any other table. 


TABLE OF THE AREAS OF CIRCULAR SEGMENTS. 


= eal rey 
a =| S 
o vo Y 
EI s 
3 eg z 
a Q 7) 
i?) oe 3) 
3S 3 =| 














03 | 00687 || 13 | 06000 || 23 |°13646 | -38 | 22603 | 43 | 32293 
O4 | 01054 || -14 | 06683 | 94 | 14494 | -34 |-23547 | -44 | 39284 
05 | 01468 | 15 | 07387 | 25 | 15354 | “35 | -24498 | -45 | 34278 
06 | 01924 | 16 | C8111 |; 26 | -16226 || 36 | 25455 | -46 | 85274 
07 | 02417 || 17 | 08853 || ‘27 |-17109 || 37 | 26418 | -47 | 36272 
08 | 02944 || 18 | 09613 || 28 | "18002 || 38 , 27886 | -48 |-3727 
‘09 | 03502 | 19 | 10390 ‘® 18905 || 39 | 28359 49 | 38270 
“10 | 04088 || 20 | 11182 Il 30 | 19817 || 40 | 29337 _| ‘50 | 39270 


Ex. 2.—Taking the same example as before, in which are given the chord 
AB 12, and the radius 10, or diameter 20. 

And having found, as above, DE == 8; then CE—-DE = CD = 10—8 © 
= % Hence, by the rule, CD ~ CF = 2+ 20 ='1, the tabular height. 


* The truth of this rule depends on the principle of similar plane figures, which are to one another 
as the square of their like linear dimensions, The segments in the table are those of a circle whose 
diameter is 1; and the first column contains the corresponding heights or versed sines divided by the 
diameter. Thus then, the area of the similar segment, taken from the table, and multiplied by the 
square of the diameter, gives the area of the segment to this diameter. 
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This being found in the first column of the table, the corresponding tabular area 
is 04088. Then -04088 x 202 = -04088 x 400 = 16-352, the area, nearly 
the same as before. 

Ex. 3.—What is the area of the segment, whose height is 18, and diameter 


of the circle 50? Ans. 636°375. 
Ex, 4.—Required the area of the segment whose chord is 16, the diameter 
being 20? Ans. 44°7292. 


PROBLEM XIII. 


To measure long irregular figures. 


Take or measure the breadth in several places at equal distances; then 
add all these breadths together, and divide the sum by the number of them, for 
the mean breadth; which multiply by the length for the area. * 


Note 1.—Take half the sum of the extreme breadths for one of the said 
breadths. 

Note 2.—If the perpendiculars or breadths be not at equal distances, compute 
all the parts separately, as so many trapezoids, and add them all together for 
the whole area. 

Or else, add all the perpendicular breadths together, and divide their sum by 
the number of them for the mean breadth, to multiply by the length ; which 
will give the whole area, not far from the truth. 


Ex. 1.—The breadths of an irregular figure, at five equidistant places, being 
8.2, 7.4, 9.2, 10.2, 8.6; and the whole length 39: required the area? 
First, (8-2 + 8°6) + 2 = 8-4, the mean of the two extremes. 
Then, 8-4 + 7-4 + 9:2 + 10-2 = 35-2, sum of breadths. 
And, 35:2 ~ 4 = 8°8, the mean breadth. | 
Hence, 8°8 X 39 = 343°2, the answer. 
Ex. 2.—The length of an irregular figure being 84, and the breadths at six 


equidistant places 17°4, 20°6, 14°2, 16°, 20°1, 24:4; what is the area? 
Ans. 1550°64. 


SH AW 


* This rule,is made out as follows: Let ABCD be the irre- 


gular piece; having the several breadths AD, EF, GH, IK, BC, D 

at the equal distances AE, EG, GI, IB. Let the several Bete: K c 
breadths in order be denoted by the corresponding letters a, 0, i ee 
e, d, e, and the whole length AB by J; then compute the areas ig Gad “j aj #4 
of the parts into which the figure is divided by the perpendi- A = G : 3 


culars, as so many trapezoids by Problem 3, and add them all 
together. Thus, the sum of the parts is, 


a+b b+ec c+d ad+e 














or" xX AE+ GX EG + “SX G+ XB 
a b+ d d 
= tte Ge x + ix 4 ix 


= (Japbtopd+ he) XU = (mHb+e4a) dz, 
which is the whole area, agreeing with the rule ; m being the arithmetic mean between the extremes 
and 4 the number of the parts. And the same for any other number of parts, 
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MENSURATION OF SOLIDS.* 


By the Mensuration of Solids are determined the spaces included by conti- 
guous surfaces, and the sum of the measures of these including surfaces, is the 
whole surface or superficies of the body. 

The measure of a solid, is called its solidity, capacity, or content. 

Solids are measured by cubes, whose sides are inches, or feet, or yards, &e, 
And hence the solidity of a body is said to be so many cubic inches, feet, yards, 
&c., as will fill its capacity or space, or another of equal magnitude. 

The least solid measure is the cubic inch, other cubes being taken from it 
according to the proportion in the following table: 


Table of Cubic or Solid Measures. 


1728 cubic inches make .......... weeee 1 cubic foot 
27 cubic feet make .................. 1 cubic yard 
1663 cubic yards make................ 1 cubic pole 
64000 cubic poles make ................. 1 cubic furlong’ 
512 cubic furlongs make .......... .-. 1 cubic mile. 
PROBLEM L 


To find the superficies of a prism. 

Multiply the perimeter of one end of the prism by the length or height of 
the solid, and the product will be the surface of all its sides. To which, add 
also the. area of the two ends of the prism, when required.t+ 

Or, compute the areas of all the sides and ends separately, and add them all 
together. 

Ex. 1.—To find the surface of a cube, the length of each side being 20 feet. 


Ans. 2400 feet. 
Ex. 2.—To find the whole surface of a triangular prism, whose length is 20 


feet, and each side of its end or base 18 inches. Ans. 91°948 feet. 
Ex. 3.—To find the convex surface of a round prism, or cylinder, whose 
length is 20 feet, and diameter of its base is 2 feet. Ans. 125-664. 


Ex. 4.—What must be paid for lining a rectangular cistern with lead, at 2d. 
a pound weight, the thickness of the lead being such as to weigh 7 lb. for each 
square foot of surface; the inside dimensions of the cistern being as follow, viz. 
the length 3 feet 2 inches, the breadth 2 feet 8 inches, and depth 2 feet 6 
inches ? Ans. £2. 3s. 103d. 


* Before perusing this chapter the student must make himself master of the treatise on the 
“Geometry of Solids,” which immediately follows the ‘“‘ Geometry of Planes.” The principle upon 
which the rules are founded are explained in the Differential Calculus. 

+ The truth of this will easily appear, by considering that the sides of any prism are parallelograms, 
whose common length is the same as the length of the solid, and their breadths taken all together 
make up the perimeter of the ends of the same. 

And the rule is evidently the same for the surface of a cylinder. 
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PROBLEM IL 


To find the surface of a pyramid or cone. 


Multiply the perimeter of the base by the slant height, or length of the side, 
and half the product will evidently be the surface of the sides, or the sum of the 
areas of all the triangles which form it. To which, add the area of the end or 
base, if requisite. . 

Ex. 1.—What is the upright surface of a triangular pyramid, the slant height. 
being 20 feet, and each side of the base 3 feet ? Ans. 90 feet. 

Ex. 2.—Required the convex surface of a cone, or circular pyramid, the 
slant height being 50 feet, and the diameter of its base 83 feet. Ans. 667.59. 


PROBLEM IIL. 


To find the surface of the frustum of a pyramid or cone; being the lower part, 
when the top is cut off by a plane parallel to the base. 


Add. together the perimeters of the two ends, and multiply their sum by the 
slant height, taking half the product for the answer.—As is evident, because the 
sides of the solid are trapezoids, having the opposite sides parallel, 


Ex. ].—How many square feet are in the surface of the frustum of a square 
pyramid, whose slant height is 10 feet; also, each side of the base or greater 
end being 3 feet 4 inches, and each side of the less end 2 feet 2 inches ? 

Ans. 110 feet. 

Ex. 2.—To find the convex surface of the frustum of a cone, the slant 
height of the frustum being 124 feet, and the circumferences of the two ends 
6 and 8°4, Ans. 90 feet. 


PROBLEM IV. 


To find the solid content of any prism or cylinder. 


Find the area of the base, or end, whatever the figure of it may be ; and 
multiply it by the length of the prism or cylinder, for the solid content. 

Ex. 1.—To find the solid content of a cube, whose side is 24 inches. 

Ans, 13824. 

Ex. 2.—How many cubic feet are in a block of marble, its length being 3 

feet 2 inches, breadth 2 feet 8 inches, and thickness 2 feet 6 inches ? 
Ans. 213 

Ex, 3.—How many gallons of water will the cistern contain, whose dimen- 
sions are the same as in the last example, when 277-274 cubic inches are con- 
tained in one gallon? | Ans. 181°566. 

Ex. 4.—Required the solidity of a triangular prism, whose length is 10 feet, 
and the three sides of its triangular end or base, are 3, 4, 5 feet, Ans, 60. 

Ex. 5,—Required the content of a round pillar, or cylinder, whose length is 
20 feet, and circumference 5 feet 6 inches. Ans, 48-1459, 


PROBLEM V. 
To find the content of any pyramid or cone. 


Find the area of the base, and multiply that area by the perpendicular 
height; then take } of the product for the content. 
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Ex, 1.—Required the solidity of the square pyramid, each side of its basa 


being 30, and its perpendicular height 25. Ans. 7500. 
Ex. 2.—To find the content of a triangular pyramid, whose perpendicular 

height is 30, and each side of the base 2. Ans. 38°97117. 
Ex. 3.—To find the content of a triangular pyramid, its height being 14 feet | 

6 inches, and the three sides of its base 5, 6, 7. Ans. 71°0352. 
Ex. 4.—What is the content of a pentagonal pyramid, its height being 12 

feet, and each side of its base 2 feet ? Ans. 27-5276. 
Ex. 5.—What is the content of the hexagonal pyramid, whose height is 6-4, 

and each side of its base 6 inches ? Ans. 1°38564 feet. 
Ex. 6.—Required the content of a cone, its height being 10} feet, ‘and the 

circumference of its base 9 feet. Ans. 22°56093, 

PROBLEM VI. 


Lo find the solidity of the frustum of a cone or pyramid. 


Add into one sum, the areas of the two ends, and the mean proportional be- 


tween them, or the square root of their product; and 3 of that sum will be a 
mean area; which, being multiplied by the serpendtontne height or length of 
the frustum, will give its content. 


Ex. 1.—To find the number of solid feet in a piece of timber, whose bases 
are squares, each side of the greater end being 15 inches, and each side of the 
less end 6 inches; also, the length or perpendicular altitude 24 feet? 

Ans, 193. 

Ex. 2.—Required the content of a pentagonal frustum, whose height is 5 
feet, each side of the base 18 inches, and each side of the top or less end 6 


inches. Ans. 9°31925 feet. 
Ex. 3.—To find the content of a conic frustum, the altitude being 18, the 
greatest diameter 8, and the least diameter 4. Ans. 527°7888, 


Ex. 4.—What is the solidity of the frustum of a cone, the altitude being 25, 
also the circumference at the greater end being 20, and at the less end 10? 
Ans. 464°216. 
Ex. 5.—If a cask, which is two equal conic frustums joined together at the 
bases, have its bung diameter 28 inches, the head diameter 20 inches, and 
length 40 inches; how many gallons of wine will it hold ? Ans. 79°0613. 


PROBLEM VIL 


To find the surface of a sphere, or any segment. 


Rue 1.—Multiply the circumference of the sphere by its diameter, and the 
product will be the whole surface of it- 

Rue u.—Multiply the square of the diameter by 31416, and the product 
will be the surface. 

Note.—For the surface of a segment or frustum, multiply the whole circum- 
ference by the height of the part required. 


Ex. 1.—Required the convex superficies of a sphere, pies diameter is 7, 
and circumference 22. Ans. 154. 
Ex. 2.—Required the superficies of a globe, whose diameter is 24 inches. 
Ans. 1809°5616, 


cor 
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Kx. 3.—Required the area of the whole surface of the earth, its. diameter be- 
ing 79572 miles, and its circumference 25000 miles. | 
Ans. 198943750 sq. miles, 
Ex. 4.—The axis of a sphere being 42 inches, what is the convex superficies 
of the segment, whose height is 9 inches ? Ans. 1187-5248 inches. 


Ex. 5.—Required the convex surface of a spherical zone, whose breadth or 
height is 2 feet, and cut from a sphere of 123 feet diameter. Ans. 78°54 feet. 


PROBLEM VIII 


To find the solidity of a sphere or Globe. 


Rute 1.—Maultiply the surface by the diameter, and take 3 of the product 
for the content. ) 

RutE u.—Multiply the cube of the diameter by the decimal +5236, for the 
content, 

Ex. 1.—To find the content of a sphere whose axis is 12. Ans. 904°7808. 


Ex. 2.—To find the solid content of the globe of the earth, supposing its 
circumference to be 25000 miles. Ans, 263,857,437,760 miles. 


PROBLEM IX. 
To find the solid content of a spherical segment. 


Rote 1.—From three times the diameter of the sphere take double the 
height of the segment; then multiply the remainder by the square of the height 


and the product by the decimal 5236. for the content. 


Rute 1.—To three times the square of the radius of the segment’s base, 
udd the square of its height; then multiply the sum by the height, and the 
product by *5236, for the content. 


Kx, 1.—To find the content of a spherical segment, of 2 feet in height, cut 


from a sphere of 8 feet in diameter. Ans. 41°888. 
Ex, 2.—What is the solidity of the segment of a sphere, its height being 9, 
and the diameter of its base 20 ? Ans. 1795-4244, 


Note.—The general rules for measuring all sorts of figures having been now 
delivered, we may next proceed to apply them to the several practical uses in 
life, as follows. 


LAND SURVEYING. 


SECTION I. 


DESCRIPTION AND USE OF THE INSTRUMENTS. 


1.—OF THE CHAIN. 


Tanp is measured with a chain, called Gunter’s Chain, from its inventor, of 4 
poles or 22 yards, or 66 feet in length. It Boek s of 100 equal links; and the 
length of each link is therefore 333, of a yard, or 7%, of a foot, or 7°92 inches. 

Land is estimated in acres, roods, and perches. An acre is equal to 10 
square chains, that is, 10 chains in length and one chain in breadth. Or it is 
220 % 22 = 4840 square yards, Or it is 40 X 4 = 160 square poles. Or it 
is 1000 X% 100 = 1,000,000 square links. These being all the same quantity. 

Also, an acre is divided into four parts called roods, and a rood into 40 parts 
called perches, which are square poles, or the square of a pole of 5} yards long, 
or the square of of a chain, or of 25 links, which is 625 square links. So that 
the divisions of land measure will be thus: 


625 square links = 1 pole or perch, 
40 perches = 1 rood, 
4 roods = .1 acre. 


The length of lines, measured with a chain, are best set down in ‘inks as 
integers, every chain in length being 100 links; and not in chains and deci- 
mals. ‘Therefore, after the content is found, it will be in square links; then 
cut off five of the figures on the right hand for decimals, and the rest will be 
acres. These decimals are then multiplied by 4 for roods, and the decimals oF 
these again by 40 for perches. 


Exam.—Suppose the length of a rectangular piece of ground be 792 links, 
and its breadth 385: to find the area in acres, roods, and perches. 


792 3°04920 

385 4 

3960 °19680 

f 6336 40 
2376 ce eeomen 

eens 7787200 

3°04920 sree Sp 





Ans. 3 acres, 0 roods, 7 perches. 
» /p 


Q.—jOF THE PLAIN TABLE. 


This instrument consists of a plain rectangular board, of any convenient size 
the centre of which, when used, is fixed by means of screws to a three-legged 
stand, having a ball and socket, or other joint, at the top, by means of which, 
when the legs are fixed on the ground, the table is inclined-in any direction. 
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To the table belong various parts, as follow . 


1. A frame of wood, made to fit round its edges, and to be taken off, for the 
convenience of putting a sheet of paper upon the table. The one side of this 
frame is usually divided into equal parts, for drawing lines across the table, 
parallel or perpendicular to the sides; and the other side of the frame is 
divided into 360 degrees from a centre which is in the.middle of the table; by 
‘means of which the table is to be used as a theodolite, &c. 


2. A needle and compass screwed into the side of the table, to point out the 
directions, and to be a check upon the sights. 


3. An index, which is a brass two-foot scale, with either a small telescope, or 


open sights erected perpendicularly upon the ends. These sights and one edge 
of the index, are in the same plane, and that edge is called the fiducial edge 
of the index, 

To use this instrument, take a sheet of paper which will cover it, and wet it 
to make it expand ; then spread it flat upon the table, pressing down the frame 
upon the edges, to stretch it and keep it fixed there; and when the paper is 
become dry, it will, by contracting again, stretch itself smooth and flat from 
any cramps and unevenness. On this paper is to be drawn the plan or form of 
the thing measured. 


Then, begin at any part of the ground the most proper, and make a point on 
a convenient part of the paper or table, to represent that point of the ground; 
then fix in that point one leg of the compasses, or a fine steel pin, and apply to 
it the fiducial edge of the index, moving it round till through the sights you 
perceive some remarkable object, as the corner of a field, &c.; and from the 
station point draw a line with the point of the compasses along the fiducial 
edge of the index ; then set another object or corner, and draw its line; do the 
same by another, and so on, till as many objects are set as may be thought 
fit. ‘Then measure from the station, towards as many of the objects as may be 
necessary, and no more, taking the requisite offsets to corners or crooks in the 
hedges, laying the measures down on their respective lines on the table. Then, 
at any convenient place, measured to, fix the table in the same position, and 
set the objects which appear from thence, &c. as before ; and thus continue till 
the work is finished, measuring such lines as are necessary, and determining as 
many as may be, by intersecting lines of direction drawn from different stations. 


OF SHIFTING THE PAPER ON THE PLAIN TABLE. 


When one paper is full, and you have occasion for more; draw a line in any 
manner through the farthest point of the last station line, to which the work 
can be conveniently laid down; then take the sheet off the table, and fix 
another on, drawing a line upon it, in a part the most convenient for the rest of 
the work; then fold or cut the old sheet by the line drawn on it, applying the 
edge to the line on the new sheet, and as they lie in that position, continue the 
last station line on the new paper, placing on it the rest of the measure, begin- 
ning at where the old sheet left off. And so on from sheet to sheet. 

When the work is done, and you would fasten all the sheets together into one 
piece, or rough plan, the aforesaid lines are to be accurately joined together, in 
the same manner as when the lines were transferred from the old sheets to the 
new ones. 

But it is to be noted, that if the said joining lines, on the old and new sheets, 
have not the same inclination to the side of the table, the needle will not point 
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to the original degree when the table is rectified ; and if the needle be required 
to respect still the same degree of compass, the easiest way of drawing the lines 
in the same position, isto draw them both parallel to the same sides of the table, 
by means of the equal divisions marked on the other two sides, 


3. OF THE THEODOLITE. 


The theodolite is a brazen circular ring, divided into 360 degrees, and hav- 
ing an index with sights, or a telescope, placed on the centre, about which the 
index is moveable; also a compass fixed to the centre, to point out courses and 
check the sights; the whole being fixed by the centre on a stand of a conye- 
nient height for use, 

In using this instrument, an exact account, or field-book, of all measures and 
things necessary to be remarked in the plan, must be kept, from which to make 
out the plan on returning home from the ground. 

Begin at such part of the ground, and measure in such directions, as you 
judge most convenient; taking angles or directions to objects, and measuring 
such distances as appear necessary, under the same restrictions as in the use of 
the plain table. And it is safest to fix the-theodolite in the original position at 
every station, by means of fore and back objects, and the compass, exactly as 
in using the plain table ; registering the number of degrees cut off by the index 
when directed to each object; and, at any station, placing the index at the 
same degree as when the direction towards that station was taken from the last 
preceding one, to fix the theodolite there in the original position. 

The best method of laying down the aforesaid lines of direction, is to de- 
scribe a pretty large circle; then quarter it, and lay on it the several numbers 
of degrees cut off by the index in each direction, and drawing lines from the 
centre to all these marked points in the circle. Then, by means of a parallel — 
ruler, draw, from station to station, lines parallel to the aforesaid lines drawn 
from the centre to the respective points in the circumference. 


4.—OF 1HE CROSS. 


The cross consists of two pair of sights set at right angles to each other, upon 
a staff having a sharp point at the bottom to stick in the ground. 

The cross is very useful to measure small and crooked pieces of ground, 
The method is to measure a base or chief line, usually in the longest direction 
of the piece, from corner to corner; and while measuring it, finding the places 
where perpendiculars would fall on this line, from the several corners and 
bends in the boundary of the piece, with the cross, by fixing it, by trials, on 
such parts of the line, so that through one pair of the sights both ends of the 
line may appear, and through the other pair you can perceive the correspond- 
ing bends or corners: and then measuring the lengths of the said perpendi- 
culars. 


REMARKS. 


Besides the fore-mentioned instruments, which are most commonly used, 
there are some others; as the circumferentor, which resembles the theodolite in 
shape and use; and the semicircle, for taking angles, &c. 

The perambulator is used for measuring roads, and other great distances on 


a as 


SURVEYING. 527 


level ground, and by the sides of rivers. It has a wheel of 8} feet, or halia 
pole in circumference, upon which the machine turns; and the distance mea- 
sured, is pointed out by an index, which is moved round by clock-work. 

Levels, with telescopic or other sights, are used to find the level between 
place and place, or how much one place is higher or lower than another. And 
in measuring any sloping or oblique line, either ascending or descending, a 
small pocket level is useful for showing how many links for each chain are to 
be deducted, to reduce the line to the true horizontal length. 

An offset staff is a very useful and necessary insirument for measuring the 
offsets and other short distances. It is 10 links in length, being divided and 


- marked at each of the 10 links. 


Ten small arrows, or rods of iron or wood, are used to mark the end of every 
chain length in measuring lines. And sometimes pickets, or staves with flags, 
are set up as marks or objects of direction. 

Various scales are also used in protracting and measuring on the plan or 
paper; such as plane scales, line of chords, protractor, compasses, reducing 
scale, parallel and perpendicular rules, &c. Of plane scales, there should be 
several sizes, as a chain in | inch, a chain in $ of an inch, a chain in 3 an inch, 
&c. And of these, the best for use are those that are laid on the very edges of 
the ivory scale, to prick off distances by, without compasses. 


5.—OF THE FIELD-BOOK. 


In surveying with the plane table, a field-book is not used, as every thing is 
drawn on the table immediately when it is measured. But in surveying with 
the theodolite, or any other instrument, some sort of a field-book must be used, 
to write down in it a register or account of all that is done and occurs relative 
to the survey in hand. 

This book every one contrives and rules as he thinks fittest for himself. The 
following is a specimen of a form which has been formerly used. It is ruled 
into 3columns: the middle, or principal column, is for the stations, angles, 
bearings, distances measured, &c.; and those on the right and left are for the 
offsets on the right and left, which are set against their corresponding distances 
in the middle column ; as also for such remarks as may occur, and may be pro- 
per to note in drawing the plan, &c. 
> Here © 1 is the first station, where the angle or bearing is 105° 25’. On the 
left, at 73 links in the distances or principal line, is an offset of 92; and at 610 
an offset of 24 to a cross hedge. On the right, at 0, or the beginning, an offset 
25 to the corner of the field; at 248 Brown’s boundary hedge commences; at 
610 an offset 35; and at 954, the end of the first line, the 0 denotes its termi- 
nating in the hedge. And so on for the other stations. 

A line is drawn under the work, at the end of every station line, to prevent 
confusion. 
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FORM OF THIS FIELD-BOOK. 


Stations, Bear- 


ings, Offsets and Remarks 


Offsets and Remarks 





on the left. and Distances on the right. 
© 1 
105° 25’ 
00 25, corner. 
92 73 
248 Brown’s hedge. 
Cross a hedge, 24 610 35 
954 00 
© 2 
53° 10 
00 00 
House corner, 51 25 21 
120 29, a tree. 
34 734 40, astyle. 
O3 
67° 20) 
61 35 
A brook, 30 248 
639 16, a spring. 
Foot path, 16 810 


Cross hedge, 18 973 20, a pond. 


But some skilful surveyors now make use of a different method for the field- 
book, namely beginning at the bottom of the page and writing upwards; by 
which they sketch a neat boundary on either hand, as they pass along; an ex- 
ample of which will be given further on, in the method of surveying a large 
estate. 

In smaller surveys and measurement, a good way of setting down the work, 
is, to draw by the eye, on a piece of paper, a figure resembling that which is 
to be measured; and so writing the dimensions, as they are found, against the 
corresponding parts of the figure. And this method may be practised to a con- 
siderable extent, even in the larger surveys. 


SECTION II. 
THE PRACTICE OF SURVEYING. 


This part contains the several works proper to be done in the field, or the 
ways of measuring by all the instruments, and in all situations. 


PROBLEM I. 
To measure a line or distance. 


To measure a line on the ground with the chain: Having provided a chain, 
with ten small arrows, or rods, to stick one into the ground, as a mark, at the end 
of every chain; two persons take hold of the chain, one at each end of it; and 
all the ten arrows are taken by one of them, who goes foremost, and is called 
the leader. the other being called the follower, for distinction’s sake. 
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A picket, or station-staff, being set up in the direction of the line to be 
measured, if there do not appear some marks naturally in that direction; they 
measure straight towards it, the leader fixing down an arrow at the end of every 
chain, which the follower always takes up, till all the ten arrows are used. 
They are then all returned to the leader, to use over again. And thus the arrows . 
are changed from the one to the other at every ten chains’ length, till the whole 
line is finished ; then the number of changes of the arrows shows the number of 
tens, to which the follower adds the arrows he holds in his hand, and the num- 
ber of links of another chain over to the mark or end of the line. So, if there 
have been three changes of the arrows, and the follower hold six arrows, and the 
end of the line cut off 45 links more, the whole length of the line is set down in 
links thus, 3645. 

When the ground is on a declivity, ascending or descending ; at every chain 
length, lay the offset staff, or link-staff down in the slope of the chain, upon 
which lay the small pocket level, to show how many links or parts the slope line 
is longer than the true level one; then draw the chain forward so many links 
or parts, which reduces the line to the horizontal direction. 


PROBLEM Ii. 


To take angles and bearings. 


# 

Let B and C be two objects, or two pickets set up Ara 
perpendicular, and let it be required to take their geod 

bearings, or the angle formed between them at any ae Be 

station A. A 6 B 


1,—WITH THE PLAIN TABLE, 


The table being covered with a paper, and fixed on its stand; plant it at the 
station A, and fix a fine pin, or a point of the compasses, in a proper point of 
the paper, to represent the point A: close by the side of this pin lay the fiducial 
edge of the index, and turn it about, still touching the pin, till one object B 
can be seen through the sights: then by the fiducial edge of the index draw a 
line ; in the very same manner draw another line in the direction of the other 
object C. And it is done. 


2.—wWiITH THE THEODOLITE, &c. 


Direct the fixed sights along one of the lines, as AB, by turning the instru- 
ment about till the mark B is seen through these sights; and there screw the 
instrument fast. ‘Then turn the moveable indéx about, till through its sights 
you see the other mark C. Then the degrees cut by the index, upon the gra- 
duated limb or ring of the instrument, show the quantity of the angle. 


3.—WITH THE MAGNETIC NEEDLE AND COMPASS. 


Turn the instrument, or compass so, that the north end of the needle point 
to the flower-de-luce. Then direct the sights to one mark, as B, and note the 
degrees cut by the needle. Next direct the sights to the other mark C, and 
note again the degrees cut by the needle. Then their sum or difference, as the 
case is, will give the quantity of the angle BAC. 


4,—BY MEASUREMENT WITH THE cHarn, &c. 


Measure one chain length, or any other length, along both directions, as. ta 
Band C; then measure the distance B, C, and it is done. This is easily tranz- 
ine 
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ferred to paper, by making a triangle ABC with these three lengths, and then 
measuring the angle A, 


PROBLEM III. 
To measure the offsets. 


Ahiklmn being a crooked hedge, or river, &c.: From A measure in a 
straight direction along the side of it to B. And in measuring along this line | 
AB, observe when you are opposite any bends or corners of the hedge, as at 
c, d, e, &c.; and from thence measure the perpendicular offsets ch, di, &c., 
with the offset-staff, if they are not very large, otherwise with the chain itself. 
And the work is done. ‘The register, or field-book, may be as follows : 





| Offset, left. Base line AB. | 
0 OA 
ch 62 45 Ac ‘ ‘ > x 
di 84 220 Ad : a rs 
| ch 70 340 Ae Pee 3 pf te 
vt 98 510 Af 
gm 57 634 Ag 
Bn 91 785 AB 


YROBLEM IV. 


To survey a triangular field ABC. 


|.—BY THE CHAIN. 





AP 794: 
AB 1321 
PC 826 


Having set up marks at the corners, which is to be done in all cases where 
there are not marks naturally ; measure with the chain from A to P, where,a per- 
pendicular would fall from the angle C, and set up a mark at P, noting down the 
distance AP. ‘Then complete the distance AB by measuring from P to B. 
Having set down this measure, return to P, and measure the perpendicular PC. — 
And thus, having the base and perpendicular, the area from them is easily 
found, Or, having the place P of the perpendicular, the triangle is easily con-— 
structed. . 

Or, measure all the three sides with the chain, and note them down. From 
which the content is easily found, or the figure constructed. | 


; 
{ 
2,—BY TAKING ONE OR MORE OF THE ANGLES. ; j 







Measure two sides, AB, AC, and the angle A between them. Or measure 
one side AB, and the two adjacent angles A and B. From either of these ways : 
the figure is easily planned ; then by measuring the perpendicular CP on the 
plan, and multiplying it by half AB, you have the content. 
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PROBLEM Y. 


To measure a four-sided field. 


l.—BY THE CHAIN. B 
AE 214 210 DE Hs hi 
AF 362 © 306 BF wt i 
AC 592 ; - 





; D 
Measure along either of the diagonals, as AC; and either the two perpendi- 
culars DE, BF, as in the last problem; or else the sides AB, BC, CD, DA. 
From either of which the figure may be planned and computed as before 
directed. 


OTHERWISE BY THE CHAIN. 


AL Ale 352 PC 
AQ 745 595 QD 
AB 1110 





Measure on the longest side, the distances AP, AQ, AB; and the perpendi- 
culars PC, QD. 


2.—BY TAKING ONE OR MORE OF THE ANGLES. 


_ Measure the diagonal AC (see the last fig. but one), and the angles DAB, 
CAD, ACD. Or, measure the four sides, and any one of the angles as ABC. 


Thus, Or thus, 
AC 591 AB 486 
CAB 37° 20 BC 394 
CAD 41 20 cD 410 
ACB 42° 2 DA 462 
ACD 54 40 BAD 780 35! 


PROBLEM VI, 


To survey any field by the chain only. 


Having set up marks at the corners, where necessary, of the proposed field 
ABCDEFG, walk over the ground, and consider how it can best be divided 
in triangles and trapeziums; and measure them separately as in the last. two 
problems. Thus, the following figure is divided into the two trapeziums 
ABCG, GDEF, and the triangle GCD. Then, in the first trapezium, beginning 
at A, measure the diagonal AC, and the two perpendiculars Gm, Bn. Then, 

the base GC, and the perpendicular Dg. Lastly, the diagonal DF, and the 


two perpendiculars pH, oG. All which measures write against the correspond- 


ing parts of a rough figure drawn to resemble the figure to be surveyed, or set 


_ them down in any other form you choose. 


Ps 
iy 7 


Lit 2 
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Thus, 
130 mG 
180 »B 
230 gD 
120 oG 
80 pli 





OR THUS. 


Measure all the sides AB, BC, CD, DE, EF, FG, and GA; and the 
diagonals AC, CG, GD, DF. 


OTHERWISE. 


Many pieces of land may be very well surveyed, by measuring any base line, 
either within or without them, together with the perpendiculars let fall upon it 
from every corner of them. For they are by those means divided into several 
triangles and trapezoids, all whose parallel sides are perpendicular to the base 
line; and the sum of these triangles and trapeziums will be equal to the figure 
proposed if the base line fall within it; if not, the sum of the parts which are 
without being taken from the sum of the whole, which are both within and with- 
out, will leave the area of the figure proposed. 

In pieces that are not very large, it will be sufficiently exact to find the 
points, in the base line, where the several perpendiculars will fall, by means of 
the cross, and from thence measuring to the corners for the lengths of the per- 
pendiculars.—And it will be most convenient to draw the line so as that all the 
per pendiculars may fall within the figure. 

‘Thus, in the following figure, beginning at A, and measuring along the line 
AG, the distances and perpendiculars, on the right and left, are as below. 


Ab 315 350 OB 


Ac 440 70 cO 
Ad 585 320 dD 
Ae 610 50 eH 
Af 990 | 470 fF 
AG 1020 0 





PROBLEM VII. 
To survey any Sield with the plain table, 
1.—FROM ONE STATION. 

lant the table at any angle, as C, from whence all 
he other angles, or marks set up, can be seen; turn 
ithe table about till the needle point to the flower-de- 
.uce; and there screw it fast. Make a point for C 
on the paper on the table, and lay the edge of the 
index to C, turning it about C till through the sights 
you see the mark D; and by the edge of the index 
draw a dry or obscure line: then measure the distance 
CD, and lay that distance down on the line CD, 
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Then turn the index about the point C, till the mark E be seen through the 
sights, by which draw a line, and measure the distance to E, laying it on the 
line from C to E. In like manner determine the positions of CA and CB, by 
turning the sights successively to A and B; and lay the lengths of those lines 
down. ‘Then connect the points with the boundaries of the field, by drawing 
the black lines CD, DE, EA, AB, BC. 


2.—¥FROM A STATION WITHIN THE FIELD. 


When all the other parts cannot be seen from one 
angle, choose some place O within; or even without, if 
more convenient, from whence the other parts can be 
seen. Plant the table at O, then fix it with the 
needle north, and mark the point O on it. Apply the 
index successively to O, turning it round with the 
sights to each angle A, B, C, D, E, drawing dry lines 
to them by the edge of the index; then measuring the 
distances OA, OB, &c., and laying them down upon 
those lines. Lastly, draw the boundaries AB, BC, CD, DE, EA, 





3.—BY GOING ROUND THE FIGURE. 


When the figure is a wood, or water, or from some other obstruction you 
cannot measure lines across it; begin at any point A, and measure round it, 
either within or without the figure, and draw the directions of all the sides thus: 
Plant the table at A, and turn it with the needle to the north or flower-de-luce ; 
fix it, and mark the point A. Apply the index to A, turning it till you can see 
the point E, there draw a line; then the point B, and there draw a line: then 
measure these lines, and lay them down from A to Eand B. Next, move the 
table to B, lay the index along the line AB, and turn the table about till you 
can see the mark A, and screw fast the table; in which position also the needle 
will again point to the flower-de-luce, as it will do indeed at every station 
when the table is in the right position. Here turn the index about B till 
through the sights you see the mark C; there draw a line, measure BO, and 
lay the distance upon that line after you have set down the table at C. Turn 
it then again into its proper position, and in like manner find the next line 
CD. And so on quite round by E to A again. Then the proof of the work 
will be the joining at A: for if the work is all right, the last direction EA on 
the ground, will pass exactly through the point A on the paper; and the 
measured distance will also reach exactly to A. If these do not coincide, or 
nearly so, some error has been committed, and the work must be examined 
over again. 


PROBLEM VIII. 
Lo survey a field with the theodolite, &e. 


1.—FROM ONE POINT OR STATION. 


When all the angles can be seen from one point, as the angle C (first fig. to 
last problem), place the instrument at C, and turn it about till, through the 
fixed sights, you see the mark B, and there fix it. Then turn the moveable 
index about till the mark A is seen through the sights, and note the degrees 
cut on the instrument. Next turn the index successively to E and D, noting 
the degrees cut off at each; which gives all the angles BCA, BCE, BCD. 
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Lastly, measure the lines CB, CA, CE, CD; and enter the measures in a field- 
book, or rather against the corresponding parts of a rough figure, drawn by 
guess to resemble the field. 

2.—FROM A POINT WITHIN OR WITHOUT. 


Plant the instrument at O (last fig.), and turn it about till the fixed sights 
point to any object, as A; and there screw it fast. Then turn the moveable 
index round till the aighits point successively to the other points E, D, ©, B, 
noting the degrees cut off at each of them; which gives all the angles round 
the point O. Lastly, measure the distances OA, OB, OC, OD, OE, noting 
them down as before, and the work is done. 


3.—BY GOING ROUND THE FIELD. 


By measuring round, either within or without the 
field, proceed thus: Having set up marks at B, C, &c. 
near the corners as usual, plant the instrument at any 
point A, and turn it till the fixed index be in the 
direction AB, and there screw it fast: then turn the 
moveable index to the direction AI’; and the degrees 
cut off will be the angle A. Measure the line AB, 
and plant the instrument at B, and there in the same 
manner observe the angle B. Then measure BC, and — 
observe the angle C. Then measure the distance CD, 
and take the angle D. Then measure DE, and take the ee E. Then 
measure EF, and take the angle F. And, lastly, measure the distance FA. 

To prove the work: add all the inward angles A, B, C, &c., together; for 
when the work is right, their sum will be equal to twice as many right angles 
as the figure has sides, wanting four right angles. But when there is an angle, 
as F', that bends inwards, and you measure the external angle, which is less 
than two right angles, subtract it from four right angles, or 360 degrees, to 
give the internal angle greater than a semicircle, or 180 degrees. 





OTHERWISE. 

Instead of observing the internal angles, you may take the external angles, 
formed without the figure by producing the sides further out. And in this case 
when the work is right, their sum altogether will be equal to 360 degrees. 
But when one of them, as F, runs inwards, subtract it from the sum of the rest, 
to leave 360 degrees. 


PROBLEM iX. 
To survey a field with crooked hedges, &c. 
With any of the instruments, measure the 
lengths and positions of imaginary lines run- 
ning as near the sides of the field as you can ; 
and, in going along them, measure the 
offsets in the manner before taught; then 
you will have the plan on the paper in using 
the plain table, drawing the crooked hedges 
through the ends of the offsets; but in sur- 
veying with the theodolite, or bther instrument, set down the measures properly 
in a field-book, or memorandum-book, and plan them after returning from the — 
field, by laying down all the lines and angles. : 
So in surveying the piece ABCDE, set up marks a, 6, c, d, dividing it into | 
as few sides as may be. Then begin at any station «, and measure the lines” 
ab, bc, cd, da, taking their positions, or the angles a, b. c. d: and. in going 





‘SURVEYING. “an 


along the lines, measure all the offsets, as at m, , 0, p, &c., along every 
station line. i | 

And this is done either within the field, or 
without, as may be most convenient. When 
there are obstructions within, as wood, water, 
hills, &c., then measure without, as in the 
figure here given. 






Cy mac an GE 
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PROBLEM Xe 


To survey a field, or any other thing, by two stations. 


This is performed by choosing two stations, from whence all the marks and 
objects can be seen; then measuring the distance between the stations, and at 
each station taking the angles formed by every object, from the station line or 
distance. . ; 

The two stations may be taken either within 
the bounds, or in one of the sides, or in the 
direction of two of the objects, or quite at a 
distance and without the bounds of the objects 
or part to be surveyed. 

In this manner, not only grounds may be 
surveyed, without even entering them, but a 
map may be taken of the principal parts of a 
county, or the chief places of a town, or any part of a river or coast surveyed, 
or any other inaccessible objects; by taking two stations, on two towers, or 
two hills, or such like. 





PROBLEM XI. 
To survey @ large estate. 

If the estate be very large, and contain a great number of fields, it cannot 
well be done by surveying all the fields singly, and then putting them together ; 
nor can it be done by taking all the angles and boundaries that inclose it. 
For in these cases, any small errors will be so multiplied, as to render it very 
much distorted. 

1. Walk over the estate two or three times, in order to get a perfect idea of 


it, and till you can carry the map of it tolerably well in your head. And to 


help your memory, draw an eye draught of it on paper or at least of the prin- 
cipal parts of it, to guide you; setting the names within the fields in that 
draught. 

2, Choose two or more eminent places in the estate, for stations, from whence 
all the principal parts of it can be seen ; and let these stations be as far distant 
from one another as possible. 

3. Take such angles, between the stations, as you think necessary, and 
measure the distances from station to station always in a right line: these things 
must be done till you get as many angles and lines as are sufficient for deter- 
mining all the points of station. And in measuring any of these station 
distances, mark accurately where these lines meet with any hedges, ditches, 
roads, lanes, paths, rivulets, &c.; and where any remarkable object is placed, 


by measuring its distance from the station line; and where a perpendicular 


from it cuts that line; And thus as you go along any main station line, take 
offsets to the ends of all hedges, and to any pond, house, mill, bridge, &c., 
omitting nothing that is remarkable, and noting every thing down. 

4, As to the inner parts of the estate, they must be determined in like man- 
ner, by new station lines: for after the main stations are determined, and every 
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thing adjoining to them, then the estate must be subu!vided into two or three 
parts by new station lines; taking inner stations at prop:r places, where you 
can have the best view. Measure these station lines as you cid the first, and 
all their intersections with hedges, and offsets to such objects as appear. Then 
proceed to survey the adjoining fields, by taking the angles that the sidss make 
with the station line, at the intersections, and measuring the distances to e2ch 
corner, from the intersections. For the station lines will be the bases to all the 
future operations; the situation of all parts being entirely dependent upon 
them; and therefore they should be taken of as great length as possible; and 
it is best for them to run along some of the hedges or boundaries of one or 
more fields, or to pass through some of their angles, All things being deter- 
mined for these stations, you must take more inner stations, and continue to 
divide and subdivide till at last you come to single fields ; repeating the same 
work for the inner stations, as for the outer ones, till all is done; and close the 
work as often as you can, and in as few lines as possible, 

5. An estate may be so situated, that the whole cannot be surveyed together ; 
because one part of the estate cannot be seen from another. In this case, you 


bo i) 
4 4 
‘ 


may divide it into three or four parts, and survey the parts separately, as it 


they were lands belonging to different persons; and at last join them together. 

6. As it is necessary to protract or lay down the work as you proceed in it, 
you must have a scale of a due length to do it by. To get such a scale, 
measure the whole length of the estate in chains; then consider how many 
inches long the map is to be; and from these will be known how many chains 
you must have in an inch; then make the scale accordingly, or choose one 
already made. 


THE NEW METHOD OF SURVEYING. 


In the former method of measuring a large estate, the accuracy of it depends 
en the correctness of the instruments used in taking the angles. To avoid the 
errors incident to such a multitude of angles, other methods have of late years 
been used by some few skilful surveyors. The most practical, expeditious, and 
correct, seems to be the following : 

Choose two or more eminences, as grand stations, and measure a principal 
base line from one station to the other, noting every hedge, brook, or other 
remarkable object as you pass by it; measuring also such short perpendicular 
lines to the bends of hedges as may be near at hand. From the extremities of 
this base line, or from any convenient parts of the same, go off with other lines 
to some remarkable object situated towards the sides of the estate, without 
regarding the angles they make with the base line or with one another; still 
remembering to note every hedge, brook, or other object that you pass by. 
These lines, when laid down by intersections, will, with the base line, form a 
grand triangle on the estate; several of which, if need be, being thus laid 
down, you may proceed to form other smaller triangles and trapezoids on the 
sides of the former: and so on, until you finish with the enclosures individually. 

This grand triangle being completed, and laid down on the rough plan-paper, 
the parts, exterior as well as interior, are to be completed by smaller triangles 
and trapezoids. . 

In countries where the lands are enclosed with high hedges, and where many 
_ lanes pass through an estate, a theodolite may be used to advantage, in measur= 
ing the angles of such lands; by which means, a kind of skeleton of the estate 

may be obtained, and the lane lines serve as the bases of such triangles and 
‘trapezoids as are necessary to fill up the interior parts. 
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The field-book is ruled into three columns. In the middle one are set dow: 
the distances on the chain line at which any mark, offset, or other observation 
is made; and in the right and left hand columns are entered the offsets and 
observations made on the right and left hand respectively of the chain line. 

It is of great advantage, both for brevity and perspicuity, to begin at the 
bottom of the leaf and write upwards ; denoting the crossing of fences by lines 
drawn across the middle column, or only a part of such a line on the right and 
left opposite the figures, to avoid confusion; and the corners of fields, and other 
remarkable turns in the fences where offsets are taken to, by lines joining in 
the manner the fences do, as will be best seen by comparing the book with the 
plan annexed to the field-book following, page 462. 

The letter in the left hand corner at the beginning of every line, is the mark 
or place measured from ; and, that at the right hand corner at the end, is the 
mark measured to, But when it is not convenient to go exactly from a mark, 
the place measured from, is described such a distance from one mark towards 
another ; and where a mark is not measured to, the exact place is ascertained 
by saying, turn to the right or left hand, such a distance to such a mark, it 
being always understood that those distances are taken in the chain line. 

The characters used are, ( for turn to the right hand, a} for turn to the 
left hand, and a a placed over an offset, to show that it is not taken at right 
angles with the chain line, but in the line with some straight fence; being 
chiefly used when crossing their directions, and it is a better way of obtaining 
their true places than by offsets at right angles. 

When a line is measured whose position is determined, either by former 
work, (as in the case of producing a given line, or measuring from one known 
place or mark to another, ) or by itself (as in the third side of a triangle) it is 
called a fast line, and a double line across the book is drawn at the conclusion 
of it; but if its position is not determined (as in the second side of a triangle), 
it is called a loose line, and a single line is drawn across the book. When a 
line becomes determined in position, and is afterwards continued, a double line 
half through the book is drawn. 

When a loose line is measured, it becomes absolutely necessary to measure 
some line that will determine its position. Thus, the first line ah, being the 
base of a triangle, is always determined; but the position of the second side 2, 
does not become determined, till the third side jb is measured; then the tri- 
angle may be constructed, and the position of both is determined. 

At the beginning of a line, to fix a loose line to the mark or place measured 
from, the sign of turning to the right or left hand must be added (as at 7 in the 
third line); otherwise a stranger, when laying down the work, may as easily 
construct the triangle ij on the wrong side of the line af, as on the right one: 
but this error cannot be fallen into, if the sign above named be carefully observed. 

In choosing a line to fix a loose one, care must be taken that it does not 
make a very acute or obtuse angle; as in the triangle pBr, by the angle at B 
being very obtuse, a small deviation from truth, even the breadth of a point at 
p or r, would make the error at B, when constructed, very considerable; but 
by constructing the triangle pBg, such a deviation is of no consequence. 

Where the words /eave off are written in the field-book, it is to signify that 
the taking of offsets is from thence discontinued; and of course something is 
wanting between that and the next offset. 

The field-book for this method, and the plan drawn from it, are contained in 
the four following pages. 
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PROBLEM XII. 


To survey a county, or large tract of land. 


1. Choose two, three, or four eminent places, for stations; such as the tops 
of high hills or mountains, towers, or church steeples, which may be seen from 
one another; from which most of the towns and other places of note may also 
be seen; and so as to be as far distant from one another as possible. Upon 
these places raise beacons, or long poles, with flags of different colours flying 
at them, so as to be visible from all the other stations. 

2. At all the places, which you would set down in the map, plant long poles 
with flags at them, of several colours, to distinguish the places from one another ; 
fixing them on the tops of church steeples, or the tops of houses, or in the 
centres of lesser towns. 

These marks being then set up at a convenient number of places, and such 
as may be seen from both stations; go to one of these stations, and, with an 
instrument to take angles, standing at that station, take all the angles between 
the other station and each of these marks. Then go to the other station, and 
take all the angles between the first station and each of the former marks, set- 
ting them down with the others, each against his fellow with the same colour. 
You may, if you can, also take the angles at some third station, which may 
serve to prove the work, if the three lines intersect in that point where any 
mark stands. The marks must stand till the observations are finished at both 
stations; and then they must be taken down, and set up at fresh places. The 
same operations must be performed, at both stations, for these fresh places ; and 
the like for others. The instrument for taking angles must be an exceeding 
good one, made on purpose with telescopic sights; and of a good length of 
radius. A circumferentor is reckoned a good instrument for this purpose. 

3. And though it be not absolutely necessary to measure any distance, be- 
cause a stationary line being laid down from any scale, all the other lines will 
be proportional to it; yet it is better to measure some of the lines, to ascertain 
the distances of places in miles, and to know how many geometrical miles there 
are in any length; as also from thence to make a scale to measure any distance 
in miles. In measuring any distance, it will not be exact enough to go along 
the high roads; by reason of their turnings and windings, hardly ever lying in 
a right line between the stations, which must cause infinite reductions, and 
create endless trouble to make it a right line; for which reason it can never be 


exact. But a better way is to measure in a right line with a chain, between _ 


station and station, over hills and dales or level fields, and all obstacles. Only 
in case of water, woods, towns, rocks, banks, &c., where one cannot pass, such 
parts of the lines must be measured by the methods of inaccessible distances ; 
and besides, allowing for ascents and descents, when they are met with. A 


good compass that shows the bearing of the two stations, will always direct you — 


to go straight, when you do not see the two stations; and in the progress, if 
you can go straight, offsets may be taken to any remarkable places, likewise 
noting the intersection of the station line with all roads, rivers, &c. 

4, From all the stations, and in the whole progress, be very particular in 
observing sea-coasts, river mouths, towns, castles, houses, churches, mills, trees, 


rocks, sands, roads, bridges, fords, ferries, woods, hills, mountains, rills, brooks, 


parks, beacons, sluices, floodgates, locks, &c., and in general every thing that 
is remarkable, 





{ 
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5. After you have done with the first and main station lines, which command. 
the whole county; you must then take inner stations, at some places already 
determined ; which will divide the whole into several partitions: and from 
these stations you must determine the places of as many of the remaining towns 
as youcan, And if any remain in that part, you must take more stations, at 
some places already determined ; from which you may determine the rest. 
And thus go through all the parts of the county, taking station after station, 
till we have determined all we want. And in general the station distances must 
always pass through such remarkable points as have been determined before 
by the former stations. 


’ 


PROBLEM XIII. 


To survey a town or city. 


This may be done with any of the instruments for taking angles, but best of 
all with the plai table, where every minute part is drawn while in sight. It is 
best also to have a chain of fifty feet long, divided into fifty links of one foot 
each, and an offset staff of ten feet long. 

Begin at the meeting of two or more of the principal streets, through which 
you can have the longest prospects, to get the longest station lines: there hav- 
ing fixed the instrument, draw lines of direction along those streets, using two 
men as marks, or poles set in wooden pedestals, or perhaps some remarkable 
places in the houses at the further ends, as windows, doors, corners, &c. 
Measure these lines with the chain, taking offsets with the staff at all corners 
of streets, bendings, or windings, and to all remarkable things, as churches, 
markets, halls, colleges, eminent houses, &c. ‘Then remove the instrument to 
another station, along one of the lines; and there repeat the same process as 


before. And so on till the whole is finished. 
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Thus, fix the instrument at A, and draw lines in the direction of all the 
streets meeting there; then measure AB, noting the street on the left at m. 
At the second station B, draw the directions of the streets meeting there; and 
measure from B to C, noting the places of the streets at m and o as you pass by 
them. At the third station C, take the direction of all the streets meeting 
there, and measure CD. At D do the same, and measure Dit, noting the place 
of the cross streets at p. And in this manner go through all the principal 
streets. ‘This done, proceed to the smaller and intermediate streets ; and lastly, 


- to the lanes, alleys, courts, yards, and every part that it may be thought proper 


to represent in the plan. 
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SECTION IIT. 


OF PLANNING, COMPUTING, AND DIVIDING. 
PROBLEM I. 


_ To lay down the plan of any survey. 


Ir the survey was taken with a plain table, you have a rough plan of it already 
on the paper which covered the table. But if the survey was with any other 
instrument, a plan of it is to be drawn from the measures that were taken in the 
survey, and first of all a rough plan on paper. 

To do this, you must have a set of proper instruments, for laying down both 
lines, angles, &c., as scales of various sizes, the more of them, and the more 
accurate, the better; scales of chords, protractors, perpendicular and parallel 
rulers, &c. Diagonal scales are best for the lines, because they extend to three 
figures, or chains and links, which are hundredth parts of chains. But in using 
the diagonal scale, a pair of compasses must be employed to take off the lengths 
of the principal lines very accurately. But a scale with a thin edge divided, is 
much readier for laying down the perpendicular offsets to crooked hedges, and 
for marking the places of those offsets upon the station line; which is done at 
only one application of the edge of the scale to that line, and then pricking off 
all at once the distances along it. Angles are to be laid down either with a 
good scale of chords, which is perhaps the most accurate way; or with a large 
protractor, which is much readier when many angles are to be laid down at one 
point, as they are pricked off all at once round the edge of the protractor. 

In general, all lines and angles must be laid down on the plan in the same 
order in which they were measured in the field, and in which they are written in 
the field-book; laying down first the angles for the position of lines, next the 
lengths of the lines, with the places of the offsets, and then the lengths of the 
offsets themselves, all with dry or obscure lines; then a black line drawn 
through the extremities of all the offsets, will be the hedge or bounding line of 
the field, &c. After the principal bounds and lines are laid down, and made te 
fit or close properly, proceed next to the smaller objects, till you have entered 
every thing that ought to appear in the plan, as houses, brooks, trees, hills, 
gates, stiles, roads, lanes, mills, bridges, woodlands, &c. 
~ The north side of a map or plan is commonly placed uppermost, and a meri- 
lian somewhere drawn, with the compass or flower-de-luce pointing north. 
Also, in a vacant part, a scale of equal parts or chains is drawn, with the title of 
the map in conspicuous characters, and embellished with a compartment. Hills 
are shadowed, to distinguish them in the map. Colour the hedges with dif- 
ferent colours ; represent hilly grounds by broken hills and valleys; draw single 
dotted lines for foot-paths, and double ones for horse or carriage roads, Write 


the name of each field and remarkable place within it, and, if you choose, its — 


content in acres, roods, and perches. 


j 
In a very large estate, or a county, draw vertical and horizontal lines through 
the map, denoting the spaces between them by letters placed at the top, and — 


bottom, and sides, for readily finding any field or other object mentioned in a 
table. 


t& 


In mapping counties, and large estates that have uneven grounds of hills and _ 
valleys, reduce all oblique lines, measured up-hill and down hill, to horizontal — 
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straight lines, if that was not done during the survey, before they were entered 


- in the field-book, by making a proper allowance to shorten them. For which 


purpose there is commonly a small table engraven on some of the instruments 
for surveying. 


PROBLEM II. 


To compute the contents of fields. 


1. Compute the contents of the figures, whether triangles or trapeziums, &c., 
by the proper rules for the several figures laid down in measuring; multiply 
the lengths by the breadths, both in links, and divide by 2; the quotient is 
acres, after you have cut off five figures on the right for decimals, ‘Then bring 
these decimals to roods and perches, by multiplying first by 4, and then by 40. 
An example of which has been already given in the description of the chain. 

2. In small and separate pieces, it is usual to cast up their contents from the 
measures of the lines taken in surveying them, without making a correct plan 
of them. 

3. In pieces bounded by very crooked and winding hedges, measured by 
offsets, all the parts between the offsets are most accurately measured separately 
as small trapezoids. 

4, Sometimes such pieces as that last mentioned, are computed by finding a 
mean breadth, by dividing the sum of the offsets by the number of them, ac- 
counting that for one of them where the boundary meets the station line; then 
multiply the length by that mean breadth. — But this method is commonly in 
some degree erroneous. 

5. But in larger pieces, and whole estates, consisting of many fields, it is 
the common practice to make a rough plan of the whole, and from it compute 
the contents quite independent of the measures of the lines and angles that were 
taken in surveying. Tor, then, new lines are drawn in- the fields in the plan, so 
as to divide them into trapeziums and triangles, the bases and Had ae ae a. of 
which are measured on the plan by means of the scale from which it wa 
drawn, and so multiplied together for the contents. In this way, the see 
is very expeditiously done, and sufficiently correct; for such dimensions 
are taken as afford the most easy method of calculation; and, among a 
number of parts, thus taken and applied to a scale, it is likely that some of the 
parts will be taken a small matter too little, and others too great; so that they 
will, upon the whole, in all probability, very nearly balance one another. After 
all the fields and particular parts are thus computed separately, and added all 
together into one sum, calculate the whole estate independent of the fields, by 
dividing it into large and arbitrary triangles and trapeziums, and add these also 
together. ‘Then if this sum be equal to the former, or nearly so, the work is 
right; but if the sums have any considerable difference, it is wrong, and they 
must be examined and recomputed, till they nearly agree. 

6. But the chief secret in computing consists in finding the contents of pieces 
bounded by curved or very irregular lines, or in reducing such crooked sides of 
fields or boundaries to straight lines, that shall inclose the same or equal area 
with those crooked sides, and so obtain the area of the curved figure by means 
of the right-lined one, which will commonly be a trapezium. Now, this reducing 


the crooked sides to straight ones, is very easily and accurately performed ia 


this manner: Apply the straight edge of a thin, clear piece of lanthorn-horn to 


the crooked line which is to be reduced, in such a manner, that the small parts 
: M M 
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cut off from the crooked figure by it, may be equal to those which are taken 
in: which equality of the parts included and excluded you will presently be 
able to judge of very nicely by a little practice; then with a pencil or point of 
a tracer, draw a line by the straight edge of the horn, Do the same by the 
other sides of the field or figure. So shall you have a straight-sided figure 
equal to the curved one; the content of which, being computed as before 
directed, will be the content of the curved figure proposed. 

Or, instead of the straight edge of the horn, a horse-hair may be applied 
across the crooked sides in the same manner ;. and the easiest way of using the 
hair, is to string a small slender bow with it, either of wire, or cane, or whale- 
bone, or such like slender or elastic matter; for, the bow keeping it always 
stretched, it can be easily and neatly applied with one hand, while the other is 
at liberty to make two marks by the side of it, to draw the straight line by. 


EXAMPLE, 


Thus, let it be required to find the contents of the same figure as in problem 
1x. of the last section, to a scale of 4 chains to an inch. 


A per tomch, wre s a Beer ee 2 oe ee te B 


nen en mm ee gn 
ates a PE <a 
~ 
mee 





Draw the four dotted straight lines AB, BC, CD, DA, cutting off equal quan- 
tities on both sides of them, which they do as near as the eye can judge: so is 
the crooked figure reduced to an equivalent right-lined one of four sides ABCD. 
Then draw the diagonal BD, which, by applying a proper scale to it, measures 
1256. Also the perpendicular, or nearest distance, from A to this diagonal, 
measures 456 ; and the distance of C from it, is 428. 

Then, half the sum of 456 and 428, multiplied by the diagonal 1256, gives 
555,152 square links, or 5 acres, 2 roods, 8 perches, the content of the trapezium, 
or of the irregular crooked piece. 


PROBLEM Il. 
To transfer a plan to another paper, &c. 

After the rough plan is completed, and a fair one is wanted, this may be done 
by any of the following methods : ) 

First Method.—Lay the rough plan on the clean paper, keeping them alway 
pressed flat and close together, by weights laid on them. Then, with the point 
of a fine pin or pricker, prick through all the corners of the plan to be copied. 
Take them asunder, and connect the pricked points, on the clean paper, with 
lines; and it is done. This method is only to be practised in plans of such 
figures as are small and tolerably regular, or bounded by right lines. 

Second Method.—Rub the back of the rough plan over with black-lead 
powder; and lay the said black part on the clean paper on which the plan is te 
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be copied, and in the proper position. Then with the blunt point of some hard 


_ substance, as brass, or such like, trace over the lines of the whole plan; pressing 


the tracer so much as that the black-lead under the lines may be transferred to 
the clean paper : after which, take off the rough plan, and trace over the leaden 
marks with common ink, or with Indian ink. — Or, instead of blacking the 
rough plan, you may keep constantly a blacked paper to lay between the plans. 

Third Method.—Another method of copying plans, is by means of squares. 
This is performed by dividing both ends and sides of the plan which is to be 
copied, into any convenient number of equal parts, and connecting the corres- 
ponding points of division with lines ; which will divide the plan into a number 
of small squares, Then divide the paper, upon which the plan is to be copied, 
into the same number of squares, each equal to the former when the plan is to 
be copied of the same size, but greater or less than the others, in the proportion 
in which the plan is to be increased or diminished, when of a different size. 
Lastly, copy into the clean squares the parts contained in the corresponding 
squares of the old plan; and you will have the copy, either of the same size, or 
greater or less in any proportion. 

Fourth Method.—A fourth method is by the instrument called a pentagraph, 
which also copies the plan in any size required. 

Fifth Method—But the neatest method of any is this. Procure a copying 
frame or glass, made in this manner: namely, a large square of the best window 
glass, set in a broad frame of wood, which can be raised up to any angle, when 
the lower side of it rests on a table. Set this frame up to any angle before you, 
facing a strong light; fix the old plan and clean paper together with several 
pins quite around, to keep them together, the clean paper being laid uppermost, 
and over the face of the plan to be copied. Lay them, with the back of the old 
plan, on the glass, namely, that part which you intend to begin at to copy first ; 
and, by means of the light shining through the papers, you will very distinctly 
perceive every line of the plan through the clean paper. In this state then 
trace all the lines on the paper with a pencil. Having drawn that part which 
covers the glass, slide another ‘part over the glass, and copy it in the same 
manner. ‘Then another part. And so on, till the whole is copied. 

Then take them asunder, and trace all the pencil lines over with a fine pen 
and Indian ink, or with common ink. 

And thus you may copy the finest plan, without injuring it in the least. 

When the lines are copied on the clean paper, the next business is to write 
such names, remarks, or explanations as may be judged necessary; laying 
down the scale for taking the lengths of any parts, a flower-de-luce to point out 
the direction, and the proper title ornamented with a compartment ; illustrating 
or colouring every part in the manner that shall seem most natural, such as 
shading rivers or brooks with crooked lines; drawing the representations of 
trees, bushes, hills, woods, hedges, houses, gates, roads, &c., in their proper 
places; running a single dotted line for a footpath, and a double one for a 
carriage road; and either representing the bases or the elevations of build- 
ings, &e. | 


MM 2 


OF ARTIFICERS’ WORKS 


AND 


TIMBER MEASURING. 


L—OF THE CARPENTER’S OR SLIDING RULE. 


Tue Carpenter's or Sliding Rule, is an instrument much used in measuring of 
timber and artificers’ works, both for taking the dimensions, and computing the 
contents. 

The instrument consists of two equal pieces, each a foot in length, which are 
connected together by a folding joint. 

One side or face of the rule is divided into inches, and eighths, or half quar- 
ters, On the same face also are several plane scales, divided into 12th parts by 
diagonal lines; which are used in planning dimensions that are taken in feet 
and inches. ‘The edge of the rule is commonly divided decimally, or into 
tenths; namely, each foot into ten equal parts, and each of these into ten parts 
again; so that by means of this last scale, dimensions are taken in feet, tenths 
and hundredths, and multiplied as common decimal numbers, which is the best 
way. 

On the one part of the other face are four lines, marked A, B, C, D; the two 
middle ones, B and C, being on a slider, which runs in a groove made in the 
stock. The same numbers serve for both these two middle lines,—the one being 
above the numbers, and the other below. 

These four lines are logarithmic ones, and the three A, B, C, which are all 
equal to one another, are double lines, as they proceed twice over from one tc 
ten. The other or lowest line D, is a single one, proceeding from four to forty, 
It is also called the girt line, from its. use in computing the contents of tree: 
and timber; and upon it are marked WG at 17:15, and AG at 18°95, the wine 
and ale gauge points, to make this instrument serve the purpose of a gauging rule, 

On the other part of this face, there is a table of the value of a load, 50 cubic 
feet of timber, at all prices, from sixpence to two shillings a foot. 

When 1 at the beginning of any line is accounted 1, then the 1 in the middle 
will be 10, and the 10 at the end 100; but when 1 at the beginning is accounte¢ 
10, then the 1 in the middle is 100, and the 10 at the end 1000; and so on 
- And all the smaller divisions are altered proportionally, 


——E 


IL—ARTIFICERS’ WORK. 


ARTIFICERS compute the contents of their works by several different measures ; 
as, 

Glazing and masonry by the foot ; 

Painting, plastering, paving, &c., by the yard, of 9 square feet; 

Flooring, partitioning, roofing, tiling, &c., by the square of 100 square feet. 


_— 
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And brickwork, either by the yard of 9 square feet, or by the perch, or 
square rod or pole, containing 2721 square feet, or 30} square yards, being the 
square of the rod or pole of 16} feet of 54 yards long. 

As this number 2721 is troublesome to divide by, the } is often omitted in 
practice, and the content in feet divided only by the 272. But when the exact 
divisor 2721 is to be used, it will be easier to multiply the feet by 4, and then 
divide successively by 9, 11, and 11. Also to divide square yards by 303, first 
multiply them by 4, and then divide twice by 11. 

All works, whether superficial or solid, are computed by the rules proper to 
the figure of them, whether it be a triangle or rectangle, a parallelopiped or any 
other figure. 


II—_BRICKLAYERS’' WORK. 


Brickwork is estimated at the rate of a brick and a half thick. So that, if a 
wall be more or less than this standard thickness, it must be reduced to it, as 
follows : 

Multiply the superficial content of the wall by the number of half bricks in 
the thickness, and divide the product by 3. 

The dimensions of a building are usually taken by measuring half round on 
the outside and half round on the inside; the sum of these two gives the com- 
pass of the wall,—to be multiplied by the height, for the content of the materials. 

Chimneys are by some measured as if they were solid, deducting only the 
vacuity from the hearth to the mantle, on account of the trouble of them. 

And by others they are girt or measured round for their breadth, and the 
height of the story is their height, taking the depth of the jambs for their thick- 
ness. And in this case, no deduction is made for the vacuity from the floor to 
the mantle-tree, because of the gathering of the breast and wings, to make room 
for the hearth in the next story. 

To measure the chimney shafts, which appear above the building, girt them 
about with a line for the breadth, to multiply by their height. And account 
their thickness half a brick more than it really is, in consideration of the plas- 
tering and scaffolding, 

All windows, doors, &c., are to be deducted out of the contents of the walls 
in which they are placed. But this deduction is made only with regard to 
materials; for the whole measure is taken for workmanship, and that all outside 
measure too, namely, measuring quite round the outside of the building, being 
in consideration of the trouble of the returns or angles. There are also some 
other allowances, such as double measure for feathered gable ends, &c. 


i EXAMPLES. 


Ex, 1.—How many yards and rods of standard brick-work are in a wall whose 
length or compass is 57 feet 3 inches, and height 24 feet 6 inches; the walls 


peing 24 bricks or 5 half bricks thick ? Ans. 8 rods, 172 yards. 
Ex. u.—Required the content of a wall 62 feet 6 inches long, and 14 feet 8 
inches high, and 24 bricks thick ? Ans. 169°753 yards, 


Ex. 11.—A triangular gable is raised 173 feet high, on an end wall whose 
length is 24 feet 9 inches, the thickness being two bricks; required the reduced 
content ? Ans. 32°08 yards. 
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Ex. 1v.—The end wall of a house is %8 feet 10 inches long, and 55 feet 8 
inches high, to the eaves; 20 feet high is 2} bricks thick, other 20 feet high is 
2 bricks thick, and the remaining 15 feet 8 inches is 12 brick thick; above 
which is a triangular gable, 1 brick thick, and which rises 42 courses of bricks, 
of which every 4 courses make a foot. What is the whole*content in standard 
measure ? Ans. 253°626 yards. 


IV.—MASONS’ WORK. 


To masonry belong all sorts of stone-work ; and the measure made use of is a 
foot, either superficial or solid. | 

Walls, columns, blocks of stone or marble, &c., are measured by the cubic 
foot; and pavements, slabs, chimney-pieces, &c., by the superficial or square 
foot. 

Cubic or solid measure is used for the materials, and square measure for the 
workmanship. 

In the solid measure, the true length, breadth, and thickness, are taken, and 
multiplied continually together, In the superficial, there must be taken the 
length and breadth of every part of the projection, which is seen without the 
general upright face of the building. 


EXAMPLES. 


Ex, 1.—Required the solid content of a wall, 53 feet 6 inches long, 12 feet 3 


inches high, and 2 feet thick ? Ans. 13103 feet. 
Ex, 11.— What is the solid content of a wall, the length being 24 feet 3 inches, 
height 10 feet 9 inches, and 2 feet thick ? Ans. 521°375 feet. 


Ex. 111.—Required the value of a marble slab, at 86. per foot; the length 
being 5 feet 7 inches, and breadth 1 foot 10 inches ? Ans. £4, ls. 102d, 
Ex. 1v.—In a chimney-piece, suppose the 
Length of the mantle and slab, each 4 feet 6 inches ; 


Breadth of both together, ............ 3 2 
Length of each jamb,,.................. 4: 4: 
Breadth of both together, ............. i 9 
Required the superficial content ? Ans. 21 feet, 10 inches. 


V.—CARPENTERS' AND JOINERS’ WORK. 


To this branch belongs all the wood-work of a house, such as flooring, parti- 
tioning, roofing, &c. 

Large and plain articles are usually measured by the square foot or yard, &c. ; 
but enriched mouldings, and some other articles, are often estimated by running 
or lineal measures, and some things are rated by the piece. 

In measuring of joists, it is to be observed, that only one of their dimensions - 
is the same with that of the floor; for the other exceeds the length of the room 
by the thickness of the wall and } of the same, because each end is let into the 
wall about 2 of its thickness. 

No deductions are made for hearths, on account of the additional trouble and 
waste of materials. 
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Partitions ave measured from wall to wall for one dimension, and from floor 
to floor, as far as they extend, for the other. 

No deduction is made for door-ways, on account of the trouble of framing 
them. 

In measuring of joiners’ work, the string is made to ply close to every part of 
the work over which it passes. 

The measure for centering for cellars is found by making a string pass over 
the surface of the arch for the breadth, and taking the length of the cellar for 
the length; but in groin centering, it is usual to allow double measure, on ac- 
count of their extraordinary trouble. 

In roofing, the length of the house in the inside, together with 3 of the thick- 
ness of one gable, is to be considered as the length; and the breadth is equal 
to double the length of a string which is stretched from the ridge down the 
rafter, and along the eaves-board, till it meets with the top of the wall. 

For stair-cases, take the breadth of all the steps, by making a line ply close 
over them, from the top to the bottom, and multiply the length of this line by 
the length of a step, for the whole area.—By the length of a’step is meant the 
length of the front and the returns at the two ends; and by the breadth, is to 
be understood the girt of its two outer surfaces, or the tread and riser. 

For the balustrade, take the whole length of the upper part of the hand-rail, 
and girt over its end till it meet the top of the newel post, for the length; and 
twice the length of the baluster upon the landing, with the girt of the hand-rail, 
for the breadth. 

For wainscotting, take the compass of the room for the length; and the 
height from the floor to the ceiling, making the string ply close into all the 
mouldings, for the breadth.—Out of this must be made deductions for windows, 
doors, and chimneys, &c., but workmanship is counted for the whole, on account 
of the extraordinary trouble. 

For doors, it is usual to allow for their thickness, by adding it into both the 
dimensions of length and breadth, and then multiply them together for the area. 
If the door be pannelled on both sides, take double its measure for the work- 
manship; but if the one side only be pannelled, take the area and its half for 
the workmanship.—For the surrounding architrave, gird it about the outermost 
parts for its length; and measure over it, as far as it can be seen when the door 
is open for the breadth. 

Window-shutiers, bases, &c., are measured in the same manner. 

In the measuring of roofing for workmanship alone, holes for chimney shafts 
and skylights are generally deducted. 

But in measuring for work and materials, they commonly measure in all 
skylights, luthern-lights, and holes for the chimney shafts, on account of their 
trouble and waste of materials. 


EXAMPLES. 


Ex. 1.—Required the content of a floor 48 feet 6 inches long, and 24 feet 5 
inches broad ? | Ans. 11 squares,764feet. 
Ex. 11.—A floor being 36 feet 3 inches long, and 16 feet 6 inches broad, how 
many squares are in it ? Ans. 5 squares, 98% feet. 
Ex, 111.—How many squares are there in 173 feet 10 inches in length, and 10 
feet 7 inches height, of partitioning ? Ans. 18°3972 squares. 
Ex. 1v.—Whait cost the foofing of a house at 10s.6d, a square; the length 
within the walls being 52 feet 8 inches, and the breadth 30 feet 6 inches,— 


reckoning the roof 3 of the flat? Ans. £12, 12s, 113d. 
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Ex, v.—To how much, at 6s. per square yard, amounts the wainscotting of a 
room 5 the height, taking in the cornice and mouldings, being 12-feet 6 inches, 
and the whole compass §3 feet 8 inches; also the three window-shutters are 
each 7 feet 8 inches by 3 feet 6 inches, and the door 7 feet by 5 feet 6 inches; 
the door and shutters, being worked on both sides, are reckoned work and half 
work ? Ans. £36, 12s. 24d. 


IV.—SLATERS’ AND TILERS’ WORK, 


In these articles, the content of a roof is found by multiplying the length of 
the ridge by the girt over from eaves to eaves; making allowance in this girt 
for the double row of slates at the bottom, or for how much one row of slates or 
tiles is laid over another. 

When the roof is of a true pitch, that is, forming a right angle at top, then 
the breadth of the building with its half added, is the girt over both sides. 

In angles formed in a roof, running from the ridge to the eaves, when the 
angle bends inwards, it is called a valley; but when outwards, it is called a hip. 

Deductions are made for chimney shafts or window holes. 


EXAMPLES, 


Ex, 1.—Required the content of a slated roof, the length being 45 feet 9 
inches, and the whole girt 34 feet 3 inches? Ans. 174°104 yards. 

Ex. 1.—To how much amounts the tiling of a house, at 25s. 6d. per square; 

the length being 43 feet 10 inches, and the breadth on the flat 27 feet 5 inches, 
also the eaves projecting 16 inches on each side, and the roof of a true pitch ? 
Ans, £24, 9s. 54d. 


VIL—PLASTERERS’ WORK. 


PLasTERERS’ work is of two kinds, namely, ceiling—which is plastering upon 
laths—and rendering, which is plastering upon walls; which are measured 
separately 

The contents are estimated either by the foot or viral or square of 100 feet. 
Enriched mouldings, &c., are rated by running or lineal measure. 

Deductions are to be aaa for chimneys, nee windows, &c. But the win- 
dows are seldom deducted, as the plastered returns at the top and sides are 
allowed to compensate for the window opening, 


EXAMPLES. 
Ex. 1.—How many yards contains the ceiling, which is 43 feet 3 inches long, 
and 25 feet 6 inches broad ? Ans. 122°541. 
Ex. 11.—To how much amounts the ceiling of a room, at 10d. per yard; the 
length being 21 feet 8 inches, and the breadth 14 feet 10 inches ? 
£1, 9s. 83d, 
fix, u1.—The length of a room is 18 feet 6 inches, the breadth 12 feet 3 
inches, and height 10 feet 6 inches; to how much amounts the ceiling and ren- — 
dering,—the former at 8d. and the latter at 3d.*per yard,—allowing for the ~ 
door of 7 feet by 3 feet 8 inches, and a fire-place of 5 feet square ? 
Ans, £1. 13s, 33 id. 
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Ex. 1v.—Required the quantity of plastering in a room, the length being 14 
feet 5 inches, breadth 13 feet 2 inches, and height 9 feet 3 inches to the under 
side of the cornice, which girts 83 inches, and projects 5 inches from the wall on 
the upper part next the ceiling—dedutting only for a door 7 feet by 4°? 

Ans. 53 yards 5 feet 3 inches of rendering, 
18 5 6 of ceiling, 
39 0324 of cornice. 





VIIL—PAINTERS’ WORK. 


Painters’ work is computed in square yards. Every part 1s measured where 
the colour lies; and the measuring line is forced into all the mouldings and 
corners. 

Windows are done at so much a piece. And it is usual to allow double 
measure for carved mouldings, &c. 


EXAMPLES. 


Ex. 1.—How many yards of painting contains the room which is 65 feet 6 
inches in compass, and 12 feet 4 inches high? Ans, 893 yards. 
Ex. u.—The length of a room being 20 feet, its breadth 14: feet 6 inches, 
and height 10 feet 4 inches; how many yards of painting are in it, deducting a 
fire-place of 4 feet by 4 feet 4 inches, and two windows each 6 feet by 3 feet 2 
inches ? Ans. 73.2; yards. - 
Ex. 111.—What costs the painting of a room at 6d. per yard ; its length being 
24. feet 6 inches, its breadth 16 feet 3 inches, and height 12 feet 9 inches; also 
the door is 7 feet by 3 feet 6 inches, and the window-shutters to two windows 
~ each 7 feet 9 inches by 3 feet 6 inches, but the breaks of the windows themselves 
are 8 feet 6 inches high, and 1] foot 3 inches deep—deducting the fire-place of 
5 feet by 5 feet 6 inches ? Ans. £3, 3s. 103d. 





IX.—GLAZIERS’ WORK. 


Gwaziers take their dimensions either in feet, inches, and parts, or feet, 
tenths, and hundredths. And they compute their work in square feet. 

In taking the length and breadth of a window, the cross bars between the 
squares are included. Also, windows of round or oval forms are measured as 
square, measuring them to their greatest length and breadth, on account of the 
waste in cutting the glass. 


EXAMPLES. 


Ex. 1.—How many square feet contains the window which is 4°25 feet long, 
and 2°75 feet broad ? Ans. 112. 
Ex. 1.—What will the glazing a triangular skylight come to, at 10d. a foot ; 
the base being 12 feet 6 inches and the perpendicular height 6 feet 9 inches ? 
Ans, £1. 15s. 13d. 
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Ex. 111.—There is a house with three tier of windows, three windows in each 
tier, their common breadth 3 feet 11 inches; now, 
The height of the first tier is 7 feet 10 inches, 
see be sees of the second * 6 8 
RE se of the third 5 4 
Required the expense of glazing, at 14d. per foot ? Ans. £13, 11s. 103d. 
Ex, iv.—Required the expense of glazing the windows of a house at 13d. a 
foot; there being three stories, and three windows in each story ; 
The height of the lower tier is 7 feet 9 inches, 
meeeves ce of the middle 6 6 
see rans of the upper 5 3t¢ 
and of an oval window over the door 1 103 
the common breadth of all the windows being 3 feet 9 inches ? 
Ans. £12, 5s. 6d. 


X—PAVERS’ WORK. 
Pavers’ work is done by the square yard. And the content is found by 
multiplying the length by the breadth. 
EXAMPLES. 


Ex. 1.—What cost the paving a footpath at 3s, 4d. a yard; the length being 


35 feet 4 inches, and breadth 8 feét 3 inches ? Ans. £5, 7s. 113d. 
Ex. 11.—Whiat cost the paving a court, at 3s. 2d. per yard; the length being 
27 feet 10 inches, and the breadth 14 feet 9 inches ? Ans. £7, 4s. 54d, 


Ex, 111.— What will be the expense of paving a rectangular court-yard, whose 
length is 63 feet, and breadth 45 feet; in which there is laid a footpath of 5 
feet 3 inches broad, running the whole length, with broad stones, at 3s. a yard— 
the rest being paved with pebbles, at 2s. 6d. a yard ? Ans. £40, 5s. 103 


XI.L—PLUMBERS’ WORK. 


Piumsers’ work is rated at so much a pound, or else by the hundred weight, 
-of 112 pounds. 

Sheet lead used in roofing, guttering, &c., is from 7 to 12]b. to the square 
foot. And a pipe of an inch bore is commonly 13 to 14 1b. to the yard in 


length. 
EXAMPLES. 


Ex. 1: —How much weighs the lead which is 39 feet 6 inches long, and 3 feet 
3 inches broad, at 83 lb. to the square foot ? Ans. 1091.3, lb. 

Ex. 1.—What cost the covering and guttering a roof with lead, at 18s. the 
cwt.; the length of the roof being 43 feet, and breadth or girt over it 32 feet—_ 
the es 57 feet long, and 2 feet wide’ the former 9°831]b., and the latter 
7373 Ib. to the square foot ? Ans. £115, 9s. 13d. » 





XIL—TIMBER MEASURING 


PROBLEM I. 
To find the area or superficial content of a bourd or plank. 


Multiply the length by the mean breadth. 
Note.—When the board is tapering, add the breadths at the two ends toge. 
ther, and take half the sum for the mean breadth. 


BY THE SLIDING KULE. 


Set 12 on B on the breadth in inches on A; then against the length in feet 
on B is the content on A, in feet and fractional parts. 


EXAMPLES. 


Ex. 1.—What is the value of a plank, at 13d. per foot, whose length is 12 feet 
6 inches, and mean breadth 11 inches ? Ans. ls. 5d. 
Ex. 1.—Required the content of a board, whose length is 11 feet 2 inches, 
and breadth 1 foot 10 inches. Ans. 20 feet, 5 inches, 8”. 
Ex. 11—What is the value of a plank, which is 12 feet 9 inches long, and 
1 foot 3 inches broad, at 23d. a foot ? Ans, 3s. 33d. 
Ex, 1v.—Required the value of 5 oaken planks at 3d. per foot, each of them 
being 173 feet long, and their several breadths as follows ; namely, two of 
133 inches ‘in the middle, one of 143 inches in the middle, and the two remain- 
ing ones, each 18 inches at the broader end, and 114 at the narrower. 
Ans. £1, 5s. 94d. 


PROBLEM I. 
To find the solid content of squared or four-sided timber. 


Multiply the mean breadth by the mean thickness, and the product again by 
the length, and the last product will give the content. 


BY THE SLIDING RULE. 
C D D C 
As length : 12 or 10 :: quarter girt : solidity. 

That is, as the length in feet on ©, is to 12 on D when the quarter girt is in 
inches, or to 10 on D when it is in tenths of feet; so is the quarter girt on bi 
to the content on C. 

Note 1.—If the tree taper regularly from the one end to the other; either 
take the mean breadth and thickness in the middle, or take the dimensions at 
the two ends, and half their sum will be the mean dimensions. 

Note 2.—If the piece do not taper regularly, but is unequally thick in some 
parts and small in others, take several different dimensions, add them all toge- 
ther, and divide their sum by the number of them, for the mean dimensions. 

Note 3.—The quarter girt is a geometrical mean proportional between the 
mean breadth and thickness, that is the square root of their product. Some- 
times unskilful measurers use the arithmetical mean instead of it, that is, half 
their sum; but this is always attended with error, and the more so as the 
breadth and depth differ the more from each other. 
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EXAMPLES. 


Ex. 1.—The length of a piece of timber is 18 feet 6 inches, the breadths at 
the greater and less end 1 foot 6 inches and 1 foot 3 inches, and the thickness 
at the greater and less end 1 foot 3 inches and | foot: required the solid 


content ? Ans. 28 feet 7 inches. 
Ex. 1.—What is the content of the piece of timber whose length is 244 feet, 
and the mean breadth and thickness each 1°04 feet ? Ans. 265 feet. 


Ex. 11.—Required the content of a piece of timber, whose length is 20°38 
feet, and its ends unequal squares, the side of the greater being 193, and the 
side of the less 92? Ans. 29°7562 feet. 

Ex. 1v.—Required the content of the piece of timber whose length is 27:36 
feet,—at the greater end the breadth is 1°78, and thickness 1°23; and at the 
less end the breadth is 1:04, and thickness 0°91 ? Ans. 41°278 feet. 


PROBLEM Iti. 


To find the solidity of round or unsquared timber. 


Multiply the square of the quarter girt, or of of the mean circumference, by 
the length, for the content. 


BY THE SLIDING RULE. 


As the length upon C : 12 or 10 upon D :: 
quarter girt, in 12ths or 10ths on D : content on C. 


Note 1.—When the tree is tapering, take the mean dimensions as in the 
former problems, either by girting it in the middle, for the mean girt, or at the 
two ends, and take half the sum of the two. But when the tree is very irregular, 
divide it into several lengths, and find the content of each part separately. 

Note 2.—This rule, which is commonly used, gives the answer about + less 
than the true quantity in the tree, or nearly what the quantity would be after 
the tree is hewed square in the usual way; so that it seems intended to make 
an allowance for the squaring of the tree. 


EXAMPLES. 


Ex. 1—A piece of round timber being 9 feet 6 inches long, and its mean 
quarter girt 42 inches; what is the content ? Ans. 1164 feet. 
Ex. u.—The length of a tree is 24 feet, its girt at the thicker endl4feet, and 
at the smaller end 2 feet; required the content ? Ans. 96 feet. 
Ex. u1.—What is the content of a tree, whose mean girt is 3°15 feet, and 
length 14 feet 6 inches ? Ans. 8°9922 feet. 
Ex. 1v.—Required the content of a tree, whose length is 1774 feet, which girts 
in five different places as follows; namely, in the first place 9°43 feet, in the 
second 7°92, in the third 6°15, in the fourth 4°74, and in the fifth 3°16? 
Ans. 42°519525 
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PRACTICAL QUESTIONS IN 
MENSURATION. 


1, A plank is 14 feet 3 inches long, and I would have just a square yard 
slit off it; at what distance from the edge must the line be struck ? 
Ans. 741 inches. 


2. A wooden trough cost 3s. 2d. painting within, at 6d. per yard; the 
length of it is 102 inches, and the depth 21 inches; what is the width ? 
Ans. 2724 inches. 


3. The paving of a triangular court, at 18d. per foot, came to £100; the 
longest of the three sides is 88 feet; required the sum of the other two equal 
sides ? Ans. 106°85 feet. 


4, What is the side of that equilateral triangle whose area cost as much 
paving at 8d. a foot, as the palisading the three sides did at a guinea a yard? 
Ans. 72°746 feet. 


5. Let a, b, c be the sides of a triangle respectively opposite to the angles 
A, B, C; then will the area of the triangle ABC be 
= 1a? sin. B sin. C cosec. A. 


6. Let a, b,c be the three sides of a triangle; put A=b+c and k=b—c; 
then will the area of the triangle be=44/(h2—a?) (a*—4’). 


7. Let the three sides be 4/a, ./b, 4/c; then prove that the area of the 
triangle is =3,/2(ab+bc+ca)—(a*+6?+Cc°). 

8. A beam is 8} inches deep and 3: inches broad; what is the depth of 
another twice as large, which is 44 inches broad ? Ans. 12°5263 inches. 


9. Supposing the expense of paving a semicircular plot, at 2s. 4d. per foot, 
come to £10; what is its diameter ? Ans. 14°7737 feet. 


10. Two sides of an obtuse angled triangle are 20 and 40 poles; required 
the third side, that the triangle may contain just an acre of land? 
Ans. 58'876, or 23-099. 


11. A circular fish-pond is to be made in a garden that shall enclose just 
half an acre; what must be the length of the chord that strikes the circle ? 
Ans. 273 yards. 


12. Having a rectangular marble slab, 58 inches by 27, I would have a square 
foot cut off parallel to the shorter edge; I would then have the like quantity 
divided from the remainder, parallel to the longer side; and this alternately 
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repeated till there shall not be the quantity of a foot left; what will be the 
dimensions of the remaining piece ? * Ans. 20°702 inches by 6-086. 


13. Ifa round pillar, 7 inches across, have 4 feet of stone in it, what is the 
diameter of a column of equal length, that contains 10 times as much ? 
Ans. 22°136 inches. 


14. Find the thickness of the lead in a pipe of an inch and a quarter bore, 
which weighs 14lb. per yard a in length, the cubic foot of lead weighing 11825 
ounces. Ans. ‘20737 incnes. 


15. Let C= outer circumference of a circular ring, 6 = its breadth, and 
a = 3°'1416; then the area of the ring will be = (C—zd),. 


16. What will be the expense of a curb to a round well, at 8d. per foot 
square, the breadth of the curb being 8 inches, and the interior diameter 34 
feet. Ans. 5s. 93d. 


17. A garden is 100 feet long and 80 feet broad, and a gravel walk is to be 
made of an equal width half round it, so as to occupy half the garden; find 
both by construction and calculation, the breadth of the walk. 


Ans. 25968. 
18. If the sides of a reat are 28, 25, and 17, what is the area of its 
greatest inscribed square ? Ans. 101:67124. 


19. Let a,b,c be the distances between a tree and three corners of a 
square field in a successive order; then will the area of the field be 


2 
=a’?+b?—ab,/2 (cos. ¢—sin ¢), where cos. ne 


20. The four sides of a field, whose diagonals are equal to each other, are 
known to be 25, 35, 81, and 19 poles, in a successive order; required the con- 


tent of the field. As Bs LP; 
Ans. 4(793+7 ./8449) sq. poles, or 4 1 38. 


21. The length and breadth of a vessel in the form of a rectangular paral- 
lelopepid are respectively 6 and 3 feet; what must be its depth, to contain 
exactly 200 imperial gallons ? Ans. 1 foot 9-4 inches. 


22. Seven men bought a grinding stone of 60 inches diameter, each paying 
4 part of the expense; what part of the diameter must each grind down for his 
share ? 
Ans. The Ist, 4°4508; 2d, 4°8400; 3d, 5:3535; 4th, 6:0765; 5th, 7:2079; 
6th, 9°3935; 7th, 22°6778 inches. 


23. Divide a cone into three equal parts by sections parallel to the base, 
and find the altitudes of the three parts, the height of the cone being 20 
inches. 
Ans. The upper part, 13°8672; the middle, 3°6044; the lower, 2°5284. 
24. What quantity of canvass is necessary for a conical tent whose perpen- 


dicular height is 8 feet, and the radius at bottom 614 feet ? 
Ans. 2103. sq. feet. 


* This question admits of an elegant general solution, as may be seen in the “ Ladies’ Diary” for 
1823. In this example, the student will find that the slab contains more than 10, but less than 11 
feet ; hence the operation must be performed 10 times, and the dimensions of the remaining part of 
a foot will be the answer. 
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25. A cable 3 feet long, and 9 inches in compass, weighs 22lb.; what will 
be the weight of a fathom of that cable whose circumference is a foot ? 
Ans. 782lb. 


26. If R and x be the radii of two spheres inscribed in a cone, so that the 
greater may touch the less, and also the base of the cone; then will the capa- 
Q7rR?® 


city of the cone be = Tae 


27. If a heavy sphere whose diameter is 4 inches be let fall into a conical 
glass full of water, whose diameter is 5, and altitude 6 inches; it is required 
to determine how much water will run over. Ans. 26°272 cubic inches. 


98. The dimensions of a sphere and cone being as in last question, and the 
cone only + full of water; what part.of the axis of the sphere is immersed in 
the water ?* Ans. *5459 inches. 


29. Let A° represent the number of degrees in the arc of a segment of a 
circle whose radius is 7; it is required to prove that 
area of segment = 47” {arc A®° (radius 1) — sin A°}. 
30. What is the length of a chord which cuts off 4 of the area froma 


circle of which the diameter is 289? Ans. 278°6716. 
31. How high above the surface of the earth must a person be raised to 
see 1 of its surface ? Ans. The height of its diameter. 


32. If a cubic foot of brass be drawn into wire of #5 inch diameter, what 
will be the length of the wire, supposing no loss of metal in working ? 
Ans. 97784°5684 yards, or 55 miles 984°5684 yards. 


33. Supposing the diameter of an iron 9lb. ball to be 4 inches, as it is 
yery nearly; it is required to find the diameters of the several balls weighing 
12, 18, 24, 32, and 36lb., and the calibre of their guns, allowing 33, of the 
calibre, or 3!; of the ball’s diameter for windage. 




















ANSWER. 
i all el I lM ee 
| : | 
| Weight. | 12 18 | 24 | 32 36 * 
| | . 

| 
Diameter. | 4°4026 | 5.0397 | 5:5469 | 6:1051 | 6-349 
| 
| Calibre. | 4:4924 | 5:1425 | 5°6601 | 6-2297 | 6-4792 
| 
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* This question admits of a beautiful algebraical solution, by putting « = the part of the axis 
immersed. The resulting cubic equation is easily rendered a complete power, and then the cube 
root being taken, gives finally a simple equation for the ° srmination of 2 the part immersed. 


ANALYTICAL 


PLANE TRIGONOMETRY. 


CHAPTER I. 
INTRODUCTION AND DEFINITIONS. 


PLaNnE TRIGONOMETRY, as the name imports, was originally employed solely in 
determining, from certain data, the sides and angles of plane triangles. In 
modern analysis, however, its objects have been much extended, and the for- 
mule of this branch of Mathematics are extensively employed as instruments 
of calculation in almost every department of scientific investigation. From 
this circumstance, some writers wishing to change its designation to one which 
might more fully express its nature and applications, have proposed to term it 
the Arithmetic of Sines, others, the Calculus of Angular Functions, but the ori- 
ginal appellation is still retained by the great majority of authors upon these 
subjects. 

In treating of angular magnitude, we have hitherto confined ourselves to the 
consideration of angles less than two right angles; but in trigonometry it is 
frequently necessary to introduce angles which are greater than two, than three, 
or even than four right angles. We may take the following method of illus- 
trating the generation of angular magnitude. 


Let Aa be a fixed straight line, and let a line CP be 
supposed to revolve round the point C in Aa, and to 
assume in succession the different positions CP;, CPs, 
SOTEe ies cis ce ose 

When CP coincides with CA, there is no angle con- 
tained between CP and CA, or the angle CAP is 0. 

When CP begins to revolve round C, and comes into 
the position CP, it forms with CA an angle P; CA less 
than a right angle. 

When CP has performed one-fourth part of an entire revolution, and has 
thus reached the position CP.2, where CP, is perpendicular to CA, it forms 
with CA the angle P,CA, which is a right angle. 

As CP continues its revolutions, it will assume the position CP;, forming with 
CA the angle P; CA, greater than one, and less than two right angles, 

When CP coincides with Ca, it has performed one- 
half of an entire revolution, and forms with CA the 
angle aCA, equal to two right angles. a 





CP_having passed Ca, will assume the position CP., 
forming with CA the angle P,CA, greater than two, 
and less than three, right angles. 

The dotted space indicates the angle which we are 
considering. 
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When CP has performed three-fourths of an entire 
revolution, it assumes the position CP;, where CP; is 
perpendicular to Aa, forming with CA the angle P; CA, 
equal to three right angles. 


Passing beyond CP,, the revolving line assumes 
the position CP, forming with CA the angle Pg CA, 
greater than three, and less than four, right angles. 





Finally, when the line CP has completed an entire 
revolution, it will return to its original position CA, having formed with CA 
an angle equal to four right angles, 

If we suppose the revolution to recommence, it is manifest that CP may be 
conceived to form with CA angles greater than four, than five, or than any 
given number of right angles. 

It is convenient in trigonometrical investigations, to 
draw two straight lines at right angles to each other, 
and from their point of intersection to describe a cir- 
cle, with any radius cutting these lines in any points 
A.B. and. 

The circumference of the circle will thus be divided 
into four equal arcs AB, Ba, ad, BA, each of which, be- 
ing a fourth part of the whole circumference, is called- 
a quadrant, and subtends a right angle at the centre of the circle, 

AB is called the jirst quadrant, Ba the second quadrant, ab the third quad- 
rant, and bA the fourth quadrant. 


If each of these right angles be divided by straight 





RISC 4... Clo, 2.0... ccccee into 90 equal angles, the st 
whole circumference will be divided into a correspond Sh 
ing number of equal parts, each of which is called a de- A i 


gree. ‘The whole circumference will thus contain 360 
degrees, and each quadrant will contain 90 degrees. 

The angles themselves, and the arcs which subtend 
them, are called degrees indifferently. 

Angles are usually designated by the number of degrees which they contain ; 
thus, a right angle is called an angle of 90 degrees; two right angles, an angle 
of 180 degrees, &c. 

If each degree be divided into 60 equal parts, each of these smaller angles is 
called a minute. 

If each minute be divided into 60 equal parts, each of these smaller angles is 
called a second. 

Thus, four right angles, or the entire circumference of a circle, contains 360 
degrees; 360 X 60, or 21,600 minutes; 360 x% 60 X 60, or 1,296,000 seconds, 

. Degrees are expressed in writing by placing a small cypher immediately 
above the number to the right; thus 90°, 45°, 63°, signify 90 degrees, 45 de- 
grees, 63 degrees, &c. 

Minutes are expressed by placing one accent in the same manner above the 

number, and seconds by placing two accents: thus, 35', 40/, &e. signify 35 mi- 





nutes, 40 minutes, &c. ; and 35", 40", signify 35 seconds, 40 seconds, &ce, 


__ Any lower subdivision of a degree is usually expressed in decimal parts ef a 
second, 


NN 
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Another division of the circle has been introduced by some modern authors, 
especially the French. They divide the whole circumference of the circle into 
four hundred equal parts or degrees, each degree into one hundred minutes, and 
each minute into one hundred “seconds. ‘This method possesses many practical 
advantages over the former; but the number of valuable tables calculated ac- 
cording to the former system, will in all probability prevent it from being ge- 
nerally adopted. It is called the decimal division of the circle, in contradistinc- 
tion to the former which is called the sexagestmal division. 

This being premised, we shall proceed to define the more important trigono- 
metrical terms. 


1. The complement of an angle is the defect of an angle from ninety degrees. 
Thus, if be any angle, the complement of 4 is (90° — 6). 


2. The supplement of an angle is the defect of an angle from one hundred 
and eighty degrees. ‘Thus, if 9 be any angle, the supplement of @ is (180° — @). 
Draw two straight lines Aa, Bd, at right angles to 
each other, intersecting in the point C. With centre 
C and any distance as radius, describe a circle, cutting 
the straight lines in the points A, B, a, 6. 
Draw the radius CP,, forming with CA any angle «+ 
ACP j= 6. 
From P, draw P; M, perpendicular on Aa, b 
From A draw AT a tangent to the circle at A. 
Produce CP, to meet AT) in Ty, 


ae 





3. Then the ratio of P, M, to the radius of the circle, is called the sine of the 
angle P, CA. 
P,M 
Or, “ae = sin. 6 
4, The ratio of AT; to the radius of the circle is called the tangent of the 
angle P, CA, 
Or ea 
r, iA tan. 6 


5. The ratio of CT, to the radius of the circle is called the secant of the 
angle P CA. 
CT 


Or, CA. = sec. 6 


6. The ratio of AM, to the radius of the circle, is called the versed sine of the 
angle P, CA. 


AM 
Or, CA — 5%, BID. 
7. The sine of the complement of any given angle is called the cosine of that 
angle. 
Or, sin. (90° — 6). = cos. é and .*. cos. (90° — 4) = sin. 6. 


8, The tangent of the complement of any given angle is called the cotangent 
of that angle. 
Or, tan. (90° — 6) = cot. 6. and .*. cot. (90° -- 6) = tan. 6. 


9. The secant of the complement of any given angle is called the  osecant of 
that angle. 
Or, sec. (90°-— #) = sosee. 6 and .*. cosec, (90° — 6) = sec. 6 
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10. The versed sine of the complement of any angle is called the co-versed 
_sine of that angle. | 


Or, v. sin. (90° — @) = co-v.sin. and .. co-v. sin. (90° — 4) = ¥. sin. 6 

We shall now prove that the ratio of CM, to the radius of the circle, in the 
last figure, is the cosine of the angle P, CA, that is, the sine of its complement, 

Or that, on = cos, 6. ee 

Draw a circle A’B’a'l’, equal to the circle ABad, and 
from C’ the centre drawC’P’ making withC’A’ theangle *{_ © cad 
P’C’A’ equal to the angle P, CB, i.e. to the comple- 
ment of P, CA, or to (90° — 4). 

Then since CP, is equal to C’P’, and the angles at 
M, and M’ right angles, and the angle CP, M, equalto 


equal in every respect, Pi: M, = CM’, CM, = P/M. 
CM, PM! 
CA 
sin, P’C/ A’ by Def. 
sin, (90° — 4) by construct. p 
cos. § by Def. 
We have hitherto considered an angle P, CA less than a right angle, but the 
same definitions are applied whatever may be the magnitude of the angle 
Thus, for example, let us take an angle P,CA situated in the second quadrant, 
that is, an angle greater than one right angle and less than two, 


the angle P’/C’/M’, the two triangles P,;CM:, P’/C'M’, are i P, 
C X 





Weoul a 


From P,let fall P,M, perpendicular on Aa, from a 
draw aT, a tangent to the circle at a meeting CP pro- 
duced in T,; then as before, 





i 
CA — Ssin- Pe CA 
CM, _ 
CA = 00s. PCA 
aT, wu 
CA. we tans P. CA 
pos = sec. P,CA 
AM, = v.sin. Pe CA, 
CA 


Again, let the angle in question be situated in the third quadrant, that is, let 
it be an angle greater than two and less than three right angles. 

Making a construction analogous to that in the two 
former cases, we shall have 





CA = sin. P3 CA 
CM; ae 

CA = cos. P3;CA | 
aT’; ne 

‘Cu = tan. P;CA 


NONe2 
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CA ae SOC. P;CA, - 
M 
ae = y.sin. P3CA 


Lastly, let the angle be situated in the fourth quadrant; that is, let it be an © 
angle greater than three and less than four right angles, then as before 
P, M, 


- (Anu sin. PgCA 
VE 
CMe a, PCA (Bao 





THRE a 
Ate 
CAT sa 
on, 
CA 
AM 
“CA: = v.sin. PaCA 
We shall now proceed to establish some important general relations between 
the trigonometrical quantities which are immediately deducible from the above 


definitions, and from the principles of Geometry. | (zr 


Resuming the figure of Def. (2): Yh 
BP 


tan, Py CA 


I] 


sec, P,CA 


Since CMP is a right-angled triangle and CP the 
hypotenuse, 














PM? + CM? = CP? 
Dividing by CP 2, ‘ cm 
PM? _ CM? 
OP? A /Crgl ame é 
2. @. 51n2 6 -}- C082, 8° =) A ese sa seeeceecsencece A: once dtomaeseves gh 
The triangles PMC, TAC, are equiangular and similar; hence 
PM _ AT 
Col ee. 
PM 
KEE ME 
peOM Sas Be 
CA 
/Paeein. 2 
Cs OS A tan. 6.0.0 +.s0scnee nde ncvdaduseeuhveamen (2) 
In last case, for 4 substitute (90° — 4); then 
sin. (90°— 6) __ ; 
cos. (90° — 8) = tan. (90° — 8) 
cos. 6 
Or, sin. @ = Cot. 6 se eceereceeeeesee eocorerece ovens wea aad 
From (2) and (3) we have 
sin. 6 cos. 6 
CORD tes tan. 6, and, rer cot 6. 
Hence, tan. § = Gots 9) OFr taM. A COL I = Desereseeerereeenes ested aes 


* The symbols sin.® 9, cos.? 9, tan.2 9, &c., signify the square of sin. 9, the square of cos. 0, &c.; 
this is the common notation ;—another, more strictly in accordance with analogy, is sometimes 
employed to express the same thing, viz. (sin. §)2, (cos. @)g, (tan.@)#, &c. 
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By similar triangles CTA, CPM. 


cT 
CA 
Or, sec. 6 
By Definition, 


coset. 


Since CAT is a right-angled trian 
CA? 4 AT? 
Dividing by CA’, 
ae 
CA? 
ty Gs 1 +- tan.? 4 
. By (3) we have 


cot. 6 


* cot.” ¢ 


Adding 1 to each side of the equation, 


1 + cot.* d 


By Definition, 


yersin. @ 


By Definition, 
: coversin. 6 


— 
— 


— 


we 
= 


Cr 
cM 

1 
CM 
cP 


aaa a! or, sec. 9 COS. O = 1 ..sseeee, (5) 


sec, (90° — 6) 


1 
cos. (90° —6 ) by last case 


or, cosec. 6 sin. = 1...(6) 





sin. 6 


gle and CT the hypotenuse, 


Gre 


CT ? 
CA? 


sin, * @ 


cos, ? 6 
sin. * 8 
sin. 2 4 + cos. * 4 
sin, * @ 
1 
sino PY (1) 


Cosec.2 9 Dy (G)esserssesseeceecssevereee() 





MA 
CA 
CA — CM 
CA 
CM 
i OA 
Ts cose Paced isstrase' deienvaneseacvereo) 





versin. (90° — @) 
1 — cos. (90° — 4), by last case. 
j\ —_— sin, 6g seco eereserereeeres Lddsiet cece 10) 


The above results, which are of the highest importance in all trigonometrical 


investigations, 


ought to be cofnmitted to memory :— 


may be collected and arranged in the following Table, which 
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TABLE I. 

1.. Sin.? 9-4 cos.2 2 =" 1 
2: alee = tan. 6 

cos. 6 

cos. 6 
30 = = ‘cot? 

sin, 6 
4, tan. 6 cot. 6 = al \ 
5. sec. 8 cos. 6 a 
6. cosec. 6 sin. 6 — oe 
7 1+ tan.” =) 8eG: cae 
8. 1 + cot.” 4 = cosec.? é 
9. v. sin. 6 = lL — gone 
10. coversin. 6 rofl Pree hBs 


11. The chord of an arc is the ratio of the straight line joining the twe extre- 
mities of the arc to the radius of the circle. 


PROPOSITION. 
The chord of any arc is equal to twice the sine of half the are. 


Take any arc AQ, subtending at the centre of the 
cirele the angle ACQ = @. 

Draw the straight line CP bisecting the angle 
ACQ. 

Join A, Q; from P let fall PM perpendicular on 
CA. 

Since CP bisects ACQ, the vertical angle of the 
isosceles triangle ACQ, it bisects the base AQ at 
right angles, 





AO = OQ, and the angles at O are right angles. 

Again, since the triangles AOC, PMC, have the angles CMP, COA, right 
angles, and the angle PCM common to the two triangles, and also the side CP of 
the one equal to the side CA of the other, these triangles are in every respect 


equal. 


PM er AO = (OG 
AQM™— ere 
AQ _ PM 
CA - A 
or, chord é = 2sin. PCA 
oy 
= 280.5 


We shall now proceed to explain the principle by which the signs of the 
trigonometrical quantities are regulated. 
All lines measured from the point C along CA, 
that is, to the right, are considered positive, or have 
the sign +. \ 
All lines measured from the point C along Ca, that a ane 4 
is, in the opposite direction, to the left, are considered / 


negative, or have the sign —. ; 
All lines measured from the point C along CB, that DH init 


is, upwards, are considered positive, or have thesign -+. . 
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All lines measured from the point C along Cd, that is, in the opposite direc- 
tion downwards, are considered negative, or have the sign —. 

Let us determine according to this principle, the signs of the sines and co- 
sines of angles in the different quadrants. 

I Agi 
= 2 , COS. a Pe aS 
Here P,|M, = Cm, is reckoned from C along CB up- 
wards, and is .*. positive. 

CM, is reckoned from C along CA, to the right, 
and is .*. positive. 

In the first quadrant, therefore, the sine and cosine 
are both positive. 


In the first quadrant, sin. ¢ = 








P.M, CM, 
aes Cea 1. 
Here P,M, = Cm, is reckoned from C along CB up- 
wards, and is .*. positive. 

CM, is reckoned from C along Ca, to the left, and 
is .*. negative. 


In the second quadrant, sin, é= 


In the second quadrant, therefore, the sine is posi= 
tive, and the cosine is negative. 


ah 
In the third quadrant, sin. = GA 1 8 $= GE 


Here P;M,; = Cm, is reckoned from C along Cd, down- 
wards, and is .*. negative. 

CM; is reckoned from C along Ca, to the left, and 
is .*. negative. 








In the third quadrant, therefore, the sine and cosine 
are both negative. 


In the fourth quadrant, sin. 6 = —*—, cos.¢ = Cae 


Here P,M, = Cm, is reckoned from C along Cd, down- 
wards, and is .*. negative. 

CM, is reckoned from C along CA, to the right, and 
is .*, positive. 

In the fourth quadrant, therefore, the sine is negative 
and the cosine positive. 





Hence we conclude, that, the sine is positive in the first and peat quadrants , 
and negative in the third and fourth; and the cosine is positive in the first and 
fourth, and negative in the second and third; or, in other words, 

The sine of an angle less than 180° is positive, and the sine of an angle 
greater than 180° and less than 360° is negative. 

The cosine of an angle less than 90° is positive, the cosine of an angle greater 
than 90° and less than 270° is negative, and the cosine of an angle greater than 
270° and less than 360° is positive. 

The signs of the sine and cosine being determined, the signs of all the other 
trigonometrical quantities may be at once established by referring to the 
relations in Table J, 

‘Thus, for the tangent, 
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Hence, it appears that when the sine and cosine have the same sign, the tangent 
will be positive, and when they have different signs it will be negative. 
Therefore, the tangent is positive in the first and third quadrants, and negative 
in the second and fourth. 
The same holds good for the cotangent; for 


cos. é 
co. = —— 
sin, @ 

Again, since I 
come sec. ¢ = SO 
Cos. 6 


the sign of the secant is always the same with that of the cosine; and, since 


] 


cosec. dé = — 
sin. 6 


in like manner, the sign of the cosecant is always the same with that of the sine. 


The versed sine is always positive, being reckoned from A always in the 


same direction. 

It is sometimes convenient to give different signs to angles themselves. We 
have hitherto supposed angles of different magni- 
tudes to be generated by the revolution of the move- P 
able radius CP round C in a direction from right to 
left; and the angles so formed have been considered 
positive, or affected with the sign -+-. If we now CW A 
Suppose an angle ¢/= 4¢ to be generated by the 
revolution of the radius CP’ in the opposite direction, 
we may, upon a principle analogous to the former, P 
consider the angle 4 as negative, and affect it with 
the sign — 

We hall) now determine the variations in the magnitude of the sine ) and 
cosine for angles of ditferent magnitudes. 


In the first quadrant: 

Let CP,, CP,, CP, ......... be different positions 
of the revolving radius in the first quadrant; and 
PONE), Pg, Psy ecveses GLAWAE Mj; Eg Mg, Pe lg, cane : 
perpendiculars on CA. 

It is manifest, that as the angle increases the sine 
increases; for 

P.M, PyM, PM; PM; 
RA CA ORCA eee 





When the angle becomes very small, PM becomes very small also; and when 
the revolving carne coincides with CA, 7.e. when the angle pecoutes 0, then 
PM Gis eal altogether, and is = 0. 





Hence since, generally, sin, ¢é = and since, when é= 0, PM = 93 


A 
pds 
CA 
poet | 


On the other hand, when the angle becomes equal to 90°, PM coincides vite 
CB, and is equal to it. 


(oe S10, Ee 


3 PM ; 
Hence since, generally, sin. é = ——, and since, when = 90°, PM= CB; 


CA 








ANALYTICAL PLANE TRIGONOMETRY. 569 


B 
sin. 90° = a 
=r CB = CA. 
Again, it is manifest, that as the angle increases the cosine diminishes; for 
CM, CM, CM, CM; 


EGA LORD AAPA 
When the angle is very small, CM is very nearly equal to CA; and when 


the revolving radius coincides with CA, ¢. ec. when the angle is 0, then CM 
coincides with CA and is equal to it. 


Hence since, generally, cos. @ = ane and since, when = 0, CM = CA; 


CA 
CA 
De ene 
cos. 0. = TK 
1 
On the other hand, as the angle increases, CM diminishes, and when the 
angle becomes equal to 90°, CM disappears altogether, and is = 0. 


Hence since, generally, cos. 4 = ae and since, when ¢ = 90°, CM = 0; 
pl 

CA 

maa (I) 


cos. 90° = 


Let us now take different positions of the revolving radius in the second 
quadrant. 
It is manifest, that as the angle increases the sine 
diminishes; for 
P.M, P;M; P,Ms P.M, 
een roa Cas 7" CA 
As the angle goes on increasing, PM goes on dimi- 
nishing; and when CP coincides with Ca, 2. e. when 
the angle becomes equal to 180°, PM disappears 
altogether, and is equal 0. 





Hence since generally, sin. @= ae and since, when ¢ = 180° PM = 0; 


*.. 5in..180° = '.0. 
On the other hand, as the angle increases the cosine increases; for 
CM, CM, CM, CM, 





Ca <— ta 4 GA <— CA 


and when the revolving radius coincides with Ca and the angle becomes 1802, 


CP coincides with Ca and is equal to it. 


Hence since, generally, cos. @ = a and since, when ¢= 180°, CM = Ca; 
; Ca 
. 180° = = 
cos TA 


— st Ca ==, CA. 


The negative sign is here employed, because the cosine is reckoned fo the left 


i along Ca. 


Reasoning in the same manner for the third and fourth quadrants, we shall 


find, 


Q 
ae | 
=) 
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sin. 270° pm, me | 
cos. 270° = 0 
sin. 360° — 6 
cos. 360° a 1. 


Thus, it appears, 

That, as the angle increases in the first quadrant, from 0 up to $de, 
The sine, being positive, increases from 0 up to 1, 
The cosine, being positive, decreases from 1 down to 0. 

That, as the angle increases in the second quadrant, from 90° up to 180% 
The sine, being positive, decreases from 1 down to 0, 
The cosine, being negative, increases * from 0 up to —l1. 

That, as the angle increases in the third quadrant, from 180° up to 270° 
The sine, being negative, increases * from 0 up to —1, 
The cosine, being negative, decreases * from — 1 down to 0. 

That, as the angle increases in the fourth quadrant, from 270° up to 360%, 
The sine, being negative, decreases * from — 1 down to 0, 
The cosine, being positive, increases from 0 up to 1. 


The variations in the magnitude of the sine and cosine being known, those 
of the other trigonometrical quantities may be determined by means of the 
relations in Table I. ’ 





Thus, since tan. ¢ = SM? 
cos. 4 
sin. 0 0 
tan.O0 = af Ohi 
cos. 0 ] . 
sin. 90° 1 
tan. ee ee Cae 


The truth of this last relation may be readily illustrated, by referring to the 
geometrical construction; when it wiil be seen, that for an angle of 0°, AT 
becomes parallel to CP; and therefore, the point T, in which the two lines 

meet, is at an infinite distance. 
So, also, cot. 0 
cot. 90° 


o 
0 


Il I 


and so for all the rest. 


We shall next proceed to point. out some important general relations, which 
exist between the trigonometrical functions of angles less than 90° and those 
of angles greater than 90°. 

Draw CP, making with CA any angle PCA, which 
we may call 4; let fall PM perpendicular from P on 
CA. Draw CP’, making with BC the angle BCP’ 
= PCA = 4; and from P’ let fall PM’ perpendicular 
on Ca. 

Then the angle P'CA = 90° + 4, 

The two triang’es PCM, P/CM’, have the side PC 
of the one equal to the side P/C of the other, also 
the angles at M and M’ right angles, and the angle 
CPM of the one equal to the angle P/CM’ of the other; . 
are in eyery respect equal; and 





*. the two triangles 


E 


* That is, considered absolutely or independently of its sign. 











- CA, and draw CP’, making with Ca the angle 


ANALYTICAL PLANE TRIGONOMETRY. 571 
PM= CM, OM = PM. 


_ PM CM 
Aw. we OA 
Or, sin. PCA = cos. PCA, 
te. sin. (90°44) = cos. 4 
Again, 
cm _ PM 
CAgMeT een OAs 
Or, —cos. P-CA = sin. PCA 
tie. cos. (90°+ 4) = —sin. é 


As before, draw CP, making any angle ¢ with 


P'Ca, equal to 4. 
Then the angle P'CA = 180° — 4. 
The two triangles PCM, P’/CM’, are manifestly in 


all respects equal; and 
PM = PM, cel — 1CM’ 





be 
Sy ee OT CA 
ie. sin.é = sin. (180°— 4), 


an important proposition, which enunciated in words is, The sine of an angle is 
equal to the sine of its supplement. 


Again, CM CC’ 
UA ta ace 
cos.¢ = — cos. (180° — 4) 


that is, The cosine of an angle and the cosine of rts supplement are equal in 
absolute magnitude, but have opposite signs. 


If, as in the annexed figure, we draw CP’, making 
with Ca an angle aCP”’ equal to the angle 4, we shall 
find, in like manner, 





sin, (180° + ¢) = —sin. @ 
cos. (180° + 4) = cos. (180°— 4) 
= — Cos. 4. 


If we draw CP’, making with Cd an angle 5CP’ = 4, then 
sin. (270°— 4) = —cos. # 
cos. (270°— 4) = —sin, é 
as is evident from the Def. 7, and the rule for signs; 
and, in like manner, we may proceed for angles in 
the fourth quadrant. 

These relations being established between the sines 
and cosines, the corresponding relations between the 
other trigonometrical functions, may be deduced im- 
mediately from Table I. 


Bus, tan. (90°-+- 4) = 





sin. (90° -- 6) 
cos. @ 

—sin. ¢ 

eee CO Le, 
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a aes <4 sin. (180° — ¢ — §) 
tan. (180° — ¢) = eas cos. (180° ay 


sin. 6 
—— COS. é 





—— hai 
and so for all the rest. 


The student may exercise himself, by verifying such of the results in the 
following table as have not been formally demonstrated. 


TA Dir Te wal. 
* sin. 0 a) * sin. (180° + 6) = —sin. 6 
* cos. 0 =| * cos. (180° -++ 6) = —cos. 6 
* tan. 0 a tan. (180° +- 6) = tan. 6 
* cot. 0 pe) cot. (180° + 6) = cot. 6 
sec. 0 — ee sec. (180° + 6) = —sec. 6 
cosec. O —— SS cosec.(180°-++- 6) = — cosec. 6 
* sin. (90°— 6) = cos. 6 sin. (2700 — 6) = —cos. 6 
* cos. (90°— 6) = sin. 6 cos. (270° — 6) = —sin. 4 
* tan. (90°— 4) = cot. 6 tan. (270° — 6) = cot. 6 
* cot. (90°— 4) = tan. — cot. (270° — §) = tan. é 
sec. (90°— 4) = cosec. 6 sec. (270° — 6) = — cosec, 6 
cosec.(90°— 4) = sec. g cosec. (270>—4) = —sec. 6 
* sin. 900 com sin. 2700 mee | 
* cos. 90° —— cos. 270° anti t 
* tan. 900 — tan, 270° = —a 
* cot. 90° = 0 cot. 270° ah | 
sec. 900 — a sec. 270° Res « 
cosec. 90° ae cosec. 270 ee | 
* sin. (90°-++- 6) = cos. 6 sin. (270° + 6) = — cos. 6 
* cos. (90°-+- 4) = —sin. 6 cos. (270° 4+- 6) = sin. 6 
* tan. (90°-++ 6) = — cot. 6 tan. (270° +- 6) = — cot. 6 
* cot. (90°-++ 6) = — tan. J cot. (270° -+- 6) = — tan. 6 
sec. (90°-}+ 6) = — cosec. 6 sec. (270° +- 6) = cosec. 6 
cosec.(900-+-4) = sec. 6 cosec. (270°-+4. 6) = —sec. 6 
* sin. (180°— 4) = sin. 4 sin. (360° — 6) = —sin. 6 
* cos. (180°—4) = —cos. 6 cos. (360° — 6) = cos. 6 
* tan. (180°—¢) = — tan. 6 tan. (360° — 6) = — tan. 6 
* cot. (180°—4) = — cot. 6 cot. (360° — ¢) = — cot. 8 
sec. (180°—#) = — sec. 6 sec. (360° — 4) = sec. 6 
cosec.(180°—4) = cosec. 6 cosec, (360°— 6) = — cosec. 6 
* sin. 180° cet #8) sin. 360° =a 
* cos. 180° ment EGE | cos. 360° = 
* tan. 180° nd HE) tan. 360° — 
* cot. 180° rode 3? cot. 360° = 
sec. 180° — Fee | sec. 360° on 
cosec, 1800 = « cosec, 360 = 


; 
The results in the above table which are most frequently used, are marked 
with an asterisk, and ought to be committed to memory. : 


* 
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We have in the preceding pages confined ourselves to the consideration of 
angles not greater than 360°, but the student can find no difficulty in applying - 
the above principles to angles of any magnitude whatsoever. 

We shall conclude this introductory chapter, by demonstrating two proposi- 
tions which are of the highest importance in our subsequent investigations. 
The first is, 

In any right-angled triangle, the ratio which the side opposite to one of the 
acute angles bears to the hypotenuse, is the sine of that angle; the ratio which 
the side adjacent to one of the acute angles bears to the hypotenuse, is the cosine 
of that angle; and the ratio which the side opposite to one of the acute angles 
bears to the side adjacent to that angle, is the tangent of that angle 





Let CMP be any plane triangle, right-angled , 
at M. 

Then, 
PM y CHE. = PM. =: ‘ 
GP — sin. C, on cos. ©, CM tan. C. 

or, oC MI 
POM... MP _ MC __ 
CP = sin. P, cp = cos. P, Mp = tan. P. 


From C, as centre, with radius CP, describe a 
circle. 

Produce CM to meet the circumference in A. 

From A draw AT a tangent to the circle at A. 

Produce CP to meet AT in T. 

Then, from Definitions (1), (2), (3), 





= PMs CM __ ARs 
cp — sin. C, cp — C, Tp — tan, C, 
for CP = CA. 
But the triangles TAC, PMC, are similar ; 
. A a Pall 
ee CP = CM tan. C. 
Corol. 
PM = CP.sin.C = CP cos. P 
CM = CP cos.C = CP sin. P 
PM = CMtan.C = CM cot. P. 


The second proposition is, 
In any plane triangle, the ratio of any two of the sides, is equal to the ratio 
of the sines of the angles opposite to them. 


Let ABC be a plane triangle ; it is required to prove, 
that 

CB sin. A ©=CB sin. A CA sin, 5 

CA — sin. B’ BA. sm.0’ BA = sin. C 

J’rom C let fall CD perpendicular on AB. 

Then, since CDB is a plane triangle right-angled at D, 
by last proposition, | 

CD = OB sin. B ........ chert Ps Parte are eds: 
Again, since CDA is a plane triangle right-angled at A, 


CD = CA Sin. A .esseeeee veeeeees Seti sad eh ared (2) 
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Equating these two equal values of CD, 
CB sin. B = CA sin, As 
CB”. o sine 
COA? YS sing 





In like manner, by dropping perpendiculars from B and A upon the sides 
AC, CB, we can prove, 


CB we shite A, CA 1 SERS 
BA’ “> ‘sin: 6’ BA sin. C 


In treating of plane triangles, it is convenient to designate the three angles 
by the capital letters A, B, C, and the sides opposite to these angles by the 
corresponding small letters, a, b,c, According to this notation, the last propo- 


sition will be, 
sin. A b sin. B 
sin. C’ o sin ey 











a 
aie 


' CHAPTER II. 


GENERAL FORMULAE. 


Given the sines and cosines of two angies, to find the sine Of their sum. 


Let ABC be a plane triangle; from C let fall CD per- 


pendicular on AB, i 
Let angle CAB = 4, 
and angle CBA = #, 
Then, AB = BD+4DA 
= BC cos. § + AC cos. 4, : a 


because BDC and ADC are right-angled triangles. 
Dividing each member of the equation by AB, 
AC 
a BE cos, O + AB ©: 6 
sin. 6 sin. 4 , 
= Fn c, © & + GG 0S 4 by last Prop. in Chap, I. 
. sin.C = _ sin. 6 cos. 6’ + sin. & cos. 6. 


But, since ABC is a plane triangle, 6+- 4+ C = 180° 
.C = 180°—(6+ ¢) 
sin. C = sin. $180°— (4+ 6} 
= sin (6+ &), because 180° — (4 -++ #) is the supplement of . 


(6 + #). 
Hence, sin.(9-- 7) = sin. 6 cos. Y -+ sin. & COS Bessccoscoscescosceses, (a) 


This expression, from its great importance, is called the fundamental formula 
of Plane ‘Trigonometry, and nearly the whole science may be derived from it, 


| 
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Given the sines and cosines of two angles, to find the sine of their difference. 


By formula (a). 
sin. (6-+ #) = sin. 6 cos. # 4- sin. & cos. 4 

For @ substitute 180° — 6, the above will become 

sin. f180° aver (9 xs #)% = sin. (180° — 4) cos. # + sin. # cos. (180°— 4) 
But, sin, ¥ 180° 4) a) = sin.(d— 6) +.* 180° — (¢— #)is the supple- 
ment of (¢ — #). 

And, sin. (180° — 4) = sin. 4, 

And, cos. (180° — 6) = —cos. é 

Substitute, therefore, these values in the above expression, it becomes 

sin. (9 — @) = sin. 4 cos. & — Sin. COS. A seveeesesees dsvees (0) 


Given the sines and cosines of two angles, to find the cosine of their sum. 


By formula (a) 
sin. (6-+ 4) = sin. 6 cos. # + sin. & cos. 6. 


For 6 substitute 90° -+ 6, the above will become 
sin. {90° + (6+ #)} = sin. (90° + 4) cos. # + sin. # cos. (90° +4), 


; But, sin. {90° +(6-+- 4) = cos. (6+ @), by Table II. 


And, sin. (90° + é) 
And, cos; (90° ++ 4) 

Substituting, therefore, these values in the above expression, it becomes 
cos. (4 -+ &) = Os. 6 cos. & — Sin. 4 SI. Y ..seserecreeeereers (c) 


cos. 6. 
aaay BATE O, 


Given the sines and cosines of two angles, to find the cosine of their difference. 
By formula (a): 
sin. (4 + 6’) = sin. 6 cos. # ++ sin. # cos. 6, 
For @ substitute 90° — 6, the above will become 
sin. {90° — (8—#)} = sin. (90° — 6) cos. # + sin. # cos. (90° — 4) 
But, sin. {90° — (6—¢)} = cos. (6— 4), by Table IT. 
= 6 Wrones 


sin, (90° — 6) cos. 
cos. (90° — 6) sin. 6 reese 
Substituting, therefore, these values in the above expression, it becomes 
cos. (6 — &) =" cos: 6 cos. f -—E sin. @ sin. 7 ...scccsecoreseees (d) 


Given the tangents of two angles, to find the tangent of thetr sum. 
By Table I. : 


in. (6+ @ 
tan. (d+ #) = a aP) 
sin. 6 cos. # -+ sin. # cos. 6 
cos, § cos. # — sin. @ sin. 





by (a) and (c) 
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Dividing both numerator and denominator of fraction by cos. 6 cos. #: 


sin. cos. 4% , sin. # cos. 6 
cos. @ cos. & ~ cos. & cos. 6 
, sin. @ sin, & 
Cos. 8 cos. # 
Simplifying, — tan. é+ tan. (e) 
=" Titan py oe bak cginveeehe want 





Given the tangents of two angles, to find the tangent of their difference. 


By Table I. : 


— sin. (6— #) 
chs vill ices ae 


—_ Sin. 6 cos. & — sin. @ cos. 6 
cos. 8 cos. # 4- sin. 6 sind, / by (6) and (d) 


Dividing both numerator and denominator by cos. @ cos, 6: 





sin. 6 cos. 4 sin. cos. 6 
cos. 6 cos. @ cos. 6 cos. & 


qidse Sin. § sin. # 
a Cos. 8 cos. & 
Simplifying, — tans. 6 tan ap, (f) 
— ¥- tan. tan. OeCeoreeseeseses O@cevasee COCceeeseres ase 


The student will have no difficulty in deducing the following : 


| 2 PCot. 0760 eT 
cot (6-4) = cot. + cod 


a (aang) oes cot. 8 cot. f +- l 


pete Deleted ha 
cot. 6’ — cot. ¢ 


sec. 8 sec. 6’ cosec. 4 cosec. 
sec, 6 o ee . 
(6+ ) Cosec. @ cosec. 6’ — sec. 6 sec. 








eof sec. § sec. & cosec. 6 cosec. # 
se. (§—6#) = mca tk 
cosec. @ cosec. 6 +- sec. 6 sec. 
sec. @ sec. & cosec. 4 cosec. 
cosec. (6-- f) = 
sec.  cosec. # +- sec.  cosec. 6 


sec. 6 sec. f cosec. 6 cosec. & 
sec. § cosec. # — sec. 6 cosec. 6 


cosec. (4 — 6’) 


l 


Lo determine the sine of twice a given angle. 


By formula (a): 
sin. (6+4) = sin. @ cos. & -++- sin. 0’ cos. 6 
Let 6= @, then the above becomes 
sin, 26 = sin. 4 cos. 6 +- sin. 6 cos. 6 
— 2 sin. 6 cos, 0 eee Peccesecseses SOO reecese eases (g 1) 
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In the last formula, for 4 substitute f ; then, 


: 6 x eee 6 
sin, 2 X e ee eshte se COS. = 
é = ere 6 
Or, sin. 6 a RNS COS vee eicrRy¥ A aeoh mance (g 2) 


To determine the cosine of twice a given angle. 


By formula (c): 


cos. (6+ 4) = _ cos.6 cos. é — sin, 6 sin, & 
Let = @ then the above becomes 
Ben a Oa) 7 COS O —— SITE Gs Co sccescecesscceees csereteae USI) 


By table I. sin.? 6 = 1 —cos.’ 6; substituting this for sin.’ 6: 


esa 26, =) 2 cos? O—— 1.5... WRUCU GE ES cts ace sates cs (h 2) 
Again, since cos.? 6 = 1 —sin.? 6, substitute this for ‘cos,? 6: 
. meee at LS GING. cs cagiwtngapont ec iveses ances (23) 


To determine the tangent of twice a given angle. 
By formula (e): 
tan. @ 4- tan. # 
tan. ) — — 
Set? | —tan. @ tan. J 
Let 6= ¥, the above becomes , 


an. 2 6 et ere omen ahs Gi sin Sei sie Snje ib qeeice clee ee eae oot ce 
a 1 fan.* @ ~ () 
The student will easily deduce the following : 
oe = cot.29—1 _ cot. 6—tan. 9 
as 2cot. 6 2 
ean x far sec.” 9 cosec.? 6 
£ ~~  cosec.? @ — sec.” 6 
cosec. 246 = sec.” § cosec.? 9 _ sec. 8 cosec. 6 
‘ 2 sec. dcosec. @ — 2 


To determine the sine of half a given angle. 
By formula (/ 3): 


cos. 26 = l—2sin.2¢ 
For 4 substitute o; the above becomes, 
dus, reey 
Oy SSA ea i Kaa 
cos 3 2 sin 3 
Or, weak =, sl —,2 sin? £ 
oe VM sin.” < = ]—cos. 


b 


& 6 hei — COS. 6 > 
sin. Qo ss a a eeoerees ane ees eeeee ees eeredte (”) 
00 
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To determine the cosine of half a given angle. as 
By formula (12): 
cos. 26 = 2cos”2$¢—1 


For § substitute S; the above becomes, 


cos. 2 Os eee 
Cr Goes | eh 0 Cosi eel 
ies = 1-4 cos. 6 
cos L — ih aie > ME (zk) 


To determine the tangent of half a given angle. 
Divide formula (j) by (A): 





6 
sin, — eles oh MeBhec se 
2 ae 1 cos 
a! Se 1 + cos. 4 
2 eae + ae tS 
hyve: 1 — cos. 8 
Or, tan. Si = 1+ cos. 0 weer eee eee ceceseeeseeesesees eee (2 1) 
Multiply both numerator and denominator by,/1—cos. @ ; the above becomes, 
8 1] — cos. 6 
yee a e Bertetanibohan Hey MANE t2 
ae 2 sin. 6 ee 
Multiply both numerator and denominator of (21) by,/1-+ cos. 6; we have, 
6 sin. 6 
t C ed — eee Cs AA eee eee PeOreeeeeeseeeoes ee 
aD 1 + cos. 6 3) 


The student will easily deduce the following: 


6 . SI+ cos. 6 is 
fea "Qt tx 1 — cos. 6 
1 + cos. 6 


sin. 6 





sin. 6 
1 — cos. @ 


@rxwigS / 2 sec. 6 
sec. a — sd 
2 sec. 6 + 1 


2 sec. 6 
sec. 6 — l 


To determine the sine of (n + 1) 6, in terms of n 6, (n — 1) 0 and 6, 
By formula (a) and (0): 
sin. (+60) = sin. 6 cos. 6 -+- sin. 6 cos. # 
sin. (9 —0 = sin. @’ cos. 6 — sin. 6 cos, & 
Add these two equations, 
sin. (¢-++ 6) + sin. (6 — 6) =  2sin. # cos. 4 
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Subtract sin (¢ — 4) from each member, 


in (8 +0) = 


2 sin. ¢ cos. § — sin. (¢ — 9) 


Let ¢ = né, the above becomes 


sin. (n+ 1)9 = 


2 sin. n $ cos. 9 — sin. (n — 1) 6......... (m) 


In the above formula, letn=1; .«.n-1l1=2, n—1=0 


oe sin, 2 ¢ 


ion nm—2; .. n+l 
sin. 3 6 


iI 
eS) 


’ 


Pekome ot 2. 2 4- 1 =. 4, 
.. By formula (m): 
sin, 4 6 


2 sin. 4 cos. 6 — sin. 0 

2 sin. 6 cos. 6, the same result as in (9). 

(7 Se ngs 

2 sin. 2 6 cos. 6 — sin. 6 

2X 2sin. 6 cos. § X cos.  — sin. 6 

4 sin. 6 cos.? § — sin. 6 

4 sin, 6 (1 —sin.? ¢) —sin. 4 

SR PE ALI G Pome A GURY Wee ccees sec Macatamsesmecnl (ED 


ten li= Y 


2X sin. 3 6 & cos. é —sin. 2 6 
2(3sin, 6 — 4 sin.? 9) cos. 6 — 2sin. 6 cos. 6 
(8 cos.2 §— 4 cos, 0) sin. 6 


It is manifest that, by continuing the same process, we may find in succession, 


BEE RINE EMIG ccm noon so sccseceee 


To determine the cosine of (n + 1) 4, in terms of n@, (n—~ 1) 6, and ¢. 


By formula (c) and (d): 
cos. (6 +4) = 
cos. (4 —$) = 

Add these two equations, 

cos. (#/-+-6)-++- cos. (4 — 4) = 


cos. # cos. §—~ sin. # sin. 
cos, & cos. 6 -+ sin. @ sin. 6 


2 cos. & cos. é 


Subtract cos. (6 — 6) from each member, 


cos. (¢ + 6) = 


2 cos. & cos. 6 — cos. ( — 9) 


Let 6 =746, the above becomes 


cos. (n+ 1) = 


2 cos. n 6 cos. 6 — cos. (n — 1) 8 ...000.-.(0) 


In the above formula, lett n=1; .«. n-—-1=2, n—1=0; 


Then, cos. 2 6 


Let n=2, so n--1l= 


3, 
0 Ss Ae, 


Loa, Rel l= 4 
oe - cos. 4 6 


2 cos. § cos. 6 — cos. 0 

2 cos.” 6 — 1, the same result as in (A 2). 
Winontio—) bs 

2 cos. 2 6 cos. § — cos. 6 

2 (2 cos.* @—1) cos. 6 — cos. 6 

Bi 5 COB." = —3 TOON: Osc csodescettsart erewens - (p) 
n—I1= 2; 

2 cos. 3 6 cos. § — cos. 2 6 


2 (4 cos. 6 — 3 cos. 4) cos. § —(2 cos.? d—1) 
8 cos.* § — 8 cos.” § ++ 1 


It is manifest that, by continuing the same process, we may find, in succes- 


eran, C06. 5:6, COS. 6 A. .. cecscevecs 


.. & 
002 
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By adding and subtracting (a) and (0), and by adding and subtracting (c) 
and (d), we obtain the following formule, which are of considerable utility. 


-(6+- 6) + sin. (6 — 6) 
sin. (6 + 6’) — sin. (6— #) 
cos. (4 +- &) + cos. (6 — 6’) 
cos. (6 -- 6) — cos. (6 — 6’) 


2 sin. 6 cos. & 
2 sin. 8 cos. 6 
2 cos. 6 cos. @ 
— 2sin. 6 sin. 6 


ssat che eemieees sesas() 
Ty 


Any angle @ may, by a simple artifice, be put under the form, 






























































g~ haiti, §— of 
ne 2 2 
And, in like manner, 
6+ ¢ é— 6 
(ian tome. eam 
: 6+ 6 6— 6 
Fy EET Be frome (SCE oe 5) ; 
- O-+-6 d— 6 . O—¢6 6+ # 
ASIN: Gg 80S- ape ates SE Me eesecesest |) 
sin, # = - sin, Ee — a 
eee Oh tae 6—é4 . 6—F 6+ 
= sin, 3 C0. Q 7 SI. 9 (C08 ee (2) 
6-+- 6— 6 
cos. 6 = Cos. jit! fe one ae 
A ITE ES otf 6 — - O-? . Y 
=" C08 “= G—C08. ap Se I (3) 
b+ §— o 
cos. # = cos ; Se? ee es 
; ; 
= cos, (Tt! cos darniah a sin ote sin Seow h state butt (4) 
Add together (1) and (2): 
sin. 6 + sin.’ = 2sin. a Oot, —- PS: ee. piavereny fp 
Subtract (2) from (1), 
sin. § — sin. = 2sin. : cos. & aN g os coceeyetiaetaeenaale eve (s) 
Add together (3) and (4), 
cos. 6 -+ cos. = 2cos. me ccs: — . + 25 00s cetee eee (t) 
Subtrac. (4) from (3), 
/ —— fe 
cos. 6 — cos. = — 2sin., at : sin : 3 ' din ots cdemaesesste engl ae 


These formulz, which are of the greatest importance, might have been im- 
mediately deduced from the group (q), by changing 4 -+- # into 6, d— 
y ‘ 


Anat & & into ——. | 





into #, 6 into 9 


ANALYTICAL PLANE TRIGONOMETRY. 581 
Divide (7) by (s): 














_ +s.  b—¢ 
oa lla ibaa 
Sy ee a: hee 6é—d 6+ 
2 sin. —j— cos. —F 
tan. ia 
hl MOUNT MR, Satie tetO Na Tees nas sos osces (w) 
tan. \ eredlk 
2 
Multiply (a) by (0);: then, 
sin. (++ 4) sin. (@— 8) = sin? 6 cos.? & — sin.? f cos.’ 4 
Sp SINT. G == SID.” 0 capac sermon saesst on ses (x) 
Multiply (c) by (d); then, 
cos. (+ #) cos. (9— 4) = cos.? 6 cos? & — sin? 6 sin? ¢ 
Spee COR OSIM Os saoesscostesonseesattteen (y) 
To find the numerical value of the sine, cosine, Sc. of 45°. 
In the circle ABa, draw CA, CB, radii at right 
angles; join AB. B 
Then by Definition (11), 
Chord ACB (90°) = AG F re 
. Doe ae 
Chord? 90 = ic | 
—_ AC+ BO 
> AC* 
2 AC? 
Gs 
ACE B AC 
= 2 Seca root e reese eHeHoores Seeeeres @eeesor seve (1) 


Now, the chord of an arc is equal to twice the sine of half the are; 


therefore, Fi 
chord 90° 


chord? 90° 
2, by Equation (1); 


2 sin. 45° 
4 sin,® 45° 


sin. 45° canen! mats 
V/ 2 
Again, by table L: 
sin.? § ++ cos.” 6 iat 
<2 cos,? 45° = 1 — sin? 45° 
ple 1 
ae ls 
cos. 45° aren —- = sin. 4509, 
V/ 2 
Also, 
‘sine Bhe sin, 45° 
pas cos. 45° 


mere l => ect; 45°. 


582 ANALYTICAL PLANE TRIGONOMETRY, 


To find the numerical value of the sine, cosine, §c. of 30° 


In the circle ABa, draw CP, making with CA the Bp 
angle ACP = 60°; join A, P. \ 
Now, _ 
2sin.30° = __ chord 60° ‘ 
= ee 
‘sie ee b 
ibigsted * 5 bia k Ape ; ae : 
= ag = AC, «* the trian. APC is equi- 
angular, and therefore equilateral. 
a ] 
sin. 30° — i 
2 
Again, 
cos. 309 = V1 — sin? 30° 
= Yli_— 5 
- Vi 
al 2 
Also, tan. 30° ee ee 
cos. 30° 
— Peds 
giles 
1 
. 30° —- 
hae 4 fan. 50° 
= 3 
To find the numerical value of the sine, cosine, Se, of 69°. 
sin. 60° ==)? cos. (0° 60" 
es cos. 30° 
= alec by last art 
2 
Again, 
cos.60° = sin. (90°— 60°) 
= sin, 30° 
eh ET 
isi 2 
Also 
tan. 60° —a/o 
] 
cot, 60° = wo 


It may be useful to exhibit the most useful results in this chapter, in the 
following 


TABLE III. 


(1.) sin. (6+ @) = sin. 6 cos. # + sin. & cos. 6 
(2.) cos. (6+ &) cos. 4 cos. / + sin, @ sin. # 
tan. § + tan. 6 

1 = tan, @ tan & 


II 


(3.) tan(d@te) = 


(4.) 
(5.) 


(6.) 
(7.) 
(8) 
(9.) 


(10.) 


(11.) 
(12.) 
(13.) 
(14) 


(15.) 
(16.) 
(17-) 


(18.) 


(19.) 


(20.) 
(21,) 
(22.) 


(23.) 
(24.) 


(25.) 


(26.) 
(27.) 


(28.) 


(29.) 


(30.) 


(31) 
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sin, 
cos. 24 


tan. 


sin. 


2sin. § cos. ¢ 
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cos,? § — sin.? § == 2cos.2 6—1 = 1— 2sin,* 


2 tan. 6 
bi — tan’ 6 


hagas ta 
2 


I 


ue 

2 
cao 
as 
Le 

2 


wf, Mek isd 
2 














tan. — of ae _ 1—cos.d _ _ sin. 6 
]-+ cos.d ~ sin. 6 1 + cos. é 
-. oe ed 6 
sin. 0 sre Bil. gy 08 
sin, 3 6 3 sin. 6 — 4sin3 6 
cos. 34 = 4 cos? @ — 3 cos. 6 
sin. (n--1)9 = 2sin. nf cos. 6 — sin. (n— 1) 6 
cos.(n-4--1)46 = 2 cos. nd cos, 6 — cos. (n—1) 6 
sin, O-- sin. = Qsin. ts cos. i 
sin. 6—sin. f = 2 sin, —* eos 6+ 7% 
2 
— o 
cos.6-+ cos. = 2 cos. - a (COs. “—* 
cos. §—cos.4 = — 2sin ore sin — 
6+ 9 
sin. @ + sin. 6! vo 2 
sin. § — sin. — # 
tan. 3 


sin. (6+ #) + sin.(d—0) = 
sin. (+ #)—sin.(@—#) = 
cos. (6+ 4) + cos.(d—#) = 
cos. (4-++ 6) — cos. (9— 4) = 


sin. (+ 4) cos. (@— 6) 
cos. (-+ 6’) cos. (6 — @) 


sin. 45° 
tan. 45° | 


sin, 30° 
cos. 30° 


tan. 30° 


cot. 30° 


2 sin. 6 cos. & 
2 sin. é’ cos. @ 
2 cos. 6 cos. & 


— 2sin, 6 sin. 


— sin2 @— sin? / = cos.? ¢ — cos." 6 


— cos.? —sin.? ¥ = cos. 6-+4-cos.* #—3 





1 
= Jeds, 45° = 72 
— cot. 45° = 1 
Pe os 1 
= 0s. 60°? «= 5) 
‘3 
= sin. 60° = “= 
=eiCht. OUT. == y, 3 
sey UI cae J 3 
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The formulz of Trigonometry may be multiplied to almost any extent, and 
the same quantity may be expressed in a vast number of different ways. Anin- 
timate acquaintance with those given in the above table is essential to the pro- 
gress of the student. 


The following, although of less frequent occurrence, may occasionally be 
found useful, and can be readily deduced from the above. 


cos. + sin. 6 


sin, (45° + 9) : = é 


CES) cos. (45° £ 6) 























: . 1 + tan. 6 
(33.) tan. (45° + 6) aa Pare 
Re 1 + sin. 6 
(34.) tan? (45 ie iting 
Ao i 1 tsin. 6 45 cos. 9 
(35.) tan, (45°45) “cos. 8 — T¥ sin. 6 
(36.) sin. (4 + @) tan. d+ tan. f — cot. & + cot. 9 
‘’ -sin. (9 — &) tan, d—tan.f ~ cot. & —cot. 6 
37.) cos. \6 + 4) cot. #—tan.6 — cot. d—tan. # 
(37. cos. (¢ — @’) cot. + tan. ~ cot. d+ tan. 4 
sin. § + sin. 6 ay dog 
(38-) cos. § ++ cos. gee oS 
sin. § + sin. # tt §6— ¢ 
(39.) cos. 6 — cos. a; too 
sin. 4 — sin. 6’ 6— ¢ 
(40.) cos. § +- cos. sas Eanes 
sin. 6 — sin. # ba 6+ ¢ 
(41.) cos. 6 — cos. ee 2 
cos. 6 + cos. i 6+ & §— 6 
Oe) e086 — 008, 1 Mrs re pc a 
sin. (9 + #) 
(43.) tan. 6+ tan aes aes aa 
sin. (6 + #) 
(44.) cot. d+ cot. # =} Sain eee 
sin. (¢ — 6’) 
(45.) tan. § — tan. # me. MET Ooer 
_ _sin. (6 — &) 
(46.) cot. d — cot. # Wh sein. “O.sin. & 
| sin. (6-+ @) sin. (6 — 6) 
(Aq, ) tan? 6 tan? ae ae SECA ER 
in. (6 + @) sin. (6 — 6) 
(48.) cot? 6— cot? =— on OO 


In order to become familiar with the various combinations, and dexterous in 
the application of these expressions, the student will do well to exercise himself 


i 


1 


j 
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_ by verifying the following values of Sin. 6, Cos. 4, Tan. 6, which are extracted 
' from the large work of Cagnoli. 


| 


| 14. - 


TABLE OF THE MOST USEFUL ANALYTICAL VALUES 
OF SIN. @, COS, 6, TAN. 6. 


— 





VALUES OF SIN. 6. 


[. cos. @ tan. 6 


cos. 6 
* cot. @ 


3.4/1 — cos. 6 


2 





] 
4, _ =—_ 
V/ 1+ cot.? 6 
tan. 6 


5. peg a al 
VY 1+ tan.? 6 


6. 2 sin. if cos, a 
2 2 


VALUES OF COS. 6. 


16, iB r] 
tan. 6 


L7. sin. 6 cot. 6 


18. 4/1 —sin.? 6 

19 Bie it, es 
“V/ 1+ tan2 6 

cot. 6 


20. ——— 
/ 1+ cot.? 6 


21. cos.” Alea sin.? ce 
2 os 





7, V l= cos. 2 6 22, 1—2sin.? — 
2 
9 23. 2 cos.” soa 
2 tan. oy 2 
8. 
d 1 + cos, 2 0 
Pie ; 
1 + tan? 5 24. Pa eee as 
9 7; l — tan. = 
** cot. "Bi -++ tan. 3 25. ar eT 
1 + tan.? a 
sin.(30°+6)—sin.(30°—6) 
) ‘ 
cot. oe Seyi = 
11 2 sin? (4504) —1 <6. — r = 
2 cot, — + tan. — 
4 2 2 
12, 1 — 2sin.? (45°— e) l 
6 


1 —tan2 (45°) 
re. 2 


1 + tan.? (45°-— : ) je 


tan. (45° +5 )—tan.(45° —4) 


2h: 
] ++ tan. @ tan. 


2 


nn 


3. ——-—_- 
tan. (45°+$.)teot. (45°+ 5) 


SS ER 29, 2co3s.(45°+5 5) £08. (459-5 ay 
ae (45° Ts: ) + tan. (450 — Z) 


5. sn(@0%44)-sn(0"-0} 30. cos.(60°+4)+c0s,(60°—9) 


———= 


j 


VALUES OF TAN. 6. 


sin. @ 

* cos. 6 
1 

* cot. 6 

l 


cos 9 7 





sin. 6 


4/ l= sins 6 


36. 


39. cot. 6— 2 cot. 2 8 


1 — cos. 2 6 
“sin. 20 


sin. 2 6 
T+ cos. 26 


(1A pope: SAM Stein et et 


4], ———____. 





| 
ae cot. hi — tan. — 2 
2 


42, ay Stee 1 — cos. 20 

1 + cos. 26 

43, tan. (45°+5 Sn 459-2 
2 
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To develop sin. x and cos. x in a series ascending by the powers of x. 


The series for sin. 2 must vanish when z=0, and therefore no term in the 
series can be independent of x, nor can the even powers of x occur in the 
series; for if we suppose 


sin.w@ = a,x + a.x*+a;a° + a,z*+ a5 + ..., 
then sin. (—x) = — aya + a,x* — aja° + ayxt*—aa® + .... 
but sin. (—x) = — sin. 2 
= — a,x — a,x? — a327 — a,x*— asz®— ..., 
ies = —— 6. 0, ——-— 2, ae ; hence a, = (we ta 2. 
“(Sln, 2 == a,x + a,2° + @,a°.+ aa) 1 eee (1) 


Again, the series for cos. 2 must = 1 when z = 0, and therefore the series 
must contain a term independent of z, and it must be 1; also, the series can 
contain no odd powers of 2, for if we suppose 


cos. 2 = 1+ a,x + a.2* + asa? + ayztt+ .....e. 


then cos. (— 2) = 1 — a,x + a,w* — asx? + ayzt— so... 
but cos. (— 2) = cos. x 
=1+ae+ a,x? + a3a* + a,avt + oes eee 
‘5 a, =—Q,, Ay == — a,» 2 oo 2. @; = Of anaes. 
. Cos. 2 = 1 + ana? + aat+aa°t. Bd: vat, . (2) 
Hence cos. « + sin. r= 1+ a,x + age® + a,23 + a,vt + asa> +...... (3) 


cos. #— sin. 4 = 1 — a,x + agx* — a3x° + a,z*—a;v*? +...... (4) 
Now in equation (3) write z + A for x, and we have 
cos. (w+h)+sin.(e+h)=1+a,(a+h)+a(r+h)*+a,(a+h + ......(5) 
but cos. (#+-/)+sin. (1+h)=cos. x cos.h—sin. x sin.h+sin.2 cos.h+ cos. x sin.h 
=cos. h (cos. #+sin. x)-+sin. h (cos. x—sin. x) 
=(1+a,h?+a,h'+....).(1 +a,¢-+a,2*+a,2°+...) 
+ (a,h+a,h’+a;h? +...) (1—a,2+a,2*—a,e-+ ..) 
=l1+a,r4+ a,x? + a,7% +..... 
+a,h—a,2xh+ ayaa*h +..... 
+- ah? + aa zhi+.... S. eee (6) 
+aj® -+..... 


Comparing equations (5 ) and (6) we have 


l+aa+ a.z?+ aa? +.... l+aae+aaz* 4+ a,x +... 


+a,h+2a,x7h+3a;,7°h+.... + ah — aa,zh + a,a,x2h—... 
+ ah®?+8a,ah?+.... >= +ah* +aa,xh? +... 

+ af? +.... + ah Gee 

se +... 


and equating the coefficients of the terms involving the same powers of x and 
h, we have 











2 
aa a 
2a, = — a,a,; therefore a, == — 2 = — OL 
2 Lae 
a 3 
Say] dja. ee a= 82> GG 
3 1.2.3 
4 
a\a 
40 Oe ee t= —, re 
4 1.2.3.4 
5 
5a; = aa, é alors sone ee O14 — a 
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hence sin. x = ax — Gy" gh bes al za ree, a wit... 
Reis 234.5 1.2.3.4.5.6.7 
LJ an : 6 
cos. =] — 2 22 ee ee gt 
1.2 “5 1.2.3.4 1.2.3.4.5.6 ME 


and we have only to determine the value of a,. To effect this we have 


3 5 
a a 
: a + Se. cP eee a 


sift a ae — ——— 
peat Te LOS (2.3.4.5 
= ae a> 12 a,* ied ) 
ee ( a3" * Ta845 og 


Now the value of z may be assumed so small that the series in the paren- 
thesis, and sin. z, shall differ from 1 and «x respectively, by less than any 


assignable quantities; hence ultimately 
x = a,x, and therefore a, = 1; whence 


: 2 a a 
sin. — —_— —__ eee OO Pf 
n.@=2— 755 + pog45  19545.6.7 ai 
2 4 6 
aoe 1 a ea ee eens mite: 
Beato + ‘Tas@ 7 123458 + 


To develop tan. x and cot. x in a series ascending by the powers of x. 


The development may be obtained from those of sin. x and cos. 2, already 











found. 
3 5 ; 
i = + — &e. 
1a sin, & 1.2.3 .1.2.3.4.5 
cos. wz. i x at 
lee ee 
L.2 Es 1.2.3.4 


and the series will therefore be of the form x+a,2°+a,0°+a,a’+.... 














3 x 
ee + —~—— —.... 
1.233 1.2.3.4.5 
Hence, let x + aw +a2+...= mee Vaio tier Ate sats 0 8 thie 
Wwe ‘aie ae Pee 
ay Ze 1.2.3.4 
zs x ea x 
ee ee ee (| — 3 x —) 
123 1123465 T3' 1234 \atase adel 
= «z+ a \2*+ a, [++ 
OE eee | 
hee 12 | 
tpsga)er 
Hence, equating the coefficients of the like terms, we have 
] ] 2 
a3-- —- "lS 5 a3 — ——- 
ies, 1.2.3 1.2.3 
Qs ] I 94 & 
PE ee — = e. 
Sis 0 21084 1284S os 1.2.3.4.5 
is 223 24z5 
tan. 2 = 2 + 133 4- 1234.5 Se Dit Mei Mees ° 
Sim. cot.7 = : os ald 
Peme a g EOS Lo o45) ot ee , 
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CHAPTER III. 


FORMULZE FOR THE SOLUTION OF TRIANGLES. 


We shall here repeat the enunciations of the two propositions established in 

Chapier I. ' 
PROP. I. 

In any right-angled plane triangle, 

Ie. The ratio which the side opposite to one of the acute angles has to the 
hypothenuse, ts the sine of that angle. 

2°. The ratio which the side adjacent to one. of the acute angles has to the 
hypothenuse, ts the cosine of that angle. 


3°. The ratio which the side opposite to one of the acute angles has to the 
side adjacent to that angle, is the tangent of that angle. 


Thus, in any right-angled triangle ABC, 


BA B é 
a ='sin-tA, AG = ©: A, BA = tan. A Cc 
= cos. C, = sin. C, = cot. C 
Or, CB = ACsin A 
= AC cos. C as B 
eee ay te 
ade AC a. Cc POP e cece er esecereseeenece Cerereverereoersvece | & 
CBI 7 BAtan. A 
= BA cot. C 


PROP. II. 


In any plane triangle, the sides are to each other as the sines of the angles 

opposite to them. 

We shall, henceforth, in treating of triangles, make use of the following no- 
tation. We shall denote the angles of the triangle by the large letters at the 
angular points, and the sides of the triangle opposite to these angles, by the 
corresponding small letters. 

Thus, in the triangle ABC, we shall denote the 
angles BAC, CBA, BCA, by the letters A, B, C, re- C 
spectively, and the sides BC, AC, AB, by the letters ; 4 
a, b, c, respectively. 

According to this, we shall have, by the proposition, 

A B 








alo aja cys 


_— 
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PROP. Ill. 


In any plane triangle, the sum of any two sides, is to their difference, as the 
tangent of half the sum of the angles opposite to them, is to the tangent of half 
their difference. 


Let ABC be any plane triangle,’ then, by propo- 
sition, II 






























































ie Cl sin. A u 
fae. «sin. B 
atb _ sin. A -++ sin. B 
peo sin. A — sin. B A B 
But, by Trigonometry, Chap. II. (7), 
A end 
sin. A +-'sin. B = 2sin. cee E Cos. = 3 
B id 
anA—sn. Bb = 2 cos. =e sin. 2 3 B 
. A+B 7, ea 
ia ae 2 sin. 5} cos. D 
vd Fat PGT Rate nih | rsdn 
2 . 
—- fan, fet B cot. == 
A B 
“ tan, + 
an : A= 5 
an. 3 
And, in like manner, a 
tan. =. 
a-+c 2 
ost : = A Big ee ooreseecce eee aseeseroeresces (y) 
'anl. fe 
B+ C 
ian ea tan. 3 
of FELL ee B—C 
tan. 5} 
PROP, IY. 


To express the cosine of an angle of a plane triangle in terms of the sides of 
the triangle. 
Let ABC be atriangle; A, B, C, the three angles ; 
a, b, c, the corresponding sides. 


1. Let the proposed angle (A) be acute. : 
From C draw CD perpendicular to AB, the base of 
the triangle. 
Then, 
BC? = AC?+ AB* — 2AB. AD (Geom: } A D B 
Or, 
a= + c& —2c. AD 


590 ANALYTICAL PLANE TRIGONOMETRY, ~ 
But, since CDA is a right-angled triangle, 
AD = AC cos. CAD = 6 cos, A 
b? + c? — be cos. A 
9 as! hs 
° eos.5A cm g uae = which is the expression required. 


Sty EE mes 


2. Let the proposed angle (A) be obtuse. 
From C, draw CD perpendicular to AB produced. C 


Then, 
BC’? = AC’ + AB* + 2AB. AD 


Or, 
a = & +c + 2 . AD 

But, since CDA is a right-angled triangle, AB 
AD = AC cos. CAD 

AC X — cos. CAB 

— bcos. A 

b +- c*? — 2be cos. A 


‘* CAB is the, supplement of CAD, 


aq? 
Y+ ee — a 
- cos. A= TS Bae t 


It will be seen that this result is identical with that which we deduced in the 
last case, so that, whether A be acute or obtuse, we shall have, 


b? +. c?— a? 





cos. A = Dbe 
Proceeding in the same manner for 
the other angles, we shall find, 
a? + a b2 SeSSSe sec eeeereeoeseeeeesee @Oee e868 (6) 
cs. B = —-— 
2ac 
a? + 6? ¢2 
Ong. Gee aN re 
PROP. VY. 


To express the sine of an angle of a plane triangle in terms of the sides of 
the triangle. 


Let A be the proposed angle; then by last prop., 
O20? a? 
cos. A = Srey a ree 


Adding unity to each member of the equation, 
b24.¢2__ a? 
] + cos AY =? 1 a TINE hp ae 


b? +- 2bc + c? — a? 


= 2bc 

_ @+c)?—a? 

<a ZO 

— @+¢+a4)(6+e—a) " 
a 2bc o-  @CO cree receneerseres {i} 


; b?+ c2?— a? 
Again, Cos, Aa = inno) oa 
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Subtracting each member of the equation from unity, 





2 -- 1c? = -a* 
1 cos. AO LT +. 
lool 2bc—b*%*—c? + a” 
a 2 bc 
_ a?— (b?—2 bce +c”) 
oy 2 Dc 
F a? — (b —c)? 
- 2b¢ 


i (a+b—c)(a+e—85) 
p 2be at 


Multiplying together equations (1) and (2), 


(1-+e0s.A)x (I—Cos,A) = Gat btobre—a) GF e—)ath—o) 


But (1-+-cos.A\(1—cos.A) = 1 — cos.” A 

— sin2 A (Table I.) 
=e (a+b+c) (6-+-c—2) ) (a--e—b) (a+b—c) 

“Pith Qian eres ae ome Oy i PS ts ar ae 

Extracting the root on both sides, 


: 1 rr 
sin. A = 375 J (a+b-4 eb f-c—a)(a+e—b)(a+-b—c)...(4) 


The above expression, for the sine of an angle of a triangle in terms of the 
sides, is sometimes exhibited under a form somewhat different. 


Let s denote the semiperimeter, that is to say, half the sum of the sides of the 
triangle; then 


— as and, 2s = atb+ec 
s—a = orcs .. 2(s—a) = b+c—a 
s—b = iat ee Q(s—b) = atc—b 
aoe ate oll mae yO 2(s—c) = a+b—e 


2 


Substituting 2 3, 2 (s'— @),...... for a-b+¢,b+-¢c—4@,...... in the ex- 
pression for sin.” A, it becomes 


Pe ee 108 Ce) As OS 8) 
4b*c 


And extracting the root on both sides, 
2 ae A se 
Sin Ase. aw oe 2) (¢ — 4) —0) 


Proceeding in the same manner for the other angles, we shall 
find .. s@e rca) 


7 a 


. V/s (s— a) (s—4) (s—e) 


sii. 


Bieaee (ip 


sin. C = Gp o/s (¢ — a)-(s — 5) (s —°) 
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By equation (1) we have | 
—_ (a+6+4c) (b+c—a) 
1+ cos. A = 9 hak an 


_ 48(s—a) 
<4 2bc¢ 


But, by Chap. I], 
1--cos. A = 2 os.? 2 
A 4s (s—a) 
. 2 Cos? Sac io hee 


Extracting the root on both sides, 


A aay ea (s — a) 
COs. =) 7 


And in like manner, 








Sic B = See Sas Cevedesescores Ore eeoerecces Cre ee (c) 
2 
C Oo 

cos. 5} = ae 


By equation (2) we have 
o (a+ c—b) (a+b—c) 
1 — cos. A was 


_ 4(s—6)(s—c) 
ri Zbe 


But, by Chap. II, 
A 
1—cos. A = 2 sin? oy 


Ohi aA. 4 (s — 5) (s —c) 
2 sin.’ > — * een a, Pages aa 


Extracting the root on both sides, 
oa — /G=5)C6—.)} 
EE AM Te | 


And in like manner, 





sin, 3 — EOL) ba 600.0 eos aula te oisam ane veer aera (L) 


Dividing the formule marked (f) by those marked (c), we have 
" yf et (s—c) } 
ane s(s — a) 


_ /@—aC—o | 


7 s(s— bd) 
— i (s — b) 
i & (s — c) 


tan. 
eeceocesepa veceseesvers( 7) 


tan. 


tan. 


rw] vw] bd v0] > 
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CHAPTER IV. 


ON THE CONSTRUCTION OF TRIGONOMETRICAL TABLES. 


Berrore proceeding to apply the formule deduced in the last chapter to the 
solution of triangles, we shall make a few remarks upon the construction of 
those tables, by means of which we are enabled to reduce our trigonometrical 
calculations to numerical results. 

It is manifest, from definitions 1°, 2°, 3°, &c. that the various trigonometrical 
quantities, the sine, the cosine, the tangent, &c. are abstract numbers repre- 
senting the comparative length of certain lines. We have already obtained the 
numerical value of these quantities in a few particular cases, and we shall now 
show how the numbers, corresponding to angles of every degree of magnitude, 

may be obtained by the application of the most simple principles. 

The numbers corresponding to the sine, cosine, &c. of all angles from 1” up 
to 90°, when arranged in a table, form what is called the Trigonometrical 
Canon. , 

The first operation to be performed is 


To compute the numerical value of the sine and cosine of \'. 


We have seen, Chap. II. formula (7) that 
eas 1 — cos. 6 
Sir. 3 = [Ss 
= Vi _—3V/i—sin. 70 


By which formula the sine of any angle is given in terms of the sine of twice 
ti at angle. 


6 : 
Now substitute > for 4 and it becomes 


2 
a ee = 
Sin. , or sin. 5 So ot ere el eeaiare em 
; elem ae r 
In like manner, sin. 55 = side si ane - 


sin a2 — 1 4 . 2 6b 
-5f =-5 2 1 — sin. 38 

















&e. = &e 
‘And Trang tee mae 9/ i og 0/ © yy 
nd generally, <8) oa $—3 1 — sin. * 5 
6 . 
Now let 6 = _ 30° eh Zz = 15° | 


and applying the above formula, we have 


sit, 15° = /s— (41. S10, +, 30" 


Mead 
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Pat by Chap. IL. sin, 30° 3 *, sin, ? 30° 
sin. 15° ViVi 
$V2— 1/3 
*258B 190, 2. Gy eee 
VEPs fl —sin.? 15 
Si __ 2 V/ 1 (2588190)? 
130526 oo es pees 

&e. &e. 
It is manifest, that, by continuing the process, we shall obtain in succession ~ 





I Il 


Similarly, Si, "mou 


(@ 0) 


Il {| 


the sines of 3° 45’, of 1° 52/ 30”, &e. * 
In this way we find z 
fin. ar or sin, 1/ 45” 28” 7 30% = -0005113269, &c. 
30° d 
Sin. gr or sin, 52” 44°” 3° 45°. = :0002556634, &e. 


From which it appears, that, when the operation above-mentioned has been 
repeated so many times, the sine of the arc is halved at the same time that the 
arc itself is bisected : that is, 


The sines of very small arcs are proportional to the arcs themselves.* 


Hence we shall have 
Sin, 52” 44” 3iv 45y s: sin, 1: 52” 44" 3% 435v : VW 


_. 60 60 
** 918 * 60 xX 60_ 
:: 3600 : 4096 

sin, 52” 44” 3iv 45% yx 4.096 


. ptecs 
sin, -l! = 3600 
ai. 0002556634 x 4096 
ay 3600 


= *000290888204 ...... = cos. 89° 59’ »* sin. d= cos. (90° — 6) 
Again, *%* cos. @ = 7/1 -— sin. 2 6 Dp 


cos. I’ = 4/1 — (000290888204 ... )? 
Oe me Oh hee - a 
"999999915384 .o seo — GIY iP Es ‘ 
("999999915384 =! V/ hhh hf. 


‘The sine and cosine of 1’ being thus determined, we shall proceed to show 
in what manner we shall now be enabled to compuie the sines and cosines of all 
superior angles. 


By formula (m) Chap. II. 
Sin. (2 a 1) d = 2 cos, 6 sin. n § — sin. (n — 1) 6 
If we suppose = 1’ and n to be taken = to the numbers 1, 2, 3, ......--- in 
succession, we find , 
Sin. 2’ = 2 cos. 1’ sin. 1/ — sin. 0 0005817764 ... = cos. 89° 58’ 
Sin, 3’ = 2 cos. I’ sin. 2’ — sin. I! 0008726645 ... = cos. 89° 57! 
Sin, # = 2 cos. I’ sin. 3/— sin. 2 = 0011635526 ... = cos, 89° 5G 
&e. = &e. 


1 Ut Ml 


* This proposition is not accurately true, but no appreciable error will be introduced into our 
calculations by employing it, for it holds good as far as ten places of decimals. 
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ur 


Again, by employing formula (0), Chap, U. 
Cos. (n + 1) 4 = 2 cos. § cos. n 6 -~ cos, (x — 1) 8 


If, as before, we suppose @ = 1’ and n = J, 2, 3, ...... in succession, 

Cos. 2) = 2 cos.2 1/ — cos. 0 = *999999830 ...... = sin. 89° 59/ 

Cos. 3’ = 2 cos. I! cos. 2’ — cos. ]’ = °999999619 ...... = sin. 89° 57! 

Cos. 4’ = 2 cos. 1 cos. 3’ — cos. 2! = °999999323 ...... = sin. 89° 56’ 
&c, = &e. 


It is manifest, that, by continuing the above processes, we shall obtain the 
numerical values of the sines and cosines of all angles from 1’ up to 90% ‘These 
being determined, the tangents, cotangents, &c. may be calculated by means of 
the relations established in table I. 

The above operations are exceedingly laborious, but require a knowledge of 
the fundamental rules of arithmetic alone. It is manifest that, in employing this 
method, an error committed in the sine or cosine of an inferior arc, will entail 
errors on the sines or cosines of all succeeding arcs, Hence is created the 
necessity of some check on the computist, and of some independent mode of 
examining the accuracy of the computation. Jor this purpose, formule, 
derived immediately from established properties, are employed ; if the numeri- 
cal results from these formule agree with the results obtained ‘by a regular 
process of computation, then it is almost a certain cenclusion that the latter 
process has been rightly conducted. 

Formule employed for this purpose are called formule of verification, and 
of these any number may be obtained ; it will be sufficient for our present pur- 
pose to give one, 


Sit, . 6 + cos. *. ¢ = 1... AA ee abe rety RaRbensots ee Pow cb he & 
And 2 sin. @cos 6 = sin. 2 
Hence sin, 6 = 4 Vi +f sin. 2643 h/ To sine 6 
cos. 6 = ik Vi sin. 2673 V1 — sin. 2 6 
Now we if suppose ga? 30 


cf Pe sin, 25° 


4/1 — sin. 25° 


/ 1+ sin. 25° + 
/] -+ gin. 25° + 


N= 


sin. 12° 30! 
cos. 12° 30’ 


Nie wR 


eH 


Hence, if the values of the sine and cosine of 12° 30’, and of the sine of 25 
obtained by the method already explained, when substituted in these equatious, 
render the two members identical, we conclude that our operations are correct. 
- ‘The values of the sine and cosine of 30°, 45°, 60°, &c. which were obtained in 
Chap. II., may be employed as formule of verification.* 

Such is the formation of the trigonometrical canon, 


~ 


* We ca obtain finite ex pressions, although under an incommensurable furm, for the sines of ares 
of 3°, and a'l the multiples of 39, i. e. for 

30, 6°, 9o, 129, 159, 189, 21°, 249, 279, 30°, 33°, 36%, 390, 420, 450, 480, 5fo,, 54°, 57°, 60°, 63°, 662, Ge, 
"120, 75°, ‘78°, Sle, 84°, 879, 90% 

We first obtain the values of the sines 30° , 45°, 60°, 18°, and from these we vbtain all the others, 
by means of the formule, for 

Sin, (0+ 6), sin, (@ — 6), &c. 

The numerical value of the trigonometrical functions have been calculated by some to ten places of 
figures, by others as far as twelve. We must have tables calculated to ten places to Have the seconds 
and tenths of a second with precision, when we make use of the sines of angles which differ bat little 
from 909, or of the cosines of angles of a few seconds only, Tables in general, however, are calculated 
as far as seven places only, and these give results sufficiently accurate for all ordinary purposes, 


PrP? 
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Since the properties of Logarithms afford great facilities in performing com. 
plicated arithmetical operations upon large numbers, it becomes desirable to 
have the Logarithms of sines, cosines, tangents, &c. computed and arrarged in 
tables; but most of these numbers being less than unity, their Logarithms 
would, of course, be negative. To avoid this inconvenience, all the trigonome- 
trical functions calculated in the manner above explained are multiplied by a 
large number, and, the operation being performed upon all, their relative value 
is not altered. This number may, of course, be any whatever, provided it be so 
large, that, when the numerical values of trigonometrical quantities are multi- 
plied by it, their logarithms may be positive numbers. 

The number employed for this purpose in the common tables is 10000000000 
or 10”, which is usually represented by the symbol R. 

The sine of 1’, as compvted above, is 

Sin. 1’. = °0002908882 ......... 
a number much smaller than unity, and whose logarithm would consequently 
be negative. 


When multiplied by 10" it becomes 
poe 2908882 aeerecece 


a number whose logarithm is 6°4637261, and consequently we find in our tables 
log. sin. 1! = 6°4637261 

A table constituted upon this principle is called a Zable of Logarithmic 
Sines, Cosines, Tangents, &c. and by this nearly all the practical operations of 
trigonometry are usually performed. 

It.is manifest, from these remarks, that, before we can apply formulz deduced 
in the preceding chapters to practical purposes, we must transform them in 
such a manner as to render the several trigonometrical quantities identical 
with those registered in our tables, The sines, cosines, &c. we have hitherto 
employed, are called Trigonometrical quantities calculated to a radius unity ; 
those registered in the tables, Trigonometrical quantities calculated to radius R. 

The problem to be solved therefore is 


To transform an expression calculated to a radius unity, to another calculated 
to a radius R. 
Let us represent sin. § to radius unity by m. 


= es R by x. 
Then the relation between them is 
ies Uden 
Mer 
i heel 


and so for all the other trigonometrical quantities. 


Hence, in order to transform an expression calculated to radius unity, to an- 
other calculated to radius R, we must divide each of the trigonometrical quanti- 
ties by R. 

If any of the trigonometrical quantities enter in the square, cube, &c. these 
must of course be divided by R’, R°, &c. ......... Ay ) 

As observed above, R may be any given number whatever, the number usu 
ally employed in the ordinary tables being 10°, and therefore ; 

log. R = 10 

Take as an example such an expression as 

asin, @) — 7 tan. 


ANALYTICAL PLANE TRIGONOMETRY. 597 


in order to reduce this to an expression which we can compute by our tables 
we must, according to the above rule, divide each of the trigonometrical quan- 
tities by the proper power of R: the expression then becomes 


sin. 6 as tan.®. © 
R i Naty 








a 


Or, clearing of fractions, 
aRsin. 6 = 6b tan.*. Q 
Or, 
log. a + log. R + log. sin. 9 = log. b 4 2 log. tan. ¢ 
an expression which may be calculated by the tables. 


If the expression.calculated to radius unity be of the form 
| sin. 6 


m : 
sin. PD 


: ae : ea ‘ sin. 
it requires no modification, for if we divide both terms of the fraction SRD 
by R, we shall not alter its value. 
We need not prosecute this subject farther, as numerous examples of these 


transformations will occur at every step in the succeeding chapters. 


CHAPTER V. 
ON THE SOLUTION OF RIGHT ANGLED TRIANGLES. 


Every plane triangle being considered to consist of 6 parts, the three sides, and 
the three angles, if any three of these parts be given, we can, in general, deter- 
mine the remaining parts by trigonometry. 

In right angled triangles, the right angle is always known, and therefore any 
two other parts being given, we can, in general, determine the rest. We shall 
thus have five different cases. 

1. When one of the acute angles and the hypotenuse is given. 

2, When one of the acute angles and a side is given. 

3. When the hypotenuse and one side is given. 

4, When the two sides are given. 

5. When the two acute angles are given, 

Let A, B, C, be a right angled triangle, C the right 


angle. 
Let the sides opposite to the angles A and B be 
denoted respectively by 4, b, and let the hypotenuse ah : 
be called c. | 
Levit 
Case 1, Given A, ¢, required B, a, 6. ix 3 + 
Since C is a right angle i. 


A+B = 90° 
” B = 90° —A_ whence B is known ......... (ly 
By Chap. II. prop. 1, 


aamesmaA 
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Adapting this expression to computation by the tables. 








lOPAg-—5C ee . 
log. a = log. c + log. sin. A — log. R, whence a is known ......... (2) 
In like manner, 
fee ees 
log. b = log. c + log. cos. A — log. R, whence 0 is known......... (3) 


If B, c, are given, and A, a, 6 required, we shall have precisely in the same 
manner, 


A = G00 '— Bi .. cncccunsennscensescenssenece «sents santa (4) 
log. a = log. c + log. cos. B — log. R ............663 fe is asbatqua tates (5) 
log. 6 = log. c +- log. sin. B — log. R. ......... ..sessscsneneeeeneemens (6) 


Cace 2. Given A, a, required B, 8, c. 
B = 90° .— A, whence B is known .........:seenceeeeeeee a eed OB 


6 =.a.cot.. A 


Adapting the expression to computation by the tables. 
cot. A 
R 
log. 6 = log. a + log. cot. A — log. R, whence 6 is known,.......,. (8) 
Again, 
ie Case 
a 
oi som A 
Adapting it to computation, 
(aA 
sin. A 
log. c = log. R + log. a — log. sin. A, whence c is known, ......... (9) 
If A, 5, be given, and B, a, c, we shall have in like manner, 





b—-a 





Ca == 


Be 088 A ee ccc eeesosaeosocnceiedes banceeen 1tnn=e: tian (10) 
log. a == log. 6 -+- log. tan. A — log. R-.it Alc conse (11) 
log. ¢ = ‘log. R -F log. 6 — log. cos. A .....ctcesecvecsenan ee eee (12) 

If B, 5 be given, and A, a, c required. ; 
—tit tt Re MECN ORR MIs Ds aoa aoe (13) 
log. a-= log. 5 +- log. cot.. B — log. BR ...... scccateseeee se eeaeeeeenn (14) 
log. c = log. R + log. b — log. sin. B ...:...+..csatass se se ee (15) 

If B, a be given, and A, 4, c, required. 

A= 90° — B sie ccchiessiesestntl Oe Me (16) 
log. 6 = log. a +- log. tan. B— log: R ......7. Sees (17) 
log. c = log. R -++ log. a — log. cos. B ....... cosesesesbaeeeee eeeeeae (18) 


Case 3. Let a, c be given, required 0, A, B. 


i PH pm Fy 


= (c + a) (¢ —a) 
2 log. 6 = log. (c + a) + log. (c — a) whence B is known ......... (19) 
a | 


pin. A ea ee 
Cc 
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Adapting the expression to computation. 








sin, A @ 
Pi. '. s 
log. sin. A = log. R + log. a - log. c, whence A is known ...... (20) 
So also, 
cos. Boa 
a 
.. log. cos. B = log. R + log. a — log. c, whence B is known, ...... c2)) 
If 6, c be given, and a, A, B required, we shall have 
2 log. a = log. (c 4- B) 4 log. (C — B) weeesserssereeeseecreer scons (22 
log. cos. A = log. R + log. B — 10g. € ceesereeseeeseseeeeeeeesr sere rens (23) 
log. sin. B = log. RB + log. 0 — 10g. € ss csscersereecseeneeeneesseeees (24) 


Case 4. Let a, b be given, required A, B, c. 





tan, A = “ 
- Adapting the expression to computation. 
tan. A 
Rees eb 
log. tan. A = log. R 4- log. a — log. 5, whence A is known, ..... (25) 
So also, 
tan. B b 
di came 
log. tan. B = log. R + log. 6 — log. a, whence B is known, ..... (25) 
c = Va + B, whence c is Known, ssssescsseccoeeee fe (27) 


Case 5. Given A, B, required a, 0, ¢. 


It is manifest that this case does not admit of solution, for any number of 


unequal similar triangles may be constructed, having their angles equal to the 
angles A, B, C. 


We shall conclude this chapter by giving one or two numerical examples. 
Example 1. Given A = 26° 41' 6", c = 6539°76 yards, required a. 


‘Then by (2). 
log.a = log. c. + log. sin. A — log. R 





By the tables, log.c = 3°8155618 
log. sin. A = 96523286 
13:4678904 

log. R = 10° 


log. a = 3°4678904 | 
'The number in the tables corresponding to the logarithm 3:4678904 is found 
to be 2936-91. | 
| a = 293691 yards. 
In like manner, the side } may be determined, if required. 


Example 2. Given c= 6589°76 yards, a = 2936-91 yards, required 5, A, B. 


By (19). 
; c-+ a=9476: 
@ log. b = log. (c+) + log (c—a) 6 a aaanng 
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By the tables, 
log. (¢ -- a) = 3°9766557 
log. (¢ — a) = 3°5566462 


2 log. b = 7°5333019 
log. 6 = 3°7666509 
The number in the tables corresponding to the logarithm 3°7666509 is5843-2 
ae b = 5843°2 yards. 
To determine A we have (20). 
log. sin. A = log. R + log. a — log. ¢ 


By the tables, log. a = 3°4678904 
log. R = 10. 
13°4678904 


log. c = 3°8155618 


.» log. sin. A = 9°6523286 
On referring to our tables, we shall find that. the angle whose logarithmic 
sine is 9.6523286 is 26° 41! 6”, which is consequently the value of A. 
A being known, B is determined at once by subtracting the value of A from 
90°, or B may be determined independently of A by (21). 
log. cos. B = log. R + log. a — log. ¢ 


Example 3. Let a, 6, in the last example, be given, and c required. 
Then by (27). 
c= Vae+@Porce=a@+B 
The calculation in this case is not so simple, fur the quantity under the radi- 
cal cannot be easily adapted to logarithmic calculation. 
We have, log. a = 6°9357808 gh a’ = 8625400 
log. 8? = 7:5333019 .. —-b* = 84148000 


c? — 42768400 





os log. c? = 7:6311230 
log. c = 3°8155615 
c = 6539-76 


Example 4. Given ¢ = 6512.4 yards, b = 6510.6, to find A. 
By (28). 


log. cos. A = log. R + log. § — log. c 
Now, log. R = 10. 
log. 6 = 3-8136210 
138136210 
log.c = 3.8137411 
°s log. cos. A = 9-9998799 
hs fia oe Dee, 


Upon inspecting the tables that are calculated to seven places of decimals 
only, it will be seen that, when the angles become very small, the cosines differ 
very little from each other. The same remark applies, of course, to the sines 
of angles nearly 90°. In cases, therefore, where great accuracy is required, 
we may commit an important error by calculating a small angle from its cosine, 
or a large one from its sine. We must consequently endeavour to avoid this, 


ANALYTICAL PLANE TRIGONOMETRY, 601 


s 
by transforming our expression by help of the relations established in chapter 
first and second. 
In the example before us, A is a small angle which has been calculated from 
its cosine; we must therefore, if possible, calculate this angle by means of its 
sine, or some other trigonometrical function. 


Now, by formula (j), chap. II. we have generally 


A ES ad gy Ceri 
sin. [= 3 





In the present case, cos. A = <, substituting this in the above equation, 
Pee / Se 
sin. = Fa 
bd A 1 ; 1 . 
log. sin. 7 = 2 log. (c — a) — 3 log. 2a + log. R. 

From which we find, . 

A 

eae —= I " 

5 = 40! 24, 

And .*. A = Ie 20) 48" 


Instead of 1° 20’ 50”, as obtained by the former process. 


No angle which is nearly 90° ought to be calculated from its tangent, for 
the tangents of large angles increase with so much rapidity, that the results 
derived from the column of proportional parts found in the tables cannot be 
depended on as accurate. 


CHAPTER VI. 
CN THE SOLUTION OF OBLIQUE ANGLED TRIANGLES 


Six different cases present themselves. 

1. When two angles and the side between them are given. 

2, When two angles and the side opposite to one of them are given. 
§. When two sides and the included angle are given. 

4 When two sides and the angle opposite to one of them are given. 
5. When the three sides are given. 

6. When the three angles are given. 


Let A, B, C be a plane triangle. 

Let the angles be denoted by the large letters Cc 
A, B, C, and the sides opposite to these angles by 
the corresponding small letters a, b, ¢. 


Case 1. Given A, B, c, required C, @, 6. 
Since A + B+ C = 180° 
© = 180°— (A+ B), whence 

C is known. 


s 
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C being thus’determined we have, by chap. IIL prop. 2, 








Ae Saag ie 
alee Sine 
sin. A 
a Cen 
An expression which is in a form adapted to computation by the tables, 
log. a = log. c + log. sin. A — log. sin. C. whence a is known 
Again, 
6 _ sin, B 
ee sin C 
sin. B 
os ah sin. © 
+ log. 6 = log.c f log. sin. B — log. sin. C, whence & is known. 


If any other two angles and the side between them be given, we may deter- 
mine the remaining angle and sides in a manner precisely similar. 


Case 2. Given A, B, a, required C, b,c 


Since A+ B+C = 180° 
-. © = 180° —(A -+ B), whence C is known. 








: b sin. B 
a ocun ‘a 
sin. B 
de, 0 ene eer 
-. log. 6 = log. a -+- log. sin. B — log. sin. A, whence b is known. 
Also, C being known, 
c _ sin. C 
Vi ates. 
ese 
Poi i A esines, 
log.c = log. a + log. sin. C — log. sin. A, whence ¢ is known. 


If any two other angles and the side opposite to one of them are given, the 
remaining angle and sides may be determined in a manner precisely similar, 


Case 3. Given a, b, ©, required A, B, « 
By prop. 3, chap. III. 








Aid 
tal. 
ES ates 1 
Ais B —_— aa 5) eer eee tt eee sees SOR 42 ee eo ea8 @etseres ( ) 
tan. 
2 
Now, A+ B+C = 180° 
A+B C 
Pincen Tad wage 
B £ 
tan. —t = ==, tans) { 90 3) 
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A+B. 
- Substituting this value of tan. + in (1). = 
cot. 53 ahs 5 {\ = 
ae ao Ye 
tan. 2 NN e 
\ 
; A—B _a—b : Cc \ 
ae = Gs cot. 
A—B C 
log. tan. —g— = log. (a — b) + log. cot. 5 — log. (4 -+ 





A—B 
And we can thus calculate the value of the angle - from our tables; let 


2 
the angle thus found be called 9 .. A—B=2¢. 


Now A+B = 180° —C 
And (geo 1 ee, 
C 
e. adding and subtracting A= oY “eo — 5 


C 
B= 90°—(9+ 9) 
The angles A and B will thus become known, and, these being determined, 
we can find the side c from the relation, 


c _ sin. C 
hip tra Side bs 
._-* sin. C 
c = @. eae 
5% log. c = log. a + log. sin. C — log. sin. A 


If a, c, B, or 5, c, A be given, the remaining angle and sides may be deter- 
mined in a similar manner by aid of the formula (j) in chap. IIL 


Case 4. Given a, b, A to determine B, C, c. 








sin. B b 
sin, A °° 
ate mtb 5— Sita 6 
a 
. log. sin. B = log, sin. A + log. 6 — log. a, whence ¢ is known. 
B being known, CG = 180°— (A + B), whence C is known. 
Cc sin. C 
C being known - = - 
8 a sin. A 
sin. © 
‘oh Es A eee are 
sin, A 
log. c = log. a+ log. sin. C — log.sin. A,whence 6 is known. 


If any two other sides and the angle opposite to one of them be given, the 
remaining angles and side may be determined in a manner precisely similar. 

It must be remarked, that, in the above case, we determine the angle > from 
the logarithm of its sine; but since the sine of any angle, and the sine of its sup- 
plement are equal to one another, and since it is not always possible for us to 
ascertain a priori whether the angle B is acute or obtuse, the solution will be 
scmetimes ambiguous. 
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In fact, two different and unequal triangles 
may be constructed, having two sides and the Cc 
angle opposite to one of these sides in one tri- 
ungle, equal to the corresponding sides and 
angle of the other; one of these triangles will 
be obtuse-angled, and the other acute-angled, 
and the angles opposite the remaining given ; S Seer 
sides in each will be supplemental. 

Thus let A, B, C, be a plane triangle. 

With centre C and radius equal to CB describe a circle cutting AB in B’. 

Join CB’. 

Then it is manifest that the two unequal triangles CBA, CB’A, have the two 
sides CB, CA of the one, equal to the two sides CB’, CA of the other, and the 
angle A, opposite the equal sides CB, CB’, in each, common. 

It is manifest from this, that it is impossible to determine generally, from the 
data of this case, which of the two triangles is the solution of the problem. 
here are certain considerations, however, by which the ambiguity may some- 
times be removed. 

1. If the given angle be obtuse, then both of the remaining angles must 
be acute, and the species of B will be determined. 

2. If the given angle be acute, but the side opposite the given angle greater 
than the given side opposite the required angle, then the required angle is 
acute. For since in every triangle the greater side has the greater angle 
opposite to it, and since the side opposite to the given angle, which is acute, is 
greater than the side opposite to the required angle, it follows, a fortiori, that 
the required angle is acute. 

But if the given angle be acute, and the side opposite to the given angle less 
than the side opposite to the required angle, then we have no means ofascertain- 
ing the species of the required angle, and the solution in this case is ambiguous. 


Case 5. Given the three sides a, 3, c, required ihe three angles A, B, C. 
By formula (¢) chap. IIT, 


sin, A a 2 1/5 (s—a) (s—b) (s—e) 
silt. 2 $ (8a) (sb) GSS) 


sin. C= es y/s (s—a) (s—b) (s—c) 

Adapting these expressions to computation by the tables,.and taking the logs. 

log. sin. A 

= log. R+-log.2+-5 (log.s4-log.(s—a)-+log.( s—b)-+log.(s—c)}—log.6—log.c 

log. sin. B 

= log. R--log.2-++-} {log.s--log.(s—a)-++ log.(s—d)+log.(s—c) }—log.a—log.c 

log. sin. C 

= log.R+-log.24+4 jlog.s-+ log.(s—a)-+log.(s—d)-+4-log. (s—c)—log.a—log.b 

Whence the three angles are known. 

The three angles may also be obtained from any of the groups of formule 
(c), (2), (x), in chap. III, 

It is manifest, from the remarks made at the conclusion of the last chapter, 
that, when one or more of the required angles is very small, the group (c) may 
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be used with greatest advantage, and when one or more of the angles is 


nearly 90°, we ought to employ the group (2). The group (7) may be made 
use of in any case. 


Case 6, Given the three angles A, B, ©, required the three sides @, Boe 
It is manifest that this case does not admit of solution, for any number of 
unequal similar triangles may be constructed, having their angles equal to the 
angles A, B, C. 
We shall conclude this chapter by giving one or two numerical examples. 


Example 1. Given A = 68° 2) 24", B= 57° 53’ 16"-8, a = 3754 feet, re- 
quired C, 6, ¢ 
Then by case 2. 
Cc = 180° — (A + B) 
— 180° — 125° 55! 40”8 





54° 4! 19”: 2 
sin. B 
Pt ain A s 
; log. b = log. a + log. sin B — log. sin. A 
Now log. a@ = 3°5744943 
log. sin. B = 9°9278888 
735023881 


log. sin, A = 9°9672882 
— 3°5350949 = log. 342543 
Ry iss b = 3428°43 
Similarly, 
log. ¢ = log. a + log. sin, © — log. sin. A 
log. a = = 3°8744948 
log. sin. C = 99083536 


——" 


13°4828479 
log. sin. A = 9°9672882 
log. ¢ = 3°5155597 = log. 3277-628 
s c = 3277°628 — feet. 


Example 2. Given a = 145, b = 178°3, A= 41° 10/, required B, C 

This example belongs to case 4, and since the given angle A is acute, and 
the side 5 opposite to the required angle B greater than the side a, the solution 
will be ambiguous. 

We have log. sin. B = log. sin. A + log. 6 — log. a 


log. sin. A = 9°8183919 
log. 6 = 22511513 
12°0695432 


log. a = 271613680 
os log. sin. B = = 9°9081752 
The angle in the tables corresponding to this logarithm is 54° 2’ 22”, but we 
cannot determine a priori whether the angle sought be this angle, or its sup- 
plement 125° 57! 38”. 
ee 4" 2) ee 
Or Se Leow do" 
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If we take the Ist value, 
C = 84° 47' 38” and the triangle required is ABC 

If we take the second value, see last figure. 
C = 12° 52’ 22” and the triangle required is AB/C 

Example 3. Given a = 178°3, b = 145, A = 41° 10/, required B. 

This example also belongs to case 4, but since the given angle A is acute, and 
the side 6 opposite the required angle B less than the side a, it follows that tlie 
angle B must be an acute angle, and the solution will not be ambiguous. 

We have log. sin. B = log. sin. A + log. 6 — log. a 

But log. sin. A = 9°8183919 

log. 6 = 271613680 
11°9797599 
log. @ = 2°25115138 


<a log. sin. B = = 9°7286086 
The angle in the tables corresponding to this logarithm is 32° 21/ 54”, and 
since, in the present instance, the supplement of 32° 21’ 54 cannot belong to 
the case proposed; the solution is not ambiguous. 
Example 4. Given a=3754, b>=3277°628, and the included angle 57° 58! 16".8; 
required A, C, d. 
By case 3 we have 





log. tan. —— = log. (a—b)+log. cot. - — log. (a+b) 





a—b= 476°372, .«. log. (a—b) = 2°6779444 
log. cot. = = 10°2572497 
12°9351941 





a+6=7031°628, log. (a+b) = 38°8470543 
log. tan. eel = 9-0881398 

Whence ae = (6°59 Dag 

And since A+B = 122° 6! 43-2 

And A—B = 18° 58! 4"-8 
2A = 156° 4 48" 

2B = 108° 8! 38-4 


A‘= 68° 2! 24!, B = 54° 4/ 19-2 
The angles A and B being determined, the side c may be readily found from 
the equation. 





sin. A 
log. c = log. a + log. sin. C — log. sin. A 
Example 5. Given a = 33, 6b = 42.6, c = 53°6, required A, B, C. 
‘Taking the formula marked (¢) in chap. III. we have 
log. sing A 
log. R+log.24-4 flog.s--log.(s—a)-Flog. (s—b)-+log.(s—c)} _ jleg.b-Flog.c} 
log. sin. B 
<log.R-+-log.2+-3 jlog.s+-log.(s—a)+log.(s—b)-+log.(s—c)} — flog.a+-log.c} 
log. sin. C 


=log.R-+-log.2+43 flog.s+ log.(s—a)+log.(s—b)-+-log.(s—c)} — flog. a-+-log.b} 
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Now log.R = 

log.2 = 

@—33 .*.’log.a = 

b = 42°6 .». log. = 

@—153'6 .-. log.c — 

s = 646 .. log.s = 

s—a = 31°6 .. log.s—a = 

s—b = 22... logs—b = 

e—e— 11 .. log.s—c = 

-. log.s+log.(s—a)-+log.(s—b)+log.(s—c)= 
And 


607 


10. 
0°3010300 
1-5185139 
1°6294096 
1°7291648 
1°8102825 
14996871 
1°34.24227 
1:04.13927 
5°6937350 


log.b+log.c=3°3585744 
.*. log.atlog.c=3°2476787 
log.a+log.b=3'1479235 


3 $log.st-log.(s—a)-+-log.(s—b)+-log.(s—c) $ = 2°84.68675 | 
.. log. R-+-log.2+4-1$log.s-+-log.(s—a)-log.(s—b)-+-log.(s—c) } =13°1478975 


Subtracting from this number the values log. 5 + log. c; log. a + log. ¢; 


log. a + log. b; in succession we find, 


log. sin. A = 9°7893231 
log. sin. B = 99002188 
log. sin. C = 9°9999740 


Having determined A and B by the 
rate value of ©, by subtracting the sum 


A = 37°59! 53" 
Box 52°37! 46", 
C = 89° 22! 20’77, 


above method, we find the above accu- 
of A and B from 180°. If, however, 


it had been required to determine C alone (being an angle nearly equal to 90° ) 


we could not have found its value with 


sufficient accuracy from the common 


tables, for it will be seen, upon referring to them, that the number 9.9999740 
may be the logarithm of the sine of any angle from 89° 22! 20” up to 89° 2% 25", 


consequently the above method cannot 


be applied with propriety to determine 


the exact value of C, unless we previously determine A and B. 


The angle C may however be determined directly, and with great accuracy, 
from any of the three formule (c), (2), (4), in Chap. III. 


Let us take these in succession, by («0 ). 


C 
log. cos. F = log. R-+-4 Slog. s+ log. (s —c) te 3(log. a + log. b) 


|-~ 


log. s = 1°8102325 
log. (s —c) = 1°0413927 


— —_— —_—_— 


2°8516252 
leg. a-+ log. b = 3°1479285 


2 


: 


J 


C 





(log. s + log. (s —e)) = 14258126 
log. R = 10 

11°4258126 

3 (log. a -+ log. b) Seer OL © 


(5, a 
log. cos. 3 = 9°8518509 


44° 41’ 10''3°s 


= 89° 29’ 2032 
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By (¢). 
log. sin. 2 = log. R-+- 3 flog. ne (s—b)} wd flog.a+log.b}. 


log. halt o ‘ates  # f{log-(s—a)-+log.(s—b)} = 14210549 
log. (s—b) = 1°34:24227 log. R = 10. 
2'8421098 : 114210549 


log. a + log.b = 3'1479235 4 flog. a + log. b} 1°5739617 


C 
log. sin. z= 9°84,70932 


= = 44°4)’ 10’ 8 
Ce= 89° 2 2 ao 
By (x) 
C 
log. tan. =- = log. R + 3 Vlog.(s—a)+ log. (s—b) § —s Vlog.s--log.(s—e 
5 e § 
Ut isi he sitar bis as (s—a)+log. (s—b) ‘ = 1:4210549 
hiss log. R 


log. (s—b) = 1:3424227 in) 
2°8421098 








LOD te ieee et 11°4210549 
log. s—c = 1:0413927 4 Slog. s + log. (s—c)$ = 1°4258126 
“851625 C a 
wets Slo ie log. tan. = = 979952428 
C 
— / Mt 
a = 44° 41! 10"s% 
C = 89° 22/ 20 42 


CHAPTER VII. 
ON THE USE OF SUBSIDIARY ANGLES. 


Subsidiary Angles ave angles which, although not immediately connected with 
a given problem, are introduced by the computist in order to simplify his cal- 
culations. Their use, and the method in «which they are employed, will be 
understood from what follows. 

When two sides of a triangle, and the included angle, are given, according to 
the method pursued in the last chapter, we must determine the two remaining 
angles before we can compute the third side. It frequently happens, however, 
in practice, that the side only is required, and it therefore becomes desirable 
to have some direct method of computing the side independently of the two 
angles. 

Suppose that a, 6, C are given, and c is required. By chap. III. prop. 4, 
c= a -+- b? — 2 ab cos. C 
fhe side cis determined theoretically at once by this expression, but the formule 


cs eed tors 
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is not adapted to logarithmic computation, and would, if employed practically, 
___ lead to a very tedious and complicated calculation. We can, however, put this 

expression under a form adapted to logarithmic calculation, by having recourss 

to an algebraical artifice, and introducing a subsidiary angle. 

c = a + & — 2 ab cos. C 
Adding and subtracting 2 ad on the right hand side. 
c= a? + 3? — 2 ab + 2 ab — 2. ab cos. C 
= (a — b)* 4+- 2 ab (1 — cos. C) 


= (a— b¥ + 2.ab X Qsin? e 


2 
ree 
= (a — by f, at, ab sin.? zt 





(ao 
Assume ceo Sg 24 = tans*o 
(a — 6)’ 
c’ = (a — Db)” (1 + tan.” Q) 
= (a — 5b)’ sec.’ o 
c = (a —b) sec. @ 


log. c = log. (a — b) +- log, sec. p — log. R 
The angle Q is known from the equation, 


agent, tite UC 

Feo = 2 ,/ab . sin. 3 
(ap) 

Whence, : 


C 


log. tan. @ = log. 2 4+ 3 (log. a + log. b) + log. sin. o log. (a — b) 
? being thus determined, log. sec. Q can be found from the tables, and the value 
of c becomes known. 

The aagle g, which is introduced into the above calculation, in order to 
vender the expression convenient for logarithmic computation, is called a sud- 
sidiary angle. 

The above transformation may be effected in a manner somewhat different, 
as before. 

ce = a’ + Lb? — 2 ab cos. C 
a’ -+ b’ +. 2 ab — 2.ab — 2.ab cos, C 
(a + b)’ —2 ab (1 + cos. C) 


= (a+ b)? —2 ab x 20s. S 


; ign ae 
(a+ dy (1 — 2 ) 


(a + 6)? 
one 4 ab cos. ? igi_tas 2 9 
(a -- 6)’ 
“ of = (a + BY (1 — sin. %9) 
= (a + b)’ cos.* @ 
c = (a+ J) cos. 


 leog.e = log. (2 +- 4) + log. cos. 9 — log. R 
QQ 
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As before the angle @ must be determined from the equation, 
24/ab . cos. : 
~ (a+ 6) 


In order to prove that we can always assume 


vo} 


sia. 9 = 


i, | 


C 
a o/b + COS. > 


” tXasp syne = sin. D 
C 
we must show that Vie ay is always less than unity, or, in other words, 
(a + 4) 
that 2 ,/abd is always iess than (a +- 8), this is easily done, 
If a+b ZF 24/ab 
Then a+ 2ab+0? > 4ab 
a’ + 0 Z 2ab 
e+ 0—2ab > 0 
Or (a — 5)* ea 


But since (—b)” is necessarily a positive quantity, it must always be greater 

than 0 (except in the particular case a= 0, where it is = 0), and therefore 
C ‘ 
Shp es 2 is always less than unity, and consequently an angle may 
(a + 6) 

always be found whose sine is equal to it. 

In solving the same case of oblique-angled triangles, we determined the dif- 
ference of the angles A, B from the equation. 


A—B_a—b C 
32% ig tabuane 
A... B C 
g = log. (a — db) + log. cot. > — log. (a + d) 





tan. 





Whence log. tan. 


In the solution of certain astronomical problems, the logarithms of the sides 
a, b ave given, but not the sides themselves, and these logarithms being given, 


— 


we can very easily calculate 





without knowing the sides. 


BE 
A—B _ at b 





t mai bier pau 
an. 5 “be hee 

we b 
Aner, _c 
—_ f~ COG 

La 

b 
Assume Fam tan. @ 





Sh OOK C 
2° SF L--tal, 02 cee 
ie 


= tan. (45° — @) cot. 5 





C 
log. tan. = log. tan. (45° — @) ++ log. cot. 5. —— log. R 
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The engle g is known from the equation. 


tan. 9 = £ 
Whence log. tan. @ = log. R + log. b — log. a 


—B 
thus becomes known from the logs. of a and 8, without 





The angle a 


calculating a and 6. In the same way we may have, 








A— B C 
A—B ; 
And .. log. cot. —3 = log. tan. (45° + @) -+ log. tan. 2 — log. i. 





CHAPTER VIII. 


ON THE 


SOLUTION OF GEOMETRICAL PROBLEMS BY TRIGONOMETRY. 


‘oblems may be solved with much elegance 


A Grav variety of geometrical pr 
al formule. We shall give afew oe aules 


by the introduction of trigonometric 


PROB. I. 


To express the area of @ plane triangle in terms of the sides of the triangle, 











Let CD be a per as. from C upon AB. f 
Area of triangle ABC = SESS ay /| aw 
ond > . AC sin. A ae 
ay 
— 9° sin 8 mene 
be 2 
= 3-5 /s(s — a) (s — 6) (s— cc)... Chap. ur 
bled ee, Eales 
= V/s(s—@ (s— 4) (s — ©) 
PROB, Il. 


To express the radius of a circle inscribed in a given triangle, in terms of the 
sides of the triangle. 


Let the radius required be called 7. 





| b 
Area of AOC = > 
| rc 

a AOB = 2 
Benes 2 

coi Fe 


, Whole area of triangle ABC = (atb+c) =7-s 
Q@2 
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t.e. /8 (8s —a) (s—b) (s—c) =r. by last prob, 
, r= Ved Ge 
8 
PROB, II, 


#0 express the radius of a circle circumscribed about a given triangle, in terms 
of the sides of the triangle, 


Let fall CD perpendicular on AB 
Let the radius be called R, 
By a well known geometrical prop. 
CQ@.CD = AC. CB 
“. CQ.CD.AB=—= AC. CB. AB 
2R XX 2 area = abc 


abc 
R= ——_ 
4 area 





a ee ee 
4 V/s (s —a) (s—&) (s —c) 
FROB, Ivy. 


Given the three angles of a plane triangle, and the radius of the inscribed circle, 
to find the sides of the triangle. 


Let A, B, C, be the three given angles, 7 the radius 
ABore = AP, + P,B 


= r (cot. = + cot. say 2 
2.5 ie 


=e 2 : A P, B 

= Ha es 

sin 9 Sin. . 2 

So, ; A C 

‘ sin. (> + =) 

en, Fe 
AC oréd=r. A CG 
sin “9” (Sin. > 
; B C 
sin. my 4- =) 
BC ora=r. pay CG 
sin. 3 sin 3 
PROB. V. 


Given the three angles of a plane triangle, and the radius of the circumscribing 
circle, to find the sides of the triangle. 


As in Prob. 3. ¢ 
CQ. CD AC. CB 
CQ. CB sin. B AC. CB p 


ee | 


wa AC 2K sin. B \ 
So, BC 2 Ksin. A oe B 
AB 2 Rsin. C 


ae Edie 


618 


CHAPTER IX. 
PROBLEMS IN TRIGONOMETRICAL SURVEYING, 


Pros_em I. 

To determine the height of an inaccessible object. 

Let AB be the object, and in a straight line towards it measure any distance 
DC, and observe the angles of elevation ADB, ACB at A 
the stations D,C. Put CD=h,2Z ACB=a,Z ADB=5); 1 
then Z DAC=a—2d; hence we have 

Bee AS gin b. 

AC CD sin (a—d)’ 

and multiplying these two equations, we have 
AB __ sin a sin b 

CD ‘sin (a—b) ’ Sa oad 






=/h sin a sin b cosec (a—d) 


-, log. AB = log. h+log. sin a+log. sin b+log. cosec (a—b)—30..... (1) 
Oor. Since DB= AB cot db, and CB== AB cot a; therefore, by sub- 
traction, CD = AB (cot 6 — cot a), or AB= AE GUE: ch ope (2). 


cot. b— cot 4 


Ex. Lett DO=A= 200, ZBDA=b5=31°, ZBCA = a= 46°; to find 
AB and CB. 


log. h = log. 200 = 2.3010300 
log. sina . . = _ log. sin 46°= 9.8569341 
log, sin } = log. sin 31°= 9.7118393 


log. cosec (a—b) = log. cosee 15° = 10.5870038 


log. AB... =log. 286.29 = 2.4568072 .. AB = 286.29 
Also BC = AB cota .°. log. BC = log. AB+log. cot a—10. 


Prosieo II. 


To determine the height of an tmaccessible object, which has no level ground 
before it. 

Let AB be the object, and CD two stations in a vertical plane passing 
through AB; measure the distance CD, and at C take the angles of elevation 
or depression of the station D, and the top and bottom of the object. Also 
at D take the elevation or depression of the top of AB. 

Pate DC H-— gq, 27 BCK = 5,2 ACK =c, ZADG = d; then 





ZACB=c— 6, Z ADC =a-+d, and Z CAD A 
—e—d. ay 
Acts AB _ sin ACB_ sin (c—0)__ sin(e—B) , : 

AC sin ABC sin ABK cosb) 


AC _sin ADC _ sin (a+d), aaa 
: CD sin CAD sin (c—d)’ —* 
plying these equations, 
AB sin (c—b) sin (a+d 
we Teye CD. =e b 43 aes, 
AB — Asin (c—d) sin (2 +d) sec b cosce (c—7) 
*, log. AB = log. h+log. sin (c—6)+log. sin (a+d) + log. see b+ 
fou! EE A 2S ee Wa niin agin ht FORM cate eek ag en te eee (1) 
Cor. When a= 90°, and b= 0°, then we have 


log. AB = log. h+log. sin c+log. cos d+-log. cosec (c—d)—30..... (2) 





| 


; and, therefore, 
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Ex. 1. Let h=18 feet; c= 40°; d=37° 30’, a=90° and J=0°; to find AB. 


log. h ... . =log. 18. . = 1.2552725 
log. sine . . =log.sin40° . = 9.8080675 
log. cosd. . =log.cos 37°30! = 9.8994667 


log.cosec (c—d) = log. cosec 2° 30’ = 11.36038204 
lor. AB. . . =log.210°4394 = 2°3231271 .. AB=210°4394. 


c—] 

Ex.2. The angle of elevation of the top of a tower, standing on a hill, 
was 83° 45/, and, measuring on level ground 800 yards directly towards the 
tower, the angles of elevation of the top and bottom of the tower were 51° 
and 40° respectively. What is the height of the tower? Ans. 140 yds. 


Remark.— When the station D is higher than A, the top of the tower, then _ 
the angle d must be considered negative, and therefore we should have 
AB=h sin (c—b) sin (a—d) sec 6 cosec (c+d). 


LEMMA. 


Tf straight lines be drawn from any point, either within, or out of, a 
polygon, to all the angular points, the continued products of the sines of the 
~ alternate angles, made by the sides of the polygon, and the lines so drawn, 
will be equal. 


Let angle CDP=f, and PEA=1; 


sen PA a sin b PB fe sin d 
PB. sina’ PC sn ct 





4 ——S= ———_— eo 





PE _ sin k 
PA sin 2. 








But PA. PB.PC,PD. PE = RB. PC.PD. PEVPA: 
that is, the product of the numerators = product of the denominators, in the 
first members of these equations; hence, this being true in the second mem- 
bers also, sin J. sin d. sin f. sin A. sin k= sin a, sin ¢, sin é. sin g, sin @. 


Prosieom ITI. 


Given AB, and the angles a, b, ¢, d, to find x, and 
thence CD. 

Put BCD+ADC =b+c= 2s 

BOD ADCS feet 

Then BCD = s+a2, ADC =s — 2; also, sin ADB = 
sin (b+c+4d), and sin ACB=sin (a+6+c); hence, by 
the lemma, we have 
sin a, sin ec. sin (b+c+d) sin (s+a#) =sin bd. sin d. sin (a+b+c) sin (s—2); 
or, sin a sin ¢ sin (b+c-+d) {sin s cos w+ cos s sin a} =sin Dsin d 
sin (a+6-+c) {sin s cos z—cos s sin xh. | ? 

Then, dividing by.cos s cos x, we have 
sin a sine sin (6+c+ 4d) (tan s+tan x) =sin db sind sin (a+0+¢) 
(tan s — tan x), 

sin 6 sind sin (a++c)—sin a sin c sin (b+c+d) ifn tet 


SO ip poms Popa tO SR ies OT 


sin & sin d sin (a+6-+e)+sin a sin ¢ sin (6+c+d) 
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Dividing numerator and denominator by sin a sin ¢ sin (6+c+d), and 
sin 6 sind sin (a + 6 +c) _ eer icthitg Wee 
sina sinc sin (6+c+ d) 
tan B—tan 45° sin (8—45°) 
Gee aera! SSS tary |S 
tan B+tan 45° sin (8 +45°) 
hence a, s-+-2, s—« are all known, and thence CD is known. 
Clee. sin d BD _ sin b 
For ee. AN. 
BD © sin (s+2) AB sin (6+ce+d)’ 
CD = AB sin d sin d cosec (s +2) cosec (b+¢+¢). 
Cor. When CD is given, and the same angles, to find AB, we have 
AB=CD sin (b+¢+4+4) sin (s+) cosec b cosec. d. 


putting tan 45°; then 


(Hse tan s; 


; therefore, 





EXAMPLE. 
Given AB=600 yards, a= 37°, b= Ree Oreo a0, a 4 alos 
to find CD. 
Here, tan B= cosec a sind cosec c sin d sin (a+5-+¢e) cosec (6+c+d, 


log. coseC @ «1.266. = log. cosec 37°..... = 10.2205370 
Sin Bb ..esce eee = sin . 58°20/...= 9.9299891 ~9.9299891 
COSEC Cr. eee aes = cosec 53 80... = 10.0948213 
ee oe = sin. 45 15... 9.8518717 9.8513717 
sin(a+b+c) ...= sin . 148 50...= 9.7139349 


cosec (b+c-+d) . cosec 157. 5... = 10.4096181 10.4096131 


10.2202671 


Ud ah ae ae tan. 8° 56" 39% = 

sin (B—45°) ioe sin . 13156 39 = 9.8819742 

cosec (8+45°) a cosee 103 56 39 = 10.0129906 

PAIRS eee Sere os. « = tan . 55 55... 10.1696508 

ANNE Cone. coe cenetttets ns tan . 20 9 3 = 9.5646156 

cosec (s+a)....= eosee 76 4 3 = .eeee oe 10.0129687 
(Mot). Se a = HOO. ads Ba ak ee ee 9.77815138 

OTE Bn ai « = 959.608... «ecaee 2.9820989 


Pros_EeM IV. 
Given AB, a, b, and the angles c, d, taken at some point P in the same 
plane ABC, to find x; and thence PA, PB, PC: 
Put PAC+ PBC = 180°— (a+b+c-+d) = 2s 
PG —aieh sei wR oe ee es a 
Then, PAC=s+2, PBC = s—z, and, by the lemma, 
sin a sin c sin (s—a) = sin 6 sin d sin (s+ 2) 
sin 6 sind __ sin (s—z) __ tan s—tan @& 
‘ sinasine sin (s+z) ~ tan s+tan x 
sin b sin d 
sin a sin ¢ 
sind; then we have 


Put tan B= = cosec a sin & cosec € 





‘an s—tan la hare tan « _ 1—tan @ __ tan 45°—tan B 
tan s+tan z tan s 1+tan 8 tan 45°-+tan 6° 


rO__ ae 
tan 45°—tan B Fare ie sin (45° nase) ty 


LE pt fe EE, ; 
tan 45°+1an B sin sin (45°+ ) 
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Hence 2 is known, and thence s+ and s—z are known. 
PC _ sin(s+x) AC_ sind. , hanes 
POUT ~sin cs AB a, ain (Te 
PC = AB cosee (a-+-d) sin b cosec € sin (s+z). 


Proxsiem V. 


When the points P and C are on opposite sides of AB. 
. Put PAB+PBA=180°—(c+d) = 2s 


Pap DAR; oe, ee a) ps jx 
then, PAB=s+.2,PBA= s—z; and, by the lemma 4 RB 


sin @ sin c sin (s—zx) =sin 6 sin d sin (s+2); 
hence, as in the last problem, we have 
7 oO 
sin Cakes tat vs 
sin (45°+ 8) P 


where tan 6 = cosec a sin b cosecc sind; and 25 = 180°—(c+-d). 





Ny i 


ProsLtem VI, 


Given the angles of elevation of any distant object, taken at three places 
on @ level plane, no two of which are in the same vertical plane with the 
olject; to find the height of the object, and its distance from either station. 


Let A, B, C, be the three stations, K the object, and 
KH perpendicular to the plane of the triangle ABC, 
Put BC=a, AC=d, AB=c, HAK=a, 


HBK =~, HCK = +, and HK == /Sthen nee 
angles AHK, BHK, CHK being right angles, we have 
AH=~z cot 4, BH=~2z cot 8, CH= z cot y; hence, 





Wine A B?+ BH?— A H? 


c’?+.2? (cot? B—cot <>) 














EG SAB ROS Coa Ser cote 
: BC?+ BH?—C H? a’ +a? (cot? gB—eot? ) 
“iad 2BC-BH Saeco ae 
_- AB4+BC—-AG?:) @4 Pie 
ADC oe == ee 
Best 9AB° BC Sate 


But cos ABC=cos (ABH+CBH)=cos ABH cos CBH —sin ABH 
sin CBH; and by transposing sin ABH sin CBH to one side of the equation, 
then squaring both sides, substituting 1—cos? ABH, and 1—cos? CBH for 
sin? ABH and sin? CBH, we have 
i—cos* ABH—cos* CBH—cos? ABC+2 cos ABH cos CBH cos ABC=0. 


Substituting the above values of cos ABH, cos CBH, cos ABC, in this 
equation, and reducing to a common denominator, we get 
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(-g) sete eee t wee se ses ss 90 =F 400 { (+9) $00 YOE—AY +P} ‘10 
£9» = 9,400 w { (Pus D us + $800 9 $00) YDZ—zY +P} 
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(59 — 29 — 2?) oY PoP + (54 — 3?) (GY — 2?) (0 —,9 —29) 
(CZ) 89%? OH? 9. 9TI 7109 ge © (59 — 2? — 2) Yo? P+ TI, 109 lcY — o?) 
( (0 — 39 — 29) 3 3 oP als¥ — 39) 3? 
g 409 g 400 
samodaq uoryenba yse[ oq} UOT) Fang I= Y pur oo D = y oulnssy 
di 409 (49 — 3 — 9) 9 + (4,309 — 9 ,300) (2, 300 — G, 409) (9 — 2 — 29) 


C1). 92 O = 2969 Pte% 5 9, 109 (0 — 79 — 39) 9+ + ,@ 4 (4,309 — 9 2300) 4? 
0, 309 (,9 — 9 — 2?) (23300 — 8 ,100) 3p 


eer 


(2.) In the same straight line. 
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Cor. 1. When the three places are in the same straight line, we have 


b= a-+ce,and angle C= 0; therefore 6°9—c2—a? = 2ac; c®—a2—}?2 = —2ab; 

a*—b*_¢? = —__9be; and hence in this case equation (1) becomes a complete 
Square, whose root, extracted, gives 

{a cot? a—(a+e) cot? B+c cot? y} a°— ag{a-+c) =O. ees (5.) 

ONG. 6s yen Od 2 = CE ee (6.) 

sae ay 
Mi Ae Ze Pe 
where cos ¢ = a ee and m = + /a?+h2—2 ah cos p. 
Cor. 2. When b = a+e, and also a= c; then we have 
(cot? a — 2 cot * B+ cot 2y) x? — 2a? = 0 > oe (7.) 


2 
and z.= = a tan B 


m 
4 a® +h? — R2 = > 
where cos @ = —T and m= + »/@?+)2 — Dah cos ? 
- “Un 


ScHoLium. 


ene.) 


In all these cases the computation can be conducted entirely by logarithms; 
for ¢ is the value of the angle opposite to the side & of the triangle whose 
three sides are 8, h, k; and m is the third side of the triangle whose two sides 
are a, h, and included angle C+ 9. The following table exhibits the several 
steps of the computation for each case, and though the expressions for cos. C, 
cos. ¢, and m are put down as employed in the investigation, still they should 
be calculated by the usual trigonometrical rules adapted to logarithmic com- 


putation. 


TaBLe oF FormuLa. 


(1.) For any three stations. 




















+ 4 
(1) Sh = a cot a tan B h =a cot a tan B 

Lk = ¢ cot. y tan B k =c cot y tan B 
(2) cos Ge ane 3 Ca 
\(3) cos pas nie COS = a hk? 
(4) m oe +/a*+h?—2ahcos(CLoy mi =++/a*+h2?—Qaheos od 
(5) oe eae B ; =+ ac an 8 











When the. stations are at equal intervals in the same straight line, then e is 
equal to a, and the necessary modification of the formule in the second 


column of the table is obvious, 


| 


ees 
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The two cases in which the three stations are in the same straight line may, 
however, be investigated in a different manner; for, resuming equation (5), 
' -we have 
' {a (cot?a — cot * B)+e (cot? y— cot? B) } x* = ac (A+C)...eeeeees (9) 
sin (6+a) sin (B—a) 
sin *a sin *8 
sin (B+) sin (B—7) 


sin “6 sin *y. 


But, cot?a — cot®B = (cota + cot B) (cot a— cot p) = 


cot? y — cot? B = (cot y+ cot p) (cot y — cot B) = 


a sin (B + «) sin(@—a) sin x} 


i 5 1 
Hence equation (5) becomes i + cain (8-9) sin (8— 7) sin 2a 


gin (8 + 7) sin (87) ohh Sere eer arrat ip (10.) 
sin 28 sin *y 


sin 26 sin *y 


sin (B+y) sin (8—y) 





a(a+c) 


a sin (B+a) sin (8—a) sin *y 
¢ sin (B+7) sin (8—y) sin 2g, 





it 


Now, when f exceeds a, as well as y, we may assume 

asin (B+y) sin (@—a) sin* y, 

c sin (8+7) sin (B—7) sin? a 

and when f is less than a, and greater than y, or less than y and greater 
than a, then the fractions in the numerator and denominator of equation (11) 
are negative, and we must assume | 

a sin (8+a) sin (B—a) sin *» 

¢ sin (B+7) sin (S—y) sin 2 


tan?9@= 





sec*é0= 


aud therefore, in the former case, we have 


2.2 ee art arias he 
Aho (B+) sin (B—e) cosec (B+yv) cosec (B---y) 
c 


- 


tan @=-+ cosec w sin y (12.) 





wot sin 8 sin y cos 9 af a (ate) cosec (B+) cosec (B—Y) 


And, in the latter, 


ee ee ee a cee eS 
§ sec §=+ cosec & sin y a/* sin (8+) sin (B—e) cosec (B+) cosec (S—y) ; 
ae fe ee C13: 


: . Sot 1 Se ee 
( v=+sin £ sin y cot 6 fa (a+e) cosec (8+) cosec (B—Y) 


When a=, then equations (12) and (13) become 





es SS ee 
tan §= + cosec aw sin y a/sin (B+) sin (8—e) cosec (6+ y) cosec (e—y) 

: SG IEE ORES Sa. TEE) ce (14.) 

#=+asin @ sin y cos § 4/2 cosec (B+y) cosec (b—Y) 
' ie, Se 
{ sec $= + cosee a sin y a/sin (B+e@) sin (2—«) cosec (B+) cosec (E—y) 
SS ro vie) ease eas 5 
| \ w=ta sin 6 sin y cot 0 /2 cosec (B+y) cosee (E—y) (15) 


EXAMPLE. 


/ Given a= 30° 40’, B = 40° 33/, y= 50° 23; find a, when the three stations 
‘ are in the same straight line, AB being = 50, and BC = 60 yards. 
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This example corresponds to the second case in the preceding table of 
formulz, and may be resolved by the formule there given. It may also be 
resolved by the equations in (13), for 6 is less than y, and greater than a; 
hence, employing the latter of these methods, we have the subsequent com- 
putation. 


B+a = 71° 13! sin = 9.9762321 

B—a = 9° 53! sin = 9.2346249 
B+y=-90° 56’ cosec = 10.0000576 ......... 10.0000576 
B—y = ‘9° 50’ cosec = 10:7675560 .... > ee 10.7675560 
a = 60 log. = 1.7781513 log.60 = 1.7781513 

c = 50 ar.co. log. = 8.3010300 50 

2)20.0576519 log. 110 = 2,0413927 
10.0288259 2)4.5871576 
a = 80° 40’ cosec = 10.2923936 2.2935788 
y == 50" 23! cin = 9.8566756. .. S60) nigee 9.88667 56 
6 = 51° 42’ 491" sec = 10.2078951 cot 6 = 9.8972767 
B == 40°39) sins: ...... cs eee eee = 9.8129878 
@ —=-77.-0175 Yards via's.»' usssaleenas log. = 1.8905189 


Whence the height of the object 1s nearly 77.7175 yards, and its distances 
from the three stations are easily found. This example is from Bonny- 
castle’s Trigonometry, 2nd Edition, p. 72, where the height is stated to be 
79.029 yards, which differs from the true height by 3 feet 112 inches, or 4 feet 
nearly; a very considerable error, arising purely from the inconvenient mode 
of solution by means of natural cotangents. 

This method of solution, combining great accuracy with simplicity, is pre- 
ferable to every other method by which the solution has been attempted. 
Meyer Hirsch, one of the ablest of the Continental mathematicians, and one 
of the most successful teachers of our time, has given an elegant solution of 
this problem in his “ Geometry,” p. 78, somewhat analogous to the preceding, 
but altogether different in the resulting equations, arising from a different 
mode of substitution in the investigation of equation (2), and embracing only 
one case of the problem. A beautiful and simple geometrical construction of 
this problem may be seen in Ingrain’s Concise System of Mathematics, 
page 269, fifth Edition. 


centre of the sphere. 


arc A B, and A ¢ a tangent to the are A C. 


SPHERICAL TRIGONOMETRY. 


Havine demonstrated in the treatise on Spherical Geometry, several important 
preperties of the circle of the sphere, and of spherical triangles, we shall now 
proceed to deduce various relations which exist between the several parts of a 
spherical triangle. These constitute what is called Spherical Trigonometry ; 


and enable us, when a certain number of the parts are given, to determine the 


rest. The first formula which we shall establish, serves as a key to all the rest, 
and is to spherical trigonometry what the expression for the sine of the sum of 


two angles is to plane trigonometry. P 


CHAPTER L 


1. To express the cosine of an angle of a spherical triangle in terms of the 
sines and cosines of the sides. 


Let ABC be a spherical triangle, O the 


Tet the angles of the triangle be denoted by 
the large letters A, B, C, and the sides opposite 
to them by the corresponding small letters, 
wt, b,c. 

At the point A, draw A T a tangent to the 


Then the spherical angle A is equal to the 
angle T Az between the tangents (Spher. 
Geom. prop. I'V.). | 

Join O 8, and produce it to meet A T in T, 

Jon O C, and produce it to meet A ¢ in ¢. 

Join T, ¢; 





Then, 
OT 
oc = sec. AB = sec.c 
O 
oo —— 600, AC; =." socee 
AT 
oc = ‘tan, AB = tan.c 
At 
“OG =a tan. AC oc tan. 3 
Then in triangle T O¢ 
ie OT FR -O%* — 2 Ts Of cos: T:07 
tai ei Ot? OT Ot 
“Ooo = 0G toa — 2:06: 06 cos. TO?¢ 


= sec.c + sec.?b — 2 sec.csec.b cos.a, - = - (1) 
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Again, in triangle T A ¢ 
Te = AT* + At' —2AT.. AGcosieee 
fF ae AT? At? AT At 
ce Oo@ = 0G: + 06i—*:oOG°: OG cos TAt 
= tan.’ c + tan? b — 2 tan. c tan.b cos.A. = - = (2) 


Equating (1) and (2) 
tan.’ c + tan.? 6 — 2 tan. c tan. 5 cos. A = sec.?c-+-sec.? b — 2 sec. c sec. b cos a. 
= 1+ tan.’c + 1 + tan’ d— 2sec. ¢ 
sec. 5 cos, a. 


*. — 2tan.ctan. 6 cos A = 2—2 sec. c sec. b cos. a. 
sin.c sin. b 1 1 
or, — —~° cos. A = 1 ———+*—— Cos. a. 





cos.c cos. b cos.c cos. b 


cos. a — cos. 0 cos. ¢ 
.. cos, A = 
: sin. 5 sin. c 
Similarly we shall haye, 
cos. 6 — cos. @ COS. C 


waa sin. @ sin, ¢ (~) 


cos. C — cos. a cos. b 

cos, C SS 
sin. a sin. 5 

2. 10 express the cosine of a side of a spherical triangle, in terms of the sincs 
and cosines of the angles. 

Let A, B, C, a, 5, c, be the angles and sides of a spherical triangle; A’, B,C’, 
a, 0, ¢, the corresponding quantities in the Poiar triangle, 

Then, by («), 

‘ cos. @ — cos. 0’ cos. ¢ 
cos. Ao = ; i 

sin, &’ sin. cl. 
we (Spherical Geometry, prep. VI.), A’ = (180° — a), a = = UE x — A), 
= (180° — B), c’ = (180° — C), 


cos. (180° — A) — cos. (180° — B) cos, (180° — C} 
sin. (180° — B) sin. (180°— GC)” 


__ 0s, A + cos. B cos. 7 


- cos. (180°—a) = 


ba Se Sale sin. B sin. C. 
Similarly, 
Cos. Pease et ete) A cos. C 
— B.) 
cos. 6 = Op eins A eine ee ( : 
A B 
wae cos. C +. cos. A cos. 


sin. A sin. B. 


3. To express the sine of an angle of a spherical triangle, in terms of the sines 
of the sides of the triangle. 


By (a).we have, 
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cos. a — cos. 5, cos. ¢ 
ris ahead oan. Bak ied halt 





os. A = = = 
sin. 6 sin. c 
fo ee eS a BT 
sin. 6 sin. c 
__ cos. a — (cos. b cos. ¢ — sin. 5 sin. c) 
cate sin. b sin. € 
__ cos. a— cos. (6 + ¢) 
a | sin. 6 sin. c 
Pai atb+e . b+c—a 
aa al ee sin. ——9__ (Plane Trig. Ch. Il.) 
sin. 6 sin. c 
a+-b+-ec 
Let 8 _ ire Or ¢ 
2 
b+c—a 
tea — 3 
atc—b 
s—5> = 5) 
a+b—c 
'——¢ — 9 


ate 1 -+ Cos. A = 2 sin. s sin. (s —@) ey Fonte mie a ~ (1.) 


sin, 6 sin. ‘ 


Again, resuming the expression for cos. A, 


cos. 6 cos. c + sin, b sin. c— Cos, a_ 
sin. 5 sin. c 
cos. (6 —c) — cos. a 
sin. 6 sin. ¢ 


a+b—ec 
2 


eo A) 


2 sin. sin. 


atc—Qb 
2 
sin. 5 sin. c 
2 sin. (s —c) sin. (s — 0) 








a sin. 6 sin. c per tod 
Multiplying equations (1) and (2) 
ee ee Sn. 6 Bin (s nest f 5) sin. (s —c) 
sin.” 6 sin.” ¢. 
ee 2 ———- bya 
sin. A = SF inc wv sin. s sin. (s—da) sin. (s—6) sin. (s—c) 
_ Similarly, j 
2 | 
: z. - sor Sea SE] PLE ee et 
sin. B = >a. sin. § sin. (s—a@) sin. (s—0) sin. (s—c) (y 1) 





2 es 
sin. C = ————; Vsin. s sin. (s—a) sin. (s—O) sin. (s—e | 
sin. a sin. gv su ( ) ( ) ( ) 


Now, by equation (1) we have, 
2 sin, $ sin. (s— @) 


1+ cos A = sin. 6 sin. c 
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or, 
2 sin. s sin, (s +=. @) 
2 cos? — SEE Sn eae eee 
sin. 6 sin. c 
A (i $ sin. (s — @) 
COs, 
2 sin. 6 sin. c. 
Similarly, 


} 

B fy EL s sin. (s—b) | 
cos. = oes (y 

2 sin. d@ sin. € is 


C sip. s sin. sin. s sin. (s—e) 
cos. = = 
2 sin. asin. 6 


2 sin. (s —b) sin. (s —c) 


1 C08, : . 
: sin. O sin, c 
or, 
nee f 2 sin. (s — bd) sin. (s —c) 
2 sin” ~ FF 
2 sin. b sin. ¢ 
A sin. (s — b) sin. (s —C) 
sins = oF  * 
2 sin. b sin, ¢ 
Similarly, 


is a _ (= (s — a) sin. (s—o) (1 3 


Sik. @ Sin. C 


ee woe (s —a) sin. (s — 6) 
Ee sin, asin. b 


- 


Finally, dividing the expressions (y. 3 by those y. 2), we obtain, 





tan, sc sin. s sin. (Ss — @) 

tan. Bieler we sin, s sin. (s — 0) Sai 
Cc sin. (s—a) sin. (s—b) 

tan > = sin. s sin. ($ —C). 


4, To express the sine of a side of a spherical triangle, in terms of the sines 
and cosines of the angles. 


By (@) we have, 
cos. A ++ cos. B cos, C 
sin. B sin. C 
cos. A -+- cos. B cos. C + sin. B sin, ie 
sin. B sin. C 
cos. A +t cos. (B—C) 





cos. a = 
~ l+co.a = 


cas sin. B sin. C 
ALB-C ACES 
=z, 00s. Ta Ny 2 (Plane Trig. Ch. II.) 


sin. B siu. C 


and, 
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Pe ALB: 7 BECHA |. APC B 
2 eae am =e 2 , 


8 — 5 P 
hs le 
2 

Hence, 


Bere ei Ga sin. B sin. C 


Resuming expression for Cos. a, 


cos..B cos. C —sin. B sin. C + cos. A 


sin, B sin. C 


cos. (B -+- C) + cos. A 
sin. B sin, C 
3 B ey, 
Ss. Atte s cos. ahs Seal : 


r— cos: os 


2 co 
sin. B sin. C 
2 cos. s’ cos. (s’— A) 


feast Ba, sin. B sin. C ae, GF BA ier 
Maltiplying Equations (1.) and (2.). _ 

ees _Acos. s’ cos, (s —A) COs. Cire B) cos. (s’-— C) | 

sin.” B sin.? C 

: 2 ERSTE ORR SY STS | RR Oe Ee © TERN 26 MEAT 

a ei, (2 In BancV —°s cos. (s’— A) cos. (s'—B) cos. (s‘—C) 
Similarly, 
: —a 2 ee ee (ie ACNE RE ROE Lee (o_O 
sin. 6 = et ain Ci 4/ —cos. s’ cos. (s'—A) cos. (s’—B) cos. (s'—C) 
4 


fs con, (FA) cos. (9 —_B) con(¢—C) 
sin. A sin. BV cos. s’ cos. (s'—-A) cos. (s’—B) cos (s C) 


By Equation (1) we have, 

2 cos. (s’\— B) cos. (s’— C) 
sin. B sin. C 

2 cos. (s'— B) cos, (s’—C) 
sin. B sin. C 


(ie (s'— B) cos. (s’— C) 


sin. B sin. C 





1 + cos. a — 
*, 2 cos.” 


cos. 


Similarly, 


WIS rwja wa 


f PRCSS BAG 


cos. : ; 
sin. A sin. C 


uf jas (s'— A) cos. (s’— B) 


cos. : : 
sin. A sin. B 


] © 


By Equation (2.) 
Pe a es 2 cos. s’ cos. (s’— A) 
sin. B sin. C 
__. 2 cos. s’ cos, (s’— A) 
sin. B sin, C 
RR 


° ») a 
ww 2sin.” — —— 
2 


AEN Cred UA se Sad Via Se OE 


(Sal: 
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gee ‘s = os COS. s’ COS. (s\— A) 
2 Vv sin. B sin. C 
1b — cos. s’ cos. (s’— B) 
sin, — = = 8. 8 2 OOS. See 
2 sin. A sin. C P (2. 3.) 
oa ee = — cos. s’ cos. (s’ — C) | 
2 sin, A sin. B J 


Finally, dividing the expressions (3. 3.) by the expressions (3. 2.} 







fan, OS _—= cos. cos. ( — A) | 
2 cos. (s’— B) cos. (s’ — C) | 
tan 2 = isons. #008. (¢ — Ba 
2 cos. (s’ — A) cos. (s’ — C) | ra 
feed be 2a — cos. s’ cos. (s’ — C) 
TAR EIST Fee = NS SE ae 
2 cos. (s’ — A) cos. (s‘ —B) 


It is to be remarked, that although the expressions (6. 1.), (0. 3.), (3. 4.), 
appear under an impossible form, they are in reality always possible. 

For by Prop. IX. of Spherical Geometry, the sum of the angles of a spherical 
triangle, is always greater than two right angles, and less than six right 
angles. 


A+B+C > 180° and < 540° 
SSIS ¥- > 90° and 2270 


Hence, cosine s’ is always negative, and .*. — cos. s’ is always positive. 


Again, if a’, b’,c’, be the three sides of the polar triangle, since the sum of any 
two sides of a splierical triangle is greater than the third side: 


Y 4 eS 

°— B-+-180°—C > 180°—A 
B+ C —A = 180° 
rode ae ME 90° 


cos. (s’— A) is always positive, and in like manner cos. (s’ — B), 
cos. (s’ —C), are always positive; hence the above expressions are in every 
case possible. 


5. The sines of the angles of a spherical triangle are to each other as sines of 
the two sides opposite to them. . 

Taking the expressions (y. 1.) and calling the common radical quantity N 
for the sake of brevity : 


2N 
sin. A <= — 
sin. 0 sin, 
; 2N 
sin. B = 


sin. @ sin, ¢ 


Dividing the first of these ny the second; 
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sin. A oy sin. @.sin.c-) sin. a] 
i fin 58 hci PSII Dssincy = 4) -sintd 
_ Similarly, 
sin, A ne sin.a@ sin.b 6_ti‘eséSi 
sin. C nt Sin.|¢sin, 0." wae —<Bine C r () 
sin. B id sin. b sina = =6__tié‘ iin O 
sin. C i sin.c sind = ~—— sinc ‘| 


6. To erpress the tangent of the sum and difference of two angles of a spheri- 
cal triangle, in terms of the sides opposite to these angles, and the third angle of 
_ the triangle. 
By («) we have, 


cos. @ — cos. 6 cos. c 
cos. A = “Sh ond OPE st 1 neal 1 ee ae Peres tnees (1.) 
sin. 6 sin. c 
And, 
cos. C —- cos. a cos. b 
cos. C ome PE Sea ee oe 
; sin. a sin. 6 
*, COS. C = cos. a cos b -+- sin. a sin. D COS. C ic... .coseesscoeceeeceee (2s) 


Substituting this value of cos. c in Equation (1.): 
cos. @— cos. a cos.? 6 — cos, 8 sin. a sin. bd cos. C 
cos. A =< ; : 
sin. 6 sin, c 
cos. a (1 —cos.? b) — cos. D sin. a sin. 6 cos, C 
sin, 6 sin. c 
cos. a sin. 6 — cos. b sin. a cos. C 


— __ o_o ccc sec cncee Ceeere (3.) 


sin. Cc 


In like manner, substituting the value of cos. c in Equation (2), in the expres- 
sion for cos. B, we shall find, 


ces. 6 sin. a — cos. a sin. 0 cos. C 
sin c. : 


Sienensy de> se eeeag (4.) 


cos. B pa 


_ Adding Equations (3) and (4): 
sin. a cos. 6 +- sin. 0 cos, a-— (sin. a cos. +- sin. d cos, a) cos.C 
sin. c 
: uy sin. (a + 0) — sin. (4 +8) cos. C 
Sin. C 
sin. (a + b) (1 — cos. C) ES 


— ef ccen tcc c cece eccececceccnceee >.) 
sin. C 


cos. A + cos. B = 


Again, by Equation (<) we have, 








sin. A =. sin. a 
sin. B i sin. b 
* sin. A+ sin. B aN: sin. @ + sin. 5 
sin. B sin. b 
1 . 
; ; . . sin. B 
-. sin, A sin. B = (sin. a + sin. 6) — 
a sin, 6 
. 
' ‘ , sin. C ‘ ? 
aon (sin. a ay s§1n, b) —— @eeren 88 @revetes SOCeeeeee (é.) 
ae sin. € : 
RR2 


eS 
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Dividing Equation (6) by Equation (5), and taking first the positive sign: 





































































































sin. A + sin. B _ sin.a-+ sin. bd sin, C 
cos. A + cos. B ~ sin.(a+-6) * 1—cos. C 
asin, At B poss esas 2 'gin 2 es Fe kor 
2 2 ia 2 2 Ba C 
on. AEB. AB 0 seo oe 
2 cos. —— cos. : 01 
Cos 5 ee 2 sin gq 008. 3 
a—b 
o* tan a b_B ere 5 ONG cot. , 
e L.. a+ . -_— 
cos. —3— 
2 
Again, dividing Equation (6) by Equation (5), and taking the negative sign. 
sin. A — sin. B _ sin.a—sin. 6 sin, C 
cos. A + cos. B “= “sin. (a 4-6) Tegan 
eam es heme? 53 A+B fe erg a+b 
2 ’ 
sin cos 9 ~ 2 sin 5 cos 9 ao 
2 cos ateeteP ig Nee Qsin, 224 egg 2 ee cos 
2 2 2 
sins oo b 
Pgs damned le cot Si 
- col Z ‘ 
2 
We have thus obtained the required expression, viz, 
a—b 
cos. —— 
tan, ats 4 a 5 cot 
cos, 21 - 
2 
sin. {eo b 
Po eileen al z cot, © 
2 sin, = + : 
Similarly, 
cos is 
5 ED fn iC ee 5 huge Re 
tan. 9 -—~ ae oa cot. oy 
; 2 
a he 
py ee sa 
tan Be Crs 2 cot A 
2 sin. a ‘ 
: | 
COs) ae 
tan. ve = cot. B: 
2 a+e 2 
cos. 
2 
sin, 2 
tan, Aa CSS eee a 
2 a +c 2 
2 


* These Equations when converted inte pro portions, forin what are called, from the inventor, 
Napier’s first and second Analogies. 
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_ % To express the tangent of the sum and difference of two sides of a spheri- 
cal triangle, in terms of the angles opposite to them and the third side of the tri- 
angle. 


Let A, B, C, a, 5, c, be the sides and angles of a spherical triangle, A’, B’, C’, 
a’, U, ¢, the corresponding parts of the polar triangle; then by expression (*) 


’ 





cos fe a 

A 4- BY — 2 C! 

tan 3 ao cot. 3 
cos. er. 


180°— 180°—B 
ee obs 08) 
































BF 180° — a-+- 180° —}b nt § i (180°—c) 
ee n. 5) == (180°—A )-+-(180°—B) cot. 2 
cos, = 
2 
( A—B 
cos. { —-—=—— 
i eae 2 Ls 
tan. (180° — 5) ee AB cot, (90° 5 
cos, Lolo 
A—B 
a + b cos. 5) 7 
. tan, 5) = A+B tan 5) 
COS. : 
2 
Again, 
. a—bd 
; A’ —_B Ww. sin. 5 c 
an 5 — ene B promagy hel See 
sin, 
+2 
ide (180°—A)—( 180°—B) 
180° — a) — (180° —d “7 7 ES oP eee 180°—c) 
Oy og, (IO) 
2 (180°—A }+-(180°—B) 2 
sin, ———— + 
2 
a Oe eee 3) 
a sin. 5 
.°. tan. 5 — eA cB n° 
sin, -—=--- 


2 


We shall thus obtain another group of formule analogous to the last. 


ae 
gl ie 
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A—B % 
a+b as 2 > 
fan. ER = Ag B tan 5 
Os, 
2 
vey ae TS 
oF en ie sin. 3 ; 
tan. 5 =i oy. wou an 5) 
sin. 5) : 
B—C 
b+ Cos. 5) i ‘ 
tan. 2 = 7 hyo ; 
Cos. 
2 
- .B—C (¢) 
eh ene sin, 5 A 
fn oe , tan. — 
sin. 
2 
A—C 
~ COS. 
eco 2 b 
tan. 3 = ALC tan. oy 
Cos. 
: , 
. A—C 
Uh 0 4 ee 2: 2 : b | 
tan. —3— — Artie | 
sil, 2 | 


8. To express the cotangent of an angle of a spherical triangle, in terms of 
the side opposite one of the other sides and the angle contained between these two 


sides. 
By () 
cos. a — cos. bcos. ¢ | 
cos. A si 
and, | 
cos. € — cos. a cos. b 
cos. © SO 
sin. @ sin. 8, 
Hence, 
cos.¢ = cos. a cos. > -+ sin. a sin. b cos. C. 


Substituting this value of cos. c in Equation (1), it becomes 


cos. a — cos. a cos.? 6 — sin. a sin. Bb cos. b cos. C 

me sin. b sin. c 

cos. a (1 — cos.? 6) — sin. & sin. b cos. b cos. C 
sin. 6 sin. c 


cos. A = 


cos. @ (1 — cos.? 6) — sin. a sin. b cos. b cos. C 
2s 6 cos. A <a a 
sin. & sin. c. 
. cos. A sinc = cos. a sin. b — sin. a cos. b cos. C 


But, 
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sin. C 
sin. A 





sin. a, by (<), 


sin. C . F : 
-. cos. A .——; sin. a@ = cos. asin. 6 —sin.a cos, D cos. C, 
sin. A 
.. cot A = cot asin. db cosec. C — cos. 6 cot. C. 


In which the cotangent of A is expressed in the required manner. 


If in Equation (1), instead of substituting for cos. c, we had substituted for 

cos. b, the value derived from the Equation 
cos. 6 — cos. a Cos. C 
sin, @ sin. c : 





cos 


> 


_we should have found a value for cot. A in terms of, a, c, B, or 


cot. A = cot. asin. c cosec. B — cos. c cot. B. 


Proceeding in like manner for the other angles, we shall obtain similar re- 
sults, and presenting them at one view we have, 


cot. A = cot. asin. 6 cosec. C — cos. b cot. C ; 

= cot. asin. c cosec. B — cos. c cot. B ] 
cot B = cot. dsin. a cosec. C — cos. a cot. C 

= cot. bsin. c cosec. A — cos. c cot. A ¢ (a) 
cot. C = cot. c sin. a cosec. B — cos. a cot. B 


cot. c sin. b cosec. A — cos. & cot. A J 


9. To express the cotangent of a side of a spherical triangle, in terms of the 
opposite angle, one of the other angles, and the side interjacent to these two 
angles. 


Let A, B, C, a, 5, ¢, be the angles and sides of a spherical triangle, 
and A’, B/, C, a’, b,c’, the corresponding parts in the polar triangle. 
_ Then by (7) 
cot. A’ 
-*. cot. (180 ° — a) 


cot. a’ sin. 6’ cosec. C’ — cos. B' cot. C! 

cot. (180°— A) sin. (180° — B) cosec, (180 ° — c) 
— cos. (180 ° — B) cot. (180° — c) 

— cot. A sin. B cosec. c — cos. B cot. ¢ 

cot. A sin. B cosec. c + cos, B cot. c. 


ll i 


— cot. a 
-) GO. a 


Applying the same process to each of the expressions in (x), we shall obtain 
analogous results, and thus have a new set of formule : 


cot.a@ = cot. Asin. B cosec. c + cos. B cot. c 

= cot. Asin. C cosec, 6b + cos C cot. b 
cot.5 = cot. B sin. A cosec. c + cos. A cot. c 

= cot. B sin. C cosec. a + cos. C cot. a (4) 
cot.¢ = cot..Csin. A cosec. b 4+ cos. A cot. b 


cot. C sin. B cosec. a -+ cos. B cot. a J 


By aid of the nine groups of formule marked, («), (8), (v), (3), («), (=), (2); 


(x), (0), we shall be enabled to solve all the cases of spherical triangles, whether 


right-angled, or oblique-angled ; and we shall proceed in the next chapter to 
apply thei. 
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CHAPTER I. ~ 
ON THE SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES. 


SpuericaL triangles, that have one right angle only, are the subject of in- 


vestigation in this chapter; those that have two or three right angles are ex- — 


cluded. 
A spherical triangle consists of 6 parts, the 3 sides and 3 angles, and any 3 


of these being given, the rest may be found. In the present case, one of 


the angles is by supposition a right angle; if any other two parts be given, the 
other three may be determined. Now the combination of 5 quantities taken, 
ae = 10; therefore ten different cases present themselves in 
the solution of right-angled triangles. 

The manner in which each case may be solved individually, by applying the 
formule already deduced, will be pointed out at the conclusion of this chapter ; 
but we shall in the first place explain two rules, by aid of which the computist 
is enabled to solve every case of right-angled triangles. These are known by the 
name of Napier’s Rules for Circular Parts ; and it has been well observed by the 
late Professor Woodhouse, that, in the whole compass of mathematical science, 
there cannot be found rules which more completely attain that which is the 
proper object of all rules, namely, facility and brevity of computation. 





3and3 = 


The rules and their description are as follows: 


Description of the Circular Parts. 


The right angle is thrown altogether out of consideration. The two sides, the 
complements of the two angles, and the complement of the hypotenuse, are 
called the circular parts. Any one of these circular parts may be called a 
middle part (M), and then the two circular parts immediately adjacent to the 
right and left of M are called adjacent parts ; the other two remaining circular 
parts, each separated from M the middle part by an adjacent part, are called 
opposite parts, or, opposite extremes. 


This being premised, we may now give 


Napier’s Rules. 


1. The product of sin. M and tabular radius = product of the tangents of the 
adjacent parts. 

2. The product of sin. M and tabular radius* = product of the cosines of the 
opposite parts. 

These rules will be clearly understood if we show the manner in which they 
are applied in various cases, 


* See Plane Trigonometry, Chap. IV. 





SPHERICAL TRIGONOMETRY. 


Let A BC be a spherical triangle, right-angled at C. 
Let a be assumed as the middle part. 
- Then (90° — B) and 6 are the adjacent parts, 

And (90° —c) and (90° — A) are the opposite 
parts. ; 
‘Then by rule (1) 

R X sin. @ tan. (90° — B) tan. 3 
Cot. B tan. D....c.sseecreeeeee os (1) 


ll 


By Rule (2) 
R. sin. @ cos. (90° — A) cos. (90° — c) 


sin. A SiN, C,...cceseecceroeneeres (2) 


2. Let b be the middle part, 

Then (90° — A) and a are adjacent parts, 

And 90° —c) and (90° — B) are opposite parts. 
Then Rule I, 


» Rsin.d6 = tan. (90° — A) tan. a 
By Ob LAT. sul es lass sceawecerqacecoessenvasveieecsecty was(abie 
And Rule I, 
and Rsin 6 =. cos. (90° — B) cos. (90° — ¢) 
= sin. B Sim. C ccceeseee sercereoerecserers seats shakes ase uwi ts 
3. Let (90° — c) be the middle part. 
Then (90 ° — A), and (90 ° — B) are adjacent parts, 
And 8 and a are opposite parts. 
Then, 
R. sin. (90 ° —c) = tan. (90 °— A) tan. (90°— B) 
R. cos. c = cot. A cot, By..ceseeesrreeseeerers sahaeewbane? (5) 
And, 
R. sin. (90° —c) = cos. a cos. 6. 
R. Cos. C. == COS: GCOS. Die esseecenereerenecenenrensecees »sae(6) 


4, Let (90° — A) be the middle part. 
Then (90 ° —.c) and 6 are adjacent parts, 
And (90 ° — B) and @ are opposite parts. 
Then Rule L 
R. sin. (90° — A) = tan. (90° —¢) tan. b, 
< Roos. A == Cot. C tan. D...cerecsccessorrsssees ine: eg 
And Rule II. 


R, sin. (90° — A) = cos."(90 ° —.B) cos. 4, 
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~ Recos, A == Sin. B COS. Gd. ..sseeeeesseeneeeseesvers atte so hae 


5. Let (90° — B) be the middle part. 
Then (90 °— ¢) and u are the adjacent parts, 
And (90—A) and 0 are the opposite parts. 


‘Then Rule 1 
: - cos. B = tap. (90° — c) tan. @, 
= tan. @ Cot. C....6. p= ee te SAREE OD 
cos. B = cos. (90° — A) cos. 4, 
m= sin. A COS. Bi. ..cce serene eneeteaeeneeceees «o(10) 


Collecting the above results we shall have 
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* sin. @ = cot. B tan. Die csessousseseetaccouoseee agit sania 
Bin, @ = sin. A sin. ¢.........060es0-0 eee errr ey P74 
sin. 6 = cot. A tan. Diseseececsecsesesscscacesescceeacecsessnen(B) 
sin. 6 = sin. B Sin C..........2ccthssdserccceaenn ee 
cos, (= cot. A:cot, Ba... seeceveeeesend en emuyneieitns saan 
608; C= ‘casa cos. 6S eee veo ssa s us Gee e9n ee So enaeeey 
eos, <A = tan. & Cone vase sseevereccseccasdeanasasecsassa(it) 
cos. A = sin. Bitos) dei eee os eseseccecseeecessessensa( O) 
cos. Bi tana cot oy. SS NeOR ie ote eeeren sueul sven anes er ee 
cos. B = sin. A cos. 0...... SP Me Fo sf |, 


It now remains for us to show that these conclusions are accurate, and in aw 
cordance with the formule already deduced. 


COS. C — Cos. a cos. b 
sin. a sin. 0 
But when C = 99°>-then cos. © = 0, 
cos. €C — cos. a cos. b 
ote 9 en a a eo en ee 
sin. @ sin. b 
-* COs, € = cos. a cos. 6, which is formula (6) in the above table. 


Again by («) 


sin. a sim, A 
sins c. Ts. sins 


But when C = 90° sin. C = 1. 
.. sin,a@ = sin. Asin.c. which is formula (2) above. 
Sinuilarly, ‘ 
sin. sin. B 
sin, C ~ sin, © 
“. sin.6 = sin, B sin. c, which is formula (4). 


Next since by (a) | 
cos. @ — cos. b Cos. ¢ 
Sotesin, basins cl 
cos. a — cos. a cos. 2b 
sin. 6 sin. c 
- cos. a sin b 
“ae sin. C 
cos. @ sin. b 
— sina 
sin, A 


-. sin. 6 = cot. A tan. a, which is formula (3.) 


cos, A = , Substitute for cos. ¢ its value in (6). 





, Substitute for sin. c, its value as found in (2). 


Again, 
cos, A = eg Se eee substitute for cos. a, its value in (6.) : i 
sin. & sin. ¢ ; 
cos. ¢ 
— cos, b 7 00S 5 cos. € | 
sin. 6 sin. ¢ “a 


* The number R need be introduced only when we have occasion to use tables, and will there. 
fore be omitted in the investigation which follows 


a 
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cos. c sin. b 
— sin. ¢ cos. 0 
— tan. } cot. c, which is formula (7). 


Again by (#).. 
cos. 6 — cos. @ COS. ¢ 
sin. @ sin. C 
cos. 6 — cos. 6 cos. ? a 
sin, a@ sin. C 


cos. B = substitute for cos. c its value from (6} 


iI 


cos. 0 sin. @ : , : 
se substitute for sin. c, its value from (4). 


cos. 6 sin. @ 
— sin. b 
sin. B 


Sin. a = cot. B tan. 8, which is formula (1). 


Again, 
cos. 6 — Cos. @ COS. C 
SUE ivr eatadioaine tiated 


Se ai cin. ¢ , substitute for cos. 0, its value in (6). 


eon: = 


cos. C 
cos. a 
sin. a sin. c 
cos. C sin. @ 
= sin. ¢ cos. a 
— tan. a cot. c, which is formula (9). 


— cos. a COS. € 





Next by (@). 
cos. A + cos. B cos. C 


sin. B sin, C 
But C = 90°.:. cos. C = 0, and sin. C = 1. 


cos. & = 


SeCOss 2: . 4 
sin. B 


cos. A= sin. B cos. a, which is formula (8). 


: Again, 
.B . A cos. C 
cos. 6b = eee and when C = 90% . 
sin. A sin. © 
__ Cos. B 
> sin. A 


- cos. B = sin. A cos. 6, which is formula (10). 


Lastly, 

cos. C +- cos. A cos. B 
sin. A sin. B 

cos. A cos. B 

sin. A sin. B 

— cot. A cot. B, which is formula (5). 


and in this case, 


cos. C 


We have thus proved the truth of the results derived from the application of 
Napier’s rules, and may therefore apply these rules without scruple to the solu- 
tion of the various cases of right angled triangles. 

Let us then take each combination of the two data, and determine in each case 
the other three quantities, adapting our formule to computation by tables. 


Perrce 


636 
ih 


2. 


ate 


4. 


5. 


6. 


a 2 


8. 


9. 
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Given A, B, required a. 5, c. 


R cos. A = sin. Bos. a 


R cos. B = sin. A cos. 3 


R cos c = cot. A cot. B.... 


Given a, b, required A, B, c. 
R sin. a = cot. B tan. 3 
R sin. 6 = cot. A tan. a 
R cos. c = cos. a cos. } 


Given a, c, required A, B, 0. 


R sin. a = sin. A sin. c 


R cos. c = cos. a cos. } 


Given d, c, required A, B, a. 


R sin. 6 =- sin. B sin. c 


R cos. c = cos. a cos. b 


R cos. A= tan. dD cot.c...... 


Given A, c, required B, a, 8. 


R cos. A = tan. 6 cot. ¢ 


R cos. c = cot. A cot. B .- 


R sin. a = sin. A sin. c 


Given B, c, required A, a, 0. 
R cos. B = cot. c tan. a 
R ¢os. c = cot. A cot. B 


Resi0.00,—= sin sinac.... 


Given A, b, required B, c, a. 
R cos. A = cot. c tan. b 
R sin. 6 = cot. A tan. a 
R cos. B = sin. A cos. b 


Given B, a, required A, c, d. 
R cos. B = cot. ¢c tan. a 
R sin. a = cot. B tan. } 


R cos. A = sin. B cos. a...... 


Given A, a, required B, 3, c. 


R cos. A = sin. B cos. a 


R sin. a = sin. Asin. € 


Hain. b= 


cot. A tan. a... 


cos. 2 = R sin. B OCocescccece (1) 
cos. B 

cos. 6 =R sim Att os (2) 

PE ee nates ee (3) 

cot. B = R sin. a cot. d...... (4) 


cot. A = R sin. b cot, a ...... (5) 


Jester (6) 


eeere 








sin. a 

sin. A = singe ‘titers (7) 
Cos. C 

cos. 6 = Coss ttt (8) 








sin. b 
sin. B = ain, Gee eee (10) 
COS. C 
(08.00 ae con Bott er ia 
seeee Creer rensreseoreseseresseesesees ees (12) 
an. b = R cos.a tan.c...... (13) 
cot. B = R tan. A cos. c...... (14) 


tan. a = R cos. B tan. ¢...(16) 
-“. cot. A = R tan. B cos. c...(17) 
erent ee eh vveseveeee( 18) 
cot. ¢ = R cos. A cot. b...... (19) 
tan. a = R tan. A sin. 8...... (20) 
tcsesaedpdacdenaqeeregeo an (21) 


cot. c = R cos. B cot. a......(22) 








tan. b = R tan. B sin. a...... (23) 

cbs ccvaveracsoscoares aes teheninenanes (24) 
A 

sin, |B = Rae (25) 
cos. a@ 
sin. @ 

sinse sin Att (26) 


il ¥ ‘° : 
: P: 
1a, P 
ij 
, 


SPHERICAL TRIGONOMETRY. 637 


10, Given B, }, required A, a, ¢. 
i ‘ cos. B 
Ros. B = sin. Acos.d .% sin, A= R ——> «.sseseee (28) 
cos. 5 
; Pe. : Vie: _ 7p sin 8 
Rsin. 6 = sin. B sin. c .. sins c = R 7m BT pera Cou} 
R sin. a@ = Cot. B tam. D .....secsccscsccccsvecscereeevevenes Oa tes (30) 


CHAPTER III. 


ON THE SOLUTION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES. 


Tu different cases which present themselves are contained in the following 
enumeration. 


1. When two sides and the included angle are given. 

2, When two angles and the side between them are given. 

3. When two sides and the angle opposite to one of them are given. 
4, When two angles and the side opposite to one of them are given. 
5. When three sides are given. 

6. When three angles are giver, 


I. When two sides and the included angle are given. 


‘The remaining angles may be determined from the formula (c). 
Thus, let a, 6, C, be given, A, B, c, required. 


























ie G26 
COS. “sa 
A+B _ 2 Go 
tan. 5) i ep b cot. B} 
cos. G7 
2 
a= 5b 
ny 2 sin. 2 oe c 
tan 3 =—Tra- bo" 2 
sin. 
2 
A A 
Whence 3 and ——— are known from the tables. 
A B 
Let = 8 
A, 
a. = 
A=6+? 
B=6—®@ 


A and B being known, ¢ may be obtained from (¢). 
sin.c _ sin. © 
La sin,a sin. A 
sin, © 
sin. A 
And, in like manner, if any two other sides and the included angle be given, 


sin. c = sin. a 


the remaining parts may be determined. 
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[1. When two angles and the side between them are given, 
The remaining sides may be determined from the formula (£). 
Thus, let A, B, c; be given, a, b, C; required. 
| cos tome 
clin alk eae tan. S 
2 A+B 2 

















; 2 bd 
2i,s sat Ane 2 








Whence ? £ g and “4 = cs are known from the tables, 





6 
se 
oe 


Let tah 
a—b 
a Sl F, 
ook EQ Sop bea 
Mebmrntid fees 
a and 6 being known, C may be ebtained by («). 
sin. C sin. ¢ 
For SSS ee 
sin, A sin. @ 





F f Sin, C 
sin, CG .=' sin. Awe 
sin. @ 


And, in like manner, if any two other angles and the ineluded side are given 


the remaining parts may be determined. 


III. When two sides and the angle opposite to one of them are given. 
The angle opposite to the other side may be found from formula (¢). 


Thus, let a, 5, A be given, B, C, c ; required. 
sin. B __ sin. } 
Sine A? ?sin. -G 


























in. } 
st sin. B = sin A a 
sin. a 
The angle B being determined, the remaining angle C will be found from (c). 
ree 
A 4. B cos. 9 C 
For tan, 3 Eyob cot. 2 
COS, per we 
a+b 
C Cos 5) A + B 
cot. la eae | tan. 2 
cos. —> 


‘The angle C being determined, the remaining side ¢ will be found from (¢), 





sin. c sin. C 
For wea a 
sin. @ sin. A 
sin, C 


sin. c = sin. a 





sin. A 
or c may be found from (¢). 


And, in like manner, if any other two sides and the angle opposite to cne of 


them be given, the remaining parts may be determined. 


i 


TV. When two angles and the side opposite to one of them are given. 
The side opposite to the other angle may be found from formula (¢). 
Thus, let A, B, a; be given, 3, c, C; required. 
sin 5 sin, B 
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sin. 6 = sin. @ = 
sin. A 


The side b being determined, the remaining side c will be found from (¢) 
A—B 





COS, 
b 


For tan. ———- = 2 
c . 2 — A +B 











tan. —_— = 





cos. ) 


The side c being determined, the remaining angle © will be found from (¢). 
sin, © sin. C 
For a VE ns ee 
sin, A sin. @ 
es sine sine 
or c may be found from (¢). 
And, in like manner, any other two sides being given and the angle opposite 
to one of them, the remaining parts may be determined. 


V. When three sides are given. . 
The three angles may be immediately determined from any one of the groups 
of formule (y 1), (y 2), (y 3), (y 4). 
The choice of the formula, which it will be advantageous to employ in prac- 
tice, will depend upon the consideration already noticed in the solution of the 
analogous case in plane trigonometry. 


VI. When three angles are given. 
The three sides may be immediately determined from any of the groups of 


formule (3 1), (3 2), (8 3), ( 4): 


CHARTER LV. 
ON THE USE OF SUBSIDIARY ANGLES. 


We have already explained in Plane Trigonometry, the meaning of Sub- 
sidiary Angles, and the purposes for which they are introduced; we shall 
now proceed to point out under what circumstances they may be employed with 
advantage, in Spherical Trigonometry. 

In the solution of case I, where two sides and the included angle were given, 
we first determined the two remaining angles, and having found these, we were 
enabled to find the side also. It frequently happens, however, that the side 
alone is the object of our investigations, and it is therefore convenient to have 
a method of determining it, independently of the angle. 
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Thus, for example, let 4, c, A, be given, and let it be required to determine a, 
independently of the angles B, c. 
By (a), we have 
cos. @ — cos. 6 cos. ¢ 
sin. 6 sin. c 
Whence cos. a@ = cos. A sin. b sin. c + cos. 6} cos. c 
From which equation a is determined, but the expression is not in a form 
adapted to logarithmic computation; we can, however, effect the necessary 
transformation by the introduction of a subsidiary angle. 
Add and subtract sin. } sin. c on the right hand side of the equation. 
Then cos. a = cos, A sin. 6 sin. c + cos. 0) cos. c + sin. b sin. ¢ — sin. 6 sin. c 
= cos. b cos. c + sin. 0 sin. c¢ + sin. & sin. c cos. A — sin. 6 sin. ¢ 
= cos. (b —c) —sin. 0 sin. c vers. A 
1 — cos. a = 1 — cos. (b —c) + sin. 6 sin. c vers. A 
vers. a = vers. (6 —c) + sin. 0 sin. c vers, A 


in. 6 sin. rs. A 
aa ies, (6) si sin. c vers i 


vers, (6 —c) 
sin. 6 sin. c vers. A 
vers. (6 — c) 
. vers. a = vers. (6 —c) $1 + tan.’ 63 
= vers. (6 — c) sec.* 0 
from which a may be determined by the tables, 9 being known from the equation. 


2 sin. 6 sin. ¢ vers. A 
an-8) =e 
vers. (6 — c) 





cos A = 





Let tan.? 6 = 








In like manner in case IL,’ where two angles and the included side were 
given, we first determined the remaining sides, and then we were enabled to 
find the remaining angle. Now, let us suppose, that A, B, c, are given, and that 
we are required to find C independently of a and 6. 
cos. © -+ cos. A cos, B 

cos. C = cos. c sin. A sin. B — cos. A cos. B 
.. 1 — cos. C= 1 — sin A sin. B (1 — vers. c) 4- cos. A cos. B 
= 1 + cos. (A + B) + sin. A sin. B vers. c. 


From (8) cos. ¢ = 











C A B 
or 2sin.” > =2 cos.* - -+ sin. A sin. B vers. c 
Fs A B 3] ° i i ° 
be ene 7 es sin. A sin rat c 
“2 Cosas “oa 
: C A B 
sin.” 3 = cos.” = sec.” 6 


If we assume 
sin. A sin. B vers. c 


AC ei 
2 cos.” “t= 


tan.) = 


In case I1J, where two sides and the angle opposite to one of them were 
given we first determined the angle opposite to the other side, and then the 
remaining angles and the remaining side in succession. Now, let us suppose, 
that a, 6, A, are given, and that we are required to determine the angle C and 


the side c, independently of the angle B and of each other, under a form 
adapted for logarithmic computation. 
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To find C, we have from (x). 
cot. A = cot. a sin. 4 cosec. C — cos. & cot. C 





or cot. A sin. C = cot. a sin. 6 — cos. 4 cos. C 
or sin. C = cot. a sin. 6 tan. A — cos. 6 cos. C tan A, 
.. sin, C + cos. C cos. 6 tan. A = cot. asin. & tan. A 
aay 
Let cos. 6 tan. A = tan. d = sa 
cos. 6 
A sin. 0 ; 
a sin. C +- cos. C = cot. a sin. 6 tan. A 





cos. 6 
.. sin. C cos. § + cos. C sin. § = cot. a sin. b tan. A cos. 6 


sin. (C + 6) = cot. asin. 6 tan. A — nt 
= cot. a tan. 6. sin. 6 


whence C is known, @ being previously determined from equation. 
tan. 6 = cos, 6 tan. A. 


To find c, we have from («). 
. cos. a — cos. 5 cos. ¢ 











cos. A = ——.—_,— 
sin. 6 sin. ¢ 
a sin. c sin. 6 cos. A = cos, a — cos. 8 cos. ¢ 
j Cos. @ 
sin. c tan. 6 cos. A = — Cos. C 
cos. } 
sin. 6 
Let tan. 6 cos. A = tan. 6 = 
cos. 6 
. sin. 6 cos. @ 
m sin, € cos, ¢ = —— 
7 Cos. a cos. 6 
A é) cos. a cos, 6 
Greet fae AV ite ne 
( cos, b 


whence c may be found, 4 being previously determined from the equation. 
tan. 6 = tan. 6 cos. A. 


In like manner, in case IV, when two angles and the side opposite to one of 
' them were given, we first determined the side opposite to the other angle, then 
the remaining side and the remaining angle in succession. Now, let A, B, a, 
be given, and let it be required to determine c and C, independently of 4 and 
of each other, and under a form adapted to logarithmic computations. If we 
take the formula (¢). 

cot. @ = cot. A sin. B cosec. c -++ cos. B cot. ¢ 


or cot. a sin. c = cot. A sin. B + cos. B cos. ¢ 
or sin. c = cot. A sin. B tan. a + cos. Boos. c tan. a@ 
.% sin, c — cos. c cos. B tan. a = cot. A sin. B tan. a. 
sin. 6 
cos. B tan. @ = tan. 6 = —. 
Let os. B tan. a = tan. 6 nae 
' sin. 6 : 
sin. 6 — [og Cos € = cot. A sin. B tan a 
sin. (c —- 6) = cot. A sin. B tan. a cos. 6 


= cot. A sin. B tana oad Sates 
cos. B tan. a 
= cot. A tan. B sin. 6 
whence c may be determined, 4 being previously known from equation 
tan. 6 = cos. B tan. a. 


ss 
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To find C, we have from (4) 
cos. A + cos. B cos. C 














08 6 ain Bie 
gs sin. B sin. C cos. a = cos. A -+ cos. B cos. C 
. cos. A : 

aA sin. C tan. B cos, a = Sos. B + CS: C 
é cos. A 
. sin. C tan. B cos. a —cos. € = cee 

Let tan. B cos. a = tan. @ = puny 

cos. 6 
; sin. 6 cos. A 

> sin. © — cos, C= 

x cos. 6 cos, C cos. B 


cos. A cos. 6 
sen GOSS AS Le iment ia 
whence C may be found, 6 being known from equation 
tan. § = tan. B cos. a. 
In the fifth and sixth cases, any one of the angles or sides required, may be 
found independently of the rest by the formule referred to. 


EXAMPLES IN SPHERICAL TRIGONOMETRY. 


(1.) In the right-angled spherical triangle ABC, the hypothenuse AB is 65°5’, 
and the angle A is 48°12’; find the sides AC, CB, and the angle B. 
Ans. AC = 55° 7! 32" 
BC = 42 32 19 
ZB=64 46 14. 


(2.) In the oblique-angled spherical triangle ABC, given AB= 76° 20’, 
BC=119° 17', and 2 B= 52° 5’; to find AC and the angles A and C. 
Ans, AC = 66° 5 36! 
ZA=131 10 42 
ZC= 56 58°58. 


(3.) In an oblique spherical triangle the three sides are 
B= S117, b= 114° c= bore 
required the angles A, B, C. 
Ans. A= 62°39" 42" 
B= 124 50 50 
C= ‘50 SI 42, 


ANALYTICAL GEOMETRY 


OF 


TWO DIMENSIONS. 


Ir we reflect on the nature of Geometrical Problems, we shall perceive that the 
‘greater number of them depend ultimately on finding the distance of one or 
more anknown points, from other points or straight lines, whose position is 
already known and determined. If, therefore, we have a method which enables 
- us to determine analytically the position of a point, with reference to certain 
other points or straight lines whose position is known, we shall be in a state to 
resolve all kinds of geometrical problems. 

Let there be two straight Jines AX, AY, whose 
position is known and determined, situated in the 
same plane at right angles to each other, and let P | 
be any point in the same plane whose position we are 
required to determine. | 

From the point P let fall PM, PN, perpendiculars 
on AX and AY. Then it is manifest that the point | 
P will be determined, if we know the length of the A —x 
sides AM, AN, of the rectangle AP. For these sides 
are the distances of the point P from the two fixed 
straight lines AX, AY, so that, if we draw from the points M and N two straight 
lines, respectively parallel to AY and AX, the point where they intersect will 
be the point required. . 

The two fixed lines AX, AY are called Aves. 

The distance AM or PN of the point P from the axis AY is called the Ad- 
scissa of the point P, and is usually designated algebraically by the letter x. 

The distance AN or PM of the point P from the axis AX is called the Ordi- 
nate of the point P, and is usually designated algebraically by the letter y. 

The two distances 7 and y are together denominated the Cosordinates of 
the point P. 

The two axes are distinguished from each other by calling the axis AX, 
along which the abscissas are reckoned, the Axis of Abscissas, or the Axis of 
z’s; and in like manner the axis AY, along which the ordinates are reckoned, 


is called the Axis of Ordinates, or the Axis of v’s. 
s8§2 
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The point A is called the Origin of Co-ordinates, since it is from this point 
that the distances are reckoned. 


EQUATIONS OF A POINT. 


The characteristics of every point situated on the axis of y’s is x = 0, since 
that equation indicates that the distance of the point in question from that axis 
is nothing. 


Similarly the characteristic of every point situated on the axis of 2’s is 
vi 0 


Hence the system of two equations, z = 0, y = 0, characterizes the point A 
the origin of co-ordinates, since these equations can hold good at the same time 
for no other point. 


In general the two equations « = a, y = 6, when considered together 
characterize a point situated at a distance a from the axis of y’s, and at a dis- 
tance 6 from the axis of z’s. The first of these equations, when considered 
separately, belongs to all the points of a straight line drawn parallel to the axis 
of y’s, at a distance AM = a, and the second to all the points of a straight line 
drawn parallel to the axis of x’s, at a distance AN = b. Hence the system of 
two equations together belongs to the point P, in which these lines intersect, 
and belongs to this point alone. These expressions are thus, as it were, the 
analytical representations of the point, and for this reason are called the Equa- 
tions of the point. 


We must always consider, in the expressions a and 3, not only the absolute 
or numerical values of the distances of the point from the two axes, but likewise 
the signs by which they may be affected, according to the position of the point 
in the plane of the axes AX and AY. For, according to the conyentions 
explained in the first chapter of Analytical Plane Trigonometry, if we agree to 
consider as positive, distances such as AM 
reckoned along AX to the right of the point A, 
we ought to consider as negative, distances such 
as AM! reckoned to the left of the same point. 


ove 





In like manner, if we consider as positive, dis- 
tances such as AN reckoned along AY up- 
wards from the point A, we must regard as 
negative, distances such as AN’ reckoned along 
AY downwards from the point A, 

Tf, then, we exhibit the different signs 
with which @ and 6 may be affected, we 
shall have four systems of equations to cha- 
racterize the four different positions of the 
point P. 


For P we have,...2-=a,y=6 
i a et =O, Ye D 
Pi: 100 am OY 





It eee «fm —ay= b 
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Thus, for example, the point whose equa- 
tions are x = + 2, y = — 3, is situated in 
the angle XAY’, at the distance AM = 2 from 
the axis of y’s, and at the distance AN’ = 3 
from the axis of a's. 





Y 

The point whose equations are x = 0, fe we 
y = — 2, is situated on the axis AY’, ata dis- a 4 ax 
tance AN’ = 2 from the axis of 2’s 

NW’ 
y? 

The point whose equation is « = — 4, 

y = 0, is situated on the axis AX’, to the left : 
of A, at a distance AM’ = 4. 

We have hitherto supposed that the axes - X M’ jA * 
are perpendicular to each other, becarse that 
position is the most simple, ana most fre- ly’ 
quently employed; however, it is sometimes 
necessary to consider the axes as inclined at 
any given angle to each other. 

In this case the co-ordinates are no longer 13 
straight lines drawn perpendicular to the : P 
axes, but are straight lines parallel to these 

axes; that is to say, the distances PM, PN, 
are reckoned parallel to AX, AY. 
A/ M X 


All the other remarks which we have made 
upon the supposition that the axes were rec- / ¥ 
tangular, apply equally to the case in which 

they are oblique. 


In order to complete our discussion on the equations to a point, let it be 
required 


To determine the analytical expression for the distance between two given points 
which are situated in the same plane. 

Let the co-ordinates of the first point P, be 2’, y’/, and of the second point 
P; be x”, y”, so that the equations to these points, whose positions we suppose 
known, are 

cS me Biase 
Of P, ; 4! aC) And of P, } if ak ; eR 

It is required to express the distance P, P, of these points in terms of the 

given co-ordinates 2’, y’/, x”, y". 


646 ANALYTICAL GEOMETRY. 


Let the distance P, P, be called R. 





iy 
Draw the ordinates P\M, P,M,, of the P2 
two points, and through P, draw RQ parallel me ae 
to AX, | | | 
The right angled triangle P,QP,, gives BE See i , 
“0 A” ORAS ess x 


P,P, or BR’. — P; Q* + P, Q?.....5,-.(A) 


But P,Q.— M,M, = AM, — AM, = 2” —27 
And P,Q = P,M, — QM, = P,M, — PMS eee 
Substituting these values of P,Q and P,Q, in (A) we have 
R= V(@’—2¥ + Yy—y¥ 
This formula is quite general, and will apply equally well to the case in 
which the two points are situated on different sides of the axes. 


It will only be necessary, in this case, to 
introduce the changes in the signs which cor- 
respond to changes in position; thus, for ex- 
ample, to obtain the distance of two points, 
one of which is situated in the angle YAX, 
and the other P, in the angle YAX’, we must se 
change the sign of 2”, which gives us 


R=V@l +2" + VV 
In fact, if we perform the calculations as in the former case, we find 
P,P, = P,Q’ + P,Q 
P,Q = (2 + 2") 
P,Q=Y—-y) 
And .* R=V(@ +2 f+ iy —y’y¥ 
If one of the points, P, for example, is the 


origin of co-ordinates, in that case x” = 0, 
y"” = 0, and the formula becomes 


R=Ve*+y" Pend Lapras 


For here we have 
AP? = AM; -+ P,M/’ Y) 
t. R= V2? + y" 











TO FIND THE EQUATION TO A STRAIGHT LINE. 


Let LOS be a straight line of indefinite 
length, and situated in a plane. 

Draw in this plane two axes, AX and AY, 
at right angles to each other, and let the situ- 
ation of the straight line with regard to these 
axes be any whatever. 

In the straight line take any points P,, P,, 





A M1 M2M3 x 
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} p,,....-. and from these points draw P,M,, PsMs, PsMs,..-.- perpendicular 
on AX, and through the point O, in which the straight line meets the axis AY, 
draw OQ parallel to AX. 

The similar triangles P,Q.9, P,Q,0, P,Q,0, will give a series of equal ratios. 


or, since AO = Q,M, = Q.M, = &e. 


P.M, — AO P,M,— AO, P,Ms-- AO 

AM, - RMie Cee AM, 

Which proves that the difference between the ordinate of any point in a 

straight line, and the distance of the straight line from the origin, ts in @ con- 

stant ratio to the abscissa of the same point. 

Let us then call the co-ordinates ofany point in the straight line « and y, and 

let us designate by 6 the distance AO: that is, the distance from the origin of 

the point in which the straight line cuts AY; let a be the constant ratio 
which we have just mentioned, we shall then have the relation. 

cd — b a! 
Dwi Ups art- bia.tie5 ceccoorancescavcs sone eeecensss (1) 

Now this relation holds good, as has been shown above, for every point in 
the straight line LOS, but it will not hold good for any point which is not situ- 
ated in this straight line. 

For let N be any other point taken either 
above or below the straight line LOS. 

Now, since the ordinate NPM of that point 
is either greater or less than the ordinate PM 
of the straight line corresponding to the same 
abscissa AM, and since by hypothesis we have 
for the point P the relation | 

PM = a.AM-+6 
st follows that since NM is either 7 or — 
PM, we have for the co-ordinates of the point N, 


y= la AM 4 5 





Se 


ECs 








We thus perceive that the relation (1) is characteristic of every point in the 
straight line LOS, and that it does not hold good for any point without that 
line, and is therefore the analytical representation of that straight line; for if 
this relation be given in the first instance, we are enabled, by means of it, to 
determine the position of the straight line, and to trace it graphically. 


For this purpose it is sufficient to give to © 
a series of values, which we measure along 
AX, such as AM), AM,, &c. and drawing from 
these points straight lines Mibu Wtatae2..* = 
parallel to AY, and making these straight 
lines equal to the corresponding values of y, 
found from equation (1), we shall in this man- 
ner determine the points P,, Peganeein > Slt Ys 
ated in the required straight line. 
For this reason the relation (1) is denominated the Equation to the Straight 


Line LOS. 
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The quantities x and y, which represent the coordinates of the different 
points in the straight line, are called the Variables in the equation, and the 
quantities a and b, which do not change for the same straight line, are called 
the Constants in the equation. 

The constant 3, it has been already shown, is the 
distance from the origin of the point in which the 
straight line cuts the line AY, or, this is the ordinate 
of the straight line at the origin; it remains, therefore, 
to examine the constant ratio which is expressed in 
the equation by a, now 

“= o3="L=™. PLM. 

Thus, it appears, that the constant ratio, is the 
trigonometrical tangent of the angle which the straight line makes with the 
axis AX, 





DISCUSSION OF THE EQUATION TO A STRAIGHT LINE. 


The above equation we have seen, is the representation of a straight line, 4 
being the distance of the point in which it cuts the axis AY from the origin, 
and a being the trigonometrical tangent of the angle which the straight line 
makes with the axis of x’s, Now, the quantities a and J, are fixed and deter- 
mined for all points of the same straight line, but when we come to consider 
different straight lines ; we shall find that they are distinguished from each other, 
by the different values which the quantities a and b receive in the equations of 
each. For it is evident from the nature of the quantities a and 6, that they are 
susceptible of all degrees of magnitude, since the first is a trigonometrical tan- 
gent, and the second expresses the distance of a fixed point A, from a point in 
the indefinite line YAY’. 

Let us first consider the changes which may take place in 8. 


In deducing the equation y =a x + 6, we sup- 
posed that the straight line intersected the axis AY 
in some point O, above A. 


But, if we suppose the straight line in question 
to intersect the axis AY in some point, O'situ-. 
ated below A; then, from what has been said with 
regard to the signs of these quantities, it appears 
that 4 will have the negative sign, and consequently 
the equation to the straight line, will, in this case, 
become 
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Again, let us suppose that the straight line passes 
‘through the origin A, then the distance from the 
origin of the point in which the line cuts YAY’, is O 
and... d= 0. 

The equation, therefore, to a straight line which 
passes through the origin, is, 

RPE D Lap yeseacbess.- wae cenetnadheth os ate (3) 
Let us now consider the different portions of the 
straight line which will correspond with a change in a. 


In determining the equation, we supposed the ; 
position of the straight line to be that represented in 


the figure, and that a was the tangent of the angle 
OTA. 


Now, suppose that the straight line is parallel to 
AX, then it is manifest that for all values of 2, AM,, 
AM,, which we may assume; the value of y will 
always remain the same and be equal to AO; hence 

in this case, the equation assumes the form 
7 Reet Ohare eaccs ys: 1 aera a -. (4) 
which therefore, represents a straight line drawn 
‘parallel to the axis AX, at a distance 6 from the 
origin. 

Similarly, if the straight line be parallel to the 
axis AY, it is evident that for all values of y, the 
value of x will always remain the same; and hence 
the equation to a straight line in this position, will be 

ae ences Me orc ec ceri cscccusess- 0s. Peg 
which is therefore, the equation to a straight line 
parallel to the axis AY, and which cuts the axis AX 
at a distance c from the origin. 


In deducing the equation y = ax ++ 4, we sup- 
posed the straight line to make an acute angle 
OTA, of which the tangent is a and positive ; if 
however, we suppose the straight line to revolve 
until it comes into the position OT’ ; then it makes 
an angle OT'X with AX, which is greater than 90° 
and less than 180°, and whose tangent is conse- 
quently negative, hence the equation of a straight 
line in this position, is — 


ie ee EE s23nG6) 


x’ 
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If we suppose the position of the straight line to 
be that represented in the adjacent figure, since the 
angle which it makes with AX is > 180° and = 
270°, a is positive, and the equation is 

y= ar—b 





Lastly, the equation to a straight line in the posi- 
tion represented in the figure, is 
y= —azr— bb, 





Thus we may have the following equations to a straight line, according to 
the different positions which it may assume. 
Y weit. 


PROBLEMS CONNECTED WITH THE EQUATION TO A 
STRAIGHT LINE. 


PROB. 1. 
To find the equation to a straight line which passes through a given point. 


Let 2’, y’, be the co-ordinates of the given point. 
Let x, y, be the co-ordinates of any other point in the line. 
Then the general equation to the straight line will be, 
aT “is! OD. .. Wen nel yes 58 ay: deve loses eh the 
And, since 2’, y', are points in this straight line, it must satisfy the 
equation. 
ey —— Or +b eee tiad Ae re ee sbxsoap eae (2) 
. Subtracting (2) from (1) we haye, 
y —y! =a («7 —2) 
which is the equation required. 


PROB. II. 


To find the equation to a straight line which passes through two given points. 


Let the co-ordinates of the given points be, a’, y’; and 2", ys and let x and 
y be the co-ordinates of any other point whatever in the straight line. 
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Then, in general, the equation to the straight line will be, 


Yf AT AD occa cevsveceererenscerseeeeces yea teoeen (1) 
But, since 2’, 1/, and 2”, y", are points in the straight line, it must satisfy the 


equations. 


i le lk eR ere w. (3) 


whence ee 1 Pane Oar ay sch Putty, ik avis eae) 


Again, subtract (2) from (1). 
y—y =a(e— a’). 
Substitute in this equation the value of @, obtained from (4), and we have 


y" 
a! (x ome x’) 





Hee Roe 
yY¥—y aie aa 


which is the equation required. 


PROB. Ill. 
To find the equation to a straight line, parallel to a given siraight line. 


Let the equation to the given straight line ST, be 
y=ar+6 
where a is*the tangent of the angle OTA. 

Now, since the straight line S/T’, whose equation 
is required, is parallel to the given straight line ; its 
inclination to the axis AX is the same, and there- 
fore its equation will differ from that of the given 
straight line only in the quantity &, which expresses 
the distance of the origin from the point in which it 
cuts the axis AY. 

The required equation will therefore, be 


yoart+D 





where 0’ = AO. 


PROB. IV. 


To find the tangent of the angle between two given straight lines, which 
intersect each other. 


Let OV, O'V’, be the given straight lines inter- 
secting the point Q, and let their respective equa- 
tions be 

yaar +b 
y ax +O 

Draw through the origin two straight lines, AL, 
AL, respectively parallel to OV, O'V’; then it is 
manifest that the angle LAL/ = angle VQV’, and 
the equations to these two straight lines will be 

ys are 
Cee 
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Now the angle LAL/ = <e LAX — 4e VAX 
yA tan. LAL/ = tan. (LAX — L/AX) 
tan. LAX — tan L’AX 
= 7 + tan. LAX tan. AX 





a—a' 
“~ + aa” 
: a—a 
if the straight lines be parallel D1 one Oand.. ase 


4 


If the straight lines be at right angles fase ag 


1 +4- aa’ =0 
, ] 
or Oe ee 
: a 
Hence it appears, that if the equation to a straight line be 
y=ar+s6 
the equation to a straight line perpendicular to it, will be 
] 
Y= ee + 0d. 
PROB. V. 


Lo find the equation to a straight line drawn through a given point, perpen- 
dicular to a given straight tine. 
Let the equation to the given straight line be 
yr=ar+b 
Let the co-ordinates of the given point be 2”, y’. 
Let the required equation be of the form 
y=Axr-+B 
where A and B are unknown. 
Then, since the straight line y = Ar + B, passes through the point 2’, 7/’, its 
equation will be 
y—y=A(e— 2) . 
and since it is perpendicular to the straight line whose equation is 


yr=ar+b 
1 
A=-— ae by last problem. 
] ; 
my Y¥=—> (@— 2) 
is the equation required, 
PROB. VI. 


Lo find the length of a straight line drawn from a grven point, perpendicular 
to a given straight line, 
Let the equation to the given straight line TS be 
y = ax + b........ gheieskieiceraeiren (1) 7 P 

Let the co-ordinates of the given point P be x’, 
y's 
Then, since PQp is drawn through a point, 2’ 
y' perpendicular to a straight line, whose equation 
is y = ax + 6; by the last Prob. the equation to 

Pp is 





] 
Gare amt ee a(t ees 


: 
] 
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Now, to obtain the length of PQ which is required, we must find the co-ordi- 


nates of the point Q in which Pp meets T'S, and then substitute 2 y’ and the 


_ co-ordinates of Q in the general expression for the distance of the points, 
BViZ, 


(1 SAY NOR i GS ASSO TST 6 | (3) 
Let us call the co-ordinates of the point Q, 2” y”; then, since Q is a point in 
the straight line T'S, that straight line must satisfy the equation 


y" = ax” + 6 
For the sake of convenience let us put this equation under the form 
rear ce rar! ie fa Ie Da, aie eabenateeceeeecubeees (4) 


which is done by subtracting y’ from each side of the equation, and adding az’ 


_ to, and subtracting it from the right hand side. 


But, since x’ 7” is a point in the straight line Pp, also that straight line whose 
equation we have found (2), must satisfy the equation 


ad l , 
y Sea (et! —— x) mi tienue ceeds ciety ct wa Luan tots scien extn ue (5) 


Now for the point Q, equations (4) and (5) hold good together, therefore 
subtracting, we find 


0= 2 —x)—y¥ + aw 4-6 + a (x! — 2’) 


ire ,_ _y¥ —az'—b 

' whence 2’ — x sacra 
Substitute this value of «’’ — 2’ in equation (5), and we have 

fic , aay; 


Substituting these values of 2” — x and y’ — y’ in the general expression 
(3), for the distance of two points 


Pe foe Oa (y= ax = Dig: 
po fe Ser y+ 


Vite 


which is the length of the perpendicular required. 


PROB. VII. 


To find the equation to a straight line referred to oblique axes. 


Let SOT be a straight line of indefinite 
length situated in a plane. 

Draw in this plane the axes AX, AY, 
inclined to each other at any given angle, 
and let the situation of the straight line with 
regard to these be any whatever. 

In the straight line take any points, P,, 
P, P;, -.-. from these points draw P\M,, 
P,M,, PsMs, . .-. parallel to AY, and : 
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through the point O in which the straight line meets the axis AY, draw OQ 
parallel to AX, 

The similar triangles P,Q,0, P;Q,0, P;Q;0, .... will give a series of 
equal ratios as in the case of rectangular co-ordinates. 


iQ eee or, since AO = Q,;M, = Q.M, = &e. 


P.\M,— AO P,M,— AO P,M,—AO _ ice 
SAM, oo AM, a AM; ee 

Which proves, as in the former case, that the difference between the ordinate 
of any point in the straight line, and the distance of the straight line from the 
origin, is in a constant ratio to the abscissa of the same point. 

Let us call « and y the co-ordinates of any point in the straight line, and let 
us designate by 0 the distance AO; that is, the distance from the origin of the 
point in which the straight line cuts AY; let a be the constant ratio which we 
have just mentioned, we shall then have the relations 

y—sb 
£ 
or y = ax + 8. 

In this equation 4, as in the case of rectangular co-ordinates, expresses the 
distance from the origin of the point in which the given straight line cuts the 
axis AY. 

Let us now examine the constant ratio a. 

P,Q, OA sin. OTA 
— Q,0. = AT = sin. TOA 

Thus it appears that the constant ratio a, is the ratio of the sines of the 
angles which the given straight line makes with the axes AX, AY, respectively. 

Heuce the general form of the equation to a straight line, whether it be 
referred to rectangular or oblique co-ordinates, is 

y¥y=ar+b 
observing that in the former case, a represents the trigonometrical tangent of 
the angle which the given straight line makes with the axis AX; and in the 
latter case, @ represents the ratio of the sines of the angles which the given 
straight line makes with the axes AX, AY, respectively, 

In both cases, 5 represents the distance from the origin of the point in which 
the given straight line cuts the axis AY. 





— @ 


PROB, VIII. 
Lo find the equation to a circle. 


Let PQ be a circle whose centre is O, and whose 
radius is OP. 

Draw the axes AX, AY, at right angles to each 
other. , 
Let the co-ordinates of the point O be a! y', and 
of any point P in the circumference, wv, Ye 

‘Then the expression for the distance of the two 
points O and P, whose co-ordinates are 2’ y' and 
zy, is 

OP? or R? = (@ — a’)? + CY — 9) cecceces Wea t= cncseteresteaneel) 
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This relation characterizes all the points in the circumference, inasmuch as 
it is evidently satisfied by the co-ordinates of each of these points, and can be 


_ satisfied by these only. 

For example, let P’ be any point taken either within or without the circum- 
ference, calling z, and y, the co-ordinates of that point, we have 

OP? = (2, — 7) +m — y')’- 
But OP’ is evidently > OP when P’ is without the circle and <— OP when 
P! is within the circle, whence we have 
OP? > or a (@— w+ (yy)? 
Hence the equation (1) cannot be verified for any point which is not on the 


circumference of the circle. 


This equation then, is, the Equation to the Circle. 
The constant quantities 2’, y’, 7, which enter into this equation are the co-ordi- 


nates of the centre and of the radius ; and we know, that, when the centre of a 
circle is given, and the length of its radius, the magnitude of the circle is com- 


pletely determined. 
The above equation (1) assumes a form more or less simple according to the 
position of the point which we assume as the origin of co-ordinates. 


1. Let us assume some point A in the circum- 
ference as the origin of co-ordinates, and let 
the axis of 2’s be a diameter. 

In this case, since the centre is situated on the 
axis AX, y/ = 0 and x’ = 7, therefore the equa- 





tion 
r= (e — 2) + (¥—Yy')’ 
becomes 72 = 2? — 27x ++ 7* + y” 
or = BH — FH ores0 eee Preis Rates (2) 
3. If we assume one of the diameters as the 
axis of y/, as in the annexed figure, we shall have . 
aa, (); eee. 7. 


and equation (1) becomes. ~ 
y= at ty? — ery +7" 
eee (3) 


or L2H QTY —_Y™ cervecccsereereneres 


3. If we make the centre of the circle the 


origin of co-ordinates, then 


| eo 0); 7 ==0 


and equation (1) becomes 
72 U2 fe YA? cocrerereenee BA tere! eb] 

It may be remarked, that equations (2) and 

(4) are those which are most generally employed. 
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Pros. 1x.—To find the equation to the circle, the axes of co-ordinates being 
inclined at any angle. 


Let the straight lines AX, AY, which are 
inclined to each other at a given angle @, be 
assumed as axes. 

Take P any point in the circle, and let 
the co-ordinates of P be called « and y.: 

Let C be the centre of the circle, and let 
the co-ordinates of the point C be a! 7’. 

Draw PM, CM’, parallel to AY ; and PQ, 
CQ parallel to AX; produce Q’C to meet 
PM in N; join C, P; 

CP =r, AM=2,MP =y, AW =a@, CW =y’, 2e YAX= — 
CP? = NP? +- CN? — 2NP . CN cos. CNP. 

Now NP = MP —MN = MP — CM’ =y—y 
CN = MM’ = AM— AM.) =a2-7 

<e CNP =<e PMA = (180° — YAX) = (180° — 9). 
‘Hence the above equation becomes 
r= 9--¥P + Ce vy + 2 (e&— 2) (y—y) 00.9 
which is the equation required. | 

Before proceeding farther with this subject, it may not be improper to make 
some general observations on the nature of equations to lines, and on the use 
which we may make of them. 

We have seen that the position of a straight line and of a circle is fixed 
upon a plane by means of an equation between the co-ordinates of each of its 
points, and a certain number of constant quantities; the knowledge of which 
enables us to determine its position geometrically, 

Suppose then, that 2 and y being considered to denote the distance of a point 
from two rectangular or oblique axes, the resolution of some problem has led 
to an equation of the form 





(2, y) = 0. 

If we wish to fix the position ae the point which verifies this equation, we shall 
find that there are an infinite number of such points, and that this series of points 
constitutes a line which is either straight or curved according to the nature of 
the equation. For since there is only one equation between x and y we may 
give any value we please to one of these variables, and then the equation will 
give the corresponding value of the other variable. 

Let us, for example, give the abscissa x the series of values 

TI 2160s, Os Aa kee 

If y enters in the equation in the simple power only, we shall derive from the 

equation: a succession of corresponding values of that variable ; 


jp Sbobee, Bees 
If in AX we take AM), 7AM, AM. AM, %.0.0s". 
equal to a, as, a3, a, .... and from the points Ee me 


M,, My, Ms, My... . raise perpendiculars M,P,, 
MPs, MsPs, M,Py,.. . . equal respectively to J,, 
bs, bs, by, - «s « we'shall find a series of points P,, 
P,, Ps, Pa; all of which will equally satisfy the con- 
ditions of the equation. 

Now, since we may give to x a series of values 





MiM Ms Mg 
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which differ very little from each other, and since, in that case, the successive 
values of y will, generally speaking, likewise differ very little from each other ; 
the points Py, Ps, Ps, Ps, . . . - will be very near to each other, and we shall 
be thus enabled to unite all these points with each other by means of a con- 
tinuous line, P,, Ps, Ps, Pu, .... all the points of which will be so many 
solutions of the question, since all the intermediate points of this line comprised 
between those constructed in the manner described, may be supposed to cor- 
respond to the values of x and y derived from the equation of the problem. 

The form of the curve will be determined with more accurate precision in 
proportion, as the points P,, Ps, Ps, Ps, .. . . are nearer to each other. 

Let us now suppose that y euters into the proposed 
equation in some power higher than the first. Since ay (EER 
in this case, for each value of «, there will be two or Qi iD ?. 
more corresponding values of y, according to the 
degree of the equation; it follows that the curve 
will be composed of two or more branches, P,, Ps, Ps, 
omen, Ge Qs. e- s Ry, Ray Rs, 8. 

Let it be required, for example, to construct the 
curve whose equation is 





on 
Solving the equation for y, we have 
Y=tV Be. 


Which proves, in the first place, that for each value of x there are two cor- 
responding values of y equal to each other, but with opposite signs ; and in the 
second place, that for all negative values of x the corresponding values of y are 
imaginary, that is to say, that the curve can have no point, situated to the left 
of the origin AY, 

This being established, let us make « = 0, then y 
= 0, which shows that the origin of co-ordinates is 


placed on some point in the curve; or, in other € dea 

words, that the curve passes through the origin. | eal 
Next, letew@=1l eo yotY2Eetri4a....- ex 
Take therefore upon AX a distance AM, = the Ate bia 

linear unit; and from M, draw a perpendicular to és 

_ AX, and on each side of AX take M, P,, My pi = pis 





1.4... .3 then P and p will be two points in the 
required curve. 
Next, letter =2.y=>tY4=t+2 

Constructing these values as before, we shall find Ps, and ps, for two new 
points in the curve. 

Continuing in this manner to give a succession of values to x, and construct. 
ing the corresponding value of y, we shall obtain a curve of the form VAv, 
which consists of two branches AV, and Av, which extend ‘indefinitely to the 
right of AY, since for all positive values of x, the corresponding values of y are 
real, . 

For a second example, let us take the equation 

yt —~ oo 
whence piles alt Va og wits 
We perceive, in the first place, that, for the same value z, there are two equal 


values of y with contrary signs; and, in the second place, that, whatever value 
Tr 
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we give to x, whether positive or negative, we shall 
always obtain real values for y. Hence we can con- 
clude at once, that the curve extends indefinitely both 
above and below the axis AP, and both to the right 
and left of AY. Let us now make some particular 
suppositions. 
Letter =0. y= +tYV4=t? 

Take on AY two distances AB, Ab, each = 2, the 

points B and bd belong to the curve. 
Next, leew = 1... yot+Y/5=+22.... 

On AX take AM, = 1 through M, draw a straight line P, p, parallel to AY, 
and make M, P}) = M, p,; = 2.2.... then P, and p, are two new points 
in the curve, 





lettr=2.y=>tYV8=H28.... 

Constructing this value of y in the same manner, we obtain P, and p, for two 
other points in the curve, and so on for the other points to the right of AY. 

In order to obtain the points to the left of AY, since the values of 2, which 
are numerically the same but taken with different signs, correspond to the same 
values of y; it will be sufficient to take Am,, Amg,.... equal to AM,, AM,, 

. - and through the points ™, m., . . . . to draw straight lines parallel to 
AY, and through the points P,, »,, Ps, ps, straight lines parallel to AX, and we 
shall thus determine the points Q,, g1, Qe Ys . . - - belonging to the curve, 
which will evidently be composed of two branches distinct and opposite,P,BQ; 
Po b dQ 

The curve represented by an equation between x and y, is called the Geome- 
trical Lucus of the equation. 

Reciprocally, if a curve be traced upon a plane, and if by any means founded 
upon the definition or upon some characteristic property of the curve, we can 
arrive at a relation which exists between the co-ordinates x and y of all points 
in that curve, and exists for these points alone; the relation thus obtained is 
called the Equation to the Curve. . 

We shall now proceed in this manner to obtain the equations to the most 
important curves. 


PROB. X. 


To find the equation to the parabola, 


DerFin1T10n.—A_ Parabola is the locus of a point whose distance from a given 
fixed point, and from a straight line given in position, is always the same. 

Let S be the given fixed point, and Nn the straight — 
line given in position ; 

Draw SK perpendicular to Nn, and bisect SK in A; 

Then by definition A is a point in the parabola. 

Take P any point in the curve and join S, P; 

From P draw Pm perpendicular to Nn; 

From A draw AY perpendicular to ASX. 

Let A be the origin and AX, AY, the axes of co- 
ordinates. 

From P draw PM perpendicular on AX, 
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Then, let AM = 2, PM =y, SP = 7, AS=™m. 
Then we have 
Po DL” 
= Pm? by definition 
= (AK + AM)? 
see (m + x)? SCOR Feteeseereeseeseeeaseteeres SOS ees SSORPPE ee Oe (1) 
Again 7? = PM? + SM? 
= PM -+- (AM — AS)? 
Bete PCTs — 7) ons tae ho cane tue ses delanedeucs «se Re ED, 
Equating these two values of 7? we obtain a relation between 2 and y. 
Y + (e—m) = (e+ m) 
or, y? = 4mx 
which is the equation to the parabola. 
In order to find the value of the ordinate passing through the focus 
Let oer... 7 — 4m 
 Y =f 2m 
vhich shows that 4m is the double ordinate passing through the focus, or the 
Latus Rectum of the parabola. 
Solving the equation for y 
Y= 2Vmex 
For all negative values of x, y is impossible, which shows that there is no 
point of the curve to the left of the origin A. 
When x = 0, then y = 0 also. 
Which shows that the curve passes through the origin, as is evident from 
ether considerations. 
Giving a succession of positive values to z, we perceive that as x increases, 
y increases also, and that for each value of x there will be two equal values of 
with opposite signs. 
Hence the curve extends indefinitely to the right of A, and is symmetrically 
situated with regard to AX. 


PROB. XI. 


To find the equation to the Ellipse. 


Derinition.—An Ellipse is the locus of a point, whose distance from two 
given fixed points is equal to a constant quantity. 


Let S and H be the two given fixed points ; 
_ Join S, H; bisect SH in C; 

Let P be any point in the curve, join 8, P; 
rH Es 

Draw PM perpendicular to CX ; 

Draw CY perpendicular to HS, let C be the 
origin, and CX, CY, the axes of co-ordi- 
nates. 

Let the quantity, to which the sum of SP 
and HP is always equal, be 2a. 





rT 9 


660 ANALYTICAL GEOMETRY 


‘Then, let CM = 2, MP = y, SP = 7, HP = 1, SH = 2e. 
Then we have 


phe oe Coed Ey onoeie a) 
7 — y? 4 (6 fe 1)? coereeeeeees esescenee ocssaleceqaeece nna (2) 
Peta a Qa cee cs teversne toe savecgostep sake ee batten cass hae (3) 


If, therefore, we eliminate 7 and 7’ between these three equations, we shall 
obtain a relation between x and y, which will be the required equation to the 
curve. 

Subtracting (1) from (2) 

7272 = dex 


or, (7! +r) ('—r) = 4cz 
or 7 = ex “7+7=2a 
a 
and r+r' = 2a 
-, adding and subtracting 
fP=ate. Lt at + en + SE 
a 
2 
ra=a—“@ r=at—2cx + cst 
a a 


2 a2 
72 + 72 = Qa? + —— 
a 
again, adding (1) and (2), 
72 4 y!2 = Dy? + Qc? + 22’. 
Equating these values of 7? + 7° we obtain 
Qy? + 2c? + 22? = 2Qa* + 
or, ay? +(ae—c) #2 = serine’ 
Since 7 and 7’ or 2a is always = SH or 2c, .. ais always > c, and .*. the 
quantity a? —c? is essentially positive. 
Let ghee ya) pon 0 
Then ary? + B® = a7? ...ccccseereees ME So on (A) 


which is the most simple form of the equation to the ellipse. 
Solving the equation for y and x in succession, we obtain 


Qc = 





i +2 Ve=F 
a cnedeiasetye (B) 
z= + Voy 
When y=0r=1+84 


s=O0y= te 

Freneet it, appears that the curve cuts the 
axis of 2’s at the points A, a, where CA = Ca 
= a, and cuts the axis of y’s at the points B, J, 
where CB = Cb = Va — 2? = b. 

Hence it appears that the quantities a and / 
in the equation (A), are the semi-major and 
gemi-minor axes of the ellipse; and for this 
reason the equation (A) is called-the Equation 
to the Ellipse referred to its axes. 

; Resuming the equation (B), it is evident that 
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the curve is situated symmetrically with regard both to the axes CX and CY. 
For, taking the first of the two equations, we perceive that for each assumed value 
of x, we shall obtain two equal values of y with opposite signs, which shows 
that the curve is situated symmetrically with regard to CX. And in the same 
manner, taking the second equation, we perceive that for each assumed value of 
y, we shall obtain two equal values of x with opposite signs. 

The distance CS = CH is called the Eccentricity of the ellipse, and the ratio 
of c to a is usually denoted by the symbol e. 


Thus, aire e 
a 
c = ae 
x Cae > 
but ee ee 
a ee ae eee 


b= tay l—e. 
It is necessary to observe these equations, since the quantity e is very fre- 
quently introduced in calculations where the equation to the ellipse is employed. 


PROB. XII, 


To find the equation to the ellipse, referred to the vertex as origin. 


In order to transport the origin from C to a, since the new origin a is situated 


in the old axis of 2’s at a distance = — a, we have only to substitute* 2 — a 
for 2 in equation (A), which then becomes 
be 
pa a (2ax paaree a") OUEPUTIVEVEEE TEE eee SCGoesoes (C) 


which is the equation required, 


PROB, XIII. 


To find the equation to the Hyperbola. 


DzrFinit10n.—The Hyperbola is the locus of a point, the difference of whose 
distance from two given fixed points is equal to a constant quantity. 


Let S and H be the two given fixed points. 

Join 8S, H; and bisect SH in C. 

Let P be any point in the curve, join S, P; H,P; 

Draw PM perpendicular to CX. 

Draw CY perpendicular to CX, and let C be the ,, 
origin, and CX, CY, the axes of co-ordinates. 

Let the constant quantity to which the difference 
of SP and HP is always equal be 2a. 

bet GM =o, MP = y, SP=7, Rigor? SE '2c 







Then r?= 7? + a ha Jape oe Brea eienecss cern nese aa tnar ta (¥) 
pl? = y? Te (x 4 C)? cccecereercceees He «Pe Nee sah anata (2) 
IEEE weet s cocascagrces oe¥s cece ves viv eiices tia eee eats copenae ss atece ous 


If we eliminate 7 and 7’ ney Bis these three equations, we shall arrive at an 
equation between x andy, which will be the equation to the curve. 


* See chapter on the “ Transformation of Co-ordinates,” 
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Subtract (1) from (2) 
vit 9% = der 





or, (7! +r) (7 —r) = 4cu 
Je Wop Ei he 
and r —7r= 2a 
S 2.2 
* r “a =F — Ser +f at 
c? 2 
gh +a 7? = — + 2en a? 
2,2 
ef? tt =e + 2a* 
But, adding (1) and (2) 
72 1. 7? = Qy? + Qu? 4 2” 
Equating these equal values of 7 -- 7? 
ota? | ; 
heer we Ble Wi eae as aa 
or, ay +- (a? — c*) a = a (a® — c*). 


Now 2a must always be <. 2c, and therefore a always — 
Hence a? — c? is essentially negative. 
Assuming therefore a? — c? = — 6; the above equation becomes 
ae 2 BIG — a b* eens seuas oiuscan eeu (D) 
which is the most simple form of the equation to the hyperbola. 
Solving the equation for y and x in succession, we obtain 


eg hveeany 
a Uk 2) (E) 
<i +tZVvye+ lH J 
Let y=0..e4=+4a4., 


From which it appears that the curve cuts the axis of a, at the points A, a; 
where CA = Ca= a. 

Let z= 0.. y= +b/—1, an impossible result, 

From which it appears that the curve does not meet the axis of y’s. 

We may, however, take two points B, 0, in this axis on different sides of C; 
making CB= Cb = Vc? — a’. 

In order to fix the position of these points, from the point A as centre with 
radius equal to CS = CH, describe a circle which will cut the line YY’ in the 
two points required ; for we have 

CB= VCS? — CA = fee 

Hence it appears, that the quantities a and 6 are the semi-major and semi- 
minor axes of the hyperbola, and hence the equation (D) is called the equation 
to the Hyperbola referred to its axes. 

Resuming the equation (E), we perceive that if x be < a, the values of y are 
impossible; and hence we conclude, that there is no point in the curve situated 
between A and a. 

When « is > a, then as x increases y increases also; and for each value of «, 
there will be two equal values of y with opposite signs. 

Hence, it is evident from the equation, that the hyperbola consists of two 
opposite branches, one extending indefinitely to the right of A, and the other 
indefinitely to the left of a, and both symmetrically situated with regard to XX! 
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_ The distance CS = CH =c, is called the eccentricity of the hyperbola, and 
the ratio c to a is usually designated by the symbol e; hence we hx 


c 
—me 
a 
cade 
c? = a*e* 
ot = gt == O°. Fe" —a Lb) 
or, b= tbaVe—. 


If we wish to obtain the equation to the hyperbola referred to the vertex A, 

as the origin of co-ordinates, since this new origin is situated on the axis of 2’s, 

at, a distance + a from the former origin; if we substitute (« -- a) for x ip 
equation (D), we obtain 


which is the equation required. 


On the Transformation of Co-ordinates. 


When we reflect upon the equations to the straight line and circle, and con- 
sider the different forms which these equations assume according to the different 
positions of these lines with regard to the axes of co-ordinates ; we perceive that 

the same line may be represented by different equations which will be more or 
less simple, according as the position of the line is more or less simple relatively 
to the axes, and according as the axes themselves are rectangular er oblique. 

Thus, the most general equation to a straight line being 


yr=ac+. 
The equation to a straight line passing through the origin, is 
(pera 


a having in each of the above equations a different signification when the axes 
are oblique, from that which is attributed to it when the axes are rectangular. 
In like manner, the most general equation to a circle when referred to oblique 
axes, is 
(a — wl + (y—y P + Ae — 2) (y —y’) cos. O= 
which becomes 


ay? = 9? ; 
when the circle is referred to rectangular co-ordinates, and the centre is the 
origin. 

It is easy to conceive, that, when the position of a curve upon a plane is fixed 
by means of an equation, if we perceive that the position of the curve with 
regard to two new straight lines, is more simple than with regard to the axes 
to which it is referred by the equation in question; it would greatly facilitate 
our investigations respecting the properties of the curve, if we could deduce an 
equation to the curve, referred to these new straight lines as axes, from that 
equation to the curve which we actually possess. 

Such then is the object of the problem which is proposed in the transforma- 
tion ef co-ordinates, which may be enunciated in its most general terms, as 
follows :— 

Given an equation to a curve referred to any two axes whatever, to find the 
equation to the same curve when referred to two new axes. 
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Before however proceeding to solve the preblem in its most general form, 


we shall consider one or two particular cases which are of most frequent 
occurrence. 


== 


I, Let the new axes be parallel to the former ones. 


Let AX, AY, be the original axes; 

Let AX’, AY’, be the new axes parallel to the 
former. 

Let a, y, be the co-ordinates of a point P, referred 
to the old axes; 

Let a’, y', be the co-ordinates of a point P, referred 
to the new axes. 

Let «, @, be the co-ordinates of the new origin A’, 

Draw PM and AY, parallel to AY. 

Then, AM=2,MP=y, ‘M=2¢,PM= y, AN= oN =e. 

AM or x = AN + NM 
= AN + AM’ 





— + a! Te eeeees coescencceeseee CCC CO COCO se eeseses eee (1) 
MP or y = MMW’ + WP 
a yee sh. cores An tee ae (2) 


If therefore, in the equation to the proposed curve, we substitute a’ +a for — 
a, and y' +- 6 for y; we shall obtain a relation between x and y', which will be 
the equation to the curve referred to the new axes. 

Cor. If the new origin be on the axis AX, then 6 = 0; 
If the new origin be on the axis AY, then « = 0. 


I]. To pass from one system of rectangular axes, to another also rectangular. 


Let AX, AY, be the original system, and AX/, AY’, 
the new; 

Let the notation be the same as in the last Case ; 

Let the inclination of A’X’ to AX, be denoted by 
the symbol (x2’). 

Then, AM or «= AN + NM 

= AN+ NQ — MQ 

= AN-+ A’R— MS 

=a + 2' cos. (x2’) — y' sin. (xa’) «+ PM’S = 90° —(x2"'), 
MP or y= MT + TS + SP 

= A/N + WR-+ SP 

= 6 + x’ sin. (xz!) + y’' cos. (x2’). 

Substituting therefore these values of x and y in the equation proposed, we 
shall obtain a relation between a and y’, which will be the equation to the curve 
referred to the axes AX’, AY’, 

Cor. If the new origin be coincident with the old, then « = 0, 6 =0, and the 
above equations become 

«= w cos. \x2/) — y' sin (2x2’) 
y = # sin. (x2') + y/ cos. (a2). 


24 





ol O2 
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lil. We may now proceed to the solution of the general problem, viz.— To 
pass from one system of axes inclined at any given angle to another system ; 
also inclined at any given angle. 


Let AX, AY, be the original system; A’X’, A’Y’, the new. 
In addition to the former notation, 

Let the inclination of A’X’ to AX be called (xz’) 
Let the inclination of A/Y’ to AX be called (ay’) 
Let the inclination of AY to AX be called (ay). 





&e. &e. 
Then, AMora= AN + NM 
= AN + A/T + MS ......... (1) 
MP or y= MR+ RS+S58P LON Risse: Sole Kae 4 8,9 
—AN4MT+SP ....... aC) aera mie ant 
A’'T sin. AMT - sin. (2'y) sin. (2’y) 


es AM — sin. A'TM! — ‘sin. (xy) eee li sin. (xy) 


M’S _ sin. MPS __ sin. (yy’) MWS =y sin. (yY' ) 








WP ~ sin. M/SP ~ sin. (xy) sin. (ay) 
WT _ sin. MA'T __ sin. (22’) . WT = 2! sin. (x2) 
AM — sin. A'TM’— sin. (zy) "sin. (ay) 
SP _ sin. SMP __ sin. (ay) Brey foe sin. (xy’) 
WP sin. M/SP ~ sin. (vy) pen ae gin. ey) 


Substituting these values in (1) and (2) 
ey af sin, (ay) + y'sin. (yy') 
sin. (“y) 
x’ sin. (xa! y' sin. (xy 
pee ee a. 

Such is the most general formala for the transformation of co-ordinates, from 
which it is easy to deduce the formulas corresponding to all positions of a new 
origin, and to the different inclinations of the new axes compared with the old 
ones, by giving proper values either positive or negative to « and 8, and any 
value to the angles («2’), (ay), from 0 up to 90° 

As to the angle zy, it is always given a priori, since it is the angle contained 
by the original axes. 

We can easily deduce from the general formula, the results already obtained 
in cases I. II. 


REMARKS. 


(1). In general we distinguish between two different species of the transfor- 
mation of co-ordinates; The change in the position of the origin, and the change 
in the direction of the axes. When the problem proposed requires this double 
transformation, it is frequently more advantageous to execute them in succession 
than at first. : 

(2). Since we have frequently occasion, in the same question, to effect several 
transformations of co-ordinates, it is convenient to suppress the accents of 2’, y’, 
in the second member of the formulas which relate to these transformations ; 
that is to say, we may designate both the old and new co-ordinates by # and y, 
although their values are different, but the circumstance of using the different 
formule in succession will be sufficient to point out, that the curve after having 
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been referred to one system of axes, is afterwards referred to a second, to a 
third, and so on. 

Thus, in order to pass from a rectangular or oblique system to another system 
parallel to it, we may, in the equation to the curve, substitute « ++ « for x, and 
Y + 8 for y, and the z and y of the second equation will represent the co-ordi- 
nates referred to the new axes, the co-ordinates of whose origin, referred to the 
former origin, are «, @. Inlike manner we may proceed in all other cases, and 
thus simplify our calculations by avoiding the use of numerous accents. 

(3). The quantities «, 6, (vx’), (xy'), &c. which enter into the above formulas, 
are constants whose value fixes the position of the new origin and the direction 
of the new’axes with reference to the original axes, whose inclination to each 
other is expressed by (xy). The quantities w, 2, (xa), (ay'), &c. must be 
regarded as known and given a priori, whenever we wish to refer the curve to 
new axes whose position with regard to the proposed curve has been discovered 
to be more simple than that of the old axes. 

It frequently happens, however, that we perform a transformation of co-ordi- 
nates when our object in so doing is to make some specific change in the form 
of the equation to the curve, for example, to make certain terms disappear. In 
this case «, , (xa’), (ay'), &c. are constants which are, for the time being, inde- 
terminate; and whose values we afterwards endeavour to calculate in such a 
manner as to simplify the equation in the manner required. With regard to 
the angle (xy) we cannot employ it in this manner, since it is the angle con- 
tained by the old axes, and is in every case supposed to be known a priort. 

The number of terms which it is our wish to remove from the equation, will 
indicate the number of indeterminate quantities which we must introduce into 
our calculation, and therefore the system of formulas which we must employ. 

These remarks will be better understood when applied to particular examples 


ON POLAR CO-ORDINATES. 


WE have hitherto supposed the position of a curve upon a plane to be deter- 
mined by means of an equation between variables, expressing the distances of 
each of the points in the curve from two fixed straight lines, the distances being 
reckoned parallel to these lines. There is, however, another method for deter- 
mining the position of a point or of a series of points which in certain cases is 
more convenient. 

To explain this mode of representing curves analytically, let us consider any 
curve Pp. 

Let SO be a given straight line in the plane of the 
curve, and S a given point in that line. 

From 8 draw a straight line SP to any point P in 
the curve. 

Let SP be called 7, and the angle between SP and 
SO be 6, 

It is evident that, if we can obtain a relation 
between 7 and ¢ which holds good for every point in 
the curve, the curve will be entirely determined, for 
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f we give to @ a succession of values 6, 43, 6s, &c. we shall obtain from the 
‘quation between 7 and 6 a series 7), 7's, 72, &c. of corresponding values of 7. 

_ Making therefore at the point S the angle Q,SO, 
SO, Q,S0, &c. respectively equal to 6, 4, 4s, 
tc, and taking SP,, SP;, SPs, &c. equal to the cor- 
esponding values of 7, we shall obtain the points P,, 
"g, Ps, &c. which belong to the curve. 

The variable quantities and § are called Polar 
7o-ordinates, the point S is called the Pole, r the Radius Vector, and the 
elation between r and @ is termed the Polar Equation to the curve. 

A curve being traced upon a plane,.we may, from some known property 
f the curve, determine the polar equation at once, more usually, however, 
re have the position of the curve determined by an equation between rectili- 
‘ear co-ordinates, and it is required to deduce the equation between polar 
o-ordinates. This can be easily effected by a transformation of co-ordinates, 
vhich we shall now proceed to explain. 

Let us begin with two of the most simple and 
seful cases : 

1. Let Pp be the curve whose equation is given in 
erms of rectangular co-ordinates, AX and AY being 
he axes. Let it be required to determine the polar 
quation, S being the pole and SO parallel to AX. 

_ Let the co-ordinates of the point Sreferred to the 
xes AX, AY, be wa, 2. 

Take any point P in the curve, draw PM perpendi- 

ular to AX, join SP, draw SN perpendicular to AX, 


/ Cs Qs 








Then, AM = 2, MP =y, SP = 7, PSO = 6, AN= «a, SN=8 
AM or z = AN + NM 
aah Seles NaN (a) 
MP or y = MR-+ RP 


=A-+rsin. 6. 

Substituting .-. these values of z and y in the equation to the curve, we shall 
btain a relation between 7 and @ which will be the polar equation required. 

2. Let SO coincide with AX, the point S with A, in this case, «, 6 = 0, and 
he above formula becomes 

x= rT cos. 6 
F Bao (2). 

The general problem is, given the equation to a curve referred to any system 
f axes, to find the polar equation ; the position of the pole being any whatever. 

Let Pp be curve referred to the axes AX, AY. 

Take any point S as the pole, and let SO be 
he fixed straight line, and let the co-ordinates 
fS referred to AX, AY, be a, @. 

Through S draw Sz, Sy parallel to AX, AY. 

Draw PM parallel to AY, join S, P; draw 
N parallel to AY. 

Then, AM =z, MP = y, AN= a, SN=&, SP a 
et SO = 0. 

Let the angle between the axes AX, AY, be de. 
oted by (2, y,) the angle between the fixed line SO and the axis AX being 9. 
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Then, AM or « = AN + NM 7 
=e, AN + SR eo eesereseeesecoess COOcesececcsces Ceeeccsece (1) 
MP ory = MR + RP 
pany SN + RP @eeeeeeeeoeese SCOCSCHHOCKHSEOHS SEE SHEE eseoeerese (2) 
d SR __ sin. SPR _ sin. $(xy)— §— 9)§ f - : sin. § (xy) Dc aso of 
Xow, SP sin. PRS — sin.(ay) “ SRor sin, (vy) 
RP _ sin. RSP _ sin. (6 4+- Q)_ : _ _ sin. (6+ Q) 
And 9p = sn, SRP. ain (ty) RE ae (xy) 


Substituting these values of SR, RP in equations (1) and (2), we have 


sin. {(ry) — 6 — of 

A Na ra, (ay) eG 
sin. (@ ). 

Vie Tein, a 

These equations will be found to agree with those already found (@), (0), for 

in the former cases zy = 90°, @ = 0; hence we have 

L=a-+-+r sin. 6 

y=AHrr sin. 6. 


PROB. I. 
To find the polar equation to the ellipse, the focus being the pole. 


Let S be the pole, P any point in the curve; 
Join 8, P; draw PM perpendicular to AA‘. 
Assume 
Sha ASE 79 
CSicerr Mis; 
Then we have seen in deducing the equation to 
the ellipse, that the distance of the point S from any 
point in the curve, is 





Cx 
TO sec etereeer entree (1) 
Where z— CM 
= CS + SM 
=c-+r cos. 6. 


Substituting this value of x in equation (1) 
c* ++ cr cos, 6 





T=aC— 
ar = a* — c* — cr cos. 6 
2 2 
oC 
Whence ‘= 
a + € Cos. 8 
a’ — a'e* 
“ @-- ae cos, § ° fos Oe 


which is the polar equation to the ellipse usually employed. 


If we take the other focus H for the pole, we have the distance 


HP or = a} 
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¢ — CM = HM — CH =r’ cos. & —e 
cr! cos. 6! —c? 
a 





r=a-+ 


a (1—e) 
‘ 1—ecos. 
which is the polar equation in this case. 


i 


PROB, II 
To find the polar equation to the ellipse, the centre being the pole. 


Let P be any point in the curve, C the centre ; 
Join C, P; draw PM perpendicular to CA. 
Assume 
La] i PCA = 90 
CM=2 INR et me Se 
Then from the right angled triangle POM, we have *’ 
r= ot + y? 


b? 
=a + a (a? — 2°), substituting for y its value 





derived from the équation to the curve. 
But ar cos. 6, substituting .. this value of z 
‘in the above equation 
. at? = a7" cos. § + b%a? — br? cos.’ 8 
», 12 (a2 — a? cos. + 0? cos. #) = a*b* 
r° Sa? (1 —cos.? 6) -+ 5? cos.? R= a? 
r? (a? sin? § + 0? cos.? ) = ab? 
ey geet Bore 
"= Va@ sin? 6 + 0B cos.” 6 
which is the polar equation required. 
~ If in the above equation we substitute for b, its value a / 1 — e? the equation 
becomes 
. eye VA Ear 
eta = e' cos.” 6 


PROB, III 
To find the polar equation to the hyperbola, the focus being the pole. 


Let S be the pole, P any point in the curve ; 
Join S, P; draw MP perpendicular to CA, 


Assume , 
oS amo 75 ASP = 6 . 
CM =z MP = y. ‘ 
Then we have already seen that the distance bs a\ 
between S and any point in the curve, is H i) ALS) qa mes 
cx 
tae) op pee ch nee ae cans eeengie (x) \ 
¢— CM 
= CS—MS - 


: 
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Substituting .. this value of 2 in equation (1) we fina 


c? — cr cos. 6 


| em SW | 
a 
ar = c?— cr cos. § — a? 
c? — qt 
r 


aa + ccos. 6 
a®e* — q? 
= a-+ ae cos. 6 * 
_. a(e— 1) 
—~ 1+ e cos. 6 
which is the equation required. 


° € = Geé 


If we take the other focus H for the pole, we have 
HP or 7' = + a 


But CM or r = HM — CH 
=-7' cos. f —c 
1 cos. 6 — c? 
pf = 8 OS 
a (e? — 1) 





on i 
1 —e cos. 6’ 


PROB. 1Ve 
To find the polar equation to the hyperbola, the centre being the vole. 


Let C be the centre, P any point in the curve; 
Join C, P; draw PM perpendicular to CA. 
Assume 

Ch 7 PCA=@ 

CM =z Mia is 
From the right angled triangle CPM, we have 

r= 2 + y*, substituting 
fur y? its value derived from tle equation to curve 


& 
= 0 + (2? —a*) 


But x£=r cos. 6. 





Substituting therefore this value of x. 
a*r®? = ar? cos.2 6-4- br? cos? §-— a? db? 

r® (a? — a® cos.? § — b? cos.” 9) = — a?b2 
y2{a” (1 — cos.? 6) — 0? cos.? 63 = — a?b? 

x” (a? sin.? § — b? cos.? 6) = — a?b? 

+ ab 

~ V8? cos.” §— a® sin? 6 
which is ‘he equation required. 


Tr 


If we sunstitnte for J? its value a? (e? — 1) the above becomas 
+a/e—l 
/ e Cos.” 6 ——— J 


' 
iP 
iG 
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| To find the equation to the hyperbola referred to its asympt.tes as axes of 
c -ordinates. 


| It has been already shown that the asymptotes of 
he hyperbola are diameters of the curve, and. that 
hey are the diagonals of the rectangle ABA'D,, 
whose sides are equal the major and minor axes of 
whe curve. 
_ Now C being the origin of co-ordinates, the equa- 
tion to the straight line CZ is of the form 
Y = ax 

where a is the tangent of ZCX. 

But tan. ZCX = + 
b 
@ 
.. the equation to the asymptote ZOZ! 





This being premised, 
Let PA p be a hyperbola whose equation 
referred to its axes is 
a2 y? — BB? = — 7D? ercecessrersereseres (O) 
It is required to transform this equation to an- 
other in which the curve shall be referred to 
the asymptotes CZ, CZ’, as axes of co-ordinates. 
We might solve the problem directly by 
making use of the formula for passing from a 
rectangular to an oblique system of axes; we 
prefer however, in this case, to perform the operation independently. 
Let CZ be assumed as the new axis of y’s, and CZ/ as the new axis of 2’s , 
let the angle ZCX which they make with CX be called @. 
Take any point P in the curve, draw PM perpendicular to CX; Pm parallel 
to CZ; PR parallel to CZ’; RN perpendicular to CX; PQ parallel to CX. 
_ Assume CM=2, MP=y 
Cm = X, mP = Y, angle ZCX = 9 
Now, CM or x = CN +- NM 
= Y cos. 9 + X cos. ? 
MP or y = NR — QR 
= Y sin. 9 — X sin. 
Substituting these values of z and y in equation (O), it becomes 
a? (Y — X)? sin? 9 — B? (Y + X)? cos.2 9 = — a*b?. 
Now we have seen above, that 





b ae : ly? 
‘tan. ZCX or 9 = 7" cos.2 @ = roarae and sin.? @ = ae 
Substituting .*. for sin.? Q and cos ® @ those values thus derivea, 
a*l? 2H2 


a ; 
Pea aoe 
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Which equation reduced becomes 


5 dh RO 
a? + 2 
Or, changing the large letters, which we no longer require for distinction, 
ae + b? : 
ry = —s 
y 4 


which is the equation to the hyperbola referred to its asymptotes. 


EXERCISES IN ANALYTICAL GEOMETRY. 


(1.) Construct the equations 5y —38x2 —2=0, 8y —62+5=0, y + 3r=6 
y® —52* = 0, and y® —7y + 12=0; the axes of co-ordinates being rectangular. 


(2.) Find the equation to the straight line which passes through the two point 
(2, 3) and (4, 5). Ans. y= 2 +1 


(3.) Describe the circle whose equation is y? + a? + 4y —4¢%=8. 


(4.) Find the co-ordinates 2! y' of the centre, and R the radius of the cirel 


whose equation is 
y? + x —b6y + 8& —11=0. 
Ans. y' = 8, «’ =—4 and R=6 


(5.) Prove that the perpendiculars drawn from the angles to the nner sides 
of a triangle pass through the same point. 


(6.) Prove that the straight lines drawn from the angles of a triangle, to bisect 
the opposite sides, pass through the same point. 


(7.) Given the base = a, and the sum of the squares of the sides = s?, to deter: 
mine the locus of the vertex of the triangle. 


(8.) Given the base of a triangle = a, and the ratio of the sides m:n, to find 
the locus of the vertex. 


(9.) Given the base and the vertical angle, to determine the locus of the vertex 
of the triangle. 


(10.) From a given point A, either within or out of a given circle, let a straight 
line AC be drawn to the circumference, in which take AB, so that AB.AC ma 
always be equal to a given space; find the locus of the point B. 


« 
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EQUATIONS OF A POINT. 


We have seen that the position of a point in a plane is determined when we 
know its distances from two straight lines drawn in that plane ; in like manner 
we shall now proceed to show that the position of a point in space, is determined 
by its distances from three planes. 

Let there be three.planes YAZ, XAZ, 
XAY, which we shall suppose to be perpen- 
dicular to each other, and whose intersections 
are the three straight lines AZ, AY, AX, each 
of which is perpendictlar to the other two 
according to the principles established in the 
Geometry of Planes. Let us call the dis- 
tances of a point in space from these three 
planes a, 5, c, and let us suppose these dis- 
tances are known, then the position of the 
point will be completely determined, provided that we have ascertained in the 
first instance, that the point is situated within the trihedral angle AX YZ. 

For, take on the three straight lines AX, AY, AZ, the distances AN, AO, AQ, 
respectively, equal to a, b,c; thrdéugh the points N, O, Q, draw planes parallel 
to the given planes. 

Since the two first parallel planes have all their points situated at the distances 
a and 8, respectively, from the planes YAZ, X AZ, it follows that all the points 
of the straight line PM, which is the common intersection of these two planes 
have exclusively the property of being at the same distances from the planes 
YAZ, XAZ. Hence the point sought must be situated in the straight line PM. 
Again, the point sought must be situated somewhere in the third plane PnQo 
which is parallel to XAY, since all the points in this plane have exclusively the 
property of being at the distance c from the plane XAY. Hence the point 
sought must be the point P in which the third plane cuts the common intersec- 
tion of the-two first, and thus its position is altogether determined. 

We may designate by x the distance of a point from the plane YAZ reckoned 
along AX; 





UD iU 
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We may designate by y the distance ofa point from the plane XAZ reckoned 
along AY ; 

We may designate by z the distance of a point from the plane XAY reckoned 
along AZ. 

So that AX, AY, AZ, the intersections of the three planes, two and two, will 
be the axes of 2’s, of y’s, and of z’s. They are called conjointly Axes of Co- 
ordinates, the three planes the Co-ordinate Planes, and the three distances the 
Co-ordinates of a point, ‘These terms are all analogous to those already 
employed in Analytical Geometry of two dimensions. 

The plane YAZ perpe:.dicular to the axis of 2’s, is called the plane yz; 

The plane XAZ perpendicular to the axis of y’s, is called the plane x2; 

The plane XAY perpendicular to the axis of z’s, is called the plane zy. 

This last plane is usually represented in a horizontal position, and the two 
others in a vertical position. 

It follows from what has been said above that the equations 


Yad, ee 


(a, 6, c being known quantities) are sufficient to determine the position of a 
point in space, they are for that reason called the Hquations of a point in space. 

We must remark, that, since the three co-ordinate planes when prolonged 
indefinitely determine eight trihedral angles, viz. four formed above the plane 
of zy, and four formed below the same plane; it is necessary fer us to express 
analytically in which of these eight angles the point is situated. It is sufficient 
for this purpose, to extend to planes the principles which have been applied to 
distances from points and straight lines, that is to say, 7f we regard as PUSITIVE 
distances reckoned along AX to the right of A, we must regard as NEGATIVE dis- 
tances reckoned along AX to the left of A, that is to say, in the direction AX, 
the remark applies to the two other co-ordinate axes. 

We must therefore consider in the quantities a, b, c, not only the numerical 
value of these quantities, but also the signs with which they are affected, in order 
that we may be enabled to determine in which of the eight trihedral angles 
about the point A the required point is situated. 

According to this principle we have, in order to express completely the po- 
sition of a point in space, the following combinations: 


x=+a,y= +6,z2=+ ¢, point situated in the angle AXYZ, 


xr=—da,y=-+6, z=-+¢, point situated in the angle AX/YZ, 
r=+ay=—b,z=-+¢, point situated in the angle AXY’Z, 
“2=+a y=+6, z= —c, point situated in the angle AXYZ’, 
L=—da,y=—b, z= +6, point situated in the angle AX’/Y’Z, 
L=—a4, y= +6, z= —-c, point situated in the angle AX/YZ, 
r£=+a,y=—b, z = —¢, point situated in the angle AXY’Z/, 
L=—a,y= —b, z = —c, point situated in the angle AX’Y’Z’, 


in all, eight combinations, viz. two systems in which the signs are the same, 
three in which one sign is negative and the two others positive, and “three in 
which one sign is positive and the two others negative. 

There are also some particular positions of the point which it is proper to 
notice. For example, in order to express that a point is situated in the plane 
, vy, we must write that its distance from that plane is nothing, and we shail have 
for the equation of such a point 

By SY ee a 


= 
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Similarly, a point situated on the axis of z's, whose distances from the 

planes xz and xy are nothing at the same time, will have for its equation 
«=a ¥ = 0,524.0 

and so for other points situated on the planes or on the co-ordinate axes. 

The planes parallel to the three co-ordinate planes, and which have served 
to determine the position of the point P, constitute, along with these, a rectan- 
gular parallelopipedon of which the twelve edges, which are equal, taken four 
and four, are the three co-ordinates x, y, 2, of the point P. 

Derimition.—If from any point in space, a straight line be drawn perpendicu- 
lar to a given plane, the foot of the perpendicular is called the projection of the 
given point upon the given plane. 7 

In like manner, if from every point of any line in space, whether straight or 
curved, perpendiculars be drawn to any given plane, the line traced out by the 
feet of the perpendiculars upon the given plane, is called the projection of the 
given line upon the given plane. 

_ If we suppose that « = a, y = 0, z = ¢ are the equations of the point P, 


the co-ordinates of the point M are .........s..eceesseeees SP ee le Steed 
the co-ordinates of the point 7 are .........s.seeeees eins na fab cn a tal no) Cee 
which gives for the co-ordinates of the point o ......... a Plena 9 atl) eee ee 


From which it appears, that if the projection of a point P upon two of the co- 
ordinate planes be known, the third projection will also necessarily be known. 

When the co-ordinates are not at right 
angles to each other, in which case the axes 
AX, AY, AZ, make with each other any angle 
whatever, and are called oblique axes, the 
equations of a point P are still 

oe Ue 0, 2 — C; 

But in this case, a, b, c, express distances 
reckoned parallel to these axes, and the pro- 
jections of the point P are obtained by the 
straight lines PM, Pn, Po, respectively, 

. parallel to AX, AY, AZ. 

In other respects, every thing that has been said with regard to rectangular 
axes, is applicable to oblique axes also. 

In what follows we shall always suppose the axes rectangular, unless the con- 
‘trary is specified. 





Proposition.—To find ‘an expression for the distance between two points in 
space, whose co-ordinates are known. 


Let P and Q be the given points whose 
co-ordinates referred to the rectangular axes 
AX, AY, AZ, are respectively z’, y’, 2’; and 
zy", 2". 

From P and Q let fall PM, QN, perpendi- 
cular on the plane zy ; 

From M and N draw Mm, Na, parallel to 
AY; 

We then have 

Am= 2’ Ma=y' An= 2!" Nn = y’. 

uuv2 
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Join NM which determines a trapezium PQMN, in the plane of this trape- 
zium draw QO parallel to MN, and in the plane zy, draw NL parallel to AX. 
The right angled triangles PQO, MNL, give 
PQ’ = PO? + QO? = PO? + MN? 


And MN? = NL? + ML? = mn’? + ML’ 
4 PQ? = mi’ + ML? + PO? 
But mn = a! —zv!, ML = y —y"’, PO= 2 — 2! 
vor PQ = @— 2 + Y —HY +e 27 


>= Vee + GV) + eF 
the expression required. 
If one of the given points be the origin, then 
pin) tylise— ) wei 
and the above expression becomes 
Sa Vr ry te. 
The last formula may be derived directly from the figure at the beginning of the 
chapter, as follows: 
Join A, P; A, M; then from the right 
angled triangles AMP, ANM 
AP? = AM*-- PN 
AM? = AN* -+- MN 
eg Be AN? -+- MN? + PM? 
But AN = 2,NM=AO=y,PM=z2 
» APor Fm av+y+2 
from which it appears, that the square of the 
diagonal of a rectangular parallelopipedon ts 
equal to the sum of the squares of the three 
edges. 





To find the equation to a straight line in space. 

The projections of a straight line on two planes is sufficient to determine its 
position, and hence it follows that a straight line will be determined analyti- 
cally, if we know the equations of its projections upon two of the three co-ordi- 
nate planes, We generally consider the projections of the straight line on the 
planes of xz, and yz; and since these two planes have AZ for their common 
axis, this line is regarded in each of the planes as the axis of abscissas; AX is, 
therefore, the axis of ordinates in the plane of az, and AY is the axis of ordi-— 
nates in the piane of yz. my | 

Let MN be any straight line in space, and 
mn, m'n' its projections on the planes xz, yz 
then the equations of these two projections 
will be of the form 


a,b, are constants denoting the tangents of the 

angles which mn, m'n’ form with the axis AZ, 

and a, 8, express the distances from the ori- 

gin to the points in which these straight lines 

rut the axes AX, AY. 

It-is to be observed that the equation 

e—az4-e 

expresses not only the relation between the co-orlinates of any point in the 
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straight line mn, but also the relation between the co-ordinates of any point in 
the plane MNnm drawn through MN Gg pendicular to the plane of xz. In like 
manner, the equation 
y= bz + 8B 
Biongs not only to the straight line m‘n’, but likewise to all the points of the 
projecting plane m'n'NM drawn perpendicular to the plane of yz through the 
straight line MN. 

It appears then, that this system of equations holds for all the points of the 
straight line MN, which is the intersection of the two planes perpendicular to 
the planes of xz and yz, and holds good for the points of this straight lime alone. _ 
These equations therefore are, in this sense, the equations to the straight line 
itself, although, in the first instance, we established them separately as the 

equations of the projections. 

It follows from this, that the elimination of the variable z between these two 
equations, gives rise to a third equation between & and y, viz. 

b (x — a) = a(y— 8) 
which represents the straight line mn” the projection of MN on the plane of 
zy; oY, more generally, this equation belongs to all the points of the projecting 
plane MN’ ” drawn through MN perpendicular to the plane of wy. 

When the straight line passes through the origin, its projections will also 
pass through the origin, in this case the distances a, 6, are Bee and the 
straight line is represented by the system of equations . 

Hemel 
y= baS 

The straight line may be situated in one of the co-ordinate planes, for exam- 
ple in the plane of zz. In this case, for all points in this straight line 


geome 5 

and the system of equations representing the straight line becomes 
&az+ta 
J come b 


that is to say, in this case we shall have 6 = 0, 6= 0, which is evident from the 
figure, for the projection of the straight line on the plane of yz will coincide with 
AZ. 

When the constants a, 5, «, @, are given a priori, the position of the straight 
line is completely determined. In order to obtain its different points we must 
give a succession of particular values to one of the variables, z for example, in 
each of the equations x = az ++ «, y = 62 + £@, by means of which we shall 
obtain corresponding values for the two other variables x, y. Then let z=‘ then 

= az -+ w# = paknown quantity, 
y = be + B= qa known quantity. 

Take in AX a distance AM =p; 

From p draw Mm parallel to AY and = q ; rat 

From m draw mP perpendicular to zy and 
ee : 

The point P thus determined belongs to 
the straight line, and in the same manner we 
may obtain all the other points. 

It may be required however, to determine 
the constants a, 6, «, @, conformably to 
certain conditions, which gives rise to a 
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series of problems in Analytical Geometry of three dimensions, analogous to 
those which we have already considered in reference to a straight line traced 
upon a plane. 


To find the equations to a straight line in space, which passes through a 
given point, 


Let the equations to the straight line required be of the form 


c= a2 + OL cevese COO eeeeeesarereeseseresces Ceerseeseve-ceos eevccccece (1) ‘ 
Yim DS HE Bc caveccese sen adn ase sacasssccns (occ etna Vases (2) 
Let the co-ordinates of the given point be x’, y',2 ; 


Then since the straight line passes through this point it must satisfy the 
equations 
GF OT Ss vesenaeas sts esaech anens sencroess cy OTe esos (3) 
Y HOT Benge x23 sasnu eh oo (4) f 
And, since these equations hold good together for the straight line required, 
subtracting (3) from (1) and (4) from (2) we have 
Emm BO (GZ) vnc cschescoyesaigpeanss one entnce oath eatin geod: 


¥ ty ree: b (z — 2’) Cor eOerrscececcceesscsccce Pe OCerrrossserves COerersorses (6) 
the equations required. 


Lo find the equations to a straight line passing through two given points. 


Let the co-ordinates of the given points be 2’, 9’, 7; xu", i", 2: 
Let the equations of the straight line required be of the form 
TAD mf wen nccusessasdantnsene det chee tease eee nn ecsese (1) 
Ya DY en oe dice ecensaeds laaeeereate nen en Jescee occs sheen @ 
where a, 6, «, 3, are quantities supposed to be unknown, and which we must 
determine from the data of the problem. 
Since the points 2’, y’, 2; x", y", 2”; belong by hypothesis to the straight 
line whose equations are sought, it must satisfy the two systems of equa- 
tions 


Re mem 5S Er) 08 | 5 adda We d-0ht ve eide Uae ceed eee ee senbarhebendne eee (3) 
YOR VSB witece ans oxy atoe gues Se gi. ote dee cressceceeee (4) , 
het BO Sa Bens EAU TE SNS) os sosesbiats cos hdeeaeee sbi cba (OD 

UY" OZ eB ves cnstasenetedenaiesquececdastts. duds On (6) i 


If therefore, we eliminate a, 0, «, 6, between these six equations in such a 
manner as to obtain two equations which involve only 2, y, z, and the known 
quantities 2, y’, 2; x", y", 2; the problem will be solved. 

Subtracting (3) from (1), and (4) from (2) 





Z—# =ale—z whence a@ = == 
y y! Ce eWeesSeeeeescesese (7) 
Sl — — “—— 
y—y b(z— 2) whence 6 = aie 
Again, subtracting (5) from (1), and (6) from (2) 
L— 2H = a(ze— 2") 


y—y" = bz —2") 
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__ Substituting in these last equations the value of a and Jb, found in (7), we 
have 





g— 2" = = 2 Cig Ue eh eee (8)) 
7" = oe (2 — 2). cc ceneeereeceeveees (oy 


the equations required. 

In finding the equation toa straight line drawn through one given point 
the constants a, b were left undetermined, because a straight line may be 
drawn through one point; in any direction whatever. But when a straight line 
is drawn through two given points, its direction is determined, and hence, in 
this case, it became necessary to eliminate the arbitrary quantities a, 0. 


Through a given point without a straight line in space, to draw a straight 
line parallel to the former. 


Let 2’, y’, 2, be the co-ordinates of the given point. 
Let the equations of the given straight line be 


rm aztea 
ai Ole ee 
The equations of the straight line required will be of the form 
g—xz = A(z—~) 


y—y = B—Z) 
where A and B are quantities which it is required to determine. : 

Since the straight lines are parallel, the planes which project them respec- 
tively upon the planes of xz and yz, must be parallel, hence the intersection 
of these parallel planes with the co-ordinate planes must be parallel, that is to 
say, the projection of the straight lines must be parallel, hence we have neces- 
sarily the relations 

A= a B= 
which gives for the equations of the straight line required 
z—a =al(z—?) 
y—y' = b@— 2 


Given the equations to two straight lines in space, to determine the relation which 
must exist between the constants, in order that the two lines may intersect. 


Let 
ee | em Otte as. ee ee oe 
ymbztp....-. yabz+8....- . (4) 


be the equations to the two given straight lines 

If these straight lines cut one another, these equations must hold good 
together at the point of intersection ; eliminating, therefore, x, y, z, we find 
the relation 

(2 — #/) (6—b) = @—#)(—2) 

Unless this equation of condition be satisfied, the lines do not intersect, if it 
holds good, then the point of intersection has for its co-ordinates 
of — a b’— Bb ba — BB dul — ae 
ACG ermeeg NOE Bie Aaa NT ee ES, ~ ea a 


—_—_— 
— 


“ 
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Given two straight lines in space which intersect, to find the angle contained 
between them. 


Let the equations to the given straight 
lines be 
L=A2z- ay LU, 2+ ety 
Be atk oid = bz - a 
Let A be the origin of co-ordinates. 
Draw through A two siraight lines AP,, 
AP, parallel to the given straight lines. 
Then the angle P,AP, (Q) will be the re- 
quired angle. 
The equations to AP, and AP, will be re- 





spectively 
BE ome cee 
y Es ty — nt 
In AP, take any point m, whose co-ordinates are 1,y;%, 5 
AP, ae a Mg eo ee ee LeY 2% 5 
Join m, mz; let Amy =17,, Amz = re 
Then 


“myn, = 1,2 + 742 — Qryr2 cos. O 
Also 
‘mymg? = (a, — &)* + (1 — 9s)’ + (1 —%) ? 
Tbe — Wryrz COS.9 = 1y--Y Pe pre + Ys %e"-—- 2H Ly—-- BY 1Y 224% 
But 
rey = 2 yf 23, and rf = 2° 4+ ys + 2? 
Ly2-- YiYs bt M2 _ 


oeCOS, 4 ae 
i’ 2 


Now, since 2y,%, is a point in AP,, and 2,22 is a point in AP,, the follow- 
ing equations hold good. 





Rone ta es 
¥, = 6% a == bgz 
+ Memmi 4 Fd A CS meen EA 
° SS bat 2 = = 3.2% | 
o. —— 2" Le" ee Zn" p {fee 
it byob my? = a (1-fa? + d:%), and ayy ay? ge (Lf at fy! 
ri ta) 
a = a 2) Sn a eee ped Pees. 
a= 1+ a- oe Vi fa +b. 
os i Ayr) A)e 
or SS —ODQee SS ——— 
aye, 1 V1l+a?+ 6; ~4/ Leet ae 
b 2, or 2 dyry Oot tht 
Yr = pee hee Sea SS 
OES TTF OFA —~ V1 + asp op? 


Substituting the value in these equation for cos. @ we haye 


17910 $- 17 ed\be + 172 
Tie /1 + ap + be. J Vt ae wey F = 
1 + as) a + b, b 1D, 


pay Leas at iE ot ee + 5°, 





cos. Oo 
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' Given a straight line in space, to find the angle which it makes with each of the 
axes of co-ordinates. 


Let the equations to the given straight line be 
z= az~+ <i 
y= ba+ B 
Through the origin A draw a straight live 
AR parallel to the given straight line, then 
the equations to this line are 
Bi Cz 
y= a 
Take any point P in the straight line, 
whose co-ordinates are x, y, %, and let AP 


—7 


Let the angles which 7 makes with the 
axes AX, AY, AZ, respectively be called 


(7x), (ry), (7%). 














Then, 
x = 1 Cos: (7x) 
y = 1r cos. (ry) 
% = 1 COS, (72) 
Vis 
als i hile 
=F(1 +a +4 
r=zVipo Ps 
v ae a 
er ei tere J/l+a+ee 
y bz i b 
N= = pep VTE To 
z % & 1 34 
8 = = TEEPE JF OPP 


Cor. Since 
x = r cos. (72) 
y =r cos. (ry) 
© =? cos.(72) . 
e+ y? 4+ 2? = 2? f cos. 2. (rx) + cos. ®. (ry) + cos. ®. (rz)} 
But 
oy pear 
ye } cos. 2 +4. (rx) + cos. ?. (ry) + cos. * (rz)} re 
cos. 2 (rx) +- cos. * (ry) ++ cos. * (rz) = 1 
A very remarkable result, which shows that the sum of the squares of the 
cosines of the angles which a straight line in space forms with the three azes is 
equal to unity. 


*Forr —az y=—be2 
x2 = adz2 
y2 = b2z2 
s% = 2% 





P+ 2+ = st (1 +a +b’) 
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Given two straight lines in space which intersect each other, to find the angle 
contained between them in terms of the angles which each of the straight lines 
makes with the axes of co-ordinates. 


Let the angles which 7, makes with the 
axes AX, AY, AZ, be called (72), (71y),(7,2). 
Let the angles which rz makes with the 
axes AX, AY, AZ, be called (72), (72), (722). 
Now as before 





1172 COS. PD = Liq + Y1Y2 + %M% 
But 
Dy C08, 7) Le = Ly Cos, (727) 
Y, = 7; Cos. (7)Y) Yo = 1 COS. (72%) 


%, = 7, Cos. (72) % = Py COS. (72%) 
. COS. P= COS. (71%) CoS. (772%) + Cos. (ry) COS. (7'2y) 4- Cos. (72) cos. (742) 


Lo find the equation to a plane. 


DerinitTion.—A plane is a surface generated by a straight line of indefinite 
length, which moves parallel to itself along another straight line, also of indefi- 
nite length. 

Let BC, BD be the intersections of any plane BCDE, with the co-ordinate 
planes xz, yz BC, BD are called the traces of the plane BCDE, on the 
planes xz, y2. 

The plane BCDE may be conceived to be 
generated by the straight line BC, moving 
parallel to itself, along the straight line BD. 

Since the straight BC lies wholly in the 
plane of xz, its equations will be 

9 0, $2 $e AD Carissa igonu sata) 
where Ais the tangent of the angle which 
BC makes with the axis AX, and where C 
=. DB: 

In like manner, the equation to the 
straight line BD, which lies wholly in the plane yz, will be 


= 0, = By + 6. reckon shia cicedopoetene ee (2) 


where B is the tangent of the angle which BD makes with the axis AY. 

Now let B'C’ be any position of the generating line, then B/C’ is parallel to 
BC, its projection on the plane zy will be parallel to AX, and its projection 
on the plane xz will be parallel to BC, hence the equations to B’C’ will be : 


Y= ¢, F— Arie ae ee wos ocr (3) 


where «, @ are quantities constant for all points of the same position B/C’ of the 
generating line, but variable for any other position, such as B” OC”, 

It remains for us to express analytically that the generating line BC inter- 
sects in all its positions the line BD. 

In order that this may be the case the equations (2) and (3) must hold good 
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at the same line; eliminating, therefore, 7, y, z, between these four equations, 
we arrive at the equation of condition: F 

oa OE EY Dee Sassatest@n cuts Dan? RRB Ae pee (Ayo ni 
which must hold, in order that the straight lines BC, BD, may always inter- 
sect. Now the equations (3) and (4) must hold good together, for each posi- 
tion of the generating line. If, therefore, we eliminate the indeterminate 
quantities «, 6, between these equations, we conclude that the resulting equa- 
tion 

@— Ar+ By+C 

is that of the plane, since 2, y, 2, are the co-ordinates of the different points of 
the generating line in any position whatever. 

The meaning of the constants in this equation is manifest from what has 
been said above. A and B are the tangents of the angles which the traces of 
the plane on the co-ordinate planes of 72, y2, make with the axes AX, AY; 
and C, is the distance from the origin of the point in which the plane meets 
the axis AZ. 

If BD be parallel to AY, then the plane is perpendicular to the plane of 22, 
and its equation becomes 

2— Axr+C 
the same as that of its trace. 


To find the equations of the projection on the co-ordinate planes of the inter- 
sections of two given planes. 


Let the equations to the two planes be 
2-2 Ar+ By +0,2= Ar+By+C 
Since these equations hold good together for the straight line which is their 
common intersection, if we eliminate % we shall have the equation to the pro- 
jection on the plane zy, that is 
(A— A)rx+(B—B)y+O—C=0 
In like manner, eliminating 2 or y, we find 
(A — A) 2+ (AB — A'B)y + AC —AC = 
(B/ — B) z+ (A‘B — AB)z + BC’ — BC = 0 
the equations of the projections on the planes of yz and zz. 


Oo 


To find the equation to a plane passing through one, two, or three given points. 


The equation will be of the form 
2a Axr+ By+ C....... Ste re Wee SITTTR oc, td ove exi-awene (1) 


Ul 


And since it passes through a point whose co-ordinates are a’, y’, 2, it must 
satisfy the equation 
a me Aa! By! FC ceccesecsonescrencneneveees dontaieuaet (2) 
Subtracting (2) from (1) 
~—2 = A(x—2x) + Bly — y) the equation required, 


The constants A and B being arbitrary, the problem will be indeterminate, 
and, in point of fact, we know that any number of planes may be drawn through 
a giveu point. 
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if the plane be required to pass through a second point x’, y’, 2”, then it must 


satisfy the equation 
oo == Az" + By -- Co) ee eaten oe Bae ade (3) 


and two of the constants may be eliminated between equations (1), (2), (5), one 
however will still remain, and the problem will be indeterminate, for any num- 
ber of planes may be drawn through two given points. 

“Ifthe plane be required to pass through a third point 2”, y”, 2” it must 
satisfy the equation 


w" == Ag! -f By’ tb. CO. .cd...cscooce sees oon (4) 


the three constants may then be eliminated between equations (1), (2), (3), (4), 
and the result will be the equation of the only plane that can pass through the 
three given points. For we know that three points suffice to determine the 
position of a plane. 


To find the conditions that must hold good, in order that a straight line and a 
plane may coincide, or be parallel, 


Let the equations to the plane and the straight line be 
2 Axr-+ By + C 
t= 4 +a,¥y=— bate, 


Substituting az -+- « and dz + 2 for x and y in the equation to the plane, 
we have 


(Aa + BB + C) + (Aa + Bb—1)z =0 
If the straight line and plane have only one point in common, we should thus 
be able to determine its co-ordinates, but if the straight line be altogether situ- 
ated in the given plane, the above equation of condition must hold good what- 


ever may be the value of z: hence the two parts of the equation must be inde- 
pendent of each other, and we shall have 


Aa + BB+c=0, Aa + Bb—1=0 


the equations of condition required. 


If the straight line be merely parallel to the plane, if we move them in a- 


direction parallel to their original position until they reach the origin, the 
plane and the straight line will coincide, hence the above equations must be 
satisfied on the supposition that « and and C are each = 0, therefore 


Aa + Bb—1=0 


will be the equation of condition which must be satisfied, in order that a straight 
line and a plane may be parallel. 


Lo find the conditions requisite in order that a straight line may be perpen- 
dicular to a plane, 


If a straight line be perpendicular to a plane, the projection of the straight 
line and the trace of the plane upon any of the co-ordinate planes will be per- 
pendicular to one another, 


soatioagl’ 
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Let the equation to the given plane and straight line be 


2 Ar+ By + C 
a 


BT oo vs ncn cence scyenceasoccescnqntncavcorassueseascscecs (2) 


where it must be remembered that (1) is the projection of the given straight 
line on xz, and (2) its projection on yz. 


The trace of the plane on zz is 


1 C 
~—= Ax--+ C, OF, B= ~p- +B — “pissesterecsstere sau neaeies (3) 
and on yz 
1 C 
@ ey — C, or, ¥y a B e @ —— B eee eoeseSOSeeeeeseee a8 (4) 


Hence the straight line (3) is perpendicular to (1), and (4) is perpendicular 
to (2). 
~» At+a=O0 and B+56=0 


which are the equations of condition required. 


To find the equations to a straight line which passes through a given point, 
and is perpendicular to a given plane. 


Let the equation to the plane be 
= Ar + By + © 


The equations to the required line, since it passes through a point (2, y’, 2/,) 
must be of the form 


Ce ae me Wee as 
poet oD (ee) 
and, since it is perpendicular to the plane 
Get Oe 
and therefore the equations required are 


z— 2 + A@—2)=0, y—y $BE—2%»)=0. 


To find the distance (0) of the given point, in the last problem, from the plane. 


The equations to the straight line are 


ae — a + A (2 —2) = 0 cee (1) Ye BE — 2) = 0 weer Q 
and the equation to the plane is 
@— Aw + By - C 2... ..eccseeee pees wel Laalnere st Cd ©) 


which may be put under the form 
e—-¢ = Ae—r)+By—y)+C+ Seed ae 


o 2—# = Aw—zv)+By—y)+M 
where M = C+ Aa’ + BY —Z 
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Now, if we suppose 2, y, z, to be the co-ordinates of the point in which the 
_ perpendicular meets the plane, equations (1), (2), and (3), will hold good 
together, and we shall have 

M 4 des — MA 
ip Be Y—Y = pep t- FS] A+ Be 
But the distance (7) of the two points whose co-ordinates are x, y, %; 2’, y’, 
2’, is 


Fh ee= OE Rom 


r=V/@—«!+ Y—y) + @—eP 
M 


= ipa 


To find the distance (A) from a point in space to a straight line. 


Let the co-ordinates of the point be (2, 2’, z,) ‘and let the equations of the 
straight line be : 


DS OB mAn Oh ccosccccs scene hs Phe, y- secskeegseu aeeeee odvecenscusergs (1) ; 


The equation to a plane passing through the point 2’, y,’ 2, and perpendicular 
to the given straight line, will be 


(7— 2) + a(@— 2X) 4 O(y—y) = O eareecceeeees rr 63)) 

Now, if we suppose x, y, 2; to be the co-ordinates of the point in which the 
plane meets the given straight line, the equations (1), (2), (3), will hold good 
together, and if we find values of (x — 2’), (y — y’),(z — 2), from these equa- 
tions and substitute the values thus obtained in the general expression for the 
distance of two given points in space, viz. 

r=V(@—2yY + y—yY + @€—27 
we shall solve the problem. 
In order to effect this, let us put the equations (1) and (2) under the form 


G—*) = a (%— 2) -- SOE 4 + OB eae senaeaucnieen (4) 
(ya—9) ) (~—2z) 4+ B—Yy a ait: Sane eoccnenepeda aes (5) 
Substitute these values of (x — 2’) and (y — y’) in equation (3), which will 
then become 
(7#—2)(l+@+0) 4+ a(a2—2' + av)4+6(6—y'+ b7)=0 
whence we find 
/— by — a ; 
(z ensale z) = (Gao te -B) + # tS 
N } 
= T+e+eR ->-% if N= a(z’—a)+ dy —fB)+ wz. 


Substitute this value of z — 2%’ in equations (4) and (5), and we find the cor 
responding values of (a — x’) and (y — 9’) to be 


N 
o Nd , 
7 9" = 1 + gt eee 
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squaring these quantities'and adding, we find 
,__N2(1-+@ + 57) ° Bie » aut ta(z'—a) +5(y'— 
v= nyse eye + (a —a)P + (y'—BYP +2? — DN aera a pata Ge =&) 


N2 
ee ey ee 


To determine the angle between two given planes. 


Let the equations to the planes be 


% = Ar ++ By 4 C wn. ccc esene (1); 2 Aa + By + C’.......0.. (2) 
If we let fall from the origin two straight lines perpendicular on these planes, 
the angle contained by the straight lines will be the same as the angle contained 
by the planes, let the equation to these straight lines be 


£1 az x= ae) 
ei! | and y = ba S$ 
the angle between them is known from the expression 
1 + ad + 00’ 


ae VOl+ o 4-07) (1 a? +0) 

But, inorder that the straight lines may be perpendicular to the given 

planes, we must have : 
« Ata=0B+5=-0A+ad=-0B4+0=0 
‘Substituting therefore, the values of a, 6, a’, b’, derived from these equations, 
we find that the expression of the cosine of the angle between the two planes, 
= 1 + AA! + BB’ 
® = Ja+ +B) + A® + B?) 

In order to find the angle which any plane makes with the co-ordinate planes, 
we have only to suppose that one of the above planes assumes in succession the 
position of the different co-ordinate planes, thus let us suppose, that (2) is the 
plane of xz, then its equation becomes 

fo co that. — 0, © 0 
and therefore, if we denote by the symbols (#2), (yz), (wy), the angles which the 
given plane makes with the planes 72, yz, zy, we have 





cos. 





B 
eee on 14: KOLO 
A 
cos. (yz) = ea at Be 
1 
ee) = 7 4 At B* 
and have 


cos.?-(zy) +- cos.2 (y2) + cos.? (4%) = 1 
and 


cos. 9 = cos. (xz) cos. (x°2’) + cos. (xy) cos. (a’y’) + cos. (yz) cos. (y'2/) 


To find the angle (6) contained by a plane and straight line in space. 


The angle sought is that which the straight line makes with its projection on 
the plane. If from any point in the given straight line we let fall a perpendi- 
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cular upon the plane, the angle contained between these two straight lines will 
be the complement of the required angle. 
Let the equation to the given plane be 


Pe AL = By Crs .dsk tes ceeherenen ies sega eerercuwetaretes (1) 

The equation to the given straight line | 
Cia A =H 10 sy aacesstensecvoccocesesr er eeereee escessoetasaeeurtee eee (z) 
eT Ie tl LPP (3 f 


The equations of the line let fall perpendicular on the plane will be of the 
form 
De tian 5 CE OPM ee or so euetutsveee ches chink dereceeeeee oossseteuse tee eee (4) 
D sirrne Oe eh ite evesag rs sete ce evaek ceaedcee de inden <ivemengake (5) 
But in order that this may be perpendicular to the given plane, we must 
have 


AS — 0 B+ 
Now, the cosine of the angle contained by the two straight lines, is 
1+-da+ bb 


cos. 2 = 





VUE CEO) IF PFO) 

It appears from what has been said above, that, in the present case 9 = 
90° — é, and .*. cos. @ = sin. @. Substituting therefore for a’, J’, these values 
in terms of A and B, we find 





sin, 6 = Ja +@+ 6?) (1 -Ae> Bey 


; 
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CHAPTER I. 


DEFINITIONS. 


In considering the relations which exist between different quantities, those 
which during the whole of any investigation are supposed to retain the same 


yalue are called constant quantities, those to which different values may be 


assigned are called variable quaniitics. 


Constant quantities are usually represented by the first letters of the alphabet, 


a, b, c, &c. variable quantities by the letters u, 2, y, 2, Xe, 
When two or more variable quantities are connected in such a manner, that 


the value of one of them is determined by the value assigned to the other, the 


ee 


former is said to be a function of the other variables. 

Thus in the equation 

y = Ax + Ba? 4+ 0 

where the value of y depends upon the value assigned to 2, y is said to be a 
function of x. 

In like manner if we have 

y = Az? + Ba? + Ca’ + D 

where the value of y depends upon the values assigned to # and z, y is said to 
be a function of x and 2. 

The words “function of x,” are usually expressed by the symbols, f (1), 
Q(x), W (x), or similar abbreviations, and the above equations expressed in 
general ierms would be written 

y =f (@) 


i vy = f(z, a) 

If y = f (a), and a change takes place in the value of f (x) such that x be- 
comes z + h, x being quite indeterminate, and / any quantity whatever, either 
positive or negative, a corresponding change must take place in the value of y, 
which may then be represented by y’, If the quantity f(# + h) be now deve- 
loped in a series of the form 
f(2) + Ah+ BH?+ Ch? +... . 
in which the first term is the original function f (z), and the other terms 
ascend regularly by positive and integral powers of fh, and A, B, C, &c., are 
independent of / ;* then the co-efficient of the simple power of A in this series is 


* We shall, in the mean time, take for granted that f (@ +h) can always be developed in a series 
of the above form, (showing, however, as we advance, that this is actually the cage for all the parti- 
eular functions which fall under our notice) and defer the general demonstration of this principle until 


_ we proceed in Chapter V. to the discussion of Taylor's theorem. 


x X 
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called the first differential co-efficient of y or f ~@. This is the fundamental 
definition of the differential calculus. 
Then let y be a function of x such that 


a ee 
Let x become « + h and y become y' \ 
y =a(«e+h/y 
expanding = ax’ +- 2ax.h + ah’ 


This we at once perceive is a series of the required form, the first term aa® 
is the original function y, and the other terms ascend by integral and positive 
powers of h; hence, according to our definition, 2ax the co-efficient of the 
simple power of / in this series is the first differoatial co-efficient of y or 
SF (2). 

Again, let 

Year 
Let x become x + h and y become y’ 
y= («+ hy . 
expanding = 2 + 32?.hkh4+ 3x.h? +23 4 

Here again we perceive that the series is of the required form, and, there. 
fore, 32” the co-efficient of the simple power of A is the first differential co-effi- 
cient of 2°. 

Again, let 

y = ax? + be? + cr +d 
Let x become (x ++ h) and y become gy’ 
 Y=aeEM+o@+Mto@+h+a 
expanding = az® +. 3axz” h + 3axh? + h? + bx? + 2bah +- bh? 4- cx +- oh 3 d 
arranging according to powers of h 
= (ax? + b2°+ cx +d) + (Baz? + er + c)h+(3ar +5) +h’ 
a series of the required form, for the first term is az*® +- dz? -+- cx + d, the 
original function, and the succeeding terms ascend regularly by powers of h. 

Hence, 3u2* +- 2b% +. c the co-efficient of the simple power of / in the 
developement of ’ is the first differential co-efficient of y or axz*® 4- ba? +- cx 
+ d. 

fd 

y =F (2) 


d 
the first differential co-efficient of y is denoted by the symbol “ thus in the 


«Dove examples 


y = ax* 
dy 
da ean 
FT poms 
da 
1 — 3° 
dx 


* In this treatise the principles of Lagrange have been almost exclusively adopted, but although 
that writer has with great propriety denominated this branch of Analysis ‘‘ The Calculus of Fune- 
tions,” yet it has been thought expedient to retain in the present work the nomenclature and nota- 
tion of the Differential Calculus, since it is employed almost universally in the scientific publications 
both of this country and of the Continent. 


art.” 
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y =a + ba? + cxr+d 

dy 

dz = Bax? + 2br +c 
in like manner if « = f (z) the first differential co-efficient of « or f (z) will be 

du 
represented by 7. 

We might obtain the first differential co-efficient of any function presented 
to us by following a process analogous to that exhibited above, but we shall 
materially abridge the labour of our operations by establishing certain general 
rules, which will enable us at once to determine the first differential co-efficient 
of any variable quantity, without the necessity of having recourse to the substi- 
tution of z ++ h for z, and the subsequent expansion. The investigation of 
these will form the subject of the two following chapters. 


Note.—Since a constant quantity is not susceptible of change, it is manifest 


s - d: 
that it can have no differential co-efficient, or if y = a, < iy 


CHAPTER II. 


ON FINDING THE FIRST DIFFERENTIAL CO-EF FICIENT OF SIMPLE 
FUNCTIONS OF ONE VARIABLE. 


1. To find the first differential co-efficient of any power of a simple 
Algebraic quantity. 


Let y 2" 
Let z become x + h 
yf = (x 4+ fh)" 
Expanding by the binomial 
—1 —=]) (27— 
—7 + ni— h feet) yn? h? +- LG) hi -+- H,. 


dy a3 
op a 


From this it is manifest that 


The first differential co-efficient of any power of a simple Algebraic quantity 
is found by multiplying the quantity by the index of the power, and then dimin- 
ishing the exponent by unity. 

dy 


eel ey — 2° den 1@ 
By 
oy = azPp +4 deat (P+ ye ta—} 
d 
3 y=a+2-1 se = — grat) 
m d ag) 
4.ymat Tan = To @ Ee alaed 
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2. To find the first differential co-efficient of a’. i 
Let Fi a, 7 
Let x become x 4- h and y become y/ 4 
y =axth 
a ere 
h Le wi 
=a. (ipl +b + A +...) See p. 334. 
=f 4+aep Apa” Wp. ., ’ 
where p= (a—1)—3 @—1¥ + 4 (@—1f—.. . = log. a 
ee 
os 2 = aep = log. aa" 
In the system of logarithms whose base is «, p = 1. 
if <¢7\—te* 
dy 
dx = 


3. To find the first differential co-efficient of log. x. 


Let 2 —— 109.2 
Let x become x + h and y become ¥ 
y' = log («@ +h) 


= log. x ¢ ae 2) 
= log. x +- log. é + “) 


L sh» ue hi 
= log. + —(5—3 ati. a —.+.)See Art 205, p.342 
il 1s 1) ee 
slog. 2-+o 5: AS ae oo ee 
ly ea 1 1 


dr—p «x — lga a 


4. To find the first differential co-effictent of sin. x. 


Let y=sin. 2 
Let x become x + A and y become 7 
y' = sin. (4 + h) 
= sin. x cos. h + sin. h cos. x 
Substituting for sin. h and cos. / their developements as found in p. 587. 


: i? Se 
= sin. x (a— tins =) --cos, o(+— - 1.3.3 at 1.2.3,40 
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a 
‘arranging according to powers of h 
sin, % cos. & 





= sin. + cos. vu. h— i g¥—7 a3" TF: 
Ae | 


From this it appears that the first differential co-efficient of the sine of an 
angle is its cosine, 


5. To find the first differential co-efficient of cos. x. 


Let y = cos. x. 
_ Let # become x + h, and y become y’. 
y = cos. (x + h) 
= cos. 2 cos. h — sin. x sin. A. 


Substituting for cos. / and sin. h, their developements 
ht hs 
sos (— tiga) — sine ( — —ie3 + tans 
arranging according to powers of A 
COs. sin. 


coe wan, 2. fh — ——- TF See Toy P+. 


Hence it appears, that the first differential co-efficient of the cosine of an 
angle is its sine with an opposite sign. 


We may recapitulate the results of this chapter as follows: 


If y= ax" then 2 = anx"— whatever be the value of a. 
: x 
y= aX dy — » gt = log. ava 
dx 
y = log. « dy oe ’ I 
af 
= sin. v s = cos. x 
y = COS. # Ww = — sin. « 
y = e od — e* 
= dy 1 
== logs. «* de 
¥ Of, 2 Le 
seat dy _ 
y = sin. mx — = mM cos. mx * 
oe dx 
she dy _ 
y = cos. mx ~~ = — msin. mx 
dx 


* The expression log. e” signifies the log. of w to the base e, or the Napierian log. #. 
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egae DIFFERENTIAL CALCULUS. 


8: ‘Tf any of the preceding functions be increased or diminished by a constam 
quantity, the differential coefficient will remain unchanged, because the constant 
can only appear in the first term of the expansion, and the other terms, involving 
the variable and its powers, remain unchanged. Also, if any of these functions 
be multiplied by a constant, the differential coefficient will be multiplied by the 
same constant, because every term of the expanded series is multiplied by the 
constant.. Hence, if 





Bee rt? then SY = na” y = cx then oo = ce : 
y= a+b BY = log. a ax | y=ca W = c log a. a* 
y=er+b ae CBst Fie a ee. 
y= lop. 4 0 Y= at y—c lo. oe eG 
y=log..¢ +b a ee y=c log..2 BS 
y=snz +b a c05ia y=csin x & = cos « 
y=cosz +6 a = — sin x y == cos x = —c sine 


CHAPTER II. 


ON FINDING THE FIRST DIFFERENTIAL CO-EFFICIENTS OF COMPOUND 
FUNCTIONS OF ONE VARIABLE, 


1. To find the first differential co-efficient of the sum of any number of simple 
. functions. 


Let y=f(2)+4(2)+¥@)+-- 
where f(x), @ (a), y (x), are all simple functions of 2. 
Let « become xz + h/ and y become y/ 
y=f(ath)+o(e+th)t+u(e+h)+.... 


Let the expansion of f(# +h) when developed in a series ascending regu 
larly according to powers of h be 


S(e@th)= f(z) + Ah + BH? 4+... 
And in like manner 
o(@+h)=o(27) +AR+BRI4+.... 
y(a@+h)=y(x) + AUA+ BlAE+.... 
Then y'=f(«)+ Ah+ Bh?+ .. +9(2)+A'A+BAi?+ .. +y(x7)+ A"h+ BAe + vee 


} - 
Ae 

Ip A 

i” 

aan 
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Collecting those terms which involve the simple power of 4 
={ f(x) + 6() + ¥(x)} +(A+ A’+ A” +...) 2 + PA? + QA +... 
»BaA+A AMS... 


But on inspecting the above series it will be seen that A is the first diffe- 


 rential co-efficient of f (x), A’! of » (x), A” of y (x), &e. hence we conclude 
that 


The first differential co-efficient of the sum of any number of simple func- 
tions is equal to the sum of the first differential co-efficients of each of the 
functions considered separately. 

re. (12) 

Let y= ou +a%+log.x+snz+cosz 


1 


PY — ng 4 part 3.14 cose —sin x 
dx p = 


(2.) y = aa! + b2° — 7x’ + 4x* + 32° — 22? — x +1 
a = 7aa® + 6bx’ —3524 + 16x + 92% — 4e — 1 


(3.) y = msin e —2 cos x + 427° — 62°" + 10 


2 = mcos x + 2 sin x — 4px—(P +1) + 6ga—t!) 
x : 


2. To find the first differential co-efficient of the product of any number of 
simple functions. 


Let us take, in the first place, the product of two simple functions only. 

Let y’ = f (2) ¢ (2) 

Let x become z + A and y become y/’ 

y=f(ath)q («t+h) 

Let f (x + A) and ¢ (x + h) be developed in series ascending regularly by 

powers of h 
y ={ f(x) + Ah+ BAP + ...} {o(e)+ A+ BR? +..--}- 

Performing the multiplication indicated, and arranging according to powers 

of h. 
= f(x) > (x) + {A'f (2) + Ag (x) } A+ Ph? + QH+... 


- BY = A'f(e) + Ao() 


But A is the first differential co-efficient of f (x), and A’ is the first differen- 
tial co-efficient of @ (x), hence it appears that 


To obtain the first differential co-efficient of the product of any two simple 
functions, we must multiply each of the functions by the first differential co- 
efficient of the other, and add together the two products. 


Let us now take the product of any number of simple functions. 


Let = - y= (z)o(@) ¥(e)--- 
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Let x become x + hand y become y' 
Y=fEHMOCHEMY(@+Hth)... 3 
Let f(x +h), O(a +h), Y (aw +h)... be developed in regular series 


ascending according to powers of h. 
=i f(a) + Ah+ B+... fo@) + AR B+... 
ry (2) + A+ B+... 3... é 
Performing the Santen ee indicated, and arranging the product accord 
ing to powers of /. 


=f (2) 0 (2) We) + §A9 (0) YG). + AT (eH). b AFA). Hh ; 
BP oi: Ohiat- ve i, em 
Te = AGE) Y@)... HAF (2) WY (a)... FAYE) @ (2) 


mh 
; 
but A, A’, A”, are the first differential co-efficients of f (x), @ (w), W (2) oon 
tively, hence it appears, that, ; 


To obtain the first differential co-efficient of the product of any number of 
simple functions, we must multiply the first differential co-efficient of each func-— 
tion by all the other functions, and add the whoie of these products together. 


Re. lyr ee . f 
‘The first differential co-efficients of 2™ and sin. 2, are ma™-! and COR, XK 
respectively. . 


di ‘ 
SL — sagm —1 sin, @ - 2” cos. x. 
dx 
2. y = sim. £. Cos. # 
d 
7 — cos.” + — sin? 4 = 2 cos.? « — I. 
da 
3. iy iez a" dogs. 
dy , ry H a (eee x log. x 
ae a* log. x ar a ae a 
dx. P B x Pp x 
Ly Sa ae (u ie z being functions of x) 
LY = yp gh gm) $f na™ zhu) + ham ym gho-l 
da ‘ 
Oe Yan at RID. ae ae 
dy eee wee 
de — 7 Sin, Ya ar—* + a cos. La 4 p a* a sin. £ 


= sine 2’ (r+ cot. x -+- pz) 


3. To find the first differential co- efficient of a fractional function. 


pay Ai) 
Let y = D(x) 
Let « become x +- / and y become 7’ 
Pte Bs ke) 





o> ol HA) 
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_ f+ Ak + BIE + oy 
~ p(t) + AA+ BA. 











= (f (2) + Ah + Bh? + i (9 (@ + Ath 4+ BRL. ..)-? 
Al 
= (f @) + Ah + Bi? 4-.. .) Ge ICT EN + terms in h?. -) 


Ff (@) A! f () 
ite ips TENE 
Be ee ALS (@) 
dz—~ 9 (@) $9 (x)? 
Ag (z)—A'sf (2) 
| ais $@ (x)¢ 
, But Aj isthe first differential co-efficient of f (x), and A’ is the first differential 


o-efficient of @ (x), hence it appears, that, in order to obtain the first differential 
co-efficient of a fractional function, we must 


Multiply the first differential co-efficient of the numerator by the denominator, 
} subtract from this the product of the first differential co-efficient of the de- 
Li nominator multiplied by the numerator, and divide the whole by the square 
2 of the denominator. 

7 


ue 
_~Ex. 1. Let y = -y whero uw and z are functions of # 


Cl ie a w—2uee  3u?% — 2u° 











dz 2 se a 
2. y = ~— where wu and z are functions of « 
dy Z—U 
dx # 
3 y = tan. x 
i sin. & 
i COs. £ 
2 af ye 
dy — £08. t+ sin’ © l ce ae 
dx cos,” & COs."a’ 
4. y = cot. x 
cos. & 
— sin, & 
+2 a 
sin.” % -+- COS.” & 1 ; 
ae 2 ah me —— nine fe m= COSEC.” V. 
5. y = sec. £ 
] 
~, cos. © 
dy sin. £ sin, £ 
dz ~— cos? 2 1—sin’?x ~~ Matias. 
6. y = cosec. # 
1 
™ sine & 
dy cos. & COs. & a 
eo gin a et ee cost oe cot. w COSEC. # 
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4, Let y = f (%) where z= ¢Q (2), it is required to find the first differential 
co-efficient of y considered as a function of x 
When x becomes x +- / let z become z ++ k 
y = F (z + k) \ 
— SF () + Ak + Bh? -+- cee eeereseeseences Oereseceres (1) 
But 
2+k=9(@+h) 
= @(4) + Ah+ BAP+... 
kR=AhR+ B+... .° Ga tae) 
Substitute this value of & in equation (1) 
yY =flz)+A(AL+ B+...) +-B(AA+ B+... +. 
=f (%) + AAA + PA? + QAF+... 
d 


ve 
Daren 


But A is the first differential co-efficient of y considered as a function of z, 
and A’ is the first differential of z considered as a function of 2, hence we 
have the first differential co-efficient of y considered as a function of 2, or 


dy _ dy dz 
dz dz dx 


This theorem will be found of great use in differentiating many complicated 
functions, thus, 
Ea. 1. Let y = (a2z* +- bx? + ca 4+ d)° 
Put 2 = a2z* + bz? + cra +d 


yao 
And by the theorem just established 
dy _ dy dz 
dz dz dx 
But since y = 2 
dy wes 
> Pa 6z 
And since z= az? + ba’? +ca+d 
dz 
S. = 3aa* + 2be +c 
dy : i = 62° (3ua” + 2bz + c) 


dz dr 


.. Substituting for z its value we have 


a = 6 (ax*® + ba* 4+- ca 4+ dy. (3ax* + 2bx + ¢) 


Ha. 2, Let y = sin. x 


Bute — SU, ite ct eae sveseséas sseeses-onese @yesi En 
J pe 
ay =e * ~ 


dz 
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And from (1) = = cos 2. ee A = = ne COs 2; 


d : 
= a = nz™ cos = nsin™— « cos z. 
Gis 


r rx 


Ez. 3. Let y = (a®)’ =a ?: 


r 


Put a* =.2, then y = z%, and, therefore, we have 
Lye | 
= — ne and ad = p.a* = log. a.a*™ 
WAY BLT“ age at (a*)* "log. a. 
dx dz dx gq 
rx 
rlog.a@ oa. 
q 


Ex, 4. Let y = (log. x). 
Put z = log. 2; then y = 2™ 


dy dy G2 _ yy w-1 1 1 _ m (log. iD nese 
ieee ds dp  logene ax log.a.x 


The differential coefficients of many complicated functions may be found by 
first taking the Napierian logarithms of the functions. 


Ex. 5. Let y = x (a+2) (0+2z). 


Taking the logs., and putting z = log. y, we have 


e— log. y 
z = log. x + log. (a + x) + log. (6 + 2x) 
nH Oe oh ak and ee scala ee 
dy ik LS . pe ee atx 642 
F dy d 2 


LT es 1 L. 
‘dz dz Seu t+ ot ra) 
i 1 2 
= x(a+z) (b+2z2) (- + pace + i) 


= (a+a) (b+2x) +2 (b+2x) +2x (+2) 
= ab+ (4a+2b) #462, 


5. It frequently happens that in the equation 


— ¥ =F). 
Ff (2) is of such a complicated form that, in order to find its first differential 
co-efficient, it is necessary to simplify it by the substitution of two new va- 
riables, w, z, each of which is, of course, a function of x Hence arises the 
following problem : 

If y = F (u, z,) where u = ¢ (2), 2 =P (@)-- eee eees (1) 


required the first differential co-efficient of y, considered as a function of 2. 
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_ In order to discover this, it is manifest that we must substitute  4- h for x in ' 
each of the two functions w, and z, and find the co-efficient of the simple power 
of 4 in the developement of the compound function F (u, 2). 


When x becomes 2 + A let u become u + k, and let z become z + /. . 
Then woru+t k= @Q («+ h) 

= Q(4) + AA+ B+... 
But v= @ (2) 0. ko A + B+ as. 4. ce (2) 
Again, #@orz~-lo=wy(«#+h) 

=vy(r) + AA+ BH?+... 
Bate — sy (2) pew 1= All ++ BUM +b... 0... sees cuneeveneeeenee (3) 


It now remains for us to substitute « -+ k, z -+- J, for u and z in F (uw, z), but 
it is manifest that if we make these two substitutions in succession, we shall 
obtain the same result as if we make them both at once, since uw and z are con- 
sidered altogether independent of each other in these substitutions. 


Let us then, in the first instance, suppose that u becomes u + k, and that z 
remains constant in the equation y = F (u, z). 


y or F (u + 4, 2) = F (u, z) + Ak +B, H+ ...... (4) 
Let us now suppose that z becomes # -++- /, and that w remains constant, then 
F (u, z) becomes F (u,2 + 7) = F (uz) + Ayl+ BP +...... (5) 


Since A, k involves 2, it now becomes a function of z + J, and being ex- 
panded as a function of (A; k 4 2?) 


A,k becomes = A,’ + terms in i, kP, I... 

By ees = B, # + terms in #7, ... 
Substitute then these values of F' (u, z), A, 2, B; k*, in (4), and we have 
y ov B(u+ kh, ~+1) =F (uz) + Aik-+ Agl + terms in 2,27... 
Substitute for k and / their values from (2) and (3) 
. yl = Fu, 2) + A (AA + BA? +...) 4 A (AA + B+ 7 oe 
Arranging according to powers of h 

= F tu, 2) + (Ai A’ + A, AYA + PA? + QA +. 

Hence by definition 


d 
w= ALA + A AY 
But it is evident from (2), (3), (4), (5) that 
du | dm _ dy _ dy 
2 fia dx’ A! — a ta? 4&= 7 


wy n nica ed 
dx du’dx' dz dz 

In like manner it might be proved that if 
y =f (t, u, 2) where t = F(a), u = Q(x), % = P(e) 4 
dy _ dy dt Diode Sf dz 
dx dt dx" du dx" dz dx 


and so for any number of functions. 


\ 






DIFFERENTIAL CALCULUS, 701 
-_ Hence we deduce the following general conclusion : 


, The first differential co-efficient of a function composed of different particu- 
_ lar functions, will be sum of the first differential co-efficients of each of these 
"functions considered separately and independent of each other, according to the 
_ rule established in the last article. 


_ This principle, combined with the preceding one, will enable us to deter- 
mine the first differential co-efficients of all functions of one variable, however 
_ complicated in form. 


Ex. 1. Let y = (ax® + ba® + ca +d)” (ca* 4 na? + 72’). 


¥ Let u = ax? + ba? + cx +d 
: z= ex* + na? + r2' 
oe yu 2 
© = 302° + aba $c 
dz 
da = te! + 5na* + Tra 


ae ym 


Se cats n—I1 4,m 

io u 

dy dy du dy dz 
et a die de ds 


= mu™— 2 (Sax? + Qbe + c) + nz™) u™ (4ex° + Snxi + Tra®) 

Substituting for « and z their values 
= m (ax? + ba® + cx + dy" (ext + na? + rax’)" (3a2* + 2bx+e) 
+ n(ex*+na>+ rx’) (ax + bat + cx+ d)"(4e0°+ 5na*+ Tra’) 


Er. 2. Let y = sin.™ & cos." x 


Let u = sin, + BCA ie cos. x 
Uz - 
z= cos. x we — — —sin. & 
dn 
Bown UT 2" 
i A m—l1 yn 
du = 2 
dy —— nzg-} ym 
dz 
dy dy du, dy ds 
But Game dan de das: ds 


= mu™—! 2 cos, & — ne"—! u™ sin. ¢ 
= msin.™—! x cos." x cos. x — n cos."—! x sin.™ & sin. & 
= msin.™—! x cos." +! ¢—ncos.°-!1 24 sin. ™+!1 x 


= sin.™—' £ cos."~—! x (m cos.? x — nsin.? &) 


Clee Ua ee or 
Er. 3. Let y = / fa Jet yom at 
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Let u = 
@Wtu=a— a 
{= Se — x 
y= (u-+ aye 


dy __dy du dy dz 
dx — du* de + dz° de 
3b au 
_ aft of % x mA GEES 
oh ae. e— i 
f+ VERB 


By dint of practice, however, the student will be able to obtain the first 
differential co-efficients of all functions without actually performing the process 
of substitution. 





On finding the differential co-efficients of equations. 


We have hitherto supposed the function x to be given under the form 


=f () 
but it frequently happen that y is see only by an equation between x and y 
of the form 
F (2,9) = 0 
The resolution indeed of this equation for y would give us y under the form 
y = f (2) 
but this solution is seldom possible, and wholly unnecessary for our present 
purpose. 
If the equation, then be of the form 
Easy) =20 
and if we suppose y = f (a) to be the value of y, which would be obtained 
from the solution of the equation, it is manifest that if we substitute this value 
for y in the proposed equation, we shall arrive at an identical equation 


uor F $2, f (x)} = 0 
whatever may be the value of x, and hence, if we substitute « 4- A for z, the 
equation will still be identically = 0, whatever may be the value of A. 
Substituting « «&+hforh 
wut AA+ B+... 
whatever be the value of h, hence necessarily each individual term must . 
= 0,and .. #=0, Ah = 0, Be eee 
But since 
Timea! OE Eek 
We have by article (5) chap. LI. 
du du du dy 


dz ~ de © dy ade —° 
du 

dy _ dex 

dz a due 


ee 
a 
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Kx. 1. Take the equation 


e+ y*® — Wer? 


or UP fo y® — Dra — 77 HO cecoeeseeseereevee (1) 
du _ 5 
aoe 2r 
ot 9 
dy ~ Y 
du 
But dy = — ee 
dz du 
dy 
_r—# 
=y ; 
In equation (1) the differential co-efficient - was found upon the supposition 
: : : peeks 
that x was variable and y constant, and then the differential co-efficient a was 
Se om du d 
taken upon the supposition that y was variable and 2 constant, hence a = 


are called Partial Differential Co-efficients. 


Ex. 2. Let the proposed equation be 
at 4+ 2ax°y = ay* 


or u = 2* + 2ar’7y — ay?’ = 0 
du p 
a 4u° + 4axy 
du 
— = 53? 
Tha Qax* —- Bay* 
du 
a dic 
dy 
_, 408 + dary 
— "> Gar* — 3ay? 
CHAPTER IV. 


ON FINDING THE SUCCESSIVE DIFFERENTIAL CO-EFFICIENTS OF 
FUNCTIONS OF ONE VARIABLE. 


The first differential coeefficient of any function is itself a new function o 
the variable, and consequently its differential co-efficient may be found accord- 
ing to principles already explained. ‘This differential co-efficient of a diffe- 
rential co-efficient is called the second differential co-efficient of the original 


d. 
function, and if the first differential co-efficient be expressed by the symbol a 


a 
the second differential co-efficient is represented by a 
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_In like manner this second differential co-efficient is itself a new function 
of the variable and its differential co-efficient may be found, this is called the 
third differential co-efficient of the original function, and is omer ned by the 

d’y “Z 

symbol — at . 
Proceeding in the same manner, the differential co-efficient of £Y 7 aaa is called 
dty 

the fourth differential co-efficient of the ake function, aaa is written 74 


D 


dy dd 
30 also we shall have be “a and so on to any extent. 


Thus if 


Eee y = aa’ + be? 4- ca 4+ dax® 4+ ca? + ge +m 
The first differential co-etiicient is 

ae ee 

Tr = 800? + 5ba* -- 4cx? 4- Sdx® 4 Qed eg vevessccecenceeens (1) 


In order to find the second differential co-efficient of y, we must take the 
first differential co-efficient of this new function (1), which will be | 
5.6.ax* 4+ 4.5 ba + 3.4c2z°+2.3dzr+1.2.e 
& 
A = 5.6.aa4+ 4.56094 3.4c0°4+2.3.de41.2.¢...(2 


Taking the first diferoutlal co-efficient of this new function (2), we shall 
have 


‘ 


d? 
= 4.5.6.0 43.4.5 be -+2.3.4.c@41.9.3d) 


. 
i 


In like manner 
= 3.4.5.6. av? +.2.3.4.56¢4@+1.2.3.4.6¢ 


= = 2.38.4.5.6.an+1.2.3.4.56 


i = 1.223.445, 6.08 


Ha. 2 Let y= 2" . 
dy ; S 


de = mz7™-! 

& 

de = 0 a 

d? 

a= mn (m — 1) (m— 2) a™-8 

d‘y 

a= (mm — 1) (m — 2) (m — 3) a ™-* 


naa “g O° 8b ere F455 


dat == 7 (m — 1) (m— 2)(m—3).... (map + Iam 








eee a eae) ee 





Ey. 4 


ay 
dz" 


= 
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where the sign will be -- or — according as m is odd or even, 


ite Be ef Se She 2 





wy =’. C68. 
d* 
oe em YT 
3 
oe = — cos. £ 
at 
ae Ses Be 
dad 
ae = Cos. # 
If n be an odd number 
d* = 8 | 
ae = + cos. x, -+ when e 5 is even, — when 4 
If n be an even number 
d® 
as = -+ sin. t, -+ when = is even; — when 5 
In like manner, if 
y = cos. © 
If n be an odd number | 
z i. Aloos Wt 
3 Bu = + sin. 2 + when >= is odd, — when 
If n be an even number 
d*y n. n. 
7 + cos. x, + when re is even, — when 9 is odd, 


YY 








as is odd. 
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CHAPTER V. 


On Inverse Functions. 


In the preceding trigonometrical expressions, the sines, cosines, &c., have 


been considered as functions of the ares; but we shall now treat of the znverse 
functions, and consider the arcs as functions of the sine, cosine, &c., and 
investigate their differential coefficients. 
A peculiar notation has been adopted to distinguish inverse functions. 
The are whose sine is #, is represented by the symbol.... sin —a; 


the arc whose‘cosine is vz .........cccceece ote or ete eae cos—z; 
the arc whose tangent is z..... Me ce) - tan —z; 
the number whoge logis # .:.. >... .. ui vn -. -log—z. 


Ez. 1. Let y = sin—z. 
Here the direct Junction is x = sin y; and, therefore, 


dz fr en le Pe os. 
dy = cos y = V7 1—sin2y = /1—2? | 
dy ] 
ee SS = 5 oe *eeeeesesee oeeeeesrpe ee eoeeeesv#2#et8e@ oeeaeeee L, 
dx pete (1.) 


Lx. 2. Let y = cos — 2. 
d. PE te heed 
Then # = cos y, and 3 =—sny =—V1 — cosy = —)/1—a22 


Sr SS 


Then # = tan y, and == sec*y = 1+tan?’y = 1+? 
Ty eed 
Se eg pre aoe BP cs. - (3.) 
Ex.4. Let y = cot—z. 


Then ¢ = cot y = — cosec* y = —(1+-cot®y) = — (1+) 


Ezx.5. Let y = sec—z. 


d | 
Then # = sec y, and o = tan y sec y = sec yVsec*y—1 = #V 22] 


fae 1 
oy oe 14s cee oe «ea « fe tt ee) 


Ex.6 Let y = cosec —z, 
d. atl 
Then # = cosec y .*. a = — cot y cosec y = — #V22—] 


a Re 
Senet PSS #A/ ee | < Toe ere eee ceccereecceecsccces (6) 


we | 





ee 
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da . = ero ae 
Then # = vers y .’. parker sin y = V1—cos?y = VW I— (1— vers yy 
= V/2 vers y—vers*y = V2x—2* 
ann pees peti Seen See (7.) 
dx V/2Qx—a* ea 


£x, 8. Let y = chd —'z. 
| d ) Me 
Then # = chdy = 2siniy pe = cost y = V1—sin? +y 


oo. 2 Cs 
Ge) aA isin 244 0 Vim ee V4—x? 


In the preceding expressions the radius of the are is unity; but they may 
be readily adapted to radius 7, by considering that and 22 are numbers; 
P x 


therefore the numerator and denominator of each differential coefficient must 


~ be of the same dimensions. Hence, to radius 7 the formulas now investigated 


are as under. 


y=sin—2 .. a Tet ; y= col. 2 oe a 
ys vers—'z ed = — ee et S Te, a 
y= tan—2z os = oe Yh sf 7 + Tae 


We may now investigate the differential coefficients of a few of the more 
complicated inverse functions, as in the following examples : 


Bx. 1. Let y = cosec — v1 +2", 
x 


Put 7i+2° — 2; then y = cosec —lz, or z = cosec y. 





x 
“ane dz dx eigen Seat lae ey Ite 
r% Meo ees 
Hg, 2. Lety 75 tan FED 


1+22 
V3 


ay dy dz_ 2 1 2 


9 \ 
; theny = — tan—'z. 

é Ce ae Wee Fase OSE 
oe dz de U3 Ite’ V8 8 1th” T+e+e 


V/3 


Putz = 





zw? 
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Examples for practice on the above rules. 
1 y = ax" i ba + cr -f- Cc 
ov = naz" — (n — 1) ba" —? + (n — 2) car—8 
2. y = (a+ bz) 
a = nb (a + bry-} 
3 y = (a+ bz) (a + B23 
oe = 206 (a + br) (a + U'x) + 3Y (a 4- bxY (a + dxy* 
= 
~ Bers BE 
dy _ 1 
dz ~ (1 + af 
= x" 
. Ye i os 
aya ca, 
dz ~ (lfayptt 
_a+t2 
f 1 b+2 
dy _ a—b 
dz ~ ~ (6+2/) 
be atten 7a ay fOF aN 
ul $9 AC) Ga 
dy _ (a +b) (ab —#) ee 
de ~ (¢— 2)! (6— «)# V@+ 4) (6+ a) 
4 _ V1it+2%4 Vi 
; ~ Vip? — Vi—2 
Oy te eee 
de 1 — 2" (1 2/ ae 
pl 1 +- a* 
9. ¥ = log. Fore 
dy __ 2 
do “SPs Gt 
c+yY/l1lw— 2 
10. ==] es er ae 
v de c—~/l — 2 
dy _ — 2 
dx 72 (22° — 1) /i—x' 














* We suppose the logarithms to be taken in the system where p=}. 
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y eres pe 5 
iL ee a a Ee eee 





212, - y = log.? a* 


13. Vang. 2, 


14, y=uwa 


15. y 





16, = aan ay 
Aloe tn Ee bee. 
1 


de — W4ze+1 


17. y¥Y = /Cosec. 2x. 


Gas COs, £ 


— 3 
dx en ee 


l+y// — 1 tan. ay 
1s. y = log. ne 1 tan. ) 
dy | 


a 


; 1— 
19. y —*sin.—* lpe 


ee 
fei ok 2" 


l~—2x 
se el 
20, y = cot. wh 
1 


| dx 2VYz—x 





* This signifies Jog. log. x, or the logarithm of the logarithm of #, So log.® x is log. log. log. #, or 
the logarithm of the logarithm of the logarithm of x. Any generally log.® x = log. log, log. . © « 
nm terms, # 
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CHAPTER VI. 
ON THE GENERAL FORM OF THE DEVELOPEMENT OF / (@ + A). 


Iz f(x) be any function of x, and if we substitute x ++ A for x, where / is 
any indeterminate quantity ; and if we develope f (a ++ A) ima series according 
to powers of; then, so long as no particular value is assigned to «. 


1. The series can contain no negative or fractional powers of h. 


2. The series will be of the form 
f(aeh) = fxt-P.h+-Q.V+4+R.A+.... 
where P, Q, R, &c. are functions of x only. 
Let S(e@-h) = Akt + Bh? + Chr+... 
1. The exponents a, p, y, . .. . must be positive 


For, if any term such as Th—* could enter the expansion, then on the suppo- 
sition that h = 0. 


f(@)=« 
mbes 
f (@) ~ 


. ; Il ae 
Hence x has some determinate value which renders F@ = 0 which is con- 


trary to the hypothesis. 


The exponents must be integral. 
a ue 
For, if any term, such as Th» could enter the expansion, since h» is suscep- 


tible of ~ values, we must have yw values of (x +- A); but while remains inde- 
terminate, f (x) must contain the same radicals as f(a -+ h); and .*. f (x) must 
have « values: substituting .. the ~ values of f(x) successively in the values of 
Sf (a+ A), we shall have in the whole «” values of f(x + h). Thus f (x + h) 
when developed will have «” values, and when not developed it can only have 
the same number of values as f (x), 2. e. values which is impossible, except 
for particular values of a. 


Next, to ascertain the form of the developement of f (« ++ /) 


If we wish to ascertain what part of this function is independent of h, we 
have only to make h = 0, which reduces it to f (x), so that f (4 ++ h) = f(a) 
-+- a quantity which disappears when h = 0, and which must .. be multiplied 
by some positive power of /, and since no fractional power of / can enter, this 
quantity must be of the form Ah, A being a function of A and x, which does” 
not become infinite when h = 0, thus we have 


f@+M=fle)pAh — . 
S (a+ h) —f (2) = A. A, and .-. divisible by A . 
pa fetN=so 7 


b 


But since A is a new function of x and A, we may in like manner separate — 
the part which is independent of A. : 
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_ Let P be what A becomes when h = 0, then P is a function of x alone, and 


_ reasoning as above we prove - 
A=P-+ Bh 
Bh being the part of A which = 0 when 4 = 0 
eee k= Di 
A—P 
Lee his 


and proceeding as before to separate the parts of this new function of x, we 


find 


B=Q+Ch 
Then we have 


f (wh) = f(a) + Ah 


A=P-+ Bh 
ae f(a th = f(t) + P.h + BA 
B= Q-+ Ch 


fl@t-h=f(c)+P.h4 Q. + Ch 


when P, Q are functions of x alone, and proceeding in this manner, we get 


: Sf (2 + h) developed in the required form. 


PROP. 


If the variable of a function be supposed to consist of two parts, the diffe- 
rential co-efficient will be the same to whichever part the variation be ascribed. 


Let y= f(z) wherez=2 +h 
Then it is required to prove that the differential co-efficient will be the 


same when we consider a variable and / constant, as it will be when we con- 
sider / variable and x constant. ' 


1. If we consider x variable, then by art. 4. cap. III. 
dy _dy dz 


dz tae dz ° a Serer e rer ee eee eee OOO r re eesoeereroes (1) 
2. If we consider / variable and x constant, then 

dy dy dz 

dh —— dz . dh adic @aGielee vlialelsvicele ont c(cewine.e ¥ 6 0eeiue ce be (2) 
But since 

~a=u th 

Upon the first supposition | 

dm) , 

Ox — 
Upon the second supposition 

dz 4 

dh — 
Hence, comparing (1) (2) 

dy __ ay 


— 


dcx adh 
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Having fully proved that if y = f (2), and th 
as © remains indeterminate we shall have 


fe+rA=f w+ PA+ OF + RB Ee (1) 


where P, Q, R, . . . are functions of z and do not involve h 


at if a become « -4 h, so long 


Let us take the first differential co-efficient of S (2 + A) 
tion that x is constant and A variable 


ad f(x +h) 
idl 


upon the supposi- 


= P+ 2Qh + 3RAP +4... sch een ETS) 


Again, take the first differential co-efficient of f (a 
tion that a is variable and h constant 


df (+h) _ af (2), aP dQ... aR 
ec i ena eet Et h -+- ve h? +- ap tite vesmeeee (3) 
But by the last article 


af(e+th)_ df (4+ h) 
dh th 


+ h) upon the supposi- 


dx 
comparing therefore the homologous terms in the identical series (2) and (3) 
d f(x) dy 
Pt da oe 


i) 

] 
S| 

T 
a 


Substituting these values of P, Q, R, 





OY hin Ey ee By he 
J@+h=f@)4+ 7-7 ats hg gee 





Sk dy h, dy W | dy 4A 
SY = 9 +a: T Tas 12 tae 


which is the series known by the name of Taytor’s THEOREM, perhaps the 
most important in the whole range of pure mathematics. 


: dy dy d' 
Sometimes for the sake of brevity the differential co-efficients yee 


dx’ dx® dx® 
are represented by p, q, 7, ... respectively, in which case the series may be 
written 


h? ney 
yo f(a@+h)=y +ph +49: {to +2: jeer wee 
According to the notation of Lagrange, the first differential co-efficient of 
S (x), ov as he designates it, the first derived Sunction of f (x) is represented 
by f’ (x), the second differential co-efficient by f” (a), the third by f” (x), and 


so on, in his works, therefore, the above series appears under the form 


h he = 
FS (a+ N=f@+f@Myz+tre@ i-3 + JO ip agen 


If h be negative, substituting — h for +- h, the series will become 
dy. hyn Te d®y h8 
LOS 2 9 — a. Higa” 9 sr 


in which the terms are alternately positive and negatiye, 
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TAYLOR’S THEOREM AND MACLAURIN’S THEOREM. 


Let y be a function of x, which it is possible to develop in a series of pus 
_tive ascending powers of that variable, and let us suppose that 


y=A+t Ba + Ca? + Dx? + Ext+........, (1) 
and when x becomes z + A, let y becoms y’; then we have = 
yY=A+B(xr+h)+C(e+hP?4+D(x+hP+.... 
=—A- Be + Cz? + Da? +..... 
+ Bh+2Cah + 38D2*h+..... 9 
2 WE OE Ay Ren tana take (2) 
Ee eee 


But by eq. (1) we have the first, second, &c. differential co-efficients, as 
follows:— 





aw = B+ eee esDae tie 4Ex) pol. ta: 

x 
a= MEE SSL) te Stee ie aay a (3) 
dy 
a 1:2:3D 2°3'4Ea -. ns we 
ie + z+ 
&e. &c. 

: 2 
hence by multiplying these differential co-efficients respectively by A, te 
, &e. and substituting the results in equation (2) we have finally 

dy Gage he) dy th? d'y ht 
i= ead pee es St A Ay eT aaa bys: A 
ered ge 15 | dl ida | dt ood ts) 


Again, since the co-efficients A, B, C, D, &c. in (1) do not involve a, they 
will remain unchanged whatever value be assigned to z. Let then the parti- 
cular values of y, and its successive differential co-efficients, be expressed by 
means of brackets, and when x = 0, we shall have by (1) and (3) 


(n) = 3 


hae = 2c Pun teen (akc. 
Gy =r OL) Ase ae — (Z4), &e. 
Hence by substitution in (1) we have 
y=)t+(®) oti NOs Shey Ga Diy) steelers shea (B) 


The former of these equations (A) is Taylor’s theorem, and the latter (B) 
is Maclaurin’s theorem; and the demonstrations we have given of these most 
important theorems will be readily comprehended by the student. We regret 

_ that room will not permit us to exemplify the latter of these theorems, 
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Cases in which Taylor’s Theorem fails. 


In the preceding demonstration of Taylor’s theorem, we have supposed with 
regard to f (a) that x remains indeterminate, and .°. that f(x) has as many 
values as f(x ++ ). But when we assign particular values to x, the above 
reasonings will not always hold good, and we shall not in all cases obtain the 


true expansion of f(z -- h).... 


1. Let f (x) = & when # = a, then the expansion of f (2 -- /) must con- 
tain negative powers of he 


For a will be determined from the equation 


1 
Sia or F@ me 


1 _ @=ay 
S(t) ~ @(@) 


n being any positive whole number whatever, and ¢ (x) some function of x which 
does not become 0 or « when x = a 
: pe _ et) _ 
Bay Te be @—ap 
Then, putting (a + A) for x 


_ oath 
S (a+ kh) = —j— 





i h2 
= {0+ IM-h+ 0. @pzt.-+f 
which contains negative powers of h. 


2. Let f (x) contain a radical which disappears when % = a. 

In this case, either the radical itself must vanish when 4 = 4@, or its co-efli- 
cient must vanish. 

If the radicalitself vanish in f (2) when «= a, it must be of the form (2 — aya’ 
mand n being whole numbers; hence f(x+/) will contain the corresponding radical 
(« — a - h)»’ which, on making « = a becomes h»’ so that the developement 
of f (a + h) according to powers of h may contain the radical lin and its” 
powers. 

If the co-efficients of the radical vanish when x = a, then this co-efficient 
must be of the form (a -— a)", n being a whole number, in this case the radi- 
cal will disappear in the differential co-efficients f” (a), f’(a).... f"-'(@), 
but will be found in those of higher orders. In general the following propo- 
sition will hold good : } 


When we assign a particular value to x in the developement of f (x +- h), if 
a term appear containing a fractional power of h which lies between h" and 
"+1, then Taylor’s theorem will hold fe Sor the first n terms only. 

Let 
F(a h) = A+ Bh + Cl? + D4... Mh" 4 Nant Lit go 


eee 
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| _ Take the differential co-efficient regarding / as the variable, “and let us . 


; denote the successive co-efficients by f’(a + h), f’(4 + h), &c., 
fet h)=B+20h43DM+...+- MAO 4+ Nets 4+La +. 


i f(a + h) = 3QC + 2.3.Dh ++ ST oa + Mh +- Nieto 2 Lig ou 


— 
. ° —— . ° ° ° ° ° ° . ° 


Pe+A)= NE PO Nias Bh i, 


Making h = 0, we find 
(a yose 3A. f(a) == Dy Leonel Sie OC, 5.0, 6/0 
The co-efficients A, B. C,.... are the values which / (x) and its differen- 


- tial co-efficients assume when 2 = a, precisely as in the series of Taylor. But 


” at each differentiation the first term disappears because it is constant. When 
we arrive at the n™ differential co-efficient, on the supposition that h = 0. 


f(@ =M, 


but for the (n + 1)" co-efficient 


i 
frti(a +h) = Nt 


. 1 ° 
and, since > is < 1 


ptiath = —"5 
I Soe 


‘and therefore the supposition h = 0, gives 


PAF (a) =A 
and all the succeeding differential co-eflicients will, in like manner, be infinite. 


~ It only now remains for us to show how we can obtain the developement of 
Ff (@ + h) when Taylor’s theorem fails. 


If, then, we wish to obtain the developement of f (a + h) when x = a, we 


~ must calculate the terms 7 the series 


dy d* = h? 
18 oe wie shik 
but if, in effecting this eet we find that one of the differential co- 
efficients becomes infinite upon the supposition that x = a, we must employ 
the following process. 





Substitute (« +h) for x in f (wx); then the term which contains x — a im 


the denominator, will now contain x —a +h, and will no longer become in- 


finite when x = a, but will become a term involving a fractional power of h. 


For example, let 
Sf (a) = an — a Vx? — a” 
dy ax 


ae ie ee) 17 toa 
Substitute this value and the values of ss wt , &c. in Taylor’s theorem, we 
shall then find 
f(a h) = tar — a paVF— e+ 48 (a—2)+ Ga af ht. 


But, when « = a the term multiplied by A becomes infinite, hence ‘Taylor’; 
theorem fails, and the developement is no longer possible. 
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But in the above case, since 
Sf (@) = 2a — # 4a y/z*'—a* 

According to the rule just given, substitute x +- h for x, then f (a ++ h) = 
2ax + 2ah — x* — 2h — h* + a Va*-+ 2xh +1? = a? which, upon the 
supposition that « = a becomes 

Sf@+th=a’—l+ay m+ 
= 0 — ft ah? V/ 2a Fh 
Expanding / 2a + h by the binomial, and representing the co-efficients by 


V2a -h= Qa+h?=A+ Bh+ C+ DL... 
Substituting 
f (a h) = ao — h* + aAh? + aBhs+ aChe-+... 


a series which gives the true developement of f (a -- h) but which does not 
proceed by integral powers of h. 


CHAPTER VII. 
APPLICATIONS OF THE DIFFERENTIAL CALCULUS. 


ON THE THEORY OF VANISHING FRACTIONS. 


er) 3 0 
Wuen a fraction @ both of whose terms are functions of x becomes 7) when a 


particular value is assigned to the variable as x = a, it skows that (2 — @) is a 
common factor both of numerator and denominator, and in order to find the 
real value of the fraction, we must make this factor disappear from one or both 
terms. 





Let oo = > when a 
oe J At) Se) {ee a2 


(x) = v (@) @ — a® 
Let x become a + h 


S(ath)  Fa+thyh™ 


i TAD 
pence Lh ete ae 
LET ENC 
Pistecs i uit ——=— Ne. =e) 


erstene 0.1 <. W « 2 ni. (Oe 


Now, when Taylor’s theorem can be applied to expand f (a + %) and 
Q (a -+- h), we have 
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fF @ED_S@ELOG4H-@pgt--- 


Per (+e @-1 +e) eat: .. 


: k 
FMS OTat 


== h (since f (@)= 0, and Q (a)= 6) 
V@) +0 @ gt 





fom e (4) _ Ji (2) 
Q(a) oY (a) 
| If f! (a) = U, on (a) — 0, then, f'() fm FCS) and sc : 


g (a)~ 9" (@) 
Hence the rule to find the value of a vanishing fraction. 


Differentiate both terms of the fraction the same number of times, until one 
_ or other ceases to become 0, on the supposition that x= a. Then substitute a 
_ for x in both terms of the fraction, and the result will be the value required, 


ax*® +- ac? — 2acxr 0 
ba? — 2bex + bc? becomes vie when 7 =. 


The first differential co-efficient 


Ex. 1. The fraction 


dy ade.) | (0 

az = he bc 1s likewise 0 when += c. 
But the second differential co-efficient 

dy 


a : 
m= > the true value of the fraction. 


It is necessary to take the second differential co-efficient, because the common 
factor of the two terms of the original fraction is (@ — c)’. 


x? — ax? — a’x + a? 


0 
Ex. 2. 3 z7-————. becomes —~ when x = a. 
x—a 0 
dy oo oo7-— a .., 0 
> = which = 5g When t= a 


therefore the true value of the fraction is 0, the factor of the numerator is 
(c — a)?, that of the denominator is (x — a). 


‘we 8 Cnr 0 h 
on oS ot = 
3 at — 2a°x + 2ax° — & Gig caue by 
d. — 2 a 2 
ra = ee oe =— 77> o the true value of the fraction. 
Ex. 4. When x = 0 
a*—b* 0 Pe 
ps Sea a °8 % 


Ex. 5. Whenz = a 
/ier—a—aVax 0 16a 
a — Vax F1eRO mi Ube 

Ex, 6. Whenz = 1 
1—2z+ log. 2c . 
ae 4/ ee ot ee 


jo 


718 DIFFERENTIAL CALCULUS, 
Ex 7. When x = 1 


a — Fz 0 
| — 2 4-, lonz co) Ont ee ; 





If Taylor’s theorem fails to give the expansions of f (a 4- h), 9 (a+ h), whicll 
will happen wherever f (x), or @ (x) contains a radical which vanishes for 7 = a, 
we must obtain the expansion by some other method. 


ie 


Substitute .. (a -+ A) for x in both terms of the fraction, and developing by 
binomial Aenean we shall have 
S(a-+-h) _ Ah* +B + Chr +... 
Qla-h)” Nh? + Bh" + ChY+... 
Ahe~* 4. BhP-*" 4+. , 
OT TANS Bar alee 
Dividing both the numerator and denominator by the lowest power of h. 
Now make h = 0 





a5. te nd AO) eostas 
if a— 4 Okaye a A’ 
ot of Oe 
“oF a o@—° 
BACHE as 
eo aoe, al @ (a) ee 
Ex. 1. When « = a F 
(a? — a?) 20) 
(2 — a)# 0 


It is useless to take the differential co-efficients of the terms in this case, be- 
cause they become infinite. Making # =a + h, we find for A= mee | é 
(2ah ze i) (2a Mess hye a aye 
hz 
Ex. 2. Whenz =a 


Yr— Yat yi BUA NO: j 
Jz —a ia 
Make x = a +h, we have i 
ih a 1 a eee ; 
i ED et ies a Of ea SEE a —*** developing by bi- | 
(2ah -+- h?)? h? (2a -+- h)? : 
nomial theorem k ; 
e l t 
‘ = Erg i ; 
Ex. 3. When + = ¢ 
(2 —c)V/«x—b+-Vt—c mats 


V%—-V/xrtectY/r—e 


We may here employ Taylor’s theorem to determine those terms of the 
series for which it holds good, we shall thus obtain upon substituting c -- h 


for x 
vathYc—b4... 
Vh— bh (2)? 






aaa 
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dividing by ,// and then making h = 0 we find 1 for the true value of the 
fraction. 
Ex. 4. When x = a 
(a2 — a)? +x—a_0 
foepeosa)— 1 0 
3 
= 
ore po substituting a--h for x 
= i making h = 0 
When x = a gives a product f (x) X @ (x) of the form 0 X &, 
Then flv) xo@=9X« 


£2) =? which may be treated by the rule. 





Thus when z = 1 
Q — 2) tan, = =0x « 


ko ae hig 


° ee ere eee 
—= 





ey a 0 
cot. 9 
i 
 2@) ety ea 
0 


ody ea = which may be treated by the rule. 
4 2 
Thus if f (7) = tan. = and @ (4) = a the fraction @ 2 becomes * 


on the supposition that 2 = a, but by the above process we shall have 








a(a—a’) _ 0 20 ti‘ 
THe {a ae 
| a’ cot. 57 
Lastly, let 
1 1 
Pe? (6) = 0 OS aig 
Lyeneyatl 
1 0x0 0 
F(#) X ¢(#) 


° as 0 
‘hus, if # = “g oF 90°. 
aztan. ¢—.¢ * Sec. % = c— 
Wh wsinnt—g7_ 9 
aa cos. £ es, 


dy _ xcos.z- sin’ l 
acti == sin. t TW 
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CHAPTER VIII. 
ON THE THEORY OF MAXIMA AND MINIMA, 


Wuen the variable upon which any proposed function depends passes succes- 
sively through all degrees of magnitude, the different values of the function 
may form first an increasing and then a decreasing series, or vice versa, and may 
go on increasing or decreasing repeatedly, and vice versa. 

That value at which an increase of the function ends, and a decrease_ begins, 
is called a maximum, and that at which a diminution ends, and an increase 
begins, is called a minimum. 

The essential characteristic of a maximum consists in its being greater than 
each of the values of the function which immediately precede and follow it; 
and that of a minimum in being less than both these values. 

Let y be any function of 2 in which this variable has attained a value 
which constitutes it either a maximum or a minimum. ‘Then if x be increased 
and diminished by an> indefinitely small quantity h, the developements of 
(a ++ h) and (« — h) will exhibit the values of x, immediately adjacent on 
each side to that value which renders y a maximum or minimum. Hence 
it follows from our definition, that the values of y corresponding to (x ++ h) 
and (a — h) will in the one case be both less than the maximum, and in the 


other both greater than the minimum. 
4 


Let y=f (@) 
2 
y =S(e+M=y+pht 9. ten. 
Q 
Nn =f (e—h)=y—ph+q.% 00. 
hh? 3 
Y = Dhit Og oa eee ee receecees (1, 


h? h 
n1—y=——ph+yq. 2 — 1; Tinea Pr. 7) 
Now, in order that y may be a maximum or minimum, the values of x’ and y, ‘ 
which immediately precede and follow it must be both less or beth greater 
than y. 
. When y is a maximum or minimum, (y'’ — y) and (y,; — y) must both 
have the same sign. 


But when A is assumed infinitely small, the whole of the expansions (1) and 
(2) will have the same signs as their first terms. 


Hence, (y; — y) and (y’ — y) cannot have the same sign, unless p vanishes, 
*. in order that y may be a maximum or a minimum, the condition requisite 
is that, 


d. 
p or = 0 


di 
If the same value of « which renders oe = 0 renders g = 0 alse, then 


| 
dx . 
> h® 
ie — Y=. oe ae eee : 
ms h? 
Aor Betacam is PREP 
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eet : a d? 
And in order that y may be a maximum or minimum, we must have = —0 


and generally y cannot be a maximum or minimum unless the first differentia, 


' co-efficient, which does not vanish for a particular value of x be of an even 


' order, 


Upon inspecting the series (1) and (2) it will be seen that, 


When y—y are both negative, then since in this case y is greater than 
m—y)y, and y, y must be a maximum; and since the whole 


©xpansions are in this case negative, a will have a negative sign. The re- 
: Hest a aed Ck Ae 
verse takes place when y is a minimum, and in this case Wz 18 positive. 
__ dy ay 
Cor.—lf the equation Ta — O has (m — 1) equal roots each = «, then ae 
3 


d 
has (m —2) of these roots, a has (m— 3) of them, and so on; till we come to ne 


which is the first differential co-efficient which does not contain the root, and 


in this case, the values y’, y;, corresponding to (x + h), and (x — h), are 


; d™y A™ 
Y= 9 + Ga alii 
d™y A™ 


A=s et dx™ ° 1.2...m 


The sign of the second term in this last expansion being ++ or — according 
as mis even or odd. Hence (y/ — y), and (y,; — y) cannot have the same sign 
if m be edd, and .°. in this case y is neither a maximum nor minimum. But if m 
be even, then (y’ — y) and (y, — y) will have the same sign, and y is a maximum 


m 


; any . Me 
or a minimum according as oid is positive or negative. 


Ex. 1. Let y = 2mz 


Required to determine the value of x which will render y a maximum or 
minimum. 


2) Sad 
dz ~~ ./2mx 


Since we should obtain no result by equating this quantity to 0, it appears 
that y is not susceptible of a maximum or minimum value. 


Ex. 2. Y= b — («& — a)* 
dy * a = 3 
dg = 2 — 2) = 0 B 24 
d®y 
aa 
Hence it appears that y is a maximum when x = a. 
Ex. 3. y= b+ (41— a) 
d. 
= = 2(z—a) = 0 aes eae 
dy 


Hence, in this case, y is a minimum when x = a. 
ZZ 
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t 
Ex, 4 y=] ea 
dy 1— x 


d 
The equation 5 = 0 gives in this case x = + land... y= + 9 and 


— | tL 


ay 
ae ots * 


Hence the value « = + 1 gives + 3 as the maximum value of y. 
. £2 = — 1 gives — 4 as the minimum value of y. 


e eeeee Jet te! J 


Ex. 5. y? — 2mry + 2? — a? = 0 


dy __ my — 2 
dx” y—mzr 








Putting g WY = — 0 we have my = 2, and eliminating x and y by u : original 
equation, we have 
a a ma i ss a d’y + l 
~ Vian” 3 Vion ee 
+4 r 
Hence Vines ae a maximum. 
yc eat = 5 & minimum, 
l ae 


Ex. 6. To divide a given number a into two parts, so that the product of the 
m* power of the one multiplied by the n* power of the other, shall be the 


greatest possible. 


Let x be one of the parts, and let y be the product of the two parts; then it 
is required to find the value of x which will render the quantity 


y = 2 (a— x)" a mazrimum. 
dx 


ay _ a™—2 (q — 2)? {(m-+n—l)(m+n)eP—....3 


dx*® = 


We have dy ee eae tee {ma — x (m + n)¢ 


° d. ma x 4 
_ Putting = = Owe haver —- 0,4 =a, ¢= mn aee this last root gives the — 


J e e a 
maximum which is m™ n™ ( yy: ae 5 
m + n 





The two other roots correspond to the minima when m and n are equal. , 


A great number of interesting geometrical problems may be solved by the 
application of these principles. The following are a few examples. 
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Ez. \. To inscribe the greatest rectangle in a triangle, 


pent — 2,14 —c, CD = p 
e's PD = (p—2z) 


C 
CD: OP:: AB: Mw = 4°-0? \ 
M MW 


_ €& 
ao p 
y = MW x PD 


> 
ol 
ios) 


= x —2) 


cpx — cx* 


Ex. 2. Gwen the base andperpendicular of a triangle, to describe it so that 
the vertical angle may be a maximum, 


AB =c f 
DC =p 
A 2 
* DB=c—z 
AD z 
ee = 
c—# A B 





——- = { oe 
DC an. 6 = ? 


tan. angle C = tan. (2 + 6) =; tan. « tan. 8 


oY = 2? — cx + p* = minimum. 


dy as 
eo a —_ a Oe 
Tea KC 
se t=35 
.. the triangle is isosceles, 
ZZ2 
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£x. 3. To find the point D in the straight line CE, from which AB subtends 
the greatest angle. 


CD=-2z 
tan, ADB = tan. (ADM — BDM) 
AM BM 
_-MD — MD 
SiG oAM MB 
1. SMD 
_ (AM — BM) MD 
= Vib? + AM. BM 
MD = gsin. 6 
AM = a — & cos. § 


BM = }b — & cos. 6 
(a —b) xsin. 6 





~ tan. d= 2 sin.2d - (@—= cos. 6) (b — a con. © a maximum. 


“y= wv sin? 6+ (a — 2 cos. 6) (b — x cos. 6) 


(a — b) x sin. 6 a minimum. - 


Ex. 4. To find the least parabola which shall circumscribe a given circle, 


Since the parabola and the circle touch a 
at P pee 

.. CP is a normal to the parabola ia 
and CM is the subnormal = 3 latus rectum. ae | 

Let CM = z 7 


.*. equation to the parabola is 
72 22. wv @Grerseeeteeseees 








2% 
AD = AM + MC + CD 
Se 

ae Re tas 
US BOE 
BER Qa 





4 _—_—__-lCSF CC 
Now area EFAP¥ = 3 AD. DE and DE = / 2z. AD 


* This will be proved afterwards by the Integral Ca‘culus, 


DIFFERENTIAL CALCULUS. 725 


~\3 
area BAF = ¢ AD.A/2z 32, AD =5- — 


aoe 


maximum 





hence == — (7 2) (32 —7r—z)=0 


3z —?7r—z =0,and z =5 = semi-parameter. 


(7-2) 
2z 
Ex. 5. To divide an angle 29 into two parts, such that the mth power of 

the sine of one part by the nth power of the sine of the Cds part may be the 
greatest possible. 
Let » + @ be the one part, Toe ¢@ — @ is the other; hence 
sin™ (@ + @) sin® (? — 6) = maximum 
*. y =m log. sin (p + 0) + 2 log. sin (6 — 6) = maximum 


od = meet aay) = Ot (6 + 8) —n cot (p—0) = 0 

*, m cot (o + @) = 7 cot (¢ — @), or m tan (6 — 0) = n tan (@ + 9) 

*, m:n::tan (¢ + @) : tan (¢ — @) 

“ mt+n:m—n::tan (> + 6) + tan (¢— 8): tan (p + 6) — tan Pag 
::sin 2p :sin 20 


—nN . 
- sin 2p; hence the two parts are known. 
n 





Als —, and DE= Af fe KD = Serie 





: m 
. sin 26 = 
- mM 


Ex. 6. The four edges of a rectangular piece of lead, a inches in length, 
and b inches in breadth, are to be turned up perpendicularly, so as to form a 
vessel that shall hold the greatest quantity of water; how much of the edge 
must be turned up ? 

Let x = breadth of edge turned up; then 

x (a — 22) (6b — 2x) = maximum 
y = abe —2(a+b)a*+ 423 = maximum 
? a = =ab —4(a+b)x +1222=0 
d* 
1 dx 

Hence 122% — 4 (a+ b)x + ab = 0, and therefore 

_a@+b+//a*—ab+l 
6 


= —4(a+6b) + 24a 





dl? ey See sees 
*. a= as 4/ a? — ab + 6? 


aud x = 2 {a+b —/a*—ab + 6°} gives the maximum vessel. 





EXAMPLES IN Max1iMA AND MINIMA, 


(1.) Of all triangles on the same base, having the same ‘given perimeter, to 
find that whose surface is the greatest. 
(2.) Given the hypothenuse of a right-angled triangle, to determine the 


other sides, when the surface is the greatest possible. 


(3.) The whole surface of a cylinder being given = a’, to find its base and 
altitude, when the volume of the cylinder is a maximum. 
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(4.) The volume of a cylinder = 5°; find its nals and altitude, when its 
whole surface is a minimum. 

(5.) Of all the squares inscribed in a given square, find that which is the 
least. 

(6.) Cut the greatest parabola from a given cone. 

(7.) Inscribe the greatest rectangle in a given ellipse. 

(8.) Find the longest straight pole that can be put up a chimney, when 
the height from the floor to the mantel =a, and the depth from front te 
back = 0. 

(9.) AB is the diameter of a given semicircle; it is required to draw a chord 
PQ parallel to AB; so that if AQ and BP be joined intersecting in R, the 
triangle PQR may be a maximum. 

(10.) Inscribe the greatest cone in a sphere whose radius is a. 


ON THE METHOD OF LEAST SQUARES. 


In astronomical and physical researches, it is frequently required to deter- 
mine the values of several quantities from a number of simple equations, and 
when the number of these equations is greater than the number of unknown 
quantities, they may be combined in a variety of ways, and each mode of com- 
bination will produce a different value of the unknown quantities. Hence it 
is a question of the highest importance to determine in what manner these 
equations are to be combined so as to give the values of the unknowns affected 
with the smallest probable errors, or in what way the values of these unknowns 
are to be found, so that each of the given equations may be satisfied with the 
greatest accuracy. Thus, for example, if from observation we have the four 
equations 


3—. 2 + 9 —22=) aoe (1.) 
o— av — Qy + bz = 05... ee eee (2.) 
21 — 4¢ yy — 42 SOT See (3.) 
144+ #—3y —3z=0... Uae (4.) 


and it is required to find the values of x, y,z, we may pursue various methods 
and obtain various results for these unknowns. If the coefficient of 2 be 
made the greatest possible, while those of y and z are the smallest possible, 
we shall evidently have the most accurate value of «; because the value of 2 ~ 
depends on those of y and z, and when their coefficients are the smallest pos- 
sible, the terms in which y and z appear will then have the smallest influence 
on the value of 2 In order, therefore, to obtain the most accurate value 
of z, we must change the signs of all the terms in eq. (4), and then by addition 
we get 
, 15 — 92 + y + 22 = 0 3... eee , (5) 

To make the coefficient of y a maximum, change the signs in eq. (1) and 
add, then we have 

37 = Be 4 = OF os clei iein eee + whites 


Similarly for z, change the signs of eq. (2) and add, then we have 
338 — #7 —y —l4z=0......200. (7.) 


pammeramynaneoeniicone ma 
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Hence from (5), (6), (7), we have by the usual mode of elimination 
wv = 2°4853, y = 8°5104, z = 1°9289. 
This method is practised in astronomy; but in point of accuracy it yields to 


the method of least squares, invented by Gauss, and to which modern astro- 
nomy owes much of its precision. 


Suppose then that e, e’, e’,.... are the errors of a series of observations, 
and that we have the equations 


e =h +ar +by +cz +...... 
i =h! +ae + dy a Se fe rea 
eh + ala + bly +clz +...... 
= Wl" + allan + by + clz +...... &e. 


to determine the values of z, y, z, . . . so that the errors e, e/, e”, e'”, in refer- 


ence to the whole of the observations shall be the least possible. Now if we 
were to take simply the sum of these errors, and put the differential coefficient 
of each of the variables equal to zero, we could not obtain an equation for the 
determination of the unknown quantity; but if we square each of the equa- 
tions, we should have 


ett e2@tel24 ell24 ...= 22 (a2+a2+..)+2a{ah+ah'+...+a(bytez+ ..-) 
+a(bytez+..)tal(b"y+e'z+ ...)} +h?+h/2+.... 

where the terms involving y and z are not written down, being exactly of the 

same form as the terms involving x. Let then, for the sake of brevity, 
u=er+e®@+ e+ el? 4+...,= Ax®?+2Br+C+..... 

and, therefore, putting the first differential coefficient of this equation equal 

to zero, we have, considering w alone as the variable, 

Mt = 2Ae+2B=0 ~. Av+B=0 


hence w (a?+a?+...)+ah+a'h'+...a(bytez+...)tal(bly+ez+...)+ &ce.=0 
or a (htax+by+ez)ta'(hipalet+Dytez)t vereecrcccecess -=0 
and therefore to form an equation that gives a minimum for any one of the 
unknown quantities, as z, we must multiply each equation of condition by the 
coefficient of the unknown quantity in that equation, taken with its proper 
sign, and equate the sum to zero. Proceed in the same manner LOD 2a are 
and we shall have as many equations of the first degree as there are unknown 
quantities, which may then be obtained by the usual mode of elimination. 
To apply this method to the preceding example, we have these equations:— 


(l.) X —Il gives— 34+ 4%— yt 227=0 


(Q)-x —3....—1o+ 9x + 6y — 15z = 0 

(8.) xX —4.... —84 4 lr + 4y + 16z2=0 

(4.) xX | AE 144+ #«—3y— 3z=0 

and putting the sum of these equations = 0, we obtain 
oh Sg eT eon aa (8.) 
Proceeding in a similar manner for y and z, we derive the equations 

6a + lby+ 2= 70.....- 7 Sfeud’ oc bas) 
y + 542 = 107...-. 020s, (1U.) 


and from these three equations, (8), (9), (10), we have 
# = 2°4702, y = 3°5507, z = 1°9157. 
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The preceding example is from Gauss ( Zheorta Motus,) where he has — 


proved that the Method of Minimum Squares gives the most probable values" 


of the unknown quantities, For a more detailed account of this method, the 
student may consult Galloway’s “ Treatise on Probability ” (1889.) We shall 


add only one example by way of exercise. \ 


Lx. Suppose that by observation the four following equations have been 
formed, viz.:— 


we + °96y = —11"2. oS ae (12) 

” — -98y = — 127.0... .. . (2.) 

gt -62y = —14"8.... >... (3.) 

Ra °B5y = +150 0c. . cele re 
it is required to find the most probable values of » and y, by the method of 
least squares. Ans. « = —6".14, and y = — 7".86. 





CHAPTER IX, 
TO CHANGE THE INDEPENDENT VARIABLE. 


Ir we reduce an equation between x and y to the form 


y=f (2) 


x is called the independent variable and y the dependent vartable. 


Let it be required to change the differential co-efficients found on the sup- 


position that y = f (x) into others where x = Q (y)3 that is, where y is the 
independent variable. 


Let 4 and k be the contemporaneous increments of # and y- 
Ce yes 

Uae de) de eae 
de de 

pty. dy dys 


Then if p,q, 7... represent 
And “py qi7t.. 


We have by Taylor’s theorem 
SY FH — Sf (t)ork=f (x +h)— fa 


h? h 
= ph-+q. au 7 Trocgeh sersseee (1) 
k? k3 
And similarly h= pkh+q. Tie + ‘al Tr373 Pcieree) 


Substituting the value of & found in (1) in this last equation 
ie ah h q' h? ‘ 
met a (ph + 9.5 + oe Jt5 i ta-pot.) +.. 
p' 2 / 
= p’/ph +- G4t faa ) W+., 
And comparing co-eflicients on both sides 


pes Le Nig = — 


a 
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eae F _ coat Ea Pec gpied ol gn 

ae 1.2 Pp p 

| &e, &e. &e. 

Let us now take a more general case. 

"= Let OS TES Eg Be scr en oa (1) 
And CEERUMRE fear <2 gn stc2 bs ced, Ws cacmie toed Uae vedaes ore (2) 
a amie PCE Sho ys tevees caverta stay t Cle Ti eatt Gere eo tage ines (3) 


The form of the function { (é) being unknown. 
|) It is Pinte to change a differential expression found on the supposition 
that y is a function of x, into another in which both x and y are considered 
functions of a third variable t. 


Let the i increments of a, y, ¢, be h, hk, 1 


B dx 
By (2)A= p. i+q. see eee 3+: -. where p=7,,9=--- 
3 


i dy 
Q)k= pl .l+q. 54 MoT gt eee Pas a el 


dt’ 
: h? : h3 OU 
Qk=p hg 55 t+r-pa-3t sieltsts) 0) P= p=: 


- Substitute for / in this last equation its value from Ist series. 
: P 
P= p (pl+-7.4-s+-.. ) 
. q” B 
+ T.2 (p? i? +2pq. ‘lag +- ate .) 


Compare this with value of & (3) and equating similar powers of 7. 
PP =p 





dy 
Panes di dt 
a eee 
P = Pp or dz — ax eocccce Ce ederesrccecs Peo esevessessesres eeccccece (A) 
dt 
TP +P"G= 4 
ever 
.q'= q ae q 
d*y dy dx 
Py . di? de. d# 
or de — da se ceeeescceres Coco ies coerce sercceseces @coresere (B) 
di? 
If y = f(z) 
«= 9 (¢) 
Then by (A), we have 
dy _ dy dx 
di — dx’ dt - 


a Gy Gy dv wy da: 
ay (8) ite, dott de ge de 
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If y = f (2) 
z= 9(y) 


And we wish to change some differential expression, found on the supposition 
that y = f (2), into others where « = 0 (y), ¢ = y in the equations (A) and (B), 
whence 


dx 1 
dy dy 
dx 


— dy dz* , dy 
@x dx dy* " dy 
dy dy 
dx 
Brant a tee 1), 2Y 
But since y is the independent variable aie a 0 


ay 
PE esa GE 
ay dy \° 
Gir 
CHAPTER X. 


ON THE APPLICATION OF THE DIFFERENTIAL CALCULUS TO 
THE THEORY OF CURVES. 


To draw a tangent to any curve at a given point. 


Let P P’ P” be any curve whose equation 
is f (%, y) = 0 
... P be any point whose co-ordinates are 


“ASIP 
Hopi tats recedes Od Way Ue) BY Yomety (5 


... PT bea tangent at P. i 
... PP” T’ a secant through P P”. Ta TA Mw’ MM 
re et) wil My ers Ke er jade 
Then the angles 4, «, are in the order of their magnitude. The form of 
equation to tangent will be } 
Y — y = tan. 2 X— @) 
where X and Y are the variable co-ordinates of the straight line, and x and ¥ 
those of the point of contact. 





Pp’ — fitieae 
Now, tan. = py SS f@—SGaae { 


tan. « — tan. we 
Pir if ME . h) — Foe) 
b 


tau. eae oe ee j 
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: _ dy dy ih 
a eee Sacra re Sel Tesaas Crete ts gaa (1) 
Baths) ees LAM ce. xccea snaes erytt: VERA PERE (2) 


_ dy dy h 
tan. @ — a + dx . 1.2 + © © 6 e8e 21080808 (3) 


Which three series must be in the order of magnitude, whatever be the value 
of h, .». their first terms must be in the order of magnitude. 


d 
Lan, 2. “ 


~ Hence equation to tangent is 


. e 
Y—y= (X—2) 


Hence it appears 


d 
1°, Since tan. « = 2 
v 
cos : 
ex 
dy»? 
A+) 
dy 
dz 


2°, The normal PG makes with the axis 
of z’s, the angle PGT, but 
tan. PGT = — cot. PTG 
a 1 
pe dy 
dz 


Hence the equation to the normal is 





1 
ee gy ( ©) 


dx 
4 
ea — Ks 2 == 0 
dr (Y—y)+ wv 
30, Making Y = 0 in the equations to the tangent and normal we find the 


values of AT and AM, the abscissas of the points in which the tangent and nor 
mal cut the axis of 2’s, hence we find 


cee 
g — X or subtangent MT = ay 


ax 


subnormal MG = y kes 
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. Since PMT and PMG are right angles 
Tangent PT = /PM?-+ - MT? 


Sf : 
w+ iy in 
<a J+ +Yy 
Normal Be 
ay Ae 


Ex. 1. To find the subtangent in the parabola. 


The equation to the parabola is 


y®? = 4mz 
; dy _ 2m 
dtaman f 
But MT — 7 “ 
dx 
ein 
In this case = on 
ie 


x and y are the co-ordinates of any point in the curye; if « y be the co-ordi- 
nates of the point of contact in the present instance ; we have of course, 


MT = 2z' a known quantity. 


Ex. 2. To find the subnormal in the ellipse. 


The equation to the ellipse referred to its centre as origin is 
a’y? fe bh? =< a’l® 
dy bax dy bx 
Teck yt 5 ghhapi ay suey 
oat : dy . 
Substituting this value of aH in the equation 
dy 
gene da 
b2 


We have subnormal of ellipse = — qe, and y' being the co- ordinates 


of the point of contact. 
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Ex. 3. To find the subtangent in the Cissord. 


The equation to the cissoid, is* 
Ad 
a— 2x 


j _ 2x! (a — v) 
.. the subtangent = qo Soy 





y= 





Ex. 4 To find the subtangent in the conchoid. 


The equation to the conchoid, is} 
vy? = (a+) (0 — 2’) 


2 2 2 
Hence the subtangent = — Ae Fe) 





* To find the equation to the Cissoid. 


AQB is a semicircle, C its centre. 

Take any equal parts CM, CN, and draw the ordinates MR, NQ 

Join AQ.cutting MR in P. / 

The locus of the point P is the curve called the cissoid. Tih = fe. Q 
Let A be the origin to co-ordinates, 
... AB=a, AM=2, MP=y. 








Then Bae. AM? :: QN?® : AN: 
yg: a9:; AN. NB: AN® 
>: NB .: AN 
« 3: (a@—2) L 4 
x aot A RO. CoN B 
- y= 7, which is the equation required. 


To find the Polar equation. 


Let A be the pole; join QB, let AP = 7, angle QAB= 6, and AB = 2a. 


Then Le Re a a Biign\sielsa sev elesicciea sel) 
Para) BN eae AM _ 7 cos, @ : 
pe AQ = 5-6 — tan. sin. ¢ fan. 6sin. @ tan.é@sin. e997 .° 77" "°°" (2) 
Equating (1) and (2) 
r cos. 


an —— D8 COS. 6 
tan. @ sin. 6 


c wana sin.20 


°%e oe the equation required. 
Cos. 8 


+ To find the equation to the Conchoid. 


C is a given point, and AYa straight line given in position. 

Draw CB at right angles to AY, and draw CP, CP1.. e making QP, 
Q1 Pi. ... always equal to AB. 

The locus of the point P is the curve called the conchoid. 

Let A be the origin of co-ordinates. 

... CA=a, AB=)b, AM=x, MP=y. 

Then CM? : NP? :: PM? : NQ? 

(aaj? s xis: yt : 58 — oF 

D a2 y® = (a+ x)2 (62 —4®) which is the equation required, 





To find the Polar equation. 


Let C be the pole, CP =”, angle BCP = 8 
AC = COQ cos. 6 
= (r — 5) cos. @ the equation required, 
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Ex. 5. The tangent to a cycloid at any point is parallel to the corresponding 
chord of the generating circle. © 


SY 


The general expression for the normal, is 


ee ee \ 
He dy \3 
Sow i, 1+ (s 
The equation to the cycloid referred to its extremity as origin, is* 
zx = versin.—! y¥— +/ 2ay — y* 


ee on (2) eee 
ee aLE . nis y we did Vie y 
Wel orden 
a 4 ye + (2 = (/ 2ay eeeeeccecesesece eocccee Ceo eeecoeeeeerses eee resege (1) 


Let P be a point in a cycloid, and CP the position of the generating circle. 
Draw PQ pq parallel to AB, join P, C; P, D; p,c; p,d; 
Then by the property of the circle CPD is a right angle. 





* To find the equation to the Cycloid, 


Let AZ be a straight line. 
CVD acircle. Q G6 
If the circle CVD be supposed to 
roll along the straight line AZ, the 
curve traced out by any fixed point 
P in the circumference of the circle 
is called a cycloid. 
Let ACZ be a cycloid. 
AZ is called the base of the cycloid. 
Let C be the position of the fixed 
point when the circle begins to rot A M N D Z 
along AZ. , 
Then C is called the vertex of the cycloid, and CD the axis. 
_1. Let the origin be at A, the extremity of the curve. : 
Let QPN be any position of the rolling circle, and P the fixed point. 
‘..». AM=4, MP=y, QN or CD = 2r, arc NP = 6 
Then “2=AM 
= AN— NM 
= 6— sin. 6 





= versin.—ly — V2ry— yi 
2. Let the origin be at the vertex 
CM=a,MP=y 
y¥=—MQ+ OP 
= MQ + are QC 
= sin. QC +- versin.—1 MG 


= versin.— 1 a 4+. V2r¥— 42 
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QD: PD:: PD: DC 
[7 fir — DC .OD 
=2a.y 
» PD = \/2ay, and is therefore by (1) a normal to the curve at P ; 
and since CPD is a right angle, CP is perpendicular to PD, and is .. a tan- 
gent at P. 
And since the triangles CPQ, cpg, are equal and similar, ... CP is parallel 
to cp. 
Hence the construction to draw a tangent geometrically is obvious. 


Asymptotes. 


Let the equations to two plane curves which have infinite branches be 


Sf @y=9 @ (4, y)=90 


_y and y’ being the values of y in the two curves corresponding to the same 


| 


values of x The distance between: the two curves measured in a direction 


parallel to the axis of y’s is (y — y’). Then, if as 2 increases without limit 


either positively or negatively, the distance (y — y') diminishes without limit, 
but vanishes only when x becomes infinite, the infinite branch of the one curve 


is said to be an asymptote to the other. 


Jn order that this may be the case, it is necessary that the quantity (y — 7’) 
when developed, should contain negative powers only of x ; if it contained a 
positive power, then (y — y’) would be rendered infinite by x becoming infi- 
nite, and if it contained any term independent of z, it would be finite when « 
was infinite. 


Hence the developement of (y — y') must have the form 
y—y =ax-* + br-F + .. 
The exponents being supposed to descend. 
It follows, .*. that if the developement of y by descending powers of # con- 
tain any positive powers of «, or a term independent of %, all these terms must 


be common to the developement of 7’, in order that they may disappear by 
subtraction. Hence, if the developement of y be 


y= ax + be + rte dan’ toe st. 
_ The developement of y’ must be 
yea ae = 0 PE 9 ae ee. 

The terms which succeed 7, or which involve the negative powers of x being 
unrestricted. 

Since the terms of the developement which succeed r are arbitrary, it follows 
that there may be an infinite number of asymptotes to the same curve, and 
that each of these will be asymptotes to each other, The most simple asymp- 
tote of which the curve admits, at least that whose developement is most simple, 
is the curve represented by the equation 

y' = ax* + ba? +. 
The curve represented by equation 
y" = are + bah + ww ef aa 


is also an asymptote, and he Salter closer to the curve than the former, since 


‘ 


7 
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by i ae Roueas x it is manifest that y’ approaches nearer to an equality with y 

than y' does. In like manner the curve represented by a 
y" = ar + bee +... pr tae" + ba 

has an asymptotism of a still higher order with the given curve. 

Thus it appears that there are orders of asymptotism in some degree analo- 
gous to the orders of contact, as explained in the following article. Curves 
which admit of asymptotes are sometimes divided into hyperbolic and parabolic, 
Hyperbolic are those which admit of a rectilinear asymptote. Parabclic those 


which do not. 
All hyperbolic curves .*. must be involved in the class 


y= Ar + B+ axr-+*+ dr-* +... 
The equation to the asymptote being 
y = Ar +B 
Whatever has been said with regard to the difference y — y’, is equally ap- 
plicable to the difference (« — 2’) for the same ordinate y. 


Examples. 
b 1 
1. Let y=r 7 (a? —aq*)? 
b 
= + Sep oa + eeoee 


Hence the curve has two rectilinear asymptotes represented by the equa 
tions 


) —e ae 
Y-T Ge 
2 Let 1 
a Uae 


Hence the asymptotes are the axes of Co-ordinates themselves. 
3. y'(e — a*) = 
yo=HePau t+. 


a 
L=+-at+ 5. 7 te 


Hence the axis of x is an asymptote, and there are two other asymptotes 
parallel to the axis of y represented by. 


z—=-+a 


There are also two hyperbolas, zy = +- 6? which are asymptotes. 


400 yx —prv—a=0 
eae el a 
Hence the asymptote to this curve is the common parabola. 


Rectilinear Asymptotes. 


Besides the general method already given for determining the asymptotes 
to a curye, there is another method of determining whether the curve admits 
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| of a rectilinear asymptote, founded on the consideration that, a tangent to a 
- eurve, when the point of contact is removed to an infinite distance, becomes an 
. asymptote. 


Let Tt be a tangent to the curve SZ at any point t 
_ P, whose co-ordinates are (z’ y’). Pp 
Let AB the distance of the point B where T¢ cuts Q b 
ae — Y. B 
Let AT the distance of the point T where T¢ cuts 
Az = X. . 
— X= AT = MT — AM ae iat A M 
wXa— fe ) be, umber, Bi, Core on eg (1) 
<p 
Y = AB= AQ — BQ = AQ — PQ tan. PTA 
day! 
—) a Sais ge Sear ee nt ceva chae eins tes fee Se renn can ook ae (2) 


Le 
We must obtain the values of X and Y from the equation to the proposed 
curve in terms of 7,.and we must suppose x increased without limit, then 


1. If the limits of X and Y are finite, they determine a rectilinear asymp- 
tote. 


2. If X have a limit, and Y be infinite, then there is an asymptote parallel 
to the axis Ay, at the distance X from origin. 


3, If Y have a limit, and X none, there is an asymptote parallel to the axis 
Ag, at the distance Y from origin. 


4, If both X and Y are infinite, the curve does not admit of a rectilinear 
asymptote, and the same if the values be impossible. 


5. If X = 0, Y = 0, the asymptote passes through the origin, and its di- 


oe ott dy 
rection is found by determining the values of BP when «# becomes infinite, 


On the Principles of Contact. 


Let PP’, PP’, PP” be three curves related to the 





same axes and passing through the point P whose Y ind P 
co-ordinates are xv’, y’. | +7 
Let their equations be generally | p or EX 
y = 9 (2), y= f(z); o-—- Te (2), tae 
Then for the point P, @ (2’), = f (2), = F(7#’). o 
Let x’ become z’ + h, taking MM’ = fh, and 4 m M Ww Xx 


draw the ordinate M’ P’ P” P”, 
d =) h or) h 
Then, MP’ = 9 (e +) =o) + SO .5 4 OP ote... 
Pe DA, ef) 2 
“LE 
h 
‘¥ 








M'P* = fa + h)= fo!) + gy at atoach 


ae 4 aha! Pz) 
MP” = F @ +h) = F(a’) + © Ate say - 


AAA 
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Now, if all the terms in each of these developements are equal to the con 
responding terms in the others, then the curves will be identical; if the first 
terms only be equal, the curves will have but one common point; if besides the 


d arg dF 
first term we have also, oe) = ee ) = 7 uz the curves will approach 











more nearly than before, and the greater number of terms which are equal in 


the developements, the greater will be the intimacy of the curves. 


dQ (2) _ 
Lr eer 


If, in the above expansions, @ (2’) = f (a) = F (wv) and also 


Fue 


ni at P, and the curve PP” which does not fulfil this condition, must be 
altogether on the same side of the two curves which have the common tangent, 
and cannot pass between them. In general it may be proved that if two curves 
have n differential co-efficients equal, no curve which has (7 — 1) or a smaller 
number of its co-efficients equal to those of the other two can pass between the 
proposed curves, but must lie altogether without them. 


then the two curves, PP’ and PP” will have a common rectilineal tan- 





Generally when two curves have the two first terms of their developements 


equal, they are said to osculate and to have a contact of the first order, when 


the second differential co-eflicients are equal in each, they have a contact of 
the second order, and when » differential co-efficients are equal in each, they 
are said to have a contact of the nth order. 


If it be required to find the highest order of contact which any curve 
y = Q(x) can have'with any other curve, y = f (x), we can determine this by 
the number of constants contained in the equation y = @ (2), for if there be n 
constants in this equation, if both equations be differentiated (” — 1) times, 


the values of the constants in y = @ (x) will be determined by elimination be- 
dy __ ay’ ay _ dy’ d° sige aay 

tween the equations, y = y’, =~ dn ds dx® > det ape dg) ang 
these values substituted in the original equation y = @ (z) will give the equa- 
tion to the osculating curve required. The n constants satisfy these condi- 
tions, and the contact will be of the (nm — 1)" order, but it cannot be of a 


hishes order, since z constants can fulfil only 7 equations. 


We may further observe, that if in the figure.we take Mm = M M, but 
measured in the opposite direction, and .-. = — h, and if we develope, @ (2’ — h), 
ft (@.— h), F (v’ — h) as before, and the three curves be supposed to have a 
contact of the first order, ee Mes relative magnitude of M’ P’, M’ P’, MW’ PS 


a Q(x’) @ f (2') @ F (2#’) 


will depend upon the sign of ——-,, Gr. Get.” age , since h may be as-’ 


sumed so small that these terms shall be greater than the sum of those which 
follow : now, in this case, in both developements, the signs of these termis are 
positive, .. the relative magnitude of M’ P’, M/ P”, M’ P”, are the same for fh 
and — h, 


But if the curves be supposed to have a contact of the second order, then the 


(x') 


a 
relative value of these ordinates will depend upon —- Ags ee and since the 


signs of these terms is different in the two developements, the order of the 


magnitude of M' P’, M’ P’, M’ P’”’ will be inverted, and .*. the curves will | 


intersect in P, and so on for the succeeding orders of contact. 


From this it follows that contact of an odd order is contact only, but that . 


contact of an even order is both contact and intersection. 
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Let "= f (*) 

| Ys = ¢ (2) 

_ be the equations of two curves which intersect, then at the point of intersection 
. we shall have the ordinates in each curve equal for the same value of abscissa. 
Let us now consider the course of the curves beyond this point, and for this 
_ purpose, substitute z +- A for x. 


h h? h3 
2 AGE i OS Ri ES Ra: ee 
h I eli ee 
Re i Ee tO. eg dR. gi giot 
Let 3 = distance between the two curves, then since f (2) = @ («) 
h h? Ag 
as (p — P)> + q@—Q) 7s t+0-8) Tra.gtec: 


Now if the value of x which renders y, = yz, render also p = P 


hh? he 
eer ise t By aot gt - 


and our two curves approach more closely to each other than any other curve 
which, passing through the same point does not fulfil this condition also. For, 
let the equation to this curve be 


¥s = f (2) 

Then if A be the distance between the points of this curve and of the first, 
whose abscissa is (x ++ h) 
" Mot ney 2 

A—@— port a—-—gQaaet:-- 
Now the values of § and A are of the form 

>= BA? + CHF +. =ahk-+ b+... 
~ A—dJ=a4+(b—BH+C—OV+... 


And, since we may assume / so small that the sign of the first term shall be 
the sign of the whole series, it follows that A 7 6. 


Osculating Circles. 


The general equation to the circle is 
(yo) 4-.(2.— vy = 
in which z’, y’, are the co-ordinates of the centre, and R is the radius. 


Since the equation contains three arbitrary constants, the circle will have 
a contact of the second order with any proposed curve, whose equation is 


f (#4) = 0 
At the point of contact the co-ordinates of the circle and the proposed curve 
will be identical, or x, y, is the same for each. 


Also, since the osculation is of the second order, the first and second diffe- 
rential co-efficients, obtained by differentiating the equations to the curve, and 


the circle will be identical. : 
AAA 2 
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If .. we eliminate 2’, y/, from the above equation to the curve, we shall ob- 


tain a general value of R, which in that case will be the radius of the osculat- 
ing circle to the proposed curve at any point (x, y) 


The radius of the osculating cirele at any point of a proposed curve is called 
the “ Radius of Curvature.” 
To find the radius of curvature in any curve. 


The general equation to a circle is 





R? = (y — 9')* =- (0 — a) sncicccteeneieees aeetadédas van) 
2, 
Differentiating and putting v 7p, eS = 

0 = ply —y) + @ —2) fee des beemcdeare sche) 
Again a (y oe y’) qd ie p -- 1 Seeeetany O02 ce ceeecccecscesou® (3) 

1 2 

From (3), y— yy’ = — ta 

.. From (2), 2— 2!’ =— p(y—y’) 
= pe 
q 


Substituting these values of (2 — xz’) and (y — y’) in (1), we have 
2\2. 2 2\2 
Tie (ut py a. Play, 


2 





q P 
(1 + p®?) (1 + p*}? 
POG Ese ey 
Sere, 
1+ p)? 
» R=+ CE in. Ne (A) 


We must take the negative sign when the curve is concave towards the axis 
of abscissas, and the positive sign when it isconvex. For it will be proved that 


a 
the sign of Ta will depend on these circumstances, 


To apply this to any curve we have only to find the value of p? and q from 
equation to curve, and these when substituted in A will give the value of R 
required. 


Ex. 1. To find the value of R in the ellipse. 


The equation to the ellipse is 
ay? +4 a? = a? B? 





ee a 
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d*y fv ab 
» x? 24 S 
Glee sadl erie a 


Ex. 2, To find the value of R in the Cissotd. 


The equation to the cissoid is 
fs 
a—x 


wy _ Chast 


eee 





y= 


= 

(a — x)? 
d?y 3a? 
Type i res rer 
4a? (a — x)? 

¥. a 
ax? (4a — 3x)* 

6 (a — x) 





Ex. 3. To find the value of R in the Cycloid. 


The equation to the cycloid, the extremity of the curve being the origin, is 
we = versin.—y + /2ry — ¥? 
ap. Or ¥ 





° ats y 
ty 
dy? ~~ “a? 

oe R = 2V2ry 


Now, generally in any curve 
Normal = y JI + (ZY 
oe Normal in cycloid = y off h = 
= Vf 2ry 
Hence it appears, that 


The radius of curvature at any point of the cycloid is equal to twice the 
normal. 


Evolutes. 


The evolute of a curve is the locus of the centres of the radii of curvature. 
The general equation to a circle is | 
(y — yb (@ — a’? — RP = O we reeeenseece deiascr ves (1) 
in which, 2’, y’, are the co-ordinates of the centre, and R the radius. 
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Now, if a series of circles be described osculating a curve whose equation is — 
f (&, y) = 0 in every point, it is manifest that as we pass from one point to 
another, R will continually vary, and (z’ y’) will be the variable co-ordinates — 
of any point in the evolute. ‘To obtain .. the equation to the evolute of any 
curve, we must eliminate (7, y) the co-ordinates of any point in the curve and © 
the osculating circle at that point, and in this manner obtain a relation between _ 
(a’, y’) alone. 


Now, if we suppose the circle (1) to be an osculating circle toa curve f(x, y)= 0 
at a point whose co-ordinates are x and y, we shall have for this point the 
x, y of the curve and the circle identical, and also the first and second dif- 
ferential co-efficients derived from the equation to curve identical with the same 
dy d’y 
dx’ da” 
obtained from the equation to curve, for the same quantities obtained from the 
equation to the circle, we shall obtain two equations containing only z, 2’, y/’, 


functions derived from the equation to the circle. Substituting .-. y, 


and eliminating x between these two equations, we shall arrive at a relation 
between a’ y’, which will be the equation to the evolute of the proposed curve. 
The general equation to the circle is 

Yy—yF +@—rf—R=0 ....2 ee (ty 
Differentiating (y — y')p + («@& — 2’) = 0... ee (2) 
Again, (y—y)aqt+7?+1 c= 0 ceencs eee (3) 

1 2 : 

From (3) ne ee Te 


By (2) z—2 =—p(y—y’) 


substituting .. in (A) and (B), the values of y, p, g, given by equation to curve ; 
SF (a, y) = 0, the two equations (A) and (B) will involve x, y/, 2, alone, and — 
-. eliminating x between these equations, we arrive at the sought for relation ; 
between (2’ y’). f 


To find the Evolute the common parabola, 


a i 


1 is 
? v= Tp cP eer (B) 

q 

The quantities y’, 2, are the variable co-ordinates of any point in the evolute, — 
If z’, y’, be the co-ordinates to any point in evolute we have shown that 
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Let the equation to the curve be 

















di 
* ZY. < sre 
' Bak, 2), m2 2) 
° P — y s/ 2x eeoreseteeece COr es ooeeerees SOO Cee eee Hse owgessesoaeees ee \ 
m Sama -- m? Q4 --- m 
ae errs cae nies A 5 ph a) Sa Chika wwe 60) 00m of B08 eee oS 
i ea ey enna 2 3 a os." ee ) 
! dp m 
berg =—y 
m m> 
if ‘a sees 3 pee scare Cl ry. Tec veri eee eT ee ecooesees 4, 
¢ (2mx) (Qx)z (4) 
i 1+ p' 
toe aa 
1 w+ m (2a)z 
| a, 2% oma 


i _m (2x)2 — (2a)s — m (22)2 
idl m2 





2 t ms 4 
pen ee) Ps 2+ Qo. eessecesecese @OSeoree8 eoe (C) 
me 
and vaa—p.—? 





(2a)? 7 de ae 





= 3x4 -+ m :%; io ee (D) 


Equating the values of # found in (C) and (D), we have 
ms y'%  x'— m 
Dae) 3 


__ 8 (a! — my’ 
4 QTm 


12 


which is the equation to the evolute. 


At the points of greatest and least curvature the contact of the circle of curs 
vature ts of the third order. 


The points of greatest: and least curvature will manifestly be the points at 
which the radius of curvature is a minimum and a maximum, and to find these 
points we must differentiate the radius of curvature, and put the result = 0. 

_ Now 


3ng? — (1+ p)r= 0 
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; 
: dy _ __ 3py 5S. 
e's Yr or dx Face C +p’) Cee reer er ecenseeesesvcccsnecs eeoscce eeetooee (A) ; 
Now take the equation to the circle and differentiate three times 
(y¥—y¥ + (e@—v¥ — R= 0 | 
(y¥—y)p+(@—2) =0 | 
Y= 8) 94 Pere =0.y—y=— EF | 
(y¥ — y') 7 + 3pq =et 
é 3, 
o's wrr=— Te 
ene? 
PPS pe 
2 
3pq° 
= 1+ p Seccecroce CORO CCCo eee cee Deeseeecece (B) 


Comparing (A) and (B) they will be found identical, 7. ¢. the third differen. — 
tial co-efficient derived from curve, is, at the points of greatest and least curva- 
ture, identical with the third differential co-efficient derived from equation to 
circle. Hence at these points the circle has a contact of the third order. | 


A Curve is convex or concave towards the axis of the abscissas, according as 


dy . rd 
aoa *8 positive or negative. 





R. 2 ae 
——_- 
—@q 
A MOM yl eX A WW” iM Ww 


If RZ be any plane curve, it is manifest that if a tangent be drawn at any 
point P, and if two points P’, P’, be taken very near to P on opposite sides of 
it, then if the curve be convex both the ordinates M’/P’, M’P” to the curve, will 
be greater than the corresponding ordinates to the tangent M’Q’, M’Q", and if — 
the curve be concave they will both be less than these. 


AM=z, MM’ = MM’ = h, MP=f(«) MWP'= f (@ +h), M’P’ =f (@—AhA) 


dy h fy ht d°y h 
e UM ® |e Ss r Ses Steg hs ee eS he 
Ty i eet eae 1 sites! Rae” de?T. 2.301) one 
nk dy h dy f° dy h’ 
WE >9— ae T+ ae'T, 27 att tee ee ee 
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MWQ=y+ ¥ x ; the tangent has an osculation of 
W’Q’ = y — a i { first order. 
| - MP’ — M’Q’ = oY a +. 
mp _ rg = 24... 


Now, these quantities will be positive or negative according as the curve is 
convex or concave towards the axis of abscissas. 
| 
2 
, The curves will be convex or concave to the axes, according as oa is 
“positive or negative, since by assuming / sufficiently small the sign of the whole 
series may be made to depend on the signs of these terms. 


dy | 
At a point of contrary flexure, pa = Oor= a 


Or generally, there cannot be a point of contrary flexure unless the first 
‘differential, which does not vanish for a particular value of the abscissa be of 
an odd order. 


At a point of contrary flexure a curve from being convex: to the axis of 
abscissas, becomes concave, or vice versa. 


The contiguous ordinates of a convex curve 
‘are both greater, and of a concave curve both 
less than the corresponding ordinates to the 
tangent, but at a point of contrary flexure the 
ordinates to two points in the curve being near 
the point of inflexion on each side of it, must 
be one greater and the other less than the cor- uw M 

: ; ™M” 
responding ordinates to the tangent. 





Let RZ be a plane curve, P a point of inflexion, Tt a tangent at P 
AM = 2, MM = MM’=A/, MP=f (2), MW’ P’= f(x +h), M’P” = f(w—h) 


dys he aa. dy he 
or. M’ ,— Ke EO —~  =—_— —  §- 
Meta. 37h asp oih dae We aa at 


dy he dye ht dby h? 

M” pt i dee Th dekh? PST et Pee 
d 

MQ =y+ 5- 


M" Q’=9¥— ae 
dy Wh dy bP 
ur MW Oo 4-5 hat Tos. 


dy h? dy hi 
mM’ pir s M! Q’ =F T3 oo F ieactete Va 


746 DIFFERENTIAL CALCULUS. 


But at a point of contrary flexure these differences must have a contrary sign, 


which cannot be unless oy = 0 or &, and if the same value of x which makes 


dl" a ; ; 
oe vanish, makes “a vanish also, then in order that there may be a point of 


é ie 
inflexion, oa must vanish also, and so on, 


; pes dy 0 
At a multiple point in a curve z= 0 


A multiple point is a point in which two or more branches of the curve inter- 
sect or touch each other, and is called a double, a triple, &c. point, according 
to the number of these branches. 

Let (A) f (x, y) = 9, be the equation to curve divested of radicals 

Let (B) Mp ++ N = 0, the first derived equation, then 


' 


(1). If the branches of the curve cut one another at the point, there will be 
several tangents at that point ; and .*. for the value of x and y which belongs te 


dy 
this point, s will have as many values as there are branches. Suppose that 
there are only two branches, and let the two vaiues of p corresponding to these 
be a, @. Then by equation (B), we must have 
Me +N= 0 
Meg +N =0 
and s Mae— sé) = 
.. Since « and 6 are supposed to be unequal, we must haye M = 0, and 
-- N = 0, hence by equation (B) 


N 
P=—h 
0 
=o ene 
(2). If the branches of the curve touch with a contact of the first order, 


d 
there will be only one value of A , but there will be several of ¢ or , and in 


general if the contact be of the n* order, the first n differential co-efficients 
will have but one value, but the (x -+ 1) will have several, we shall in that 


case have 


ae 
M. d 





74 L=0 


where M is the same as in bates (B), and Lis a rational function of 2, y. 

and the first n differential co-efficients. Hence it may be shown as before, 
that M = 0, N = 0, and. 

d of ly a 

dz? ine 


The converse, however, does not hold, for it does not follow that these values 


y 
0 


: d 0 
of « which render = = 5 necessarily belong to a multiple point. 


Points of the second species where branches of the curve touch are some- 
times by way of distinction called osculating’ peints, 
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. To find the first differential co-efficient of the Arc of a Curve considered as a 
| function of the abscissa. 





Let equation to curve AZ be 
y¥=f@) 
Let ac AP = s = ¢ (2) 
° av == 2 ie MM = A. 
Then it is manifest that the inerement PQ of the are 
must always be > chord PQ and <. (PR + RQ), what- 
_ ever be the values of h. A 
Now chord PQ = VE Sf +h) — faye 
1) UETSE ATER x SR (l) 
Arc PQ= @(# + h) — Q(2) 


ds rs 
=a’ t+ moet ya aegis Goede exns soa) wophaas de (2) 


: ] h 
PR + RQ = /#+ fe5 tapat- 


=hAVi +p + Qh+....... De, Ae tiie te ry (3) 


Now, series (1), (2), (3) are in the order of their magnitude, whatever be the 
values of h; .*. their first terms are in the order of maguitude, and these are 


4G fi a p 





Fo ees 


ds 
h. ve 
hV/1 + p 


ds ——;- 
eu ViteP 


To find the first differential co-efficient of the Area of a Curve considered as a 
Junction of the abscissa. 






Equation to curve R 
y =f (#) P 
_Area APM = A = 9 (&) 
J AM = 2, MP = y, MM =A. 


Now, it is manifest that MPQ the increment of 
the area is always >. parallelogram MPNM!’ and 
— parallelogram MRQM’ whatever be the value 
of h. 
| Now, parallelogram PM! = y.hu....cc.es oe Seda ys) ka ina ee (1) 


: é dA chi «dtA h? 
| Area MPQM =i ote ee ‘ioe 


i }? 
. Parallelogram RM’ = h (y -- p = Gia 7 5° 8) eecbs: (3) 


y 





A M wm! 





holy Batten e) 
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And series (1), (2), (3), are in the order of their magnitude, whatever be the 
value of h, and .*. their first terms are so; hence 


To find the first differential co-efficient of the surface of a solid of Revolution, 
considered as a function of the abscissa of the generating curve. 


Let the surface be generated by the revolution of 

curve AZ whose equation, is 
y =f (@) 

round AX as an axis. 

Let surface generated by arc AP (= s) be 85, and 
let PQ the increment of arc s be k, S = @ (2) 

AM =, MP9, Nie ae —- 

Then it is manifest that the increment of the sur- A.M. w @ 
face generated by PQ, is always less than the surface generated by PQ stretched — 
out perpendicular to M’Q from Q, and always greater than the surface gene- 
rated by PQ stretched out perpendicular to MP from P. 





i.e. The surface generated by PQ > surface of cylinder rad. = MP, height = k 


oie tee Be rrr erareraren rarer “srr a rn NL 
q 

Now, surface of Ist cylinder = 2zy . k 
ds h d's iah* ’ 
== 2ay (= . r+ osyet-::) ceccves (1) 


S aS : 
Surface generated by PQ = = . a ep i of- . c's asevenceecss chee 


Surface 2 2nd cylinder = 27 (y+p.4 tt? oo “5 Best, .) ( Bin 4 .(3) 


And series (1), (2), (3), are in the order of magnitude, whatever be the value 
of h, and .°. their first terms are in order of magnitude; hence 
dS > ds 
dx — “4 da 
= 2ay /1 + p* 


i 


Lo find the first differential co-efficient of the volume of a solid of Revolution, 
considered as a function of the abscissa of the generating curve. , 

' 
Let the solid be generated by the revolution of a curve whose equation | 
is y = f(x) round the axis of 2, and its volume = V = @ (#). ; 


'Then every section of the solid made by a plane perpendicular to the axis of | 
x willbe a circle. 

Let the area of circular plane whose abscissas is x =e 

SCoeCCCeceoreceenessece @etoeseeseecs CHOKE R EEE Oe Eee Eeeeseesere x£ + h ee A’ 


Then the increment of solid is manifestly always > than solid generated 
by plane A moving parallel to itself through hf, and < than the solid generated 
by A’ moving parallel to itself through h. , 


(1). Now, first solid or AA = xy? h 
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youn d Vege h PV i 
(2). Increment of volume = —-.7 + 72- Tra t+ 
: ; h Us 2 
(3). Second solid or Ah = ah (y+ p-7 +4 -z-9:-) 


And these three series are in the order of their magnitude, whatever be the 
value of f, and .*, their first terms are so; hence we have 


dV 2 
cies ne 


METHOD OF LIMITS. 


Proposirion.—If there be an equation of the form 
A+-+2=B+y 


where A and B are constant quantities, and x and yu are susceptible of all de- 


grees of magnitude, then A = B, and x = y. 
For if A be not equal to B, let their difference be represented by P 

A—B=+P 

whence y—r=4P 


that is, the variables y and x have a constant difference P, and therefore cannot 
be made less than P, which is contrary to the hypothesis. 

This principle is the foundation of the method of limits, which is used ex- 
tensively in the investigations of the higher geometry, and has been employed 
by many writers to establish the doctrines of the differential calculus. 


Derinition.—When a variable quantity by being continually increased or 
continually diminished, approaches towards a certain fiued quantity, and ap- 
proaches nearer to this quantity than any assignable difference, but never actu- 
ally reaches or becomes equal to it, then that JSixed quantity is called the Limit 
of the variable quantity. 


Thus a circle is the limit of the area of the inscribed and circumscribed 
polygons. For by continually increasing the number of sides in the polygon, 
its area will approach nearer to the area of the circle than by any assignable 
difference, but the sides of the polygon being straight lines, can never actually 
coincide with the curved perimeter of the polygon, so that the figures should 
be equal, and, therefore, by the above definition, the circle is the limit of the 
inscribed and circumscribed polygons, 

In like manner if we can make a variable magnitude A — « approach 
another magnitude A which is fixed, so as to render their difference « less 
than any assignable magnitude, but without their ever becoming actually 
equal, then the fixed magnitude A is the limit of the variable magnitude A — « 

Let us now consider the differential calculus with reference to these princi 
ples. Let y be a function of x, such that 


ae re NES Pk I ee ee See (1) 
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Let x become x + A, and let the corresponding change in the value of y be 
denoted by 9’ 
¥Y = (e+ hy 

= 2 + 32h + 3xh? + fh’ 

Subtract from this equation (1), then 
Y— Yy = 37h + 8xh? 4. AP 

Divide both sides of the equation by h 


¥ — 
Ge Bat 8th bh seoseeeon etal 





Here 7’ — y represents the increment which y receives when x becomes 
x -+ h, and h is the increment of z. 
Ye, : 

Hence the expression 7, 3s the ratio of the contemporaneous increments 
of y and @: it is manifest from considering the second member of equation (2) 
that this ratio will diminish as diminishes, and when h becomes — 0 the ratio 
becomes = 322, 





This term 32? is therefore the limit to which the ratio + tends, as we 
diminish /, and the quantity to which it becomes equal when h = 9). 


But 3.’ is the first differential co-efficient of 72 or y, hence we perceive that 


in this case the first differential co-efficient of y may be considered as the 


limit of the ratio of the increment of the function to the increment of the 
variable. 


It must be remarked, that upon the supposition 1 = 0, the increment of y 
/ 


° . Yy— . 
becomes also nothing, and consequently the expression frie reduced to 


h 


0 
the form 9 and equation (2) assumes the form 


2 


S10 


ai 


; 0 
This equation involyes no absurdity, because Algebra teaches us that 9 may 
represent every description of quanti ty. 
Generally, let 
Yom f'(L) iiss ese 1200 see Terre ee yy (1) 


Let x become x +- h and y become y’ 


Let f (x + h) be developed in a series ascending regularly by powers of h, 
so that 


¥ =f (@+h) 1 
= f (®) + Ah + Bh? + Cp3 fon Gee a (2) 
Subtracting (1) from (2) 
y —y = Ah+ BR Chi +... 
Divide both sides of the equation by h 


y=y 


Rh At Bh+ C+... 


which represents the ratio of the increment of the function to the increment of 
the variable ; it is manifest that this ratio will diminish as h diminishes, 


| 


| 
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To find the limit of this ratio make A = 0 


ee TO 

‘but according to the principles which we have already explained at the com- 

_mencement of the treatise, A is the first differential co-efficient of y or f (2), 
hence it appears that 





If y be a function of x, the first differential co-efficient of y may be considered 
as the limit of the ratio of the increment of the function to the increment of 


the variable. 


In all extensive treatises upon the differential calculus, the manner in which 
the differential co-efficients of all algebraic, transcendental, and circular func- 
tions may be obtained by the doctrine of limits, and the different rules established, 
- will be found fully detailed. What has been said above will suffice to give the 
_ student a general idea of the nature of this method. 


~=. 


=> 


The infinitesimal met hod. 


The ideas which we entertain with regard to an infinite magnitude may be 
reduced to the following proposition: A quantity is not infinite when it is 
susceptible of increase, consequently, if we have a quantity «+ a, and -if we 
| suppose x to become infinite, we must suppress a, otherwise we should suppose 
_ that 2 was increased by a, which is contrary to our definition. 


This may perhaps be made more evident in the following manner. Let 


l 1 
o a z= 1) Oe Sores at dene cheer © BEEN tea cs ewes caeeaes (1) 


Reducing B Ap OH MGW usec eeecceesseeeennesnenrenceneeeene seees (2) 


: want 1 
Now, if we suppose that 2 becomes infinite, the term > In equation (1) must 


disappear or be = 0, hence the equation assumes the form 


11 a 


a 
Substituting this value in (2) 
to 2 


which shows that when z is infinite « -++ a is equivalent to z. 


The quantity a, in comparison with which 2 is infinite is called an infinitesi- 
mal, or infinitely small quantity, in reference to 2. 


Since we are now considering the relative values only of quantities, the 
preceding demonstration will hold good even when « has a finite value, pro- 
vided only that @ be infinitely small in comparison with x The theory of 
fractions will enable us to make this truth more manifest. For if we compare 

: Heer 
the. finite quantity 6 with the fraction 3 it is clear that in proportion as the 
denominator z becomes greater the fraction itself will become less, so that 
when z becomes infinite the fraction will become 0, and as such, must be sup- 


pressed with reference to b, and thus 6 will be infinite relatively to >. 
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Although two quantities be infinitely small, it does not follow that their ratio 
will be nothing, for 











\ 
eh) 


Hence if we represent two infinitely small quantities by dy and dx, their 


d. ah 
ratio = may represent any quantity whatever, a result the same as that which | 
we obtained by the consideration of limits. 

| 


When a quantity x is infinitely small relatively to a finite magnitude a, the 
square of z or 2° is infinitely small relatively to x For the proportion i 


= 


Livqaru: beaneian 
shows that 2” is involved in x as often as x is involved in unity, that is to say, 
an infinite number of times. We may demonstrate in the same manner by the 
proportion 

2 Pre ee 
that if x” is infinitely small relatively to 2, the term x? must be infinitely sinall 
relatively to 2. According to this view, infinitesimals are divided into diffe- 
rent orders, thus, in the preceding examples, ¢ is an infinitesimal of the first 
order, x” is an infinitesimal of the second order, z* is an infinitesimal of the 
third order, and so on. : | 

We may remark, that if x is infinitely small relatively to a, it will likewise ; 
be infinitely small when multiplied by a finite quantity 6. In fact, since = 
may be considered as a fraction whose denominator is infinity, we may repre-_ 


b ea 
sent x by oe but whether we have E or + these quantities will equally be 
nothing relatively to a. 


Since an infinitesimal of the first order must be disregarded when connected 
with a finite quantity, which it cannot increase, so, in like manner, an infinite- | 
simal of the second order must be disregarded when connected with an infinite- 
simal of the first order, and so on. 


The product of two infinitesimals x and y, of the first order, is an infinite- 
simal of the second order ; for from the product xy we derive the proportion 
Ls yas ae rae 
which shows, that since y is infinitely smal] relatively to unity, zy will be infi- 


nitely small relatively to 7; that is to say, zy will be an infinitesimal of the 
second order. 







In like manner, we might prove that the product of three infinitesimals of 
the first order, is an infinitesimal of the third order. 


The differential calculus may be deduced from the theory of infinitesimals. | 
This method of considering the subject is less philosophical than either of the 
preceding but the results are precisely the same, and as the principles employed | 
will greatly abbreviate many of the processes of the integral calculus, we shall 
briefly explain their application. 

, : 

Let y be a function of 2, such that | 

7 ¥y a, ax @eceeresteces Medaessteccnccescacescadeee san eRanaennnnn (1) 

Let x be increased by an infinitely small quantity which we shall represent 

by dx, and let the corresponding infinitely small increment of y be represented : 


| 


ae 
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| by dy. Hence when x becomes a + dz, y will become y + dy, and we shall 
-_ have from the above equation , 


y+ dy = a(x + dz) 
= ax + adz 
| BUMMER WO Scans. cccectecocncscusacesecsnedeucrucesessoneeudess (2) 


| The quantity dy is called the differential of y, and the quantity dx is called 
the differential of x. 


If we divide both sides of equation (2) by dz, we shall have 


But we know that a is the differential co-efficient of az; hence it appears, in 
| the present case, that the first differential co-efficient is the same thing as the 

ratio of the infinitely small increment of y to the infinitely small increment of 
_ g, and that the differential of y is equal to its first differential co-efficient mul- 
 tiplied by the differential of «. 


| Again, let it be required to find the differential of a function of x, such 
as az’, 
| Let Oe eaten chanededineest it AS ag oa (1) 


Let # become x +- dz, and let the corresponding change in y be represented 
_ by y + dy. 
fi y+dy = a(« + dz)’ 
| = ax® + 3ax? dx +. 3ax (dr)* + (dx)? 
Gu — Sax” dz -+- Sax (dae) ah. (dz)? cn.ctyce sm ecu eee (2) 


But a (dz)* being an infinitesimal of the third order, cannot augment 

3a (dx), and may therefore be rejected, and in like manner 3a (dx)? being an 
- infinitesimal of the second order, cannot augment 3az? dx, and may therefore 

be rejected, so that equation (2) is reduced to 

dy = 3ax’ dr 

dividing both sides of the equation by dx we have 
" - aS PE a 

but 3a” is the differential co-efficient of az*, so that in this case also the dif- 
ferential co-efficient is the same as the ratio of the infinitely small increments 

of y and 2, and the differential of y is equal to its first differential co-efficient 

multiplied by the differential of 2. 


Generally, let 
y =f @) 
let x become x -+ dz and y become y + dy 
yt dy =f («+ dz) 
= f (x) + Adu + B(dzyY + C (dr)? +... 
dy = Adz +.B (dz)? + C (dz? +... 


But (dzy, (dx)’, . . . being infinitesimals of the second, third, . . . orders, 
cannot augment Adz, and may therefore be rejected, hence the above equation 
becomes 


Tey C8 7 
BBB 
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dy 
dx 


but according to the principles which we have already explained, A is the first 
differential co-efficient of y or f (x), hence it appears that 


Whence — rh) 


If y be a function of «x, the first differential co-efficient of y may be con- 
sidered as the ratio of the differentials, or infinitely small increments of y and — 
x; and the differential of y is always equal to the first differential co-efficient 
of y, multiplied by the differential of «. } 


In order to find the differential of the product of two variables u and 2, each : 
of which is a function of x, we shall suppose that when a becomes x 4+ dz,u 
-becomes u +-- du, and z becomes z + dz. . 


* Let yic= f(a) 
= uw 
y + dy = w+ du) (@ + a) 
= uz + udz + zdu + du. dz 
on dy = udz -- zdu + du. dz 


But du dz being an infinitesimal of the second order, may be neglected. 
dy = udz + 2du 
which agrees with the result already found by a different process. 
To find the differential of sin. x according to this methed. 
7° anes 
y + dy = sin. (@ + dx) 
= sin. x cos. dx + sin, du cos. & 


but the arc dx being infinitely small 


sin. dx = dz, cos. dz = 1 
y + dy = sin. x + cos. xdx 
dy = cos. rdx 


d: 
or — cos. x, as before. 





Let us now show how we may resolve the problem of tangents by the method 
of infinitesimals. ‘ 


Let Zz be a curve, PM, P’M’ two ordie 
nates infinitely near to each other. 
Let PQ be drawn parallel to AX, and let 
PT be a tangent to the curve at P. ; P 
The tangent PT may be considered as a 
production of P’P the element of the curve | 
Zz, because this element or infinitely small 
portion of the curve may be considered as a ‘a 
straight line. 1, ee MM 
let aM a7, PM = y 
P’Q which is the infinitely small increment-of y will be represented 
PO: = Marl’ ; ° : ‘ p aa 
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The infinitely small triangle P/ Q P being similar to the triangle P M T, 


if we have 
; PQ: PQ:: PM: MT 


or, dy : dw :: y : MT 
dz 
oe MT=y dy 
The subtangent MT being thus known, we can immediately determine the 
~ normal and tangent, and the equation to these lines. 

To find the differential of an arc of a curve, we may consider the infinitely 
small arc PP’ included between the ordinates 
PM, P’M’, as a straight line, and calling the 

| -whole arc of the curve s, the infinitely small 
_ portion PP’ will be represented by ds. 


‘ ‘The right-angled triangle PP’'Q gives 
| PP? = PQ? + P’ @ 








i or ds? = dx? + dy’ € ais ; 
| “ ds = /da + dy? 4 
| ds dy” 

or nes =o 4 1 + es as before, 


To find the differential of the area comprised between two ordinates PM, 
P’ M’ of a curve which are infinitely near to each other, neglecting the area 
PP’Q, if we call the whole area A, the area of the rectangle PM’ may be taken 
for dA 
a dA = PM x PQ 

== ys 


Polar Curves. 


In applying the differential calculus to the theory of curves, we have hitherto 
considered only such as are referred to rectangular co-ordinates. ‘The various 
propositions which we have demonstrated may, however, be applied to polar 
curves also, either directly by Taylor’s theorem, or, by adapting the expressions 
already deduced, by aid of the chapters on the transformation of co-ordinates 
and the change of the independent variable. 

The principles of the infinitesimal calculus may also be employed with much 
elegance in these investigations. Thus, for example, 


To find the angle under the radius vector and a tangent at any point of a 
polar curve. 


Let LZ be a curve referred to Polar Co-ordi- 
nates. 

Let S be the pole and SZ the straight line 
from which the angles are measured. i 

Take any point P, and draw a tangent PY; “y 
Let SP = 7, angle ZSP = 6. 

2 Take a point Q infinitely near to P, then the 
arc PQ may be considered ultimately as coin- 
ciding with tangent and angle PSQ = dé, 
draw QR perpendicular to SP, and SY perpen- 
dicular on tangent. 





BBB 2 
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SY 
tangent SPY = PY 
= ae by similar triangles. 
rag 
= dr Chereccccevecees Coe oeeresovcees CO0a' SeOCoe eo eCC OED (1) 


Through S draw TSG perpendicular to 
SP, meeting the tangent at P in T, and the 
normal at P in G. 


Then ST is the Polar Subtangent. 





STEREO CT lasen se Gecaes ot Subnormal. 
ST = SP tan. SPY. 

r-dé 

Tp tte rece (2) 

SG: SP :: PY: SY 

PY 

= cotan. SPY . SP 
1 

al 7 Ee Seavey antes Worevaaee woe cedesne tite (3) 
dr 


The following expressions are much employed in the investigations of physi- 
cal astronomy. 
1. Let ds = arc PQ 
PQ? = QR? + PR? 
or ds* = rdg* +. dr? 
ds o/, dr 
a Ot ae 
2. PR: QR:: PY : SY 
or dr: rdé:: Jr — pi: p 
dr ks Vr — pe 
aber p 
3. Let area of sector 
PSQ =dA 
dA = 4 SP.QR 





OM!) EE 
A. SY: SP:: QR: PQ 
p: ri: rdd: Va? + rae 





Det as ti ri 
ds: dr :: r : Vr? —ps 
ds _ r 
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To find the radius and chord of curvature in polar curves. 


Let ZR be a polar curve, S the pole, P any y pP 
point, Q a point infinitely near to P. } 





Draw normals at P and Q intersecting in O, 
O is the centre of curvature, 


Produce PO and draw SN perpendicular on 
it. 
ae se — 7, OP = o, 


Now while the are of curve receives the in- 


crement PQ, and SP varies from SP te SQ; ‘ce 
the point O remains fixed, and .. OP and SO V ee 


- remain constant. But 


SO? = SP? -+- PO? — 2P0 . PN 


=, + é — 2pe 
.. differentiating o = rdr — dp . 
dy 
ae Ap treater eteneneeentneeses seeeee (1) 


To find the chord of curvature through S, produce-PS and PO to meet. the 
circle of curvature in V and L. 
Then since the angle at V is a right angle being in a semicircle, the triangles 


PVL, PSN are similar. 
BV: Pl :: PNo: PS 


Be 2 


We shall conclude by showing how the first of the above propositions may be 
established by the transformation of co-ordinates. 


To find the angle under the radius vector and tangent, in a spiral curve. 


Let RZ be a spiral curve whose pole is R}/ 


S and equation | 
r= f (4 \ 
Z 8 


PT is a tangent at point P. Ze 
r and @ are polar co-ordinates of the point - ei 





| Ss 
x and y ... rectangular ...... piasepemeaes tes 


Si = 7, Dita ¥, 
tan. @ = tan. (iY — 6) 
_ tan. Y — tan. 
~~ 1 -- tan. @ tan, y 


Pm pa ON gy eae 
ie : To ia 0 = whe 
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dz x. ; A ie 


y dy WY fa! 
id. dx 


E ee 7a +a. 6 22 
4 ; raat a. ; , 
; ae dy ¥y - Vt ‘ o ae aN . 





If we wish to transform this expression into another in which r is the indaa 
pendent variable, we shall have 


é2 





Ty ttt neeeeesenees x Se) 


Now =r sin. 6, «=r cos. 6. 


dy ; ; dg dx ' dé 
dp — Sin. 6 -+ 7 cos. 6. dr dp ©%: 9—r sin. 0. a, 


Substituting these values in (1), we have 
- dé 
sin. 6 +- 7 cos. 6 oe “ine 
é dé ~~ cos. 6 - 
cos. @— 7 sin. 6 EP 








tan @ = 





dé 
sin, 4 sin, 6 + 7 cos. Oe 


cos. 4° 
cos. 6 — rsin. 0 a 

Aran 4 

=r iy : 
: ag 

ay ST — al rr 
A 
/ 





<a eee 


CHAPTER I. 


_ Tur object of the Integral Calculus is to discover the primitive function from 


which a given differential co-efficient has been derived. 


_ This primitive function is called the integral of the proposed differential co- 


| efficient, and is obtained by the application of the different principles established 


in finding differential co-efficients and by various transformations. In order 


" to avoid the embarrassment which would arise from the perpetual changes of 


_ the independent variable, which it would be necessary to effect if we restricted 


ourselves to the use of differential co-efficients alone, we shall generally employ 
differentials according to the infinitesimal method explained in the preceding 
chapter. 


When we wish to indicate that we are to take the integral of a function we 


prefix the symbol uf: Thus, if 


y = ax* 
We know that dy = 4az° dx 


If then, the quantity 4a2° dx be given in the course of any calculation, and 
we are desirous to indicate that the primitive function from which it has been 
derived is az*, we express this by writing 


of hag? dz = az* 
When constant quantities are combined with variable quantities by the signs 


+- or — we know that they disappear in taking the differential co-efficients, 
and therefore they must be restored in taking the integral. 


Thus, if y= a +b 
or, y = ax —b 
or, yo ae 


In each of the three cases equally 
dy = 3ax" dx 
Hence in taking the integral of any function it is proper always to add a 


constant quantity, which is usually represented by the symbol C. Thus, if it 
be required to find the integral of a quantity such as } 
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dy = 3ax’ dx 
y= S 3ax* dx 
= azr® + C 





where C may be either positive, negative, or 0. We cannot determine the 
value of C in an abstract example, but when particular problems are submitted 
to our investigation, they usually contain conditions by which the value of 


can be ascertained. This will be clearly seen when we treat of the applications 
of the integral calculus. 





By reversing the principal rules established for finding the differential CO- 
efficients, or differentials of functions, we shall obtain an equal number of 


rules for ascending to the integrals from the derived functions. Recurring 
therefore to these we shall perceive that 











I. The integral of the sum of any number of functions is equal to the sum of 
the integrals of the individual terms, cach term retaining the sign of its co-effi- : 
cient. ‘Thus, if 


| 
. 
dy = 4ax* dx +- 3ba* dx — 2bx dr + dz | 


. 


y= J Mah det f Sb0 do f° 2 dx de + f de + 6 


“ade Cae 


mee? 


II. Since, if 
y= a2" 
dy = maz™—3 ag | 
it is manifest that | 
The integral of a function raised to any power is obtained by adding unity | 
to the exponent of the function, and dividing the function by the exponent so 
increased, and by the differential of the function. 2 


EEO: dy = ax" dz 
age +1 


Y=apit? 


Ex. 2, dy =— da 


=a 
i ae 
GPa 
oe — (n—1) 
a 
Ex. 3. dy = (a+ 2)" dx 


a Fath iG 
y= n+l + C 


] 
= (at ap ap ada. 


(a + x)—"dz 





- 
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: 1 
Y= —@—NEere-* 


This rule applies to all functions of the form 
dy = (a + ba") ca®-) dx 





| for these can all be reduced to the form az™ dz. Thus, 
Let a+ ba" =z 
nba®-1 dx = dz 


aay dz 
n 


n= 1 | tnt 
Cx fy Le a dz 





ak’ =J (a +- 62°)” co.—) de = ha a” dz 


c gu : 
rls Teal 
_ .¢ (a+ bx")a +1 
aon. o” m+ i a 

This formula is very extensive in its application, since we have all integrals 
of the form (9(x))” 2.9(2) composed of two faviors, where the one is the diffe- 
| yential of the other which is within the bracket. 


Ex. 5 2 Leal 
“kre I~ Vato ‘ 
Here an—@b=1n=2%im=— 7.6 = 


yo=Ve+r +0 





adx 
Ex. 6 (ST fom nas 
g=—Va eC 
adzx 
Ex. 7. dy = Re ot 
(a? + 2°)? 


gy — (a*-+4 2") a2 44 


Ex. 9. dy = (adx — xdzx) (2ax — x?) 


Let 2az — 2* = % 5 GAY TUR ae Oe 


1 
A gz 
(adz — adx) ax — 2°)? = ane 
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2 3 | 
3 fe . 
y= jot LS oe 
adx +- xdx 
Ex. 10. di — 
e , V/ tax 4- 2 
Let Lax -- x? == % -. ada -+- xdx = 4 dz 
—% 
(adx 4- xdx) (2ax +- x2) 2 — eee 


2 
= a? = (2az + x)? + C 










a/ 2ax — 2 . dx 
ail eae 
V2a—x.dz 


if tT —%(Qa—2F +06 


Ex. 11. dy = 


II 


Ex. 12. dy = (a + y’)? (62° da 4+ dy dy) | 
Let by? = % .. 3a* dx + Qy dy =~ dz «+ 62° dx +- dy dy = 2dz 
| (a3 + y*) (62° dx -- 4y dy) = 227 dy } 





4 § 4 5 
y= z= s(ety)F+C 


| 
II]. The above rule fails when x = — 1, since in that case we should find — 
iy? ~-' dz = &, but this arises from the circumstance that the integral belongs 


to another kind of function. 


dz “yale } dz 7 
We know that ap ss = log. z + c;. and, in like manner J ¢ a 
log. (a ++ z) +, hence, 





The integral of every fraction whose numerator is the differential of its deno- 
IV. The integral of every fraction whose denominator is a radical of the 
second degree, and whose numerator is the differential of the quantity under the 


| 
minator, is the logarithm of the denominator. ; 
radical sign, is equal to twice that radical. - Thus, : 
me : 
If oy EF e — yotyre+C 
V. A most important process is that which is called Integration by parts : it 
depends on the following consideration, if y be a function of x 
d(xy) = ady+ ydzx q 
| 


ae ry = fixdy + fydx 
: J «ly = ay — fyde 


hence it appears, that 


Having resolved a differential into two factors, one of which can be imme= 
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liately integrated, we may take this integral regarding the other factor as 
‘onstant; we must then differentiate the result thus obtained, upon the suppo- 
ation that the factor which we considered constant is the only variable, and 
*hen subtract the integral of this differential from the first result. 


Thus, in order to obtain the integral of log. x da, let us consider this diffe- 
tential as composed of two factors, log. # and dz. The integral of dx is 2; 
and therefore, considering log. z as constant, the integral of log. # dx will be # 
‘og. x; now differentiate this result upon the supposition that log. # alone is 


yariable, and we have #. di. sptract the integral of this differential from the 
4 . v 

integral first obtained, and we shall have the whole integral required. 

| : oe f log: w dir = # log. # — f Spies 


@ 
i = w log. x— f dx 


i =alog.a«—2x2+C . 
Numerous examples of the application of this principle will occur in what 
follows. 





_ VI. From the operations performed in the differential calculus, we know by 
‘reverting the fundamental processes, that since 





_dax™ = mx™—idx <. fonds a= te .o@+.C 
m 
da = log. a.a*dx dP a® dz = + ak -+C 
| log. a 
de = e*dx fe dz =e +C 
. PR de dx 
ma lor. 2 = — - — f= = log.alog.x+C 
6 log.a & Se hes ee eR Fiat 
d. : 
diog..7 = uted dx = log... ¢+C 
z @ ; 
d sin. x a G8 TAZ: Joo ardx = sin. £ + C 
d cos. v = — sin. zdx J sin. xdx = — cos. 4 + C 
dtan.2 =-sec.? rdx f sec? xdx = tan. 2 +C 
| dco.2 =— cosec.” adz ifs cosec.? xdax = — cot.z+C 
dsec.2x = tan. 2 sec. rdzx fia. a sec. xdx =sec.v+C 
dcosec. x = — cot. x cosec. xdx J o- x cosec. « dx = — cosec.x +C 
| d vers. x = sin. rdx 3) ‘sin. xdx = vers. x +C 
dsin mx = mcos.mxdx / (eon. madx Beslan i +C 
m 
dcos.mzx = — m sin. madzx Uf pry maxdx eta ESE EY, + C 


* . ax: u in. 
dsin" 2 = mnsin.— z cos. adv fi sin"! x cos. adv = 22 +C 
n 
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And in a similar manner, from the chapter on Inverse Functions, we have 














= = sin. Ir + C a => ; sin. ae x 
2S, = cos. Ir + C SS = 5 008. 42 a 

Ie = tan. tie + C Seem = ~ tan. he x 
— = cot..'z + C Saree — ~ cot. toa 

oe Ss = cosec. “a + C loam =  cosec. 2 a 

Vie = vers. xz + C a See | 
— = covers. 17 + C Vine = : covers. ae . 


In all these integrals the radius of the arcs is unity, and the arbitrary con- 
stant is not annexed to the integrals in the right hand column, for want 
of breadth of page. As it is frequently desirable to integrate differentials in 
which the radius is a instead of unity, we shall exhibit a few of those which 


most frequently occur to that radius. In the left hand column of the above 


differentials, write ~ for x, and we have to radius a. 
a 





t 
> 


adx 










: *—adx ; 

a aes = sin. —y + C V@aat = cos. “2 CO Z| 

For oS 

ardx sia 4 —a*dx at i 

Wine = tan. 7 + C ee = cot. tt + C | 
a’dx —ardz 4 
eeueemmeeetieeeee eee oe — —l oe —1 * 
[ee eae sec. Iz + C SG = cosec. 2 + C ; 

adx sae, 

I = vers, er + C isis = covers. 17 + C_ 

J /2ax—x /2ax—x* | 


‘ab 


These are the elementary forms to which every differential whose integral — 
is required must be decomposed; and the reduction of expressions to one or 
more of these fundamental formule is the object of almost every process in 
the Integral Calculus. The following are a few examples. 


(1.) Let it be required to integrate du = mgs 





at+bx 
= mdx __ dz 
mahal Ghar op a. at 


260 diate wer’ yn ae b 
u= nf re = Gotan Bee 


(2.) Let it be required to integrate du = —/”2”__ 


D/aee 
Here u = mf__@@___ eye. wsin, 1VOy 4 C 
Va —bx* Vb a 
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| (3.) du = aadz US se + C 
b 1 
(4) du = ade 9S + 2 “dx uae — s_ + 20% + © 
2 2\F 
(5.) du = (a®—2")?adz Fe =a 4C 
dz __ /2a—x 
6.) du = ———_— — C 
ae) x/2ax—x* i avn 3 
(7.) du = sin. "x cos. xdx i = a +C 
] 
(8.) du = (tan. ®x + tan. ig)\dx Pear tan. 8 + C 
2d = ie 
 (9.) du = ae : u% = tan. . +C 
| _ __ mdz u = sin. mx+ C 
400.) du = mia , 
(11.) du = sin. 2adx u = sin. 24 + C 
. 32°+2a+1 
| 12.) du = u = log. (a? + a2+2+4+1)+C 
| _ S8da hes 
| (13.) Cae are ee “= 5 tan. Q22+C 


On tHe INTEGRATION OF BriNomMIAL DIFFERENTIALS. 
| Let it be required to integrate 


ie (a+b2")' dz. 





e ° ° m =. ° 
This function can always be rendered rational, whenever — 1s an integer, or 
: n 


when = ee is an integer, or zero. 
I. Let a+ dba" = v1». be" = vi—a 
beam = (vi—a)* ob mdr = LZ ys-t (yi—a)* dv 
*du= ee yee! (vi—a)= — dv; 
nb= 
ba expression which is easily integrated when < is an integer. 
II. Let a + ba" = v1.2". a = a (vi—b)* 
a a*(vi—b)~ » 
2dr = — qa* i Neer 
n- (yi—b)= t 
and (a +b2*) 4 = (v! aa = Pas. (vi—b) 





Tamer ns Ree 
er an 





°. at = — 


which is rational, when a+ 2 ee _is an integer, or zero. 





i .! a y | 
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EXAMPLES. | 
Sarde. a. 
(1.) Let du = ar x (a®+2*) dz. 
Here = = s = 3, an integer. 
n 
Put .a?@+2? = v? «, 2? = v? — @? 


“. ££ = vy? — By g?+ 3? at — aé 
“. 2 dx = (v®?— 2a? v3 + atv) dv 


oi) : s=! 
eet = (vi— 2a*v + atv ) dv 


. 6 v8 dv—2at fv dv+at* a 
v! 
= err v? + atlog. v 
2 (2 
= vf (v?-4a*) a’ log. v 
4 
4 


3 
(2.) Let du = ne aaiure (at—2°)*dx 
a’ —x 


je 2 
va (9 ee a‘ log. /a?+22+C, 





Here = 2, and the differential can easily be integrated. 





Put a®@—2? = vy? ». 2? = a? yp? 
2. a= at — Qq? v® + vf 
. e@dxe= —arrdv+vidv 
x? dx S . 
——--_--—=_-— — a dv + y% du 
Va — a : 
v v 
RE = See ie oe (— 3a*+v*) 
2 ' 
a “atts! gm +c 
ie 
A L di ee ee ee 4 2 a Nea 
(3.) Let du aired Sas a—* (a?—2*)—7 dx 
m 3 =" ] m , 
Here — = — 5° a Tes oe = . ee an integer. 


Put /@—2z* = vas. @— 2 = ot, and 





1+? 
a? 


2\2 
ais foes and, since «=a (Lv)? 


, dx = —a (1+v*)~*v dv : 
L= ee x _avdv_ 
a 


OX (1+)? 
tee = (1+?) dv, for z= a(l +) 
a (e+ v == _ 2 {e?+38) 


Bess bites 3 8a? 
2 
= peed eeu VE—2+C 
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CHAPTER rt 


i RaTIONAL FRACTIONS. 


It is readily provea, oy the theory of equations, that every rational fraction 


of the form ic may be decomposed into others, which must have one of the 
' 


following forms : 

id RE UE get Ae (1) 
: e—a (x—a)” w+petg (@+pe+q)” 

where the quantities A, B, p, 7, ”,.... are constants, and the factors of the 
expression 2?+pe+q are imaginary. 


we Put <= 2z— f, and, by substitution, we have 
; ' 
tress (byte $ 
| : 2 9 
} =— 2+ oe an — 2+’, ie a/ — Les 
Lieto te ores 
Hence the last two of the forms in (1) are reduced’ to 

Az+B'. Az+B' 

eta he (2202) 


: . dr 
I. Let it be required to integrate du = — bd 
a 











Gd 


— 7 


B 
L A _~_; whence we have 


1 
ne 
™ @—-a (atx)(a—z) ate a—a% 


1 = A (a—ax)+B (a+z2). 


Peews a. b= 2a .. aye. 
me — aw. l= 2aA.. A= 


ag A B ee dx dx ) 
hence, du = de( ~—— +—)= 5; (= + 


1 dx i dx 
Qa/l atx QaJ a—x 











(ei 
a+z 
—2x 


ees loe = log. (a— = 1 
i flog. (a+) — log. (a—x)+log. C} BY log. Cx 


a 


Il. Let it be required to integrate du = tetas 
(a—a)* 


Here du = A (x—a)—"dz; therefore, by integration, we have 
a A 
“= Af (e—ay dz = G1 Cas 
_ a4? | 
Ex. Let du= apse a 


Here 2° —2a3 +a = wx (x--2a7+1) = & (22—1)? = 2 (#-+1) (a-—1)?; 
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and, therefore, we assume 
e+tert2Q A B C D Kt 
P—W +e x - (w+1)? (@+1) t (~—1)? t (~—1)’ 
which, reduced to a common denominator, gives the equation 
a +a? +2 = A (x*—1) + Ba (e—1)? +Cz (x41) (w~—1)? + Dex (wx+1)? + 
Ex (+1)? (e—1). 


ete. 0; then 2 = A 
ra 1; then 4 = 4D..D= l 
a=—1;thn2=>—4B.Ba—L 





2 
Substitute these values of A, B, D, in the above equation, and we have 
w+ x22 = 2 (a®—1)P— 42 (x —1)P +a (w@+1)? + Cz (w+) (4 — 1)y?+ 
Ez (+1)? (a—1), 
or, — 2a” (2?—1)+ 44 (w—1) = Ca (x+1) (2—1)? + Ex (+1)? (w—1) | 
and, dividing both sides by # (+1) (wx—1), we have 


= Qa4 5 = C (« —l)4E (a-41). 











Let z = 1s then — 5 = 4 ae =~. 
xz = —1; then 3 = —2C as =—2. 
dx i dz 5 dx dx 3 dx 
da i ae —2, Sa 
BE 2 3 @+lf 4 ap] jenni 
ve 1H 5 1 3 
“.u=2log.a+ pers zZ 18: (@+1) SE Te (c—1)+C. 
5 4 ; _Ax+B 
III. Let it be required to integrate du = Pre dx. 
it AZ ae B dx 
Here du = Pla “ Fle and, therefore, we have 
ee eras. cle 
u=Af SO +B Pre 
A ss B 
= y log. (z*+a?)+ = tan.—1— +C, 
Ez. Let du= ses : 
xz’—] 
Here aay * = ad Bee Fh ~, and, therefore, we must assume 
w*—l = (w—1) (#®4+a41) ”’ ; 
2 A Br+C_ 


@—I@ etl ~a—i * Apes 
“2 = A (2°+2+1)+Be (x—1)+C (x—1) 
= (A+B) 2?+(A—B+C) «+ A—C; 
hence, by the method of undetermined coefficients, we have 
A+B=>0 
A—B+C=1 
A—C=0 
1 


from which A = C =<, and B= — A= — a 


Pg atthe fae 1 xdx 1 dx 


BJ al BS etat1 ' BS Bhat 1 
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Now, a?-a+1 = wfe+4+4 = (ets) +4 
and, if a+4=y, or x = y—4; then we have wdx = ydy — 4, dy. 


ee fe 
a—! Pts Yt 


= 4 log (a1) — + log (y°+4)-+4 5 tan + =F 


._u=4 





V/3 /3 
=1 log (a—1)— 4 log Vi pel + 5 tan Sor an 
=. ; log (x—1)— log Wa? fa+1+ 4/3 tan — me +C. 
IV. Let it be required to integrate du = aay 
Here du = array arpa ‘ ; 
and wu = STC ICre oo Bf pay 
To obtain the integral of the differential ara we may assume 


aes Ha "Kae 
IS etp= wa / ere Waleeetnereds ois tae.sce 4s (1) 


Differentiate this equation, and reduce to a common denominator; then, 
1 = {(H+K)—2 (n—1) H} 2?+(H+K) ae 
». (H+K) a?=1, and 2(n—1) H= H+K; 





1 _ %u—s3 
whence H = a2 aly’ and K = baka and eq. (1) becomes 
: x Bangs: 2n—3 _ of dx (A) 
(a®--a®)* 2a® (n—1) (2*+4*)"— Qa2(n—1)J (a®+a*)— Te 


a formula which, by successive operations, diminishes the exponent n, and 





finally reduces the differential to ee _, whose integral is known. 
- w?*t+a? 
Ex. Let du= at4+225 +30? +8 dx 
Ceo 
Assume i+ 2a*+ 3a? +3 — ArtB + Cz+D _H_ 
(a? +-1)° (a+1)? — (w?+1) x+l 
, 24223432243 = Ax+B+ (Cx+D) (2®+1)+H (4+) emu st (1) 
Let z2+1 = 0, or z? = —1; then we have 1 — 2x = Ax+B; 


hence eq. (1) becomes by substituting for Aa-+B its value —2z2+l 
at+a8+32°4+22+2 = (Ca+D) (a®+1)+H (z?+1)? 
or (x?+1) (#242242) = (Cz+D) (2?-+1)+H (a?+1)* 
*, 2?+4+22+2 = Cr+D+H (a?+1). 0... eee eee eees (2) 
Let x?-+1 = 0; then, as before, we have 24+1 = Cz+D; 
and this, substituted in (2), gives 2@+1 = H (2?+1), or H= 1. 
_ (—2e+1) dz 4 (22+1) dz ., dw 


+ du = "erie HI” RFT 
_ —Qxrdz Q¢ dx dz dx dx 
~ (a%+41)8 1 (2?-+1) ni a+) as (x? 1)8 is (x®+1)* 


ccc 
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By formula (A) we have, making n = 3, and n = 2, 


dx lal x 43 
(a*+1)8 a TIp * ah eu 











os x aay 1 /© ade 
(@2@+1)? 2 (22-1) QS 2+1 
Dic ot Pn 20 he re nd tae ee x 7. ae = 
a Ss (pre (a*+1) ry iaer+ip' 8p 8. 
r. a) Oe 2 7 @ teak, 
“SG. spl a= iP | Se 
%+2 72—8 15 1 
mond Coat tin | tates 
ie eet, A.) 
os ' Exampces in Rationar Fractions. 
3 dus x* —a+1 dt 1 
(ls) ee ee ea a er ee 
“de x2+ae2+ar+1 dz ~ P43r—4° 
(3,) Ge as (4) u 2 
” dx e—6x*+ I1z—6 de x +a2+e41 
du 3a2+2 dit x 
5.) os (e-Nis eaeoay. ) — = ee 
(54) dx  (x—1)(x+2) («#—83) ea dx #4 5x°4+8r+4 . 
(7.) afte tig atbz (8.) du es OPE TE +e 
dz (a—1) (2° *ta+t})) “dz — ®—Tx+6 
(9.) OD pe a (10.) di. ee 
dz («-+a) («-+bp dx x*+-4a5+5a4+4x44 - 
du i du e+ 
li.) ee ) =. ae 
ae dx a> + 4/—z4*— 25 ao dx 2+ae—z—] . 
e 
(18) 2a ws (14.1% 2 
: zo dx #'—-8x°—327+771+6 


ANSWERS. 


(1.) 3 log (w+ 1)— og (#2+1)— pea 


Ly 
ry 
1 Qa+1 

ae tan 7 Se 
ar ry Vie 
(3.) —2 fob (<—1)+9 log (x—2)— } = log (7—3)+C. 


(2.) = log one: 5 log (2?+ ay ae 








(4.) 5 log (@+1)—7 log (a*-+1)+5 tan —'2-+C. 
(5.) — Flog (x—1)— * tog (x +2)+ 1 log (0-8) +€. 


(6.) log 24" __ 2 4¢ 











atl 2x+2 
7) ato, ot} Qba | artl 
(7.) og are aOR tan ZB +C 


= » (2) (@+3)' 
(8.) ; + x+log ae ache +C. 
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ee 1 aby 
(9.) (a—by log (7 +a) pee rae ee aay log (e+b)+C. 








A rel 
(10.) — Bato + = log (24+2)—2 log (a®-+1)+ oe tan —'x+C. 
2—97—5e* 1, 21 x+1_ 1 
eo liens Siam oe a Aaa 
(11) (a+) ee 08 soy f 108 - zen x+C. 
(12.) log (z—1)— Flog (+1) +2 log (22 +1) +0 = log ¢ Val, 
4 e+ 
b (a—a)/ 2x? —axr+a’* b Qr—a Qr+ 
ee log eT —/ 8 tan n— 14 
sat ; (x+a)/2?+axr+a* a (tan aV/3 ae: ar/3 f +e 
Seri eee?) 
7 1° (2—3) es) aris 


CHAPTER III. 
ON THE INTEGRATION OF IRRATIONAL FUNCTIONS* 


The first class of integrals which we shall consider are comprehended under 


the general form 


at™ (a? + a2)t? dx 


The integrals belonging to this class are, for the most part, obtained by the 


method of parts. Let us first take those of the form 





1, Let dz = 


Let Pe BAI ee di ae ek oO Meese CT) 
: at LAr othe yh, ndg nna sie ob- Ap yp ehgyamer sn tcteeress (2) 


y — wy +e? =a ta 
yr — ey =+t ae 
2ydy — 2ady — 2ydx = 


(y—x) dy = ydx 





dy __ de 
¥y y¥—e2z 

az. : 

= Py (2 

re y (2) 


eee ds. ty” 
egaca 7 / 


* The limits and nature of the present work will not permit us to enter at any Jength upon a su.- 
ject so extensive and intricate as the Integral Calculus. We shal} therefore merely indicate the 
process by which some of the most useful integrals may be found, and refer the student who wishes 
to prosecute this subject to the masterly work of Lacroix. | 

cecg? 
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= log y + C 
= lg. («@ + Je t+ a)+C 





2. Let CT mens apg 





doo ae ic 


£ 

‘ 

wee eete ' 
uxVaerta@ + C, by IL. Chap. I. Eo, 5. i 

3. Let du = ? a Se tah 3 by parts, we have | | 





_atde 
Ve +a 
oe) 

oe 
Je. /x +a +a 
=1vPie@— fde/#EE 


VFEE ape de (x° + a*) multiplying numerator and 
Tha oe gales Vx + a@ denominator by /2? + a 


x? dx 


=*VeEOTAS [aa — I Tere 

aeVFEOTAS pera 0 | 
uae VELOC EOS Faas 
u=SVveie 7S $f sae 


5 Ve Les a log. (a + /a? + a®) + C 


~s x? dx 
VX +a 
i’ B rdx 
u= fr j Va? + a’ 
=i VP te—2f rie FTA 


thrintat de x dx (2* + a*) 
—7 x +.a’'.— 2 Oao— 
VA — JS V x? + a? 


4, Let du 








xdx 
— x Vet ae 2 ey 2a* —=——. — 2y 
: 2 27 2a 2 
= Ve +a b= Ver ta + 
x? — Qa? 
ri 3 vbr ead \ 
= V2 ta $F so 4 
x* dx 
§ Let du= 
: Vx? + @ 


= 2 fa? + a® — 3 fou dx V/ a + a? 
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fn 3, ee i ee 
=f /2* + a+ sae fr ee 


x x? dz 
ere / a + 
Mg +S eee 2 


But by example (3) 




















ms Hb 
te rage 4 mF ct log. (x - Va + a) 
mg. 2 ath RRC Oe: . at 
; Gag VP Ley yo VO LOL ee 


(c+ V2? +a?) +C 
Se Ghuae coe 7 3.1.a? 3.1. a* ——_—— 4 
SVE LO ata. $2 4.8 eCtYe tet 


Similarly 


ae _— »,= at _ 4. a2. 2° 4,23.4 
Sa VieLe SEES +4 St 46 


2° dx 5 2 4 
7, Le Bia? dat 0s 8. Oo. x 5.3.1.@ 
LF ae VELOC STF 6.4 log ay aT 7 §, 438 


log. (w + Va? + a) + C 











And generally, if 


ri 1 Plead 





When m is even 
ee Cat ae Jama? (m—l) (m— aa 
u= Veta mt mm—2) —mm—2)(m—F) + 
(m — 1) (m— 3)... 3.1 a, 
m(m—2)...4.2 


When m is odd 
gm—l En) )28—c* (m—1) (m—3)x"™—>a 
u= Veta tes m + m(m—2) —m(m— 2) (m—4) 


(eet) Gn 8)... 8.072 p 7 


+- eee 





Uo Sag Os ieealle a AEiEoae ae 
+m (m— 1) (m—4)...5.3.1 
Next, to integrate . 
x” dx 
J a2 
.7 
1 Let du= iia then by VI. Chap. I 
‘ af Go ata =D 


u = sin. 7 + C, the radius being unity. 


ie 


Taare then uw == — fa? — 2° 4+ C. 





9 Let du= 


ae. haps.” Cone is Se out, 
(WA INTEGRAL CALCULUS te s 
‘ uv 5 is 4a bie r oy 
3. Let duo ihe bad .. es Then i an * 


/a® — 2° d “a 
u= fe wise , 
et NIE ae 
= ole 29 ef dea ee 


dx (a® at) 
Lerner +s ge “ = 











4 Let du = ¢ ss 


M xdxr 
() Piao CS 
Ch Va — x 
— 2 2 2 C why. ee 
=— a f@— a? + 2 fade JP 





a ade 
=a VELE + 20 f FE — Ou 


ada 





mae gio Wp 4 5 /— 


x 2 2a" een : 
8 yeee yee 





Pe 2a" 
=—/@—@ $F+ ee 
as x dx 
5. Let ate ae ae 


axdx 


— 3 
Re age 
— 24/0 —9 @— e+ 3 fade /e—e 


\ aie | es Se 
— OVE — 8 + 30° ff Gam pee ae 


= ye—#4% 2 ee (u’) 


{I 





But by example (3) 














x? - © 

t¢ OF, S Se 5Ve—# a +5 te r 
iz 8a? . x ’ 4 
Ag het fr A i 7 











{ 
wy. 
\ nae 
is : 
i. 

4 
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- Similarly, 
: x? da: a dhata® 4.2. a8 
4. | Jae haa Sat ecay 
: x dx es B.S .,at ae 
8. | Tae =—yana fs te 4 4) FG 0d 
Oreck ses Gs. x 
: an aaidecua fn ar ta 
Generally, 
2m+ dx iy : : ye Ima? gene 
Tp ag pei ee at peg 1 t+ (@m + 1) @m—1) 
Qm (2m — 2) at x4 2m (2m — 2)... 4.2.0 
Qn+) Gn—Y) Gn Geo is Can th) (G78) oe a ee 
one aa . ol Qm—l)ate™ (2m—1)(2m—3)a*x™— 
| Shipp par = Vee 2m + Qm(2m— 2) | Im (2m— ee 


peat (2m 23) (2m — 5}. 63. 1.0" 2 
ee a é 




















(2m — 1) (2m — oan meet _, # : 
2m (2m —2)...4.2 Lapeer At 
To integrate 
dx 
Vato 
In all cases where the index of x is negative, assume y = : 
dz 
1. Let Oe Og oF 
1 ax 
Let Y=7F — dy = 7s and — ee 
du = eee 
I Je +3 
re 
Vay + 1 
2 ay 
a N : 
og i 
| v4 abl. 
u = ——. log (y+ y 7 
-| 
a No8: G Ty (24) 
ee! a+ fa + 2 
=—7F: log. ( oe ) 
2 Let d = 
: us 
: a /a®? + 2 
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ee du = weed 
ie tape 
y* 
te =e Yay 
— Vey tl 
] Ba ll 
u=—a Vey +1 
1 ] 
oe a8 Veen 
Via + x 
ey al a? x: 
dx 
3. Let du 
‘RiP asd aes 
1 dz ax 
Let Y¥=7F 6 teme OY Se =) and — y%dy = = 
ay, . 
du = — } 
Vil+y 4 
Integrating by parts, § 
3 
a 3 pho A 
ux=f—y —— 
: Vi+ty? 


ere i 3.Y oH ae 
=—VIF#35 — Te$— ile OtVIF Ve 


OS gens eal 3.1 1+ Vi-ay 
canoe a 2 ——-ee —_ —~— ee eae 
Vi+# §ia- rah as (— 
To integrate 
dz: 


2” Je a 


The process is precisely analogous to that employed in the last case 











PuLer ad is 
’ “= ——_—_——-. 
a /l— 2 
dx d. 
Let y== ody =aand—y dy => 
3 
Ay a Bes 
vy —1 
Integrating by parts 
a or ee 
cist eae 
s ST ee 
a ee gs | 
at as Ae age Pecae i$ +o 
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1 

Let Y=% 
—yd 
du = he dial 
Vy —! 





ws VP=T §E4+ Ee + 5 tog. (ytV F140 





=—vi-# {zat +reatth tog == )+0 


ln like manner all integrals of the form 
cue caaatll 
gm 1/22 — a? 
may be determined. 
To integrate 
PdarVvere, WdreVe@—2, we dxrV/2* —a* 
y; du = 2 dzxV@ + 2 
integrating by parts 
u = fr. cde JAF 2 


= f@ part ~Z few +23 


= = (2+ 22) — =z fie (a? + 2) /@ + 2 
] 
= 5 @+29? — C faVete— zu 
mae. ese a dx ey ax? dx 
=e A r NI a ra A Ja ao 
which are both known forms, 


9 


7 


at 
=e (a? + 2) — log. («¢ + Ve+x)— 4 


s5 Je + 2 — = tog. (c+ /e@+a parte 


=Ve 4a + og — Fy tos. te Aad Ba 


The preceding integral may be found in a manner somew hat different 
du=vdxVa+ a 
Multiply both numerator and denominator by /a? + 2? 
_ & dr (a? + z*) 
7 Va + 2 
ey ety at pipes dam 
end 


which are both known forms. 


2, du = v dz V/V & — 2° 


Celt ea te ,% : 
oie i —e a eae 
Nee « INTEGRAL CALCULUS, “a a 


_ & dz (a® — x’) 
Ve—e 
; “ag dat ages 
sad fo yee 
Which are known forms, and may be found by the method of parts, 


3. - du = ot dz ix? — a? 
2* dr (a | —'d") 


V/ xe — a 
t=/SsSs —*\ Grea dx 





xz? — a* 
which are known forms. 


~ 


And similarly all integrals belonging to this class may be foand 
To integrate 
ods i/o te 
And 2" drs/a?— 3 


dx /@+ # * 

“| is aes 
x 

1 , 

Let UBe Te: 
; du = — dy (e+s) 
dy ,-—> 
— __ ee Vege oa 


which are known forms. 


These integrals may in general be found more convenigntiy by multiplying 
both numerator and denominator by the irrationa) part 





Thus, 
da Jar @ 
2. du — Nai 2 
__ dx (a? + 2’) 
aaa e/a +: ya 





dy dy. 
u=@ f aete bl eats 


which are known. 


dz V/ & — x° 
a 

* > , = . 
Ce — *) | 


a ae 


s. du = 
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dz da 
ua f >— —_- _ fo 
Sf JF 8 J ci/eeee 
The first is known, the second may be found as follows. 


4, fe = Ye —@é 








__ de (x? — a*) 
— e/a 


ax - dx 
“= i eos a ie Wr 
XU s/o? _. a? aw 4/2? — a? 


vhich are both known. 





We have thus found ail the integrals included under the general forms 
E 
Cee at™ dx (a + ate 
ngs 
2 at™ dx (a2 + 2%)t2 


Let us now proceed to integrate 
1k de(a® + ats 
; @, at” de (a? — #)*% 
where m is any odd number. 


( 
The principles are exactly the same as in the more simple cases, and there- 
fore a very few examples will suffice. 











3 
i du = heli 
(a - bx*)* 
wes f 2. xd Coke 
x Av 
ae oe Jor re ae. 
x? l o > 2 
= — Bi “esa ia? | a ba? 
= i od a: 
—~ Sat ba? 06 6° 
2 du oe 
a (a + b2*) 
Li 
Let Y=-F 
tes 3 di 
21 pls amc: Med ip 
(ay? +- 6)” 
=f —y. ydy (ay aoe 
are ! 2 ‘fi ad Ls 
7 4 vVay+tsé 4 Vv ay® + 6 
—7 , : —= . Vay + 6 
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=-yapelst es 
+= 


-yae tat 





d } 
3. du panes ee ; 
x? (1 + 2°)? 


—y!* d: ga 
o% i ee : 


(i +y)* 
| ial elo 6 +y)? 


=vatyyt—s sled, 


RAs ee sfivit¥ 5! ViFy5$ | 
VIiFy¥ 2@gvl t7¥—s logytv ity) 5 +6 


1 
=— Fp 4 + B24 Swe vIF At 


Racy waeine+i $F log za 








opt 
4, du= — Z ; 
(a2 — 22)? ; 
ux fa. xde (at — 2) 

1 x* de 
me ral en 3 Sy eeemeecenesenet : 
Ve — x Y ae : 
1 eA 0 a2 3 
=f ae VE —#+ ssn — $46 
= —- 5 Sate) a ee 
V@—ree2- 9 = sin. = 4. | 





The next class of integrals which we shall consider is comprised under th 
general forms 


lL wt™ dz (a2 + 2ax)t? 
oh ai™ dz (2are a2)yb 2 


To integrate 








z™ dx 
V2? + 2axr 
dx 
i; du = —— 
Vx + 2ax 
Let y=Zt+aea 


Y= x? + e+e 
y —@ = 2 + ax 


Sig? Ana Oe Pee dy 
+) RP I ar. 
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= log. (y+ Vy? — @) +O 
= log. (« ta + V2? + 2az) 


xdu 
Va? + 2ax 
adxz + adx adx 


Ve + dae t ae + 208 


adx +adxr _ 
Sd epee + 2ax 0f Se 


= Vat + ax 2ax + a log. (vt a+vVae + ax) 


1D, du = 


ae i a® de 
= /2ax +e /Qata 


us fot. (Qa + x)—? dz 
3 <Slee Yee ° 
= 227 (2a -a—3 f xsdeV%a++x 


a ares 1 
eee eee 


ee vy 
ee z 2 _— 
veers aS Veer 
= # /2a +a — “4 §V/ a" 2ax—a log. (w-+-a+V a*-+-2ax)$ 


2 i Bf ce ees je : 

= : V 2ax + t*— > J afar log. (a-+ a+ V x?-+4+-2a2) 
————, 3 3a" ee 
= VY 2ae 4 2 -— 5 t+ 5 . log. (w--a-+- V 2aa-+-a)-+-C 
4, Similarly if 
d __ da 

1 = Je — tae 
x, Sax §.a° sheen: Mine 
u = Va? —2ax 3 gte- ame 2D 345: iog. (a—a- V a —2ax)+C 


Next to integrate 
a™ dx 
V 2a — x 
de | 


di ee) (a rere 
: : V 2ax — x? 


1 fet, : 
u=7 versin.—! x to radius @ 


a wddx 
“4 aoe sin 
adxw — xdx adx 


 /2an — 22 + \/ 202 — #” 


a PAS a a Pe ae 
Po m, | ¥ ’ ee i 
hed ix ; = 


an ; 
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udy — ada rf | ne 
=f GS + J oe bree B 
= — \/ 2ax -~ a -- versin. ~—! w to radius a -+- C. - 
yi 
3, LD ice pe BO oe 





= wtdzx (2a-— x) 
3 
u a: fiat .(2a--a) * 
s Sats ool £ £Y, 
= — 2a? 2a — 2 + 3 fx dx / 2a —~ # 


at Aamete 2. S Fag ae 
ax — w 











SE 5 a oer | ee V dat so a? 4 a versin,“*= ¢ re 
amperes ae) he) 3a) 8a2 5 eae 
= — V 2aw — a? $5 }- | +5 versin. 1 é - C 


Next to integrate 





ae. %, 
a” Va + Lar 
1 du SS 
x V/ x + 2ax 
1 
Let hoa 
— dy 
dy = 
imag 1 Bay 


i= ines ayy |. 

V 2ay + 1 

=— fy. @ay +7 hay 
Ee V 2ay 1. dy 


aaa SFr 


~~! Vi Fi t+ /day FI +i 


= — te EF ae ae: 


wn 






INTEGRAL CALCULUS, 783 
3, Similarly 11 

dx 
C= 
mr af Ja + 2x 


_ __ V2 + 22 ts 
LA el eee ae (2x* — 2a +8) + C 


By a process analogeus to the above we can find the integrals ot 


| a 
Ba J 2axr — 7? 


Next to integrate 
at” du \/x? + 2ax 


at du = dx /2ax - 
wxdx x” dx 


ee) Joos pe t / fate 


known forms. 


2. du = xdx V/ 2ax +- x 


“x? dx x dae 
——-—-—— known forms. 


is 
2 ‘ J opspmmrape aa Ses raze 
a: du = x2 dx \/ v® — 2ax 
. a ax 
q ———-—- known forms. 
pre fe oa a fo ax 


Next to integrate 





gt” da \/ Wax — x? 


li du = dx / 2ax — x* 
ada mds 
Bee) fia S Fae 


and so on for the rest. 


' : j 
When m is negative, the integral may always be found by assuming y = — 


To integrate 
dz 


Sas 


ro Fs teee 


du = 


ca Putti ~ axl 3 3 
Sa 6 utting &¢ — —, awl $s = 
= Fe: Va + pa + a Fie co? g 
8 
Le y=ats OG an OE 
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2 
“P4+(e- ; ) =2"+ Brta 
dy 


1 = 
Mee) 


as 


Bee ee es) oe 
2 








cording as ais > or a 


Putting ( —— f)= + ¥ or — Fa ; 


log. (y +V¥ + %) 


- log. (2 + ah A ra 


] 

vo 

2a log. (24 5 Je ee aw) 
1 

7 afte 

ee 

ware 


{log. (2e7 + b+ 2 Ver/a + bu + cx) — log. 2c} 


~ Jay? + by +e 


1 
Yr=epetz 





= logy sf if y” + =) 


The same for as the last. 
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a log.( x + st Vifota@) 
= log.(2a + 1+2 /1+4 «+ a*)— log.2 


1 
Let y=u-s dy = dx 





/ 6 


- sin.—! y to rad. “Ts 
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On ExXponeNnTIAL FUNCTIONS. 





1°. If X = f (a*), then the function Xdz, if we make a& = u wils become 





f (u) du | 
log. a a { 
For example, : ) 

Cat a I ep du | 

Vi + ax  logsa YI pw | 

| 


. Differentiating Xe* , we have e« dx (x+> ) so that every exponential 


function in which the factor of e* dv is composed of two parts, one of which is 


the first differential co-efficient of the other, will be easily integrated. For 
example 


af e dx (32* + 2? — 1) = (2° — 1) & 


In like manner, if we make 1 -+- 2 = z, we shall find 
ex xdu e* ae dz, _ é& ex : 
diame, ofa 2) > gi 


In every other case, however, we must have recourse to the method of inte-— 
gration by parts. 





Ez. du = #° dx. a* 


fe dx . x" and considering 2" in .he first insiance 
(fa 
as constant. 


a n 
= — — fa gl da 
log. a log. a 


‘Treating a* x—! dx, &c. in the same manner, we shall finally have 








n an) ] n—2 y ae E 
yg le 2 NX n(n—1)a et + 6 


log.a” log?a ij “Jog? aS log." +} 
It is manifest that the same method is applicable to Xa* dx, where X is any. 


entire algebraical function of z. 


But if the exponent 7 be negative, it is manifest that the exponent of x2 must 
go on increasing ; and therefore, in the integration by parts we must consider 
a” as constant in the first instance, in this manner, if 





d a dz 
“= a 
CL Ge: ; 
“= — .a 
a 
—= 2 log. a@ pu* dx 
7 '(n —— 1) 7} Nm. — Le! gaat 


A pa de : 
Integvating fore in the same manner, we shall finally have 











adz  —a«@ _ log. a log? a 
nor ff Py ee sat (n——2)z"— Be (i: —2)(n— Jn Samet: 


log."—! a ax da 
123 ..@—l) “@ 


log."—* a 


Tro ae aes 
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e 


' We cannot, however, proceed with our calculation beyond this point, because 
-we should obtain a result = % 


a dx : 
mic has not yet been discovered by analysts. 





The integral of 4) 


We can, however, approximate to it in the following manner 


a og. a log} a 


yt 1 
st loplarh erg + Gg 3 et 





Multiplying by dx and integrating each term 
ax dz elog2a , v log.e a : 
Sf ze = log. 2 + log. a+ es + Zag +++ +6 








If n is fractional, one or other of the above methods will enable us to re- 
duce the exponent of x until its value lies between 0 and 1, or — 1, and we 
shall then be enabled to approximate to the required integral by series. 


On Logarithmic Functions. 


Let it be required to integrate 
Xda log." « 


where X is any algebraic function of x. 


If n is a positive whole number we may integrate by the method of parts, 
regarding log." « as constant in the first instance. We shall then have 


f X dx log." x = log. x i X dr — n af. ( log..—! x 2 up X dx ) 


and since rf: X dz is supposed to be known by the principles already establish- 
ed, we perceive that the integration of the proposed function is reduced to that 
of one whose form is the same, and in which the exponent of the logarithm is 
reduced by unity. The same process is applicable to this new function, and thus 
the integration will be completed step by step. 


Thus, 


fend Beet "Plog x 4” di 
xz" dz log" & = — 7 09." 2 — Sf Og." # #" aL 
m+1l °° m-- 1 


But 


ti n— | 
Hise dx log." «x = el log.” ! a — pore 47 fog? a e™ dx 
&e. &e. &e. 


Adding the successive results obtained in this manner, we find, 
, beh 2 
loga nlog.—a , n(n—Dlog." “zr 


m Sih qp) see 5 §i08. fepet = bees a 
fa dx log. Ae MET By i Im--l (m+ pet (m+ 1)? —.. £40 





But if be integral and negative, we perceive that, as in the case of expo- 
ential functions, in performing the integration by parts of yA X log." x dx, we 


must in the first instance suppose X constant. 
pDDD2 
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Since 
/ log +} 
log." ea al od 
x n+ 1 





oe egy: : dz 
we shall divide X log." x dx into the two factors X x. ee log.” x, hence 


X dr Xx 1 
uh log." 2 ~ —(n—1) Ce eae at } log — : a.d(Xa) § 


a formula which manifestly attains the object in view. , 








‘ 


In order, however, to understand the difficulties which occur, let us apply 





‘ —— 2" daz 
this to the quantity lop = 
ede — amp m-+- 1 a" ar 
log." 2 ~ (n— 1) log ¢ sts nT log 


repeating the calculation for this last term, and performing the successive oper- | 
ations in the same manner, we shall find upon adding the different results to- 
gether 


ede mefl 1 m-+ 1 1 (m+-1)? 
ak ee ea 


1OG enn aati et n—2. og. (@—2(m_—3) 


tala at (m 4- 1)*- c™ dr 
* Jog.—3y Ade 4 = es. anh 


log. x 


{ 
We cannot, however, proceed with our calculation beyond this point, because — 
our result would become = «& 


Let us, however, assume 
iia heron i (m+ 1) a™ de = dz 
Whence 
ede dt 
log. « ~ log. a 
e" du 
ony, 





= putting «w = log. z 
In this manner we reduce the proposed quantity to the function already 


treated of in the chapter on Exponential Functions, which can be integrated 
by approximation only. 


When n is a fraction either positive or negative, one or other of the above 
methods will exable us to reduce the integral of X da log." x, to that of a 
function of the same form, in which the value of n lies between + land — 1. 
We must then approximate to the value of the required integral by series, 


On Circular Functions. 


‘These may always be reduced to algebraic functions by assuming sin. § or 
cos. d = 2, but with a few exceptions we shall obtain the integrals of these 
yuantities by the method of parts, 


‘lo integrate 


(1) ua foe 


sin. é 

















| 
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Eat cos. 6 = y 
a sin. 6dd = — dy 

age —. dy 
a a sin. 6 =f sin.” 6 
ie 
— oe 

: 1—y 

=o: 8 T+y 

1 — cos. 6 


=o - log. T= cos. 6 


Le 1 — cos, 8 
= 98" V-1-F cos. 6 


6 
= log. tan. x 


To integrate 














(2) u—= J cos. 
Let sin, = y 
cos. 9dd = dy 
do me dy 
cos. cos é 
dy 
ae — YF 
e,) 1+yY 
reds,” Sy y 
A: 1 + sin. 9 
ae Fe" log. 1 —sin. 6 


= log. tan. G+ 5) 
To integrate 
(3) wee =f SV 


The numerator is the differential of the denominator 





dg cos. @ __ dé - 
of at Se feria Ac wi fe cot. @ = log. sin. 4 
‘To integrate | 
dg sin. 4 
(4) car cos. 6 


The numerator is as before the differential of the denominator 


dé sin. 6 is we 1 
{gray f= f=. 0 dotan. § = — log. cos. 6 = log. IG 
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_ Hence adding the forms (3) and (4) 


f il = 1Ops cab = log. tan. 6 . 


sin, 6 cos. 6 cos. 6 


To integrate 
du = dé sin.” 6 cos." 6 


u = f'désin. 6 sin." 9 cos." 6 - ae 





Proceeding by the method of-parts, and sappem ee sin."—! 4 constant in the 














e& 
first instance. 
Peet ' 
Tees 4 cos."+! nol 
bes cos. 6 dé cos.°+! 6 
“6 1 pelt) | 5 
ec ee cos. a j | 
eat 6 cos." § (1 — sin.? 6) dé ; 
l 
= — 7 cos? + 4 sin, shies ee 

= ] 

‘7 m2 wan ie Cie 
f sin. 6 cos" 6 dé nd u 
: ae __! = nfl Y m—l ¢ m —I 
es i Ge, Cos. sin. + ae : 

fad sin. ™2 9 608." 0 ceececees ae ees 
&e, &e. &e, 


Similarly, if we integrate for the cosine in the same manner as we have done 


. 

. 

: 

F 

4 

for the sine, we shall have J 
be 


f dosin.™ 6 ae ee ten m+1 9 egs.7— 9 oe 
sin, cos. =-— +n sin. cos. -+- mp n 

f dd .sin.” 6 con"? 6... Bey ys (2). a 

&e. &e. &e | 


These integrals will .-. by successive reduction become d@# cos.” 6, dé sin.™ @ 
or d§ sin. 6 cos." 6, dé cos, @ sin.™ §, according as m or n are odd or even. 


We have fouud 
san n bet m— n m—| ee . : 
fae sin." 4 cos." @ = meine che ‘Acos. + fassin, *dcos"6...(1) 


integrating for the sine, and 





+ | m n L m } 
f aosin. 6cos."6 = pape sin.™+!4 cos, n1g f = J désin.” dcos."~?9,..(2) 
integrating for cosine. 


Now, suppose m, or n, to be negative, making n negative in (1) 


if dé sin.” @ _ ] sin.™-' § | m—I1-{ désin.™—? 6 (3) 
J cos" 8 = — (m—n)~ cos 6 © min’ “eeapeeene 
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dé ne dé sin. @ 
os." 6 cos." 6 





and .°. the integral will at length depend upon that of ; AC 


cording as m is odd or even. 


The formula (2) making x negative, and integrating for the cosine gives 


AG) 





nf sin” 6 1 sin.™t+!9 = m—n+2 if dé sin.™ é 


fo oe nl cos." fo | et cos? gr: 
; ; : dé sin.” 
And the integral will then be reduced to dé sin." 4 or to eae y 


If both m and n are negative, the integral becomes 


Re ia Multiply both numerator and denominator by sin.” 4 + cos.” 4 


dé wily i dé dé 
Bras fas.” 6 i sin." 6 cos.” 8 ite sors ™ cos." 6 


And by continuing the process the first of these fractions will be freed 
from the sine, and the second from the cosine, and the integral will be re- 
duced to finding that of 


dé dé dé dé : 
cos" @ sin™ & ©" sin. 0 cos." J ts Sanya according as m and n are odd 


or even. 


bo ype ae ; 
If mand n be equal as in sin. & cos, x = p-sin, 22, making 2x = z, the 


fraction becomes 
eee fe = gn—l a dz aes 
cos." @ sin.” 8 sin.” Z 


We have now seen that in integrating the formula 





Sv sin. =" ¢ cos.+” 4, we ultimately reduce it to one of the following forms. 


af 0 4 aon Jf sin 6 005. 0 dé 

of CURE Arne) eo ccee sess .ccacesectuas (2') if cos." § sin. 6 dé 
» dé i ifs dé cos. 6 

if Fy Ede 2 CS} a 


we. ay dé sin, 6 
cara Walisaleisaleislalte dues weiveisloasnslns (4°) fs aca™ Ox 


Now we may find the first form of these by making m and n = 0 in the for- 
mule (1), (2), (3), (4), of last page, which will then give 








] : 7) sett : : 
Sf a sin A cos, dsin—! fp ™—=— f sin-* 6 a6 
Aero 
& dé cos." 6 = 7° Sin 6 cos. cos.:— 6 de 
dé 1 cos. 6 Nera ae dé 
sin.” 97 m lL sin.™—? 8 re] sin.™—? @ 


a4 = . ge a Pe tee 
cos." 4 n— | cos." @ n— | Con oe ee 


4h dé 1 sin. 6 n—2 dé 
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And these again will ultimately be reduced to one of the form 


di = dds do sin. @ dd e084 do 
sin. @’ cos. & “cos. 6’ sin. § ’ sin. 6 cos. 6 










which have been already found, and there remains now only the integral 


> sin.™+! g In practice when integrating 


1k SR Be ee RT m + 1 | any of these forms it will be 








cos. "+1 ¢ found convenient if any of the 
Jf cos." 9 sin, 6d = — — oA quantities are in the denomina- 
cos. 6d) _ l tor, to reduce the expression to 
fn sin" —  (m—Ijsin™'9| 4 binomial mn Coan 
se dé sin. 6 iu by assuming aj 9 = cond) 
cos." 6 ~~ (n—Jjcos™6/ as way happen. 


: 
We may here give the integrals of one or two remarkable functions belong- 
ing to this class. : 


To integrate 


ad . 
MM = GF bcos. 8 : 
_ ile ' | 
Assume cos. 4 eae T+2 OOD TOF OL EOC e rhe SHES Ooresee Lee@eeee Peecereres (h) 
] —- 22? 4 a 
C4 ep ee eB 
itera ech | STE EE Fo, 
407 
1 — cos.* 2 = CG -2? 
; us 22 ative, 
ve sin. 6 — Cl + a) wr ce ulpwuaetiie eas Aaa seeoeeeo®aone (%) 
- 1 — 2? ; 
From (1) cos. @ = cas 
: _atl+x)4+ 560 —7) 
ee a + b COS. 6 — Niel leary eee eee eeeecres @eeeoscecere (3) 
Again, 
,-i-# 
cos, Sees I+ 2 


cos. 6 + 22 cos. 6 = 1 — 2? 


| #2 (1 + cos. 6) = 1 — cos. 6 


x Pena 1 ++ cos. 6 


Since cos. 6 = ] 


— 2xdz (1 + 2°) — 2xdx (1 — a*) 


— sin. dj = (1+ 2p 
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2 
a Qxdx . C+ @ 
; Auda l 
d= Gp a * Sind 
ne 
= aaa x i from equation (2) 
bY 2dr 
=Tps 
ee ae 
atbcs.§ 142 X ci +e) +b) from equation (3) 
eta 
~ (a+ 6) + (a — 8) 2’ 


2Qdx . 
= Pyro Putting a +b=2,a—b=86 








. f—“e34 = tan? ¢ pe 
"hh a-bced” Yap - MN! a 


ge Ta tan.— tan. et from equation (4) 











(a — 5) tan. z 
= yp ear eg gS Fae 
To integrate 
7 dé 
dt = a + 6 tan. 6 
Let b tan, d= 2 
= aD tam, 6 = (0 FB) vrrrerreeccrrersenees MscVerdal sesspascwsencecss (1} 
- But, since b tan. d= 2 
dé 
cos.” 6 us 
1 dz 
dd = 4 - Sec? 8 
At dz 
pe bi tan 6 
1. (‘dz 
aoe b ° : 2 
1+ Be 
) dz 
= 6.3 R +e 








de dg 4 
cca fae + b tan. 8 = of (z+ a) (#+ Bf) 


Let 
1 Dae: Bz +- C 
CHOSE apat FFP 
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i I=A.24A.R 5 
+B.2+ Ba.z 
+C.a+C.z 
oo A+B =0 9s A=—B 
C+ Ba =0 £4 UO Aa 


2 a . et oe L 
AG +- Ca = 1 a A= 3 ee 
ia a 
~ a? + 6 
dz i az 1 adz — za% 





“apa (e+e) —@ pie aa + ay ee 






ff 4 1 ade 
DG aeEP a log. 4) + EBS pepe ph} a 
| a z 
= eaF log. (@ + a) + re 5 tan! 3 

1 j 
eye gle @ + 
dé 2 

dh a + Otan. 6 = ane SEP OE opp tn b apples: SOLE Ee 
= oh log. (a + b tan. 6) + a pee ban. (tan, 6) 


b 
— ere: log. 6 sec. 6 


dé : ; 
The integral of G33 come! be obtained very simply by an algebraic 
artifice. 





dé 4 ee 
yh 5-3 row ny ey, +) 





~~ dé ee ee 
auf (a + B) cos? 5 + (a — 8) sin? 
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| On Integration by Series. 


_ When the integral of a proposed function cannot be exactly determined, we 
‘must have recourse to approximations. Thus in order to find 


| a 
na Ff X dx 
where X is a function of x, we must develope X in a series according to as. 


-cending or descending powers of x, and then multiplying each term by dvr 
integrate them in succession. For example, we know that 


ee *3 
4. es is tan. # 
But if we develope (1 + 2*)—' we have 


dx E 
43 2 yl 
ghee ey mii Se 

Whence tan. 2—t— 5h Fs peeves 





Again, 
dz dees 
f=, = sin- x 
Eg ey 
But 
dr 
—--———— =dzr(l—ay 2 
Uys ( ) 
Oe | BS Ti 
=aQ4+5+— 5 +.---) 


Sy 3.2 8.5.2! 
. ae er ao — SE pe frie = Aa ath ee SS he 
Cee ee gh ge pt s.4.0.7 Pt 


On the determination of Arbitrary Constants. 


Let P be the integral of X dz a function of x, and C the arbitrary constant 
which we must add in order to render the result perfectly general, we have 


fXd@=P+e 


So long as this calculation is altogether abstract, © may have any value 
whatever ; but when we wish to apply this integral to the solution of some given 
problem, the constant C ceases to be arbitrary and must answer certain condi- 
tions. 

Thus, for example, if it be required to deter- 
mine the area PP’ M’M = A included between the P 
ordinates MP, M’P’, which correspond respec- na 
tively to the abscissas @ and 6, since we have | 

aN. 
de at | 
A = fyde oy pe ek Pe 


—-P+C 
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| 


But since the required area P + C commences when e = AM = a, A ought 
to be =0 when we make x =a in P+ C, or | 


Q+C=0 
Q being the value which the function of z represented by P assumes when 
x= a, hence we find \ 
CcC=—Q | 


whence the area A= P--Q.. ' 
It only now remains to substitute b for 2, and we shall have the area included 
within the prescribed limits. We shall have several examples in what follows. i 
: 


CHAPTER IV. 


APPLICATION OF THE INTEGRAL CALCULUS TO FINDING THE LENGTHS 
AND AREAS OF CURVES, AND THE SURFACES AND VOLUMES OF SOLIDS 
OF REVOLUTION. a 


/ 


I. Tue Rectirication or Curves. 


We have seen in p. 747 of the differential calculus, that if s represent the ae 
of a curve, 


ae dy? Pleo 
ds =/dr 1+ 53 = Vdy + det . 


and we shall now apply this formula to a few examples. 


(1.) Zo find the length of the arc of the common parabola. 
The equation is y? = 4mz, where 4m is the parameter, 


dy __ 2m 
Gy ide ee 
ydy mdx : 7 
a hay ea / 4m? 
d. 
= 5 Vi + ant 


dy 
ze 3 eon nee — 9; SS 
2mJ  /yt+-4m? a m f om 
a Vy + 4m* + m log (y + /y? + 4m®) + C 


. If we suppose the are to be measured from the vertex; then when y=0, s=0, 


and .. O=0 + m log 2m +C .. C= —~m log 2m, and therefore 
s = VY FAM! | mn log Yt vy" + 4m* 
4m 2m 


(2.) To rectify the circle. 
By the differential calculus we know that 


DA deals rage: ame Caen! 5 acta ge 89k > 
1 ] 
* Smatan—ez = zy—c 2 oO gM SE Seat A 
z= 2 a ire ae a 
= a(1 bige ap tla L pe er a ) ies wa aS 
3 5 7 
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Assume now tan (a + 3) =< *» a+b= tan L 
: e 
tana=~ Ay a= tan 
a y 
a 6 = tan 
y 
tan b= tan + tanat Serine ak oe ane ee’s iD} 
é y y' 
But tana = tan (a@ + b— 3d) = tan (a + 6) — tan 0 
1 + tan b tan (a + 3B) 
ale Ez 
(karen er (C) 
aa a | 
ey 
1 Ei 1 : een 
Dole =. and 2 = —-; then 2 = t= 2 
- ; 7 5 en ; Ty Se ONed (C.) 
. tan? 1 or 7 = fa at vat jeg tant Pan aiunel seer kes? ss eevee’ (hy 
/ 
Let 1=2; and 7 =!; thn *"=$Tt= FZ 
e 3 y 5 y 1+7 1% 
tan! = tates” ae + tan? - by eq. (B) | 
en) pl Bit 2 
og 2 tan 5 + tan FE Shit oc Bo ot Pale) 
/ 
Let ee and a =}, then eS aa oe Oe 
e y 5 y Lt ° 92 46 
a5 itd 1 9 
eta a = - tanys? So, tans) — ‘ 
an 33 an i + tan Te by eq. (B) 
ES tant) tan? MES dere at st s Satie dha (3) 
4 5 46 
U > 1 
Eee; and 7 =! then pee eet 
e y i) y 1 iv 239 
cg 1 1 
sed tat ae ms LATE ee eee oe le eo wasn 4 
r an 5 an" 959 (4) 
f 
Let UA re then = aA 
paogs. sy §=—70 er 16731 99 
Loe ea) vac, Jy yall 
egos £ tan Pe heorn 4G the nl 99 BE PO EE (5) 
In a similar manner we might obtain the following results:— 
T _i1 aie ett ] 
ol a (ane So tan 2 tan en 
4 i 2 ee li 
= 2 tan—4 + tan-} £ + 2 tan 1 
5 7 8 
as eA | SG 1 
areas tan) he tall tan’? ii 
5 a5 5 oe ee 5 tan : 
1 ] 1 
= 8 tan-! — — 4 tan” — — 7 
10 Re EIE es Aas DS 
1 1 1 1 
= tan-!= — 2 tan?! — 2 tan—? —— — tan~! —________, 
5 rou 9786. ~—: 10812186007 
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We may use any of these results for the rectification of the circle; but 
those are to be selected which are best adapted for facility of computation. 
We shall take the result in equation (5), and therefore by equation (A) we 
have 





ea 1 Jo 1 oe 

ae a SS 5 se 7 eee ek. } 
Reliant > 

— ‘7 3 * 708 5 70 ee 6 6: 6 & @1OTeusie Lae @ ef @ Ge 6 2 6 fi 
Lo Glog Le ae ae : 

2 cies s opt e opm 2 Pare \ 


= +7895822394 — 0142847425 + -0101006665 = 7858981634 
“. w = 3'1415926536 = semicircumference to radius unity. 
Hence the circumference of a circle whose diameter is unity is 3°1415926536, 
which is true as far as nine decimal places. : 


(3.) Lo find the length of the arc of a cyclord. 
Here y = 4/2rx — x® 4+ vers ~'2, is the equation of the curve. 


dy r—z ey r a\ 

de ,/2rx — x J/2re — a z 
Be def San yaa Ae 

ds = dey 1+ B= yx 


ee ae 
— Vor f "dx = 2,/2rx +C 
When 2 =0,s=0~ .. C= 0, and when z = 27; then 
semicycloidal are = 2/472 = 4r 
and the whole length of the cycloid is = 87 = 4 times the digmoter of the 
generating circle. 


(4.) Zo find the length of the arc of an ellipse. 














ye . a? — b? b2 i 
Here a®y* + b*a* = a*b*; whence, if a = = ee Pid 
te ee 2 / 2 Q 2 
ye = 5 (a —22) = (@—1) a) 
Ady @a/ es Res ai. x*(e% — ] 
i he sds = dey [1 + Ee 
ae er See 
a= Glin Goes O Piboe va. V1 — eo? sa x= av. 
n/a* — x* /1 — v2 


The numerator must now be developed by the binomial theorem, and the 
several terms of the series being multiplied by dv, divided by ./1—-v*, and 
integrated between any proposed limits, will give the length of the elliptic are 
required. 


II. Areas or CuRVEs. 


(1.) Zo find the area of a parabola. 
Here y*® = 4a... ydy = Omadz. 


But dA = ydxr = dy, by the differential calculus, p, 748. 
] ] 3 
AY =e if 9 hg x. 
2Me i 2m 3 


I = 
ae re t go C 
Brat LY Kael ae 


————oo 


, it = 
’ Pf 

al ; ips 

a. “ o 
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Whenz=0,A=0 .. C=0, and 


-, area of parabola = a co = of circumscribing rectangle. 


(2.) To jind the area of a circle. 
The equationisy* +a?=a? .. y*=a*— 2? 


sae sin ees a © sin ® 
2 
= *% sin 22 pl 4 Ld BD 
2 a 2 
Whenvx=0,A=0 .. C=0, and whenz=a,y=0 
2 2 
-, area of a quadrant = © .2 = 
ai 2 40 
-, area ofa circle = ra’, 
) To find the area of an ellipse. 
A= f ydz = 2 fdeva—a 
“ SH 2s Be Led a Bi pahl / Fe ga 
a 2 a 2 
*, area of a quadrant = eS ; 3 — ; nab 
*, area of ellipse = rad. 
(4.) To find the area of the cycloid. 
When the origin is at the vertex, the equation is 
y = vers—'e#+ V 2ra—x?; 
*, area = yx — fry =. 2 male dx 2r2—axe 
aa rdx ip gs 5 
=> — Zr —————— ———— 
= Jf 2Qri—u? oJ /2ra—z* 
= yt + 2r,/9rx—az? — Qr vers —'x — (G4 Vv 2r3 
Se 4 vers ~~" 





= py. vers —a+ oer Ora—a2+C. 
When « =0, A=0 .. C = 0, and when x = 2r, 
semi-cycloidal area = oe rr = 5m 
». cycloid = 377% = 3 times area of generating circle. 
(5.) To .find the area of the curve, whose equation is 
a® {y°—2") + (y®+2*)’ = 0. 


In order to transform this equation from rectangular to polar co-ordinates, 
we must put y = 7 sin 6, and w = Fr Cos 6; then, by substitution in the pro- 


posed equation, we have 
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a’r* (sin 26 — cos® @)-++74 = 0 
‘. 77 = a? (cos *6 — sin 26) 
= a* cos 286, the polar equation. 





Again; let A’ denote the polar area, or space between the radius vector and 
the curve; then 


(pase, _ Yt os __ ye | 
A'’= A my S yee 5 4 
: (pie _ yde+audy _ ydx —ady 
. GA’ = ydz oie a a 


— (7? sin *6-+-7? cos *6) do = er do. 


2 
A= sf 100 
2 
= I a f cos 20 dé 
2, 
Lye ees ; 
= — a* sin 290+C 
4 
And between the limits 7 = @ and y = 0, or between 9 = 0 and @= x 
area of curve = : ne 
and if » make a complete revolution, the entire area will be = a’. 
[Il. Surracrs or Soups. 


(1.) Lo find the surface of a sphere. 


oe 8 = 2 [yde 1424 = an f ade = In ax + C 
ae 
yy VS 0+C hile OP") 1) 
-. surface of spherical segment = 2xax = circumf. x height of segment. 
-*. surface of sphere = 27a. 2a = 4ra? = circumf. x diameter. 


(2.) To find the surface of a paraboloid. 


dx 
y phe —_ v+m 
. S = 2m fovma. dx y/ 2 
— sem ff da/o+n 
= 5am (w+m)7+C 


o= = nn +O eC 


Surface = - 1 a/m } (2+m)*— m? ¢ 
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_ (8.) To find the surface of a cone, and also the surface of a conic Srustum, 


Put a = height of whole cone; 7 = radius of base of frustum; a?+-r?2=c?; 
b= height of top cone; 7/= radius of top of frustum; b?+7?=c?; 


and, taking the vertex as the origin of co-ordinates, we have y = ~~, the 
a 


equation of the line generating the surface; whence 


When x = a; surface of whole cone = m7/a?+7? = arc 
Sim. we have surface of top cone = 77',/j?4-72 = mc! 


-. surface of frustum of cone = x (re — 7c’) 


x (re — re'+r7'c — r'c'), since re’ = r'e 
n (r+7') (c—c’) 
= (sr+’) (c—Cc). 


IV. Votumes or So.ips. 


(1.) To find the content of a cone, and also that of a conic frustum. 


Let a = altitude of whole cone; » = radius of base of frustum 
b = altitude of top cone; 7’= radius of top of frustum 
gos Db ss 7 3.9% 


= " .x, and if V be the volume of the solid; then 


a 
2 2 
Ven fydeaa f ede = 7.x. 


When #« = a; then V = 2 or = some 


2 
= b: HioniVics 22, Be. or” 


*. volume of frustum = 3 (ar?— br’) 
= = (a7?--arr'— br? + ar?— brr’— br”) 
since ar’ = br, or arr’ = br*, and ar? = brr’; whence 
volume of frustum = ~ }(a—8)1°+(a—6) rr’ +(a—b) r? : 
= = (wr? arr! +77) 
= ae (7?+77'+r?). 


(2.) To find the volume of a sphere. 


Here y? = 2ar—x* .. y°dx = 2axrdx — x*dx 
EEE 
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V= ar / ‘yde yd fade — 7 f wide 


ke 
= arz?— — 
3) 





segment = (6a—2z) 2? = = (3d—22) x, if d= 2a. 


sphere = = . d*, by making # = d. 


(3.) Find the volume of the paraboloid. 
Here y? = 4mz, is the equation to the generating parabola. 


pie fae » fyrde= Amn f ode 


_ 4mra? __ wy*x 
2 2 


But ry2a = volume of acylinder, whose base = my* and height = x 





. . 1 , ls : 
.. volume of paraboloid = 5 volume of circumscribing cylinder. 


(4.) Find the content of the prolate spheroid formed by the revolution of | 
a semi-ellipse round its major axis. F 


Here 7? = Es (a®—2?) is the equation of the ellipse. 


ab? b? 
= (a?dx—x*dx) = = rhtx —  . 
az BY 


= : wab*, integrating from x = — a, and z=-+a. 


(5.) Find the content of the oblate spheroid formed by the revolution of a — 
semi-ellipse round tts minor axts. 


2 
Interchanging z and y, we have y? = i (6? — x*) 
Py eee b2 2\ de = 1a? ma 3 
Poi aE ( Ti) Ae = Re Fee 
4 9 . . 
= <= ra’b, integrating from a = —btor= +0, 


Hence prolate spheraid : oblate spheroid :: ab’ :@b::b:a 


.. sphere on major axis : prolate spheroid : : 4 a? : + mab? :: a® : B 
3 3 


o 


*, oblate spheroid : sphere on minor axis :: tab: 3 wO° a ee 


MECHANICS. 


DEFINITIONS AND FUNDAMENTAL NOTIONS. 


1. Mechanics is the science which treats of the laws of rest and motion of 
bodies, whether solid or fluid, and is usually divided into the four following 
branches:— 

(1.) Statics, which treats of the laws of forces in equilibrium. 
(2.) Dynamics, which treats of the laws of motion of solid bodies. 
(3.) Hydrostatics, of the laws of the equilibrium of fluid bodies. 
(4.) Hydrodynamics, of the laws of motion of fluid bodies. 


2. Force or power is the cause which produces, or tends to produce, motion 
in a body, or which changes, or tends to change, motion. 


3. A body is a portion of matter limited in every direction, and is therefore 
of a determinate form and volume. ; 


exert in consequence of this tendency is called their weight. 


4. All bodies have a tendency to fall to the earth; and the force which they 


5. When forces are applied simultaneously to a body, and produce rest, 
they balance each other, or destroy each other’s effects; and therefore such 
forces are said to be in equilibrium. 

6. The measure of a force, in statics, is the weight which that force would 
support. 

7. The quantity of matter of a body is proportional to its weight. 

8. The density of a body is measured by the quantity of matter contained 
in a given space. 

9. Gravity is that force by which a body endeavours to fall downwards. 


10. Specific gravity is the relation of the weights of different bodies o 
equal magnitude, and is therefore proportional to the density of the body. 


STATICS. 


THE COMPOSITION AND EQUILIBRIUM OF FORCES ACTING ON A 
MATERIAL PARTICLE. 


11. Def. The resultant of any number of forces is that single force which 
- is equally effective with, or equivalent to, all the forces, and these forces are 


termed component or constituent forces. 
EEE 2 
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PROP. I. 


12. To find the resultant of a given number of forces acting on a particle 
in the same straight line. : 


SS 


The resultant of two or more forces acting on a particle ip the same direc- 


tion is equal to their sum, and acts in the same direction; but the resultant of 
two forces acting in opposite directions is equal to their difference, and acts 
in the direction of the greater component. Also, if several forces act in one 
direction, and others in a contrary direction, the resultant of all these forces 
will be equal to the excess of the sum of the forces acting in one direction, — 
above the sum of those acting in the contrary direction, and it will act in the 
direction of the greater of these sums. 


PROP. II. 


18. To find the resultant of two forces acting on aparticle not in the same 
straight line. 

1. To find the direction of the resultant of two forces acting on a point. 

When the forces are equal, it is obvious that the direction of the resultant 
will bisect the angle between the directions of the forces; or if the two forces 
be represented in magnitude and direction by two lines drawn from the point 
where they act, the diagonal of the rhombus described on these equal lines 
will be the direction of the resultant. 

Assuming that the diagonal of a parallelogram described on the two lines 
representing the forces in magnitude and direction is the direction of the 
resultant; then if p, p, be any two unequal forces, and p, pz also two unequal 
forces, we can prove that the direction of the resultant of the two forces p 
and p, +p. is the diagonal of the parallelogram whose adjacent sides are p 
and p, + po. 

Let A be the point on which two forces p and 
p, act; AB, AC, their directions and proportional to 
them in magnitude. Complete the parallelogram BC, 
and draw the diagonal AD; then, by hypothesis, the © 
resultant of p and p, acts in the direction of AD. 

Again, produce AC to E, and take CE a fourth 
proportional to p,, 2, and AC; that is, make p,. p,::AC:CE. Now, since 
the point of application of a force may be transferred to any point of its direc- 
tion, without disturbing the equilibrium, so long as the two points of application 
are invariably connected, we may suppose the force p, to act at A or C, and 
therefore the forces p, p,, p», in the lines AB, AC, CE, are the same as p and 
Pi + pP, in the lines AB and AE. 

Now replace p and p, by their resultant, and transfer its point of applica- 
tion from A to D; then resolve this force at D into two, parallel to AB and 
AC; these resolved parts must evidently be p and p,, where p acts in the 
direction DF and p, in the direction DG. Transfer these two forces p to C 
and p, to G; but by the hypothesis p and p, acting at C have a resultant in 
the direction CG; let, therefore, p and p, be replaced by their resultant, and 
transfer its point of application to G. But p, acts at G, and therefore by this 
process we haye, without disturbing the equilibrium, removed the forces p and 
and p, + p2, which acted at A to the point G; hence the resultant of p and 





eee. ee 
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p + p2 acts in the direction of the diagonal AG, provided our assumption is 
correct. Now the hypothesis is correct for equal forces as p, p, and there- 

fore it is true for forces p, 2p; consequently for p, 3p, and thus it is true for 
p,mp. Again, if it be true for p, mp, and p, mp, it is is also true for 2p, mp; 
‘also for 3p, mp, and thus it is true for np, mp, where n and m are positive 
integers. 
We have now to show that the proposition is true for imcommensur- 
able forces. Let AB, AC represent two such forces, and complete the paral- 
lelogram BC. Then if their resultant do not act A ¢ 
along AD, suppose it to act along AE, and draw is 
EF parallel to BD. Divide AB into a number 
of equal parts, each less than DE; divide CD into & 
: parts equal to these, and let G be the last point % D 
of division of the former, which will obviously fall between Band F. Draw 
_ GK parallel to BD; then two forces represented by AC, AG, have a resultant 

in the direction AK, because they are commensurable; but this is nearer to 
__ AG than the resultant of the forces represented by AC, AB, which is absurd, . 

-since AB is greater than AG. Inthe same manner we may show that every 
direction besides AD leads to an absurdity, and therefore the resultant must 
act in the direction AD, whether the forces be commensurable or incom- 
mensurable. 

2. To find the magnitude of the resultant. 

Let AB, AC be the direction of the given forces, AD that of EB, 
their resultant; take AE in the prolongation of DA, and of such 
a length as to represent the magnitude of the resultant; then 
the forces represented by AB, AC, AE balance each other. 
Complete the parallelogram BE, and therefore AF is in the 
same straight line with AC, since the forces AB, AC, AE, ba- 
lance each other; hence FD is a parallelogram, and therefore tf 
AD = FB= AE; that is, the resultant is represented in mag- x ° 
nitude as well as in direction by the diagonal of the parallelo- 
gram.* D 

Cor. 1. The forces in the directions AB, AC, AD, are respectively pro- 
portional to the lines AB, AC, AD, and in these directions. 

Cor. 2. The two oblique forces AB, AC, are equiva- A 








B 
lent to the single direct force AD, which may be com- \ Pa 
pounded of these two, by drawing the diagonal of the we f 
parallelogram. Or, they are equivalent to the double of ks os H 


AE drawn to the middle of the line BC. ae Seen Sy 
And thus any force may be compounded of two or 


more other forces; which is the meaning of the expression, composition of 
forces. 


Ezxample.—Suppose it were required to com- 
pound the three forces AB, AC, AD; or to 
find the direction and quantity of one single 
force, which shall be equivalent to, and have 
the same effect as if a body at A were acted on 
by three forces in the direction AB, AC, AD, 


* The preceding demonstration of the parallelogram of forces is due to M. Duchayla, and is 
exceedingly simple and beautiful. Analytical demonstrations of this fundamental property have 
been given by Laplace, Pontécoulant, Poisson, and others; but want of room prevents us from 
giving them here. 
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and proportional to these three lines. First, reduce the two, AC, AD, to on 
AE, by completing the parallelogram ADEC. Then reduce the two, AE, AB 
to one AF, by the parallelogram AEFB. So shall the single force AF be th 
direction, and as the quantity, which shall of itself produce the same effect, a 
if all the three, AB, AC, AD, acted together. | 

Cor. 3. Any single direct force AD may be re- 
solved into two oblique forces, whose quantities 
and directions are AB, AC, having the same 
effect, by describing any parallelogram whose dia- 
gonal may be AD; and this is called the resolu- 
tion of forces... So the foree AD may be resolved 
into the two, AB, AC, by the parallelogram ABCD; 
or into the two AE, AF, by the parallelogram | 
AEDF; and so on for any other two. And each of these may be resolved 
again into as many others as we please. | 


PROP, Ill, 


14. If three forces, A, B, C, acting together, heep one another in equili= 
brio, they will be proportional to the three sides DE, CE, CD, of a triangle, 
which are drawn parallel to the directions of the forces AD, DB, CD. 


Produce AD, BD, and draw CF, CE, parallel to 


A 
them. Then the force in CD is equivalent to the two Bt 3 
AD, BD, by the supposition; but the force CD is Dap 
equivalent to the two, ED and CE or FD; therefore, ¥ 
if CD represent the force C, ED will represent its, 4 Hare E 
opposite foree A, and CE or FD its opposite force ‘he Ai 
B; consequently, the three forces A, B, C, are pro- Ligh <4 
portional to DE, CE, CD, the three lines parallel to hy ie 
the directions in which they act. = 


Cor. 1. Because the three sides CD, CE, DE, are proportional to the sines 
of their opposite angles E, D ,C, therefore, the three forces, when in equili- 
brio, are proportional to the sines of the angles of the triangle made of their 
lines of direction; namely, each foree proportional to the sine of the angle 
made by the directions of the other two. 


Cor. 2. The three forces, acting against, and keeping one another in equi- 
librio, are also proportional to the sides of a triangle made by drawing lines 
either perpendicular to the directions of the forces, or forming any given angle 
with those directions. For, such a triangle is always similar to the former, 
which is made by drawing lines parallel to the directions; and therefore their 
sides are in the same proportion to one another. 

Cor. 3. If any number of forces be kept in equilibrio by their actions 
against one another, they may be all reduced to two equal and opposite ones. 
For, by Cor. 2, Prop. II., any two of the forces may be reduced to one 
force acting in the same plane; then this last force and another may be like- 
wise reduced to another force acting in their plane: and so on, till at last 
they be all reduced to the action of only two opposite forces, which will be 
equal, as well as opposite, because the whole are in equilibrio by the sup- 
position, 
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Cor. 4. If one of the forces, as C, be a 
weight, which is sustained by two strings draw- 
ing in the directions DA, DB; then the force 
_ or tension of the string AD is to the weight 
C, or tension of the string DC, as DE to 
- DC; and the force or tension of the string 
BD is to the weight C, or tension of CD, as 
CE to CD. 

Cor. 5. Let fand f, be two forces acting si- 
multaneously in directions making an angle ¢; then in the triangle DEC we 
have : 





DE=/; EC=f angle DEC = 7— ¢; 
hence by the principles of trigonometry, we have 
DC? = DE? + EC?—2DE.EC cos DEC; 
and therefore the magilitude of the resultant R is found from the equation 


R= Jf + f2— ff cos (#—$) = VP ASEF2SHi cos 


PROP. IV. 


15. To find the resultant of several forces concurring tn a point, and 
situated in the same plane. 


Let p, Po Ps P» be any four forces acting on the point P, through which . 
draw the axes of co-ordinates PX, PY 
at right angles to each other. Let Pp, 


represent the magnitude and direction = 

of the force p,, and draw p, B, p, A pa- 

rallel to the axes XX! and YY!. Then y 
° See eee ee ee. ee ee 2 

putting angle p, PX= a, we have the ee 

two rectangular forces PA, PB, equi- ate 


valent to the given force ,; but by 
trigonometry PA= Pp, cos APp, = 
p Cos m, and PB= p, sin q. In like 
manner, if a,, a3, a, be the angles which 
the direction of the forces 72, Ps Dw 
make with PX, we shall have each of 
the proposed forces resolved into two 
others acting in the directions of the 
_ ‘two axes, and therefore the sum, X, of 
all the component forces in direction 


Cx 





PX, gives 
X =p, COS a + P2 COS ag + Ps COS a3 + Ps COS Ay vee eer sees (1) 
and the sum, Y, of all the other component forces in direction PY, gives 
Y =p, sin a + p, sin a, + Ps SIN ag + py SID Gy vere ee eeees (2) 


Hence the single force X, in direction PX, and the single force Y, in direction 
PY, may be substituted for the four given forces, and the resultant of the two 
forces X, Y, will be the resultant of the four forces p,, Pa Ps, Ps But Xx 
and Y are two forces acting at right angles to each other, and their result- 
ant, R, is the diagonal of the rectangle XY; hence we haye 

SESE, cee) ae eee RS cased a (3) 
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Let R make an angle » with the axis of X; then we have 





iano = F; cose = A; sing= 5 0. Cae fae a (4); : 
and any one of these three equations will give the position of the resultant. — i 


In precisely the same manner may the magnitude and direction of any ° 
number of forces in the same plane be found. 


Cor. 1. By means of a series of parallelograms the resultant of any number 
of forces may be found geometrically. For the diagonal of a parallelogram 
whose sides represent the first two forces will be their resultant, and this — 
diagonal may be made the side of another parallelogram, having the third — 
force for the other side, and so on. Or describe a polygon, whose sides be- 
ginning from the point, are successively equal and parallel to the given forces, — 
and in the same direction; then the straight line which joins the point and 
the extremity of the last side completes the polygon, and represents the mag- 
nitude and direction of the resultant of the proposed forces. 


Cor. 2. If three forces act on the same point in different places, and if the — 
parallelopiped, whose adjacent edges represent these forces, be completed, 
its diagonal will represent their resultant both in magnitude and direction. 


Cor. 3. Let p,, pz Ps Ps... be any forces, and let each of these forces 
be resolved into three other forces in reference to three rectangular axes; 
then, collecting into one sum the component forces which act in the same 
axis, we can find the resultant of the three components thus obtained in the 
following manner : 


Let a, B:, 7, be the angles which p, makes with the three axes 


tay: Bas: Vaus 055 6 eee. alee Pas ale ei 0 5 teksts tienseeeeeee 
Gs, Bs; Yate she steve oielie (save o « D3 se 6a: 66 5.0 biaccie tea Eee 
Ch4y B.; V4 ele tesele “stew ehets Stes Pa 6-0 50:0,5 6 05.0 le tel opener 
&e. &e 


Then each of the given forces may be resolved into three others; viz. 
P, into the three forces p, cos a, P; Cos B,, p, cos y; 
Pz into the three forces p, cos as, P2 COS B,, Pz COS Y2, and so on; 


hence X = p, cos a,+ p, cos a+ Ps COS a3-+ p, COS ay +... 2... 00s 
Y = p, cos 8,+ p, cos B.-+ ps COS Bs+ p, COS By +......... 
Z =p, cos y,+ p2 cos 2+ Ps COS Ys-++ Pa COS Yq Hes 2-2. ewe 


hence R = 4/X?+ Y?+ Z? = magnitude of resultant. 
And if a, 8, y, be the angles which R makes with each axis, we have 
Z 


X Y 
cos a = =, cos B = —, CoS y = =, 


R R R 
EXAMPLES FoR PRACTICE. 


16. &x. 1. Let the four forces Pi» Px Ps, Ps Concurring in a point P, and 
situated in the same plane, be respectively denoted by the numbers 4, 6, 12, 
10, and let the angles included by their directions be 

Pi Pp, = 15°, p, Pp, = 80°, Ps Png SB 
required the magnitude and direction of the resultant of these forces. 

We might assume any two rectangular axes whatever, PX, PY; but the 
solution will be simplified by taking one of the axes in the direction of one of 
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| the given forces; let, therefore, the axis of X coincide with the direction of 
‘the force p,; then we have 


Pp,» PX= 16°, cos 15° = Matte and sin 15° = shea he 
Ml pae& — (45°;.cos 45° = 44/2. ew sin 45° = 14/2 

tenes, 2 

pa Pe — 105°, cos 105° = — oes wear LO. a eee 


Hence X = p,+ pz cos 15°+ p; cos 45°+ p, cos 105° 

| = 443 VO+3 V246V2— 5 VO+ 3 V2 = 4 +10V2—V6. 
: Y = pz, sin 15°+ py sin 45°+ p, sin 105° 

i = 5 /6— : J2+6V/2+3 S643 V2 = 724416. 





ee R= SXF = ((44101/2— V6)? + (71/2+46)*} * 
= 25:184297 = magnitude of the resultant. 


X 15°6926463 
_ angle RPX = 51°27! 22" = angle included by force p, and the resultant. 

Ex. 2. Two forces, represented by 7 and 5, act at an angle of 60°; find 
their resultant, and the angle it makes with the less force. 

“ Ans. R = 10°4403065, and ¢ = 35°30’. 

Ex. 3. The resultant of two forces is 24, and the angles it makes with 
them are 30° and 45°; find the component forces. 

Ex. 4. Resolve a given force into two others, such that 

(1.) Their sum shall be given, and act at a given angle. 
(2.) Their difference shall be given, and act at a given angle. 

Ez. 5. If astream flows at the rate of two miles an hour, find the course 
which a boat, rowed at the rate of four miles an hour, must pursue, that it 
may pass directly across the stream. 

Ex. 6. Two chords AB, AC of a circle, represent two forces; one of them, 
AB, is given; find the position of the other, when the resultant is a maximum. 

Ex. 7. Three forces represented by 13, 14, 15, acting at a point, keep 
each other in equilibrium; find the angles which their directions make with 
each other. Ans. 112° 38/, 120° 30’, and 126° 52’. 

Ex. 8. Three forces p,, p2, ps, act upon a given point and keep it at rest; 
given the magnitude and direction of p,, the magnitude of p,, and the di- 
rection of p., to find the magnitude of p,, and the direction of p;. 

Ez. 9. A string 15 inches in length is attached at its extremities to two 
tacks, in the same horizontal line, at the distance of 10 inches from each 
other; a weight of 12lbs. is suspended between the tacks, by means of a string 
attached to the first, at the distance of 7 inches from one of its extremities; 
find the strain upon each tack. 

Ex. 10. A cord PABQ passes over two small pulleys A, B, whose distance 
AB is 6 feet, and two weights of 4 and 3lbs., suspended at the extremities 
P and Q respectively, support a third weight W of Slbs. ; find the position of 
the point C to which the weight W is attached, when AB is inclined to the 
horizon at an angle of 30°. 

Ex. 11. P and Q are two equal and given weights suspended by a string 
passing over three fixed points, A, B, C, given in position; find the actual 
pressure, and also the horizontal and vertical pressures on each of the three 
points A, B, C. Also, compare the pressures on A, B, C, when the angles 
at A, B, C are 150°, 90°, 120° respectively. 
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ON THE MECHANICAL POWERS. 





17. Wertceut and Power, when opposed to each other, signify the body toh 
moved, and the body that moves it; or the patient and agent. The power is th 
agent, which moves, or endeavours to move, the patient or weight. | 

18. A Machine, or Engine, is any mechanical instrument contrived to move 
bodies; and it is composed of the mechanical powers. 

19. Mechanical Powers are certain simple machines, which are common) 
employed for raising greater weights, or overcoming greater resistances, that 
could be effected by the natural strength without them. ‘These are usuall| 
accounted six in number; namely, the Lever, the Pulley, the Wheel and ss) 
the Wedge, the Inclined Plane, and the Screw. 

20. Centre of Motion, is the fixed point about which a body moves. And th 
Axis of Motion, is the fixed line about which it moves. 

21. Centre of Gravity, is a certain point, upon which a body being free] 
suspended, it will rest in any position. 





OF THE LEVER. 


22, A Lever is any inflexible ro?, bar, or beam which serves to raise 
weights, while it is supported at a point by a fulcrain or prop, which is the cen- 
tre of motion. The lever is supposed te be void of gravity or weight, to render 
the demonstrations easier and simpler. ‘There arethree kinds of levers. 

1 C 1 S. :%. Stas 


23. A Lever of the First Kind has 
the prop C between the weight W and 
the power P. And of this kind are ba- 
lances, scales, crows, hand-spikes, scis- 
So's, pincers, &c. 


24. A Lever of the Secon! Kind 
has the weight between the power 
and the prop. Such as oars, rudders, 
cutting knives that are fixed at one 
end, &c. 


25. A Lever of the Third Kind has 
the power between the weight and the 
prop. Such as tongs, the bones and 
muscles of animals, a man rearing a 


ladder, &c. 
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> 26. A Fourth Kind is sometimes added, 
‘palled the Bended Lever. As a hammer 
drawing a nail. 





27. In all these machines, the power may be represented by a weight, which 
is its most natural measure, acting downwards; but haying its direction changed, 
when necessary, by means of a fixed pulley. 


= 


PROP. Ve 


SS an = 


93. When the Weight and Power keep the Lever in equilibrio, they are to each 
| other reciprocally as the Distances of their Lines of Direction from the Prop. 

That is, P : W :: CD: CE; where CD and CE are perpendicular to WO 
_ and AO, which are the Directions of the two Weights, or the Weight and 
Power W and P 


| For, draw CF parallel to AO, and CB parallel to 
WO: Also, join CO, which will be the direction of the 
pressure on the prop C; for there cannot be an equili- 
brium unless the directions of the three forces all meet 
in, or tend to, the same point as O. Then, because 
these three forces keep each other in equilibrio, they 
are proportional to the sides of the triangle CBO or 
CFO, which are drawn in the direction of those forces ; 
therefore, - - - P:W:: CF: FO or CB. 
But, because of the parallels, the 

two triangles CDF, CEB are 

equiangular, therefore - CD:CE:: CF: CB. 
Hence, by equality, a a Ww 3: CD: CE; 

That is, each force is reciprocally proportional to the distance of its direction 

from the fulcrum. 

And it will be found that this demonstration will serve for all the other kinds 

of levers, by drawing the lines as directed. 

Corollary. 1. When the two forces act perpendicularly on the lever, as two 
| weights, &c.; then, in case of an equilibrium, D coincides with W, and E with 

P; consequently then the above proportion becomes P: W:: CW: CP, or 
the distances of the two forces from the fulcrum, taken on the lever, are reci- 
procally proportional to those forces. 

Corollary. 2. If any force P be applied to a lever at A; its effect on the 
‘lever, to turn it about the centre of motion C, is as the length of the lever CA, 
and the sine of the angle of direction CAE. For the perp. CE is as CA 
X sine of angle at A. . 

Corollary. 3. Because the product of the extremes is equal to the product 
of the means, therefore the product of the power by the distance of its direction, 
is equal to the product of the weight by the distance of its direction. 

That is, P x CE = W x CD. 

Corollary. 4. If the lever, with the weight and power fixed to it, be made to 
move about the centre C; the momentum of the power will be equal to the 
momentuin of the weight ; and their velocities will be in reciprocal proportion 
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fo each other. For the weight and power will describe circles whose radii are 
the distances CD, CE; and since the circunferences, or spaces described, are 
as the radii, and also as the velocities, therefore the velocities are as the radii 
CD, CE; and the momenta, which are as the masses and velocities, are as the 
momenta and radii; that is, as P x CE and W xX CD, which are equal by 
corol 3. 


Corollary 5. In a straight lever, kept in equilibrio by a weight and power 
acting perpendicularly; then, of these three, the power, weight, and pressure 
on the prop, any one is as the distance of the other two. 

Corollary 6. If several weights, 
P, Q, R, S, act on a straight lever, 
and keep it in equilibrio, then the 
sum of the products on one side of 
the prop, will be equal to the sum 
on the other, made by multiplying 8 § @ g 
each weight by its distance; namely, 

Px AC+ Qx BC=R»x DC+S x EC. 

For, the effect of each weight to turn the lever, is as the weight multiplied by 

its distance; and in the case of an equilibrium, the sums of the effects, or of 


the products on both sides, are equal. 


C D 
4 
Corollary 7. Because, when two weights 
Q and R are in equilibrio, 
Q «Rc CDsICB: 6 R 


therefore, by composition, Q + R:Q:: BD: CD, 
and, Q+ R:R:: BD: CB. 


That is, the sum of the weights is to either of them, as the sum of their dis- 
tances is to the distance of the other. 


29. Scuottum.—Upon the foregoing 
principles depends the nature of scales and 
beams, for weighing all sorts of commodi- 
ties. For, if the weights be equal, then will 
the distances be equal also, which gives 
the construction of the common scales, 
which ought to have these properties : 

Ist, The points of suspension of the 
scales and the centre of motion of the 





scales hang in equilibro when empty; but when they are charged with any 
weights, so as to be still in equilibrio, those weights are not equal; but the de- 
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‘eeit will be shown by changing the weights to the contrary sides, for then the 
“equilibrium will be immediately destroyed. 
30, To find the true weight of any body by such a false balance :—First, 
weigh the body in one scale, and afterwards weigh it in the other; then the 
mean proportional between these two weights, will be the true weight required, 
For, if any body 4 weigh W pounds or ounces in the scale D, and only w 
pounds or ounces in the scale E; then we have these two equations ; 


‘ namely, AB. 6 rat tte Oe ie 
and, BC. 6 = yeABesws 
the product of the twois AB .BC.0°= AB. BC. Ww; 
hence, then = - - - - bt = PeWany 
ands - - - - b= Wu, 


the mean proportional, which is the true weight of the body 6. 

31. The Roman Statera, or Steelyard, is also alever, but of unequal brachia 
‘or arms, so contrived that one weight only may serve to weigh a great many, 
by sliding it backwards and forwards to different distances on the longer arm 
of the lever; and it is thus constructed : 

Let AB be the 
-steelyard, and C its 
centre of motion, 
from whence the 
divisions must com- 
-mence, if the two 
arms just balance 
each other : if not, 
slide the constant 
moveable weight | 
along from 5 to- 
wards C, till it just 
balance the other 
end without a 
weight, and there 
make a notch in the beam, marking it with a cypher 0. Then hang on at A 
a weight W equal to I, and slide I back towards B till they balance each other ; 
there notch the beam, and mark it with 1. Then make the weight W double 
of I, and sliding I back to balance it, and there mark it with 2. Do the same 
at 3, 4, 5, &c., by making W equal to 3, 4, 5, &c. times I; and the beam is 
finished, ‘Then, to find the weight of any body 4 by the steelyard; take off 
the weight W, and hang on the body 0 at A; then slide the weight I backwards 
and forwards till it just balance the body }, which suppose to be at the number 
5; then is 6 equal to 5 times the weight of I. So, if Ibe 1 pound, then 6 is 5 
pounds; but if I be 2 pounds, then 0 is 10 pounds; and so on. 





OF THE WHEEL AND AXLE. 


PROP. VI. 


32. In the Wheel and Ale; the Weight and Power will be in equilibrio, when 
the Power P is to the Weight W, reciprocally as the Radit of the Circles 





814 STATICS. 


where they act; that is, as the Radius of the Arle CA, where the Weight 
hangs, to the Radius of the Wheel CB, where the Power acts. That is, 
P: W 3: CA: CB. 


Here the cord, by which the power P acts, goes about 
the circumference of the wheel, while that of the 
weight W goes round its axle, or another smaller 
wheel, attached to the larger, and having the same 
centre C. So that BA is a lever moveable about the 
point C, the power P acting always at the distance 
BC, and the weight W at the distance CA; therefore 
Be Wis: CA: CB; 

Corollary. 1. If the wheel be put in motion; then 
the spaces moved being as the circumferences, or as 
the radii, the velocity of W will be to the velocity 
of P, as CA to CB; that is, the weight is moved as 
much slower, as it is heavier than the power; so that what is gained in power, is 
lost in time. And this is the universal property of all machines and engines, — 





Corollary. 2. If the power do not act at right angles to the radius Cé, but 
obliquely; draw CD perp. to the direction of the power; then, by the nature 
of the lever, P: W :: CA: CD. 


SCHOLIUM. 


83. To this power belong all turn. 
ing or wheel machines, of different 
radii. Thus, in the roller turning on 
the axis or spindle CE, by the handle 
CBD; the power applied at B is to 
the weight W on the roller, as the ra- 
dius of the roller is to the radius CB 
of the handle. 

34. And the same for al] cranes, 
capstans, windlasses, and such like ; 
the power being to the weight, always as the radius or lever at which the 
weight acts, to that at which the power acts; so that they are always in the 








reciprocal ratio of their velocities. And to the same principle may be referred _ 


the gimblet and augur for boring holes, 


35. But all this, however, is on supposition that the ropes or cords, sustain- _ 
ing the weights, are of no sensible thickness, For, if the thickness be- consid- 


erable, or if there be several folds of them, over one another, on the roller or _ 
barrel; then we must measure to the middle of the outermost rope, for the ra-_ 
dius of the roller; or, to the radius of the roller and half the thickness of the _ 


cord, when there is but one fold. 


36. The wheel-and-axle has a great advantage over the simple lever, in 
point of convenience. For a weight can be raised only a litile way by the 
iever. But, by the continual turning of the wheel and roller, the weight may 
be raised to any height, or from any depth, 


aos aa yal « 





87. By increas- 
ing the number of 
‘wheels too, the 
‘power may be mul- 
tiplied to any ex- 
‘tent, making al- 
ways the less wheels 
to turn greater 
ones, as far as we 
please; and this is 
commonly called 
‘Tooth and Pin- 
‘ion, the teeth of 
“one circumference 
working in the 
‘rounds or Pinions 
of another, to turn 
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‘the wheel. And then, in case of an equilibrium, the power is to the weight, as 

the continual product of the radii of all the axles, to that of all the wheels. 

‘So, if the power P turn the wheel Q, and this turn the small wheel or axle R, 

and this turn the wheel S, and this turn the axle T, and this turn the wheel V, 
‘and this turn the axle X, which raises the weight W ; then 

t P: W :: CB. DE.FG: AC. BD. EF. 

And in the same proportion is the velocity of W slower than that of P. Thus, 
‘if each wheel be to its axle, as 10 to 1; then P: W :: 1°: 10% or as 1 to 1000, 
So that a power of one pound will balance a.weight of 1000 pounds ; but then 
when put in motion, the power will move 1000 times faster than the weight. 

_ 88. If ropes are used for the action of the power and weight, we must con- 
sider the forces applied to the axes of the ropes. Hence if R, 7 denote the 
radii of the wheel and axle, and T, ¢ half the thickness of the ropes, we have 


P:W::r+é:R+T. 


OF THE PULLEY. 


39. A Putiey is a small wheel, commonly made of wood or brass, which 
‘turns about an iron axis passing through the centre, and fixed in a block, by 
means of a cord passed round its circumference, which serves to draw up any 
weight. The pulley is either single, or combined together, to increase the 
power. It is also either fixed or moveable, according as it is fixed te one place 
‘or moves up and down with the weight and power. 

When a power sustains a weight by means of a fixed pulley, the power and 
weight are obviously equal; for if through the centre of the pulley a horizontal 
line be drawn, it will represent a lever of the first kind, whose prop or fulcrum is 

the fixed centre; hence the points where the power and weight act, are equally 
distant from the centre, and therefore the power must be equal to the weight. 
‘No mechanical advantage, however, is gained by the fixed pulley, though it is 
‘still of great utility in the raising of weights, both by changing the direction of 
‘the force, and also by enabling several persons to exert their united forces. 
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PROP. VII. 


40. In the single moveable pulley, and the strings parallel, the power is to 
the weight as 1 : 2; but if the strings produced make an angle = 29; then 
P:W::1:2cos 9. 

Through the centre of the pulley draw the vertical p x 
line WAC, and take AC to represent the weight W, 
where A is the point of intersection of the strings pro- \ 
duced. Draw CB parallel to AH; then since the 
string is equally stretched throughout, we have 
AB= BC and angle BAC = 9; whence 

P:W::AB:AC::sin g:sin2¢::1:2cosg; 
and when the strings are parallel P: W: :1:2, for ¢=0.- 

Cor. 1. If w= weight of the moveable block, then 
2P=>W-+w. 

Cor. 2. In the system where there are two blocks 
of pulleys, the one fixed and the other moveable, and 
the same rope passing round all the pulleys, then we 
have simply a combination of the preceding case; and therefore 

2nP=W+w 
where = number of strings at the moveable block and w, its weight. Ifthe 
strings are not parallel, the cosine of the angle made with the vertical in each 
case must be introduced, as above. 

Cor. 3. In the system where each pulley hangs by a separate string, we 
have merely a repetition of the single moveable pulley; and the strings being 
parallel, we get = 

2°P = W + w, + Qw, + 2ws + 2... 22lw, 
where 7 is the number of moveable pulleys, and w,, w., ws, the weights of the 
pulleys including the blocks respectively. 

For weight at w, = W + w, 


ie weight at w, = “Fw +wu,= > + 3 + W; 





eae Vy w Ws 
ceeeveee W3 — 22 + 52 + Py + W3 
hence weight at w, = Wien w oe Ww; a + 
welg Sar pel n=l ons +. fane — Ww, 
a % weight at w, 
ded W Ww, Ws W,, 1 W, 
Ty Bin esy Dek dh sae “2 uae 
2-P = W + w, + 2w, + 2w, +..... 93—lip. F 
When w, = w. = w, = &e.; then : 
2P=W + w, (2°—1) , 
PROP, VIII. 


41. In the system of pulleys, where each string is attached to the weight, 
and the strings parallel, we have P : W::1:2"—1, where n is the number of — 
pulleys. 

Let w, w2, ws, &c. be the weights of the pulleys, and let the strings passing 


over the pulleys w,, w., ws, &c. be attached to the weight at the points | 
Px Px» Ps, &e.; then we have z | 


a) whe’ 


ae 


. 
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tension of string at p, = weight supported at p, = P 
Oe Pi ae eee, UE kan ee PpP2e= 2P+ w, 
‘3 0 OS Ee DEI, Pa Ps = 2°P + 2w, + w, 
and so on. Hence, if n be the number of pulleys, the whole weight sup- 
ported is 
ee Ce 29 08 oh oie hack wo 2 gn-1) p 
eee Pree OP Ae! Po pcew rele: Fy 92-2) w, 
$+ (Lf 2+ 24+ 84.0000... 2°-8) w, 


ss (1 qe 2) Wr—2 
i eo 
= (2"—1) P + (277 '—1)w, + (227 —1) wy, +.... wy. 
Cor. If the weights of the pulleys be neglected, we have W = (2" — 1) P; 
hence it is manifest that the weights of the pulleys increase the weight sup- 
ported, and the advantage is therefore on the side of the power. 


ON THE INCLINED PLANE. 
42. Tux inclined plane assists by its reaction in sustaining a heavy body. 


PROP. IX. 


A383. Let a weight W be supported on the 
_ inclined plane AB, by a power P acting in 
| the direction WP; and let angle BAC=a, 
and angle BWP=8; then 
P: W : : sina :'cos B. 
Draw WH perpendicular to the horizon, 
WK perpendicular to the plane AB, and 
_ HK parallel to WP; then the weight W is 
kept at rest by three forces, viz. the power _ 
P in direction HK, gravity in direction WH, and the reaction of the plane 
AB in direction WK; hence if WH be taken to represent the weight, we 
have 





P:W::HK: HW::sin KWH:sin HK W 
:: sin BAC : sin KWP: : sin a: cos B; 
because sin KWP = cos PWB, since BWK is a right angle. 
Cor. 1. If p represent the pressure on the plane; then we have 


P:p::HK: KW::sina: sin HWP ‘sina :sin 35 —(@ + @)} 


:: sina: cos (a + 8). 
Hence W: P:p::cos &: sina: cos (a + £) 
movie ecome. Wi + cos 8. PP sin a 
P sina p  cos(a+’) p cos (a +8) 
Cor, 2. When WP is parallel to the plane, 8 = 0; hence we have 

WatieA Bes, +A Bx PR 2x BC 
Bae am 2 AC! Gps AC 
or W = P cosec A = psec A. 


_ Cor. 3. The power or relative weight that urges a body W down the in- ¢ 


clined plane, is = a x W, or the force with which it descends, or endea- 


yours to descend, is as the sine of the angle A of inclination. 
FFF 
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Cor. 4. Hence, if there be two planes of the same height, and two bot 
be laid upon them proportional to the lengths of the 
planes, they will have equal tendencies to descend 
down the planes; and, consequently, they will mu- 
tually sustain each other if they be connected by a 
string acting parallel to the planes. 





OF THE WEDGE. 


44, Tue Wedge is a body of wood or metal, in form. 
ofa prism. AF or BG is the breadth of its back; CE 
its height; GC, BC its sides, and its end GBC is com- 
posed of two equal inclined planes, GCE, BCE. 





PROP, X. 


45. When a wedge is in equilibrio; the power acting against the back, is to t 
force acting perpendicularly against either side, as the breadth of the bac 
AB, ts to the length of the side AC or BC. 


OO — 


For, any three forces, which sustain one another in 
equilibrio, are as the corresponding sides of a triangle 
drawn perpendicular to the directions in which they 
act. But AB is perpendicular to the force acting on 
the back, to urge the wedge forward; and the sides 
AC, BC are perpendicular to the forces acting upon 
them ; therefore the three forces are as AB, AC, BC. 





Corollary. The force on the back, ( AB, | 
Its effect in direct. perp. to AC, AC, le 
And its effect parallel to AB, DC, | 

Are as the three lines, which are perp. Sai TE | 
to them. ; | 









And therefore the thinner a wedge is, the greater is its effect, in splitting 
_ any body, or in overcoming any resistance against the sides of the wedge, 


46. ScuoLium.—But it must be observed, that the resistance, or the forces aboy 
mentioned, respect one side of the wedge only. For if those against both sidesh 
taken in, then, in the foregoing proportions, we must take only half the back AD 
or else we must take double the lines AC and DC. In the wedge, the frictio 
against the sides is very great, at least equal to the force to be overcome, 
cause the wedge retains any position to which it is driven; and therefore the 
resistance is connie by the friction. But then the edgel has a great advan- 
tage over all the other powers, arising from the force of percussion or blow 
which the back is struck, which is a force incomparably greater than any dea 
weight or pressure, such as is employed in other machines, And according#y; 
we find it produces effects vastly superior to those of any other power ; such 
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the splitting and raising the largest and hardest rocks, the raising and lifting 
the largest ship, by driving a wedge below it, which a man can do by the blow 
of a mallet; and thus it appears that the small blow of a hammer, on the 
back of a wedge, is incomparably greater than any mere pressure, and will 
‘overcome it. 

i 





f OF THE SCREW. 


47. Tur Screwis one of the six mechanical powers, chiefly used in pressing 
or squeezing bodies close, though sometimes also in raising weights. 

The screw is a spiral thread or groove cut round a cylinder, and everywhere 
[peng the same angle with the length of it. So that if the surface of the 
‘cylinder, with this apie thread on it, were unfolded and stretched into a plane, 
the spiral thread would form a straight inclined plane, whose length would be 
to its height, as the circumference of the cylinder is to the distance between 
two threads of the screw; as is evident by considering, that, in making one 
round, the spiral rises along the cylinder the distance between the two ee 


PROP, Xi, 


48, The force of a power applied to turn a Screw round, is to the force with 
_ which it presses upwards or downwards, setting aside the friction, as the dis- 
tance between two threads is to the circumference whcre the power is applied. 


Tue screw being an inclined plane, or half wedge, whose height is the distance 
between two threads, and its base the said circumference ; and the force in the 
horizontal direction, being to that in the vertical one, as the lines perpendicular 
to them, namely, as the height of the plane, or distance of the two threads, 
is to the base of the plane, or circumference at the place where the power is 
applied ; therefore the power is to the pressure, as the distance of two threads 
is to that circumference. 


Corollary. When the screw is put in motion; then the power is to the 
weight which would keep it in equilibrio, as the velocity of the latter is to that 
of the former; and hence their two momenta are equal, which are produced by 
multiplying each weight or power by its own velocity. So that this is a general 
meoperty in all the mechanical powers, namely, that the momentum of a power 
. equal to that of the weight which would balance it in equilibrio; or that each 


‘of them is reciprocally proportional to its velocity. 
| 


: _ 49. Scnotrum.—Hence we can easily compute the force of any machine turned 

by ascrew. Let the annexed figure represent a press driven by a screw, whose 

threads are each a quarter of an inch asunder; and that the screw is turned 

by a handle of 4 feet long from A to B; then, if the natural force of a 

‘man, by which he can lift, pull, or draw, be 150 pounds; and it be re- 
FFFQ 
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quired to determine with what force the 
screw will press on the board at D, when 
the man turns the handle at A and B with 
his whole force. The diameter AB of 
the power being 4 feet or 48 inches, its 
circumference is 48 % 3:1416 or 1504 
nearly ; and the distance of the threads 
being + of an inch; therefore the power 
is to the pressure, as 1 to 6031: but the 
power is equal to 150 1b; therefore as 
1 ; 6034 :: 150 : 90,480; and conse- 
quently the pressure at D is equal to a weight of 90,480 pounds, independent 


of friction. 
50. Again, if the endless screw 


AB be turned by a handle AC of 20 : v¥ 
inches, the threads of the screw being ~, == I 


a 
i NA 
i 


| ' ig Ve. 
i a 





distant half an inch each; and the i i 





screw turn a toothed wheel E, whose ‘| i 
pinion L turns another wheel F, and the alt = 
pinion M of this another wheel G, to : 
the pinion or barrel of which is hung a 
weight W; it is required to determine 
what weight the man will be able to 
raise, working at the handle C; sup- 
posing the diameters of the wheels to 
be 18 inches, and those of the pinions 
and barrel 2 inches; the teeth and pin- 
ions being all of a size. 





2) 
4 



































Here 20 x 3':1416 x 2 = 125°664, 
is the circumference of the power. 

And 125°664 to 34, or 251°328 to iL, 
is the force of the screw alone. 

Also, 18 to 2, or 9 to 1 being the 
proportion of the wheels to the pinions; 
and as there are three of them, there- 
fore 9° to 1, or 729 to 1 is the power >. 
gained by the wheels. 

Consequently 251°328 x 729 to 1, or 1832183 to 1 nearly, is the ratio of th 
power to the weight, arising from the advantage of both the screw and t 
wheels, 

But the power is 150 pounds; and therefore 150 X 1832183, or 274827 
pounds, is the weight the man can sustain, which is equal to 12269 to 
weight. | 

But the power has to overcome, not only the weight, but also the friction 
the screw, which is very great, in some cases equal to the weight itself, since 
is sometimes sufficient to sustain the weight, when the power is taken off, 
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EXAMPLES ON THE PRINCIPLES OF THE MECHANICAL 
POWERS, 


On THE LEVER. 


51. Ex. 1. The arms of a bent lever are to each other as 4 to 5, and are 
inclined at an angle of 185°. The lever rests upon a fulcrum at its angular 
point, and weights are suspended from the extremities of the two arms, such 
that the shorter arm rests in a horizontal position; what is the ratio of the 
weights ? Ans. 8 : 54/2 or 1 :*8838835. 


Ex. 2. The difference of the lengths of the arms of a lever is (a) inches; 
the same weight weighs (w) pounds at one end, and (w) ounces at the other; 
find the lengths of the arms. Ans. @ and 2% 

"3 3° 


Ex. 3. A lever three feet in length weighs 6lb.; what weight on the 
shorter arm will balance 12lb. on the longer, the fulcrum being one foot. from 
the end? Ans. 27|b. 


Ex. 4. The compound lever DK is composed of three levers of the first 
kind, DA, AB, BK, acting upon one another. The arms DC, CA of the 
first lever are respectively 8 and 6 inches; those of the second, AO, OB, are 
12 and 2, and those of the third, BH, HK are 16 and 3; find the ratio of P, 
the power at D, to W, the weight suspended at K. , 

Ans. P: W::3: 128% 


Ex. 5. Suppose AB is a squared beam, or lever of oak, 30 feet long, each 
end being one foot square; what weight W at the end A would keep it in a 
horizontal position on a fulcrum C, 3 feet from that end, each cubic foot of the 
beam weighing 54lb. ? Ans, 6480lb. 


Ex. 6. AB is a uniform straight lever, 20 feet in length, and weighing 
40lb.; and HBK, a flexible chain of the same length, and weight 130Ib., is laid 
upon the lever in such a manner that it is kept in equilibrium on a fulcrum C, 
which is five feet from the end B; how much of the chain overhangs the 


dB? $0, vas. 
bes Ans. 20 — 7/26, or 8° 233032 feet. 


On THE WHEEL AND AXLE. 


52. Ex. le In a combination of four wheels and axles, each of the radii of the 
wheels is to each of the radii of the axles as 5 to 1; what power will balance 
a weight of 1875 pounds ? Ans. 3 pounds. 


Ex. 2. A power of 6lb. keeps in equilibrium a weight of 240lb., by means 
of a wheel and axle: the diameter of the axle is 6 inches; what is the radius 
of the wheel ? Ans. 10 feet. 
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4 4 

Ex. 3. In a combination of wheels and pinions, the circumference of each — 

pinion is applied to the circumference of the next wheel, and the ratios of the — 
radii of the wheels and pinions are 2:1, 22:1; 28:1, and so on. Find the 
number of wheels, when the power is to the weight as 1: n. 
Ans. The number of wheels may be found from the quadratic equation 

2 . — 2logn 
eae log 2 





, where = number of wheels. 


On THE PuLtey. "§ 


53. Ex. 1. What power will sustain 40 pounds over five moveable pulleys? 
Ans. 1lb. 


£x. 2. In a system of pulleys, where each pulley has a separate string 
passing over it, and fastened to the weight, P: W::] : 63; what is the num- 
ber of moveable pulleys ? Ans. 5. 


4x. 3. In the same system, the number of moveable pulleys is 3, and the 
weight of each pulley 2lb.; what weight will a power of 60Ib. support ? 


Ans. 922]b, 


‘ 
4 
On tHE INCLINED PLANE. 


54, Be.1. A power of 1lb. acting parallel to a plane supports a weight of 
2!b.; what is the inclination of the plane ? Ans. 30°, | 


Hx, 2, Two weights are fastened to the ends ofa thread which moves freely — 
over a pulley, and the thread makes angles 4m and B with the horizon when 


at rest; also one of the weights which is on a smooth plane is double of the 


other which hangs vertically; what is the inclination of the plane ? . 
Ans. cot ¢ = 2 sec B — tan B, where » = angle of inclination. £ 


£x. 3. A weight of 40 pounds acting parallel to the length, sustains another _ 
of 56 pounds on an inclined plane whose base is 840 feet; find the height and 


length of the plane. i 
| D5 : { 
Ans. Height = = /6 feet, and length = tle /6 feet. i 


Or THE Screw. 


55. Ex. 1. The distance between two contiguous threads of a screw is 2 j 
inches, and the arm to which P is applied is 20 inches; find the ratio of P to 
W when there is an equilibrium. Ans. P: W::1: 62-832, _ 

Ex. 2. What must be the distance between the threads in a screw, that a 
man exerting a force of 50lb. at the end of an arm 18 inches in length, may 
press with a torce of ten tons ? Ans, :25245 inches, or 4in., nearly. 
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OF THE CENTRE OF GRAVITY. 





56. Tur Centre of Gravity of a body, is a certain point within it, upon 
which the body being freely suspended, it will rest in any position; and it will 
_ descend to the lowest place to which it can get, in other positions. 


PROP. XII. 





because, in turning on the point A, the 
centre of gravity C would describe an 


57. If a perpendicular to the horizon, from the centre of gravity of any body, 
fall within the base of the body, it will rest in that position; but if the per- 


| pendicular fall without the base, the body will not rest in that position, but 


will tumble down. 


For, if CB be the perp. from the cen- 
‘tre of gravity C, within the base: then 
‘the body cannot fall over towards A; 


are which would rise from C to E; con- 
trary to the nature of that centre, which 
only rests when in the lowest place. 
For the same reason, the body will not 
fall towards D. And therefore will 
stand in that position. 





But if the perp. fall without the base, as Cb; then the body will tumble over 
on that side; because, in turning on the point a, the centre C descends by de- 
scribing the centre are Cc. 


Corollary. 1. If a perpendicular, drawn from the centre of gravity, fall just 
on the extremity of the base, the body may stand; but any the least force will 
cause it to fall that way. And the nearer the perpendicular is to any side, or 
the narrower the base is, the easier it will be made to fall, or be pushed over 
that way; because the centre of gravity has the less height to rise: which is the 
reason that a globe is made to roll on a smooth plane by any the least force. 
But the nearer the perpendicular is to the middle of the base, or the broader 
ihe base is, the firmer it stands. 


Corollary. 2. Hence, if the centre of gravity of a body be supported, the 
whole body is supported. And the place of the centre of gravity must be ac- 
counted the place of the body; for into that point the whole matter of the body 
may be supposed to be collected, and therefore all the force with which it 
endeavours to descend. 
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Corollary 3. From the property which the centre 
of gravity has, of always descending to the lowest 
point, is derived an easy mechanical method of finding 
that centre. 

For if the body be hung up by any point A, and a 
plumb line AB be hung by the same point, it will pass 
through the centre of gravity; because that centre is 
not in the lowest point till it fall in the plumb line. 
Mark the line AB uponit. Then hang the body up 
by any other point D, with a plumb line DE, which 
will also pass through the centre of gravity, for the 
Same reason -as before; and therefore that centre 
must be at C where the two plumb lines cross each 
other. 

Or, if the body be suspended by two or more 
cords, GF’, GH, &c., then a plumb line from the point 
G will cut the body in its centre of gravity C, 


58. Likewise, because a body rests when its centre 

of gravity is supported, but not else ; we hence derive 

“wee, another easy method of finding that centre mechanical- 
ly. For, if the body be laid on the edge of a prism, 

and moved backwards and forwards till it rest, or ba- 

lance itself; then is the centre of gravity just over the 

line of the edge. And if the body be then shifted into another position, 
balanced on the edge again, this line will also p 

and consequently the intersection of the two will give the centre itself. 


PROP. XIII, 


59. The common centre of gravity C of any two bodies A, B, divides the 
Joining their centres, into two parts, which are reciprocally as the bodies. 


Thatis, AC: BC :: B: A, 
For, if the centre of gravity C be supported, 
the two bodies A and B will be Supported, and © fe 
will rest in equilibrio. But, by the nature of the “x S B 
lever, when two bodies are in equilibrio about a 


fixed point C, they are reciprocally as their’ dist 
fore A: B :: CB: CA, 


Corollary 1. Hence AB: AC:: A +5B:B; 


ances from that point ; th 


centre, as the sum of the bodies is to the other body. 
Corollary 2. Hence also, CA. A= CB. 


equal, which are made by multiplying each body 
ire of gravity. 


Corollary 3. As the centre © is pressed with a force equal to both 
weights A and B, while the points A and B 


B; or, the two products 


, is to the distance of either of them from the commor 
by its distance from the cen- 


are each pressed with the respec= 








’ 


H f 


and 


ass by the centre of gravity, 


’ 
| 
at 
line 


| 


ere- 








ar 


the 
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_ tive weights A and B. Therefore, if the two bodies be both united in their 
common centre C, and only the ends A and B of the line AB be supported, 

each will still bear, or be pressed by the same weights A and B as before. So 

‘that, if a weight of 100 Ib. be laid on a barat C, supported by two men at A 

_ and B, distant from C, the one four feet, and the other 6 feet; then the nearer 
will bear the weight of 60 lb., and the farther only 40 lb. weight. 

| Corollary 4. Since the effect of any 


body to turn a lever about the fixed point — 
C, is as that body and its distance from \ i ( ) Cc ( ) ( Bes" 
that point; therefore, if C be the com- 5 caulk ik ae 


mon centre of gravity of all the bodies 
A, B, D, E, F, placed in the straight line AF; then is CA. A 
= CD.D+ CE.E+ CF.F; or, the sum of the products of one side, 
equal to the sum of the products on the other, made by multiplying each body 
by its distance from that centre. And if several bodies be in equilibrium upon 
any straight lever, then the prop is in the centre of gravity. 

Corollary 5. And although the bodies 
be not situated in a straight line, but scat- 
tered about in any promiscuous manner, the 
same property as in the last corollary still 
holds true, if perpendiculars to any line 
whatever af be drawn through the several 

_ bedies and their common centre of gravity, 

namely, that Ca. A+ Cb. B= Cd. D+ Ce. E+ Cf.F. For the bodies 

have the same effect on the line af, to turn it about the point C, whether they 
are placed at the points a, 0, d, e, f, or in any part of the perpendiculars Aa, 
Bd, Dd, Ee, Ff 












PROP, XIV. 


60. If there be three or more bodies, and, if a line be drawn from any one 
body D to the centre of gravity of the rest C; then the common centre of gra- 
vity E of all the bodies, divides the line CD into two parts in E, which are 
reciprocally proportional as the body D to the sum of all the other bodies. 


That is, CE: ED :: D: A -+ B, &e. 


For, suppose the bodies A and B to be collected 
into their common centre of gravity C, and let 
their sum be called S. Then, by the last prop. 
CE: ED:: D:Sor A +B, &c, 





Corollary Hence we have a method of finding the common centre of gra- 
vity of any number of bodies; namely, by first finding the centre of any two 
of them, then the centre of that centre and a third, and so on for a fourth, ox 
fifth, &c. 


PROP. XV. 


61. If there be taken any point P, in the line passing through the centres of 
two bodies; then the sum of the two products of each body, multiplied by its 
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distance from that point, is equal to the product of the sum of the bodies multi. 
plied by the distance of their common centre of gravity C from the same point P: 


That is, PA. A+ PB. B= PC. A4 B. 


For, by the 38th, CA. A = CB. B, that is, 
PA —PC.A = PO — PB. B, therefore, Oo —; F 
by adding ry 

PA.A +- PB.B = PC.A-+B. 


Corollary. 1. Hence, the two bodies A and B have the same force to turn 
the lever about the point P, as if they were both placed in C, their common 
centre of gravity. 

Or, if the line, with the bodies, move about the point P; the sum of the mo- 
menta of A and B, is equal to the momentum of the sum S or A + B placed 
at the centre C. 


Corollary. 2. The same is also true of any number of bodies whatever, as 
will appear by cor. 4, prop. 38, namely, PA. A + PB.B-+ PD. D, &e 
= PC.A+ B+ D, &c., where P is any point whatever in the line AC. 


And, by cor. 5, prop. 38, the same thing is true when the bodies are not 


placed in that line, but any where in the perpendiculars passing through 


the points A, B, D, &c.; namely, Pa. A+ Pb. B+ Pd. D, 6.5¢o ck Cee { 


A + B+ D, &c 


Corollary. 3, And if a plane pass.through the point P perpendicular to the 


line CP; then the distance of the common centre of gravity from that plane, is 


i a i Sl ec that is, equal to the sum of all the forces 





= Ann Dy, de 


divided by the sum of all the bodies. Or, if A, B, D, &c., be the several parti- ; 


cles of one mass or compound body; then the distance of the centre of gravity — 


of the body, below any given point P, is equal to the forces of all the particles 


divided by the whole mass or body, that is, equal to all the Pa. A, Pd. B, | 


’ 
” i 


Pd. D, &c, divided by the body or sum of the particles A, B, D, &e 


PROP. XVI. 
62. To find the centre of gravity of a triangle, 


From any two of the angles draw lines AD, CE, to 
bisect the opposite sides; so will their intersection G iqid 
be the centre of gravity of the triangle. 

For, because AD bisects BC, it bisects also all its 
parallels, namely, all the parallel sections of the figure ; 
therefore AD passes through the centres of gravity of 
all the parallel sections or component parts of the 
figure; and consequently the centre of gravity of the 
whole figure lies in the line AD. For the same rea- 
son, it lies also in the line CE. And consequently it is in their common point 






7 ies! 
7 


OSes---~.. 


of intersection G, ; 
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Corollary. 'The distance of the point G, is AG = ZAD, and CG = 4CE 
(or AG = 2GD, and CG = 2GE. 

For, draw BF parallel to AD, and produce Ci to meet it in F. Then the 
triangles AEG, BEF are similar, and also equal, because AE = BE; conse- 
quently AG = BF, But the triangles CDG, CBF are also equiangular, and 
CB being = 2CD, therefore BF = 2GD. But BF is also = AG; consequenily 
AG = 2GD or ZAD. In like manner, CG = 2GE or ?CE. 


PROP. XVII. 


63. To jind the centre of gravity of a trapezium. 
/DiviveE the trapezium ABCD into two triangles, by 
the diagonal BD, and find E, F, the centres of gra- 
vity of these two triangles; then shall the centre of 
gravity of the trapezium lie in the line EF connect- 
ing them. And therefore if EF be divided, in G, 
in the alternate ratio of the two triangles, namely, 
EG : GF :: triangle BCD: triangle ABD, then G 
will be the centre of gravity of the trapezium. 





| 64. Or, having found the two points EF, F, if the trapezium be divided into 
‘two other triangles BAC, DAC, by the other diagonal AC, and the centres of 
\gravity H and I of these two triangles be also found; then the centre of gra- 
vity of the trapezium will also lie in the line HI. 
So that, lying in both the lines, EF, HI, it must necessarily lie in their in- 
tersection G. 

65. And thus we are to proceed for a figare of any greater number of sides, 
finding the centres of their component triangles and trapeziums, and then 
finding the common centre of every two of these, till they be all reduced into 
one only, 





PROP. XVIII. 


66. To find the centre of gravity of a triangular pyramid. 


Let ABCD be a triangular pyramid, and to the 
point of bisection of DC draw AH, BH. Take 
HK=:HA and HI=+4HB,; then K and I will 
be the centres of gravity of the surfaces ACD and 
BCD respectively. Join KI, AI, BK. Now if 
the pyramid be resolved into elements, by means 
of planes parallel to BCD, it is evident that the 
line AI must pass through the centre of gravity of 
the pyramid, since I is the centre of gravity of 
BCD. For the same reason, the centre of gravity 
of the pyramid is in the line BK, and because 
AI and BK are in one plane, the centre of gravity of the pyramid ABCD must 
‘be at G, the point of intersection of AI and BK. 

By similar triangles AGB and KGI, we have 
AG*GI::AB:KI:: AH: KH 3:31 
» AG: AI::3:4 or AG = 32Al, 
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Cor. 1. Bisect AB in P and join HG and GP; then if PQ be drawn paral 
to AI, we have BQ=QI=IH; but AI=2PQ and AI=4GI; hence PQ=2G 
and therefore HI: HQ::1G: PQ; whence HGP is a straight line. 


Cor, 2. Hence the centre of gravity of a triangular pyramid is the middle | 
the line joining the points of bisection of any two edges that do not meet. 


Cor. 3. A solid bounded by plane surfaces may be divided by planes int 
a number of triangular pyramids; and if a plane be drawn parallel to the base, ; 
a distance equal to 4 of the altitude of the pyramid, then the centre of gravity ( 
the whole pyramid must be in this plane, for that of each of the triangular pyr 
mids is in this plane. Hence, the line joining the vertex of the pyramid and th 
centre of gravity of its base will cut the plane in the centre of gravity of th 
whole pyramid. 


PROP. XIX. 


67. To find the centre of gravity of any body, or system of bodies. 


Let v,, v2, vs, &e., denote the volumes of the material particles which compos 
the body or volume V; and 2, y,, 2:3 2X2, Yo, 22, &.; their co-ordinates in refe! 
ence to three rectangular axes; then if X, Y, Z denote the co-ordinates of th 
centre of gravity, we have (by Prop. XV., Cor. 3.) | 


Ya OY V2 + ae + vyst... | 
7 me Ui Veen + U3%3 + Vs ee. 
But to adapt these expressions to i, we shall introduce the prin 


ciples of the Differential and Integral Calculus, and then the preceding expres 
sions will take the form | 








x — fede , — Syd, 7 — fede i 
where z, y, 2 denote the distances of the centre of gravity of dv from the thre 
rectangular planes. ; | 


By means of these three equations, the determination of the centre of gravit 
may be effected; and when the figure is a plane surface, two of these equatior 
are only required, since the centre of gravity is in the plane. rs 





I. When the figure is a plane curve. 
- Here dv = differential of the are = ./dz? + dy? = ds 
ra >.< — frds. Y — /yds 
s s 
and if the are be symmetrical on each side of the axis of x, we have y=09 
then we have simply ° 


x ae Seds 
s§ 


Il. When the figure is a plane surface. 
Here dv = differential of the area = ydz; hence 
_ feyie. y= Wide 
Sida’ Syda 





one equation, viz. 
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And if the area is symmetrical on each side of the axis of x, we need only 


gee Syzdz 
Sydz 
III. For a surface of revolution round the axis of 2. 
Here one equation only is necessary; and since dv = differential of the 


surface = 2myds, we have 
eae Suyds 


JSyds 
LV. For a solid of revolution round the axis of z. 
Here dv = differential of the volume = my’dz, and hence 
ee Sy-xdx 
Sy2dz” 
We shall now apply these formule to a few examples. 











EXAMPLES. 


68. Ex. 1. To find the centre of gravity of a circular are. 
_ Here the curve is symmetrical on each side of the axis of 2, and the equa- 


tion is y? = 2az — x’; hence we have 


x= feds __ fxr/dy?+dir 
Ss s 
eee 1 pees he (a vers — /2az — #) 
8 Jf 2ar%—x? s sed 


=4¢—-y=a-% 


that is, the distance of the centre of gravity ofa circular arc from the vertex 


is = a — %, and therefore the distance of the centre of gravity from the 
s 


centre = ey, 
s 

Ex. 2. To find the centre of gravity of a cone. 

Let z,, a, represent any two parts of the axis of the cone, measuring from 
the vertex, and y;, y2 the radii of the circular sections of the cone correspond- 
ing to the altitudes z,, 2; then, if x denote any variable part of the axis, and - 
y the radius of the corresponding circular section, we have 

Po a Y. where 2, y; are constants;, hence 


ce’ 7 a 7¥ a? BY “as imeea? 
1 
ape 2 2 
>. 4 = = Uy [ede + Wy [vax 
y Y 9 2) 1 
1 4 4 3 
meee ar 8 tS 3 » = distance from vertex. 
fedz az 4 2 


But integrating between the limits x, and 2, we have 


X= 4(a,4 — x2") Aci (2? + w:*) (2° — a2") 
4(x;> — 2,9) 4 (x2, — &2) (uP? + ax, + 2,*) 
8 (#2 + 22) (a + t) _ 3 23 + w2e, + xa? + Pie 
Sy a + @% + x3 4° ae + £%2 + 2? 
s > a 3 ae + xa. + #257 + 2,9 
cat e a € ; ae + XX, + 2P 


a (x, — 22) : x2 + Qx,2. + 32,* 


4 LP + wate + 22? 
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This expression gives the distance of the centre of gravity of the frustum 
of a cone from the greater end; hence, if R, y represent the radii of the 
greater and less ends of the frustum, and h its altitude, we have the distance 


3 . eee and when 7 = 0, we have. 
i t= He 


; h ! 
the distance of the centre of gravity of a cone from its base = 7) 


of the centre of gravity = 


fourth of the altitude as found above. 


x. 3. Four bodies, whose weights are w,, w2, Ws, W, pounds, are placed at — 
the successive angles of a square whose side is 2a inches; required the posi- 


tion of their common centre of gravity, the square being considered without 
weight. 


Take O, the centre of the square, as the origin of co-ordinate reference, and 
the two rectangular axes parallel and perpendicular to the sides; then we have 


X = (e+ w—wi— wv) , andy = Wit W2— Ws— Wi ow, 7 
W, + Wy + W3 + Ww, W, + We + Ws + W, 
Thus if w,= 38, w.= 4, W3= 5,w,=6; and 2a= 12 inches; 
a Ort) and y= — = .6 = —14= OG = distance of 


centre of gravity below O on the axis of y. 


Prosiems ror Exercise. 





69. Ez. 1. Find the centres of gravity of 


(1.) The common parabola and the paraboloid. 
(2.) A semicircle, and the segment of a circle. 
(3.) A hemispheroid, and a hemisphere. : 
(4.) The sector of a circle, and a spheric sector. | 
(5.) The surface of a spheric segment, and that of a cone. 


Ex. 2. Two cones are placed with their equal bases in contact, and the 
altitude of the one is three times that of the other; find the position of their 
common centre of gravity. 








£2. 3. The surface generated by a plane line or curve revolving about an 
axis in the plane of the figure, is equal to the product of the generating line or — 
curve, and the path described by its centre of gravity. 


“ Ex. 4. The volume of the solid generated by the revoivtion of a plane 
figure about an axis in the plane of the figure, is equal to the product of the 
generating surface, and the path described by its centre of gravity. 


Ex. 5. From a given rectangle ABCD of uniform thickness, to cut off a 


triangle CDO, so that the remainder, ABCO when suspended at O, shall hang — 
with AB in a vertical position. 
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EQUILIBRIUM OF TERRACES. 


~ 


' PROP. XX. 


70. To determine the horizontal thrust 
of the terrace, whose vertical section ts 
BCHK, against the wall whose section 
is ABCD, and the momentum of the 
thrust to overturn the wall about the 
angle A. 

If it be required to support a terrace 
by a vertical wall, it must be constructed 
so as to counteract the horizontal thrust 
of the prismatic mass of earth which lies above the surface of a bank that 
would be itself supported. But this prismatic mass is partly supported by 
| friction, and we must therefore ascertain how much of the horizontal thrust is 
counteracted by friction. 

Suppose a weight W to be placed on a plane, inclined to the vertical at an 
angle 7; and let H be the horizontal force, which, with the friction, just 
sustains the weight W. Resolve each of the forces 
W, H into two others, the one parallel and the other 
perpendicular to the plane; and those parallel to the 
plane act in opposite directions, while those perpen- 
dicular to the plane concur in direction; hence we 
have 








force parallel to the plane = Wcosi — Hsin 2 
force perpendicular to the plane = W sin 7 + H cos te 
And the first of these forces must be precisely equal to the friction; that is, 
equal to a force that will just support the weight upon the plane; hence 
W cos i — H sin i = f W sinz + fH cosz 
“3 cos i — fsini yw _ 1 —ftant Ww 


ce ~ sin 2 + f cost tani +f 
If then the weight W were sustained by a wall, the horizontal thrust of 
1—ftant w 


, } W 1 ‘4 et ° 
the weight W against the wall would be ney 


Now to apply this to the investigation of the horizontal thrust of the prism 
BCH, we shall put BC =a, a variable part Ch=z, bb! = dz, and s the 
specific gravity of the earth. Then the area of bb'hh' = xdzx tan 7, and its 
weight = sxdz tan 7; hence the horizontal thrust against bd! will be 


| i ; ay : 
Ae : . sxdx tant = inde ace . sadx = sMadx 


tan 7 + f 1 + fcotz 
1 — ftanz . : 
h M = —“—*__-;; hence, integrating, we have 
where 1 4 feoti g > 


SosMadz = 40°sM = whole horizontal thrust of triangle BCH. 
Again, the lergth of the lever Bb = a — 2, and the moment * of the thrust 
/ of the element bb'Ah' = sMx(a — x) dx = asMadx — sMz*dx; hence 


* If lines be expressed numerically, the product of a force acting on a lever, and the perpendicu- 
lar from the axis of motion on its direction is called the moment of that force, 





832 STATICS. 


SeasMadx — f°sMx*dz = 145sM — +a"sM = 3a°sM = moment of the whok 
horizonal thrust. 


The expression 1—f tant will vanish when tan 7 = 0, or tani = - and 

1 + fcot i \ 
between these limits there is a value which gives both the horizontal thrust’ 
and its moment a maximum. Let then as 


reapin n 2 . . ° ° 
y= Lf tani _ maximum, and differentiating we have 


1 + fot z 
du _ — f sec? i (1 + f cot t) + fcosec? ¢ (1 — f tan 7) 
aigod (1 + feot 7) 
sec” z (1 + f cot ?) = cosec® i (1 — f tan 2) 2 
tan 7 =—f+wVi+ f2 ‘ 
1 — ftani sec? z aera 
Hence M = ;7~,—— ran = Ye ane /1 + 2s 


.. horizontal thrust = 10°8( —f+ VI +f *)? = ta®s tan? 7, 
and moment of thrust = $@s(—f + JL 4 J?Y = 4403s tan? 7. 
71. The angle whose tangent is — J+ V1 + f? is just half of that whose 


vend ——__ I 1 : ; 
tan. is 7 tan (— f+ /1 +f) = 5 tan-'~. For since tan 2i = 





ra 
eet F,.. Ba .; therefore _2(—f'+ V1 tI) ae Da fe sy = 
T= tan \—(=f+ VFR 2f(—fEM Py 


i , and tan —} 73 the angle of the slope which the earth would naturally assume 


- 
if unsustained by any wall. 

For if ¢ be the inclination of a plane to the vertical, and g the accelerating 
force of gravity; then the force g resolved into two, parallel and perpendicu- 
lar to the plane, gives g cos 7 and g sin ¢; hence the friction — J g sin t, and 
being counteracted by the force g Cos 7, we must have : 


; sPr ie ‘ 1 : 
J cos t = fg sin 7, or tan i = ~, or f = cot 7. 


Hence if BK be the natural slope of loose earth, and BH bisect the angle 
KBC; then the prismatic mass CBH will exert the greatest force against the 
vertical wall BC. 


' 72. In loose earth the natural slope is about 60° from the vertical, 
and in tenacious earth this angle is about 54°; hence in the former case 
i= 30; tan 7= tan 30° = /}4 = 44/3, and in the latter i = 27° tan 7 — tan 
27° = 4/4, nearl y=+. Therefore, for loose earth, the horizontal thrust = a2s, 
and its moment = ,1,a3s, and for tenacious earth, the horizontal thrust is dats, | 
and its moment = 1,a5s. Now put AB the breadth of the wall = 2, BC=a,@ 
and the specific gravity = 8; then the moment of the resistance of the wall 

is = 4a2°S, which, in the case of equilibrium, must be equal to the moment of — 
the horizontal thrust; hence, for tenacious earth we have 


Le oe aslae eae /® 
ma = — Ss A 
Pee hae ii yar a’ 6N/¥5° 


Ex.1. Let S= 2520, and s = 1600; then we have 


f= 1/8 =! 4800 _ 1 10 ele 
a 6V 8 6 V 2590 = §.4/’o) 0 eee 
: 9 9 


Piri fas a ar of the height of the rectangular wall ; 
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Hz. 2. Let the wall be triangular, as in the annexed figure, and let 2 = its 
_ breadth; then the moment of the resistance will be = 22 xX 1 azS = 1a2°S; 
_ hence we must have 
it Paar 1 2 1 /2s 
‘ “st Cos eee ES eet at =, 
estes ye ot. a 4V/8 
and §, s remaining as above, we have 


Feb 3200 _ 1 86. A/ gy = - 282nearly = 5 
4 63 63 


Se 4c 2590 || 25 
2 age As 6 x of the height of the triangular wall. 


PROP XXI. 


73. To determine the thickness of a pier necessary to support a given arch 


Let ABCD be half the arch, and DEFG 
the pier. From the centre of gravity K 
of the arch draw KL perpendicular to the 
horizon. Then the weight of the arch in 
direction KL will be to the horizontal 
push at A, in direction LA, as KL to LA. 

For the weight of the arch in direction 
KL, the horizontal push or lateral pres- 
sure in direction LA, and the push in 
direction KA, will be as the three sides 












































































































































LA 
KL, LA, KA. So that, if A denote the weight or area of the arch; then nm. 4 


will be its force at A in the direction LA; and ae . GA. A its effect on 


the lever GA to overset the pier, or to turn it about the point F. 


Again, the weight or area of the pier, is as EF. FG; and _ therefore 
EF. FG. 3FG, or EF. FG, is its effect on the lever 1FG, to prevent the pier 
from being overset; supposing the length of the pier, from point to point, to be 
no more than the thickness of the arch. 

But that the pier and arch be in equilibrio, these two effects must be equal. 


Therefore we have sEF. FG? = ze . GA. A, and consequently the thickness 
2GA. AL 


of the pier is FG = \/ Epa KT 


xX A. 

Example 1. Suppose the arc ABN to be a semicircle; and that DC or AO 
= 45, BC = 6, and GA = 18 feet. Then KL will be found = 40, AL = 15 
nearly, and EF = 69; also, the area ABCD or A = 7 043. Therefore FG = 


Ae. 1 ube : 
Jo A 18, oe a - 7044 = 114 nearly, which is the thickness 





_of the pier. 


Example 2. Suppose, in the segment ABN, AN = 100, OB = 414, BC = 63, 
and AG = 10.. Then EF = 58, KL = 35, AL = 15 nearly, and ABCD or 


IGA. AL 20.15 
— B mos pris Eye a. = Sekt — 2 
A = 842, Therefore FG EF-KL Ba oe 842 11,2, 


nearly, the thickness of the pier in this case. 
GGG 
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DYNAMICS. e 


DEFINITIONS AND PRINCIPLEs. 


1. A body is said to be in motion when it is continually changing its position 
in space. 


2. Motion is said to be uniform when the spaces described in equal successive 
intervals of time are equal, and variable when these spaces are unequal. 


3. The velocity of a body is the space it would describe in a unit of time, were 
the motion to become uniform at the commencement of that unit. 


4. Motion is said to be accelerated when the velocity continually increases, and 
retarded when it continually decreases; and an accelerating or retarding force is 
said to be uniform or variable, according as the increments or decrements of 
velocity in equal times are equal or unequal. 


5. The momentum or quantity of motion of a body is the sum of the motions 
of all its particles; and, as the motion of a particle is measured by its velocity, © 
and the number of particles in a body constitutes its mass; hence the momentum _ 
will be equal to the product of the mass and velocity, when all the particles move 


with the same velocity. | 


: 
6. Inertia is the opposition offered by a body to a change of state, either of 
rest or of motion, by the action of a force impressed upon it. 


7. Ifa system of particles, m, m,, m;,... revolve round an axis, and 7, 7’, 7",... 
be their respective distances from that axis; then mr? + mr’ + ma r'*?+... or 
=(mr*) is called the moment of inertia of the system. 


ON THE COLLISION OF SPHERICAL BODIES. | 
' 


PROP. I. : 


8. Ifa spherical body strike or act obliquely on a plane surface, the force 
or energy of the stroke or action, is as the sine of the angle of incidence. 
Or, the force on the surface is to the same tf it had acted perpendicularly, as 

the sine of incidence is to radius. 


Let AB express the direction and the absolute 
quantity of the oblique force on the plane DE; or let 
a given body A, moving with a certain velocity, im- 
pinge on the plane at B; then its force will be to the 
action on the plane, as radius to the sine of the angle 
ABD, or as AB to BC, drawing BC perpendicular, 
and AC parallel to DE. 





ee ee 


! 
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For, by Prop. 1., the force AB is equivalent to the two forces AC, CB; of 
which the former AC does not act on the plane, because it is parallel to it. The 
plane is therefore only acted on by the direct force CB, which is to AB as the 
sine of the angle BAC, or ABD, to radius, 

Corollary. 1. If a body act on another, in any direction, and by any kind of 
force, the action of that force on the second body, is made only in a direction 
perpendicular to the surface on which it acts. 

For, the force in AB acts on DE only by the force CB, and in that direction. 

Corollary.2. If the plane DE be not absolutely fixed, it will move after the 
stroke, in the direction perpendicular to its surface. For it is in that direction 
that the force is exerted. . 


PROP. Il. 


9. If one body A strike another body B, which is either at rest or moving 
towards the body A, or moving from it, but with a less velocity than that of A; 
then the momenta, or quantities of motion of the two bodies, estimated in any one 
direction, will be the very same after the stroke that they were before tt. 


For, because action and re-action are always equal, and in contrary directions, 
whatever momentum the one body gains one way by the stroke, the other must 
just lose as much in that same direction ; and therefore the quantity of motion 
in that direction, resulting from the motions of both the bodies, remains still the 
same as it was before the stroke. 

Thus, if A with a momentum of 10, strike 


‘B at rest, and communicate to it a momentum of Q————_2 ———— 


4, in the direction AB, Then A will have only a $ 


a momentum of 6 in that direction; which, together with the momentum of B, 
viz. 4, make up still the same momentum between them as before, namely, 10. 

If B were in motion before the stroke, with a momentum of 5, in the 
same direction, and receive from A an additional momentum of 2; then the 
motion of A after the stroke will be 8, and that of B, 7, which between them 
make 15, the same as 10 and 5, the motions before the stroke. 

Lastly, if the bodies move in opposite directions, and meet one another, 
namely, A witha motion of 10, and B, of 5; and A communicate to B a motion 
of 6 in the direction AB of its motion. ‘Then, before the stroke, the whole mo- 
tion from both, in the direction of AB, is 10 — 5 or 5; but after the stroke, the 
motion of A is 4 in the direction AB, and the motion of B is 6—5 or | in the 
same direction AB; therefore, the sum 4-- 1, or 5, is still the same motion 
from both as it was before. 


PROP. III. 


10. The motion of bodies included in a given space, ts the same, with regard to 
cach other, whether that space be at rest, or move uniformly in a right line. 


For, if any force be equally impressed both on the body and the line in which 
it moves, this will cause no change in the motion of the body along the right 
line. For the same reason, the motions of all the other bodies, in their several 
directions, will still remain the same. Consequently, their motions among 
themselves will continue the same, whether the including space be at rest, or be 
moved uniformly forward; and therefore, their mutual actions on one another 
must also remain the same in both cases, 

GGG2 
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PROP. IV. 


11. Lfa hard or fixed plane be struck by either a soft or a hard unelastic body, 


the body will adhere to it; but if the plane be struck by a perfectly elastic body, 
et will rebound from it again with the same velocity with which it struck the plane, 


For, as the parts which are struck of the elastic body suddenly yield and 
give way by the force of the blow, and as suddenly restore themselves again 
with a force equal to the force which impressed them, by the definition of elastic 
bodies; the intensity of the action of that restoring force on the plane, will be 
equal to the force or momentum with which the body struck the plane. And, 
as action and re-action are equal and contrary, the plane will act with the same 


—_ 


force on the body, and so cause it to rebound or move back again with the same — 


velocity as it had before the stroke. 
But hard or soft bodies, being devoid of elasticity, by the definition, having 


no restoring force to throw them off again, they must necessarily adhere to the 


plane struck. 
Corollary 1. The effect of the blow of the elastic body on the plane, is 
double to that of the unelastic one, the velocity and mass being equal in each. 
For the force of the blow from the unelastic body, is as its mass and velocity, 


which is only destroyed by the resistance of the plane; but in the elastic body, | 
that force is not only destroyed and sustained by the plane, but another also — 


equal to it is sustained by the plane, in consequence of the restoring force, and 
by virtue of which the body is thrown back again with an equal velocity; and, 
therefore, the intensity of the blow is doubled. 


Corollary 2. Hence, unelastic bodies lose, by their collision, only half the | 


motion lost by elastic bodies, their mass and velocities being equal; for the 
latter communicate double the motion of the former. 


PROP. V. 


12. If an elastic body A impinge on a Jirm plane DE at the point B, it wiu 
rebound from it in an angle equal to that in which it struck it; or the angle of 
incidence will be equal to the angle of reflection; namely, the angle ABD equal 
lo the angle FBE. 


Let AB express the force of the body A in the 
direction AB; which let be resolved into the two 
AC, CB, parallel and perpendicular to the plane. 
Take BE and CF equal to AC, and draw BF. 
Now, action and re-action, being’ equal, the plane 
will resist the direct force CB by another BC equal 
to it, and in a contrary direction; whereas, the other AC, being parallel to the 
plane, is not acted on nor diminished by it, but still continues as before. The 
body is therefore reflected from the plane by two forces BC, BE, perpendicular 
and parallel to the plane, and therefore moves in the diagonal BF by compo- 
sition. But, because AC is equal to BE or CF, and BC is common, the two 
triangles BCA, BCF, are mutually similar and equal; and consequently the 
angles at A and F are equal, as also their equal alternate angles ABD, FBE, 
which are the angles of incidence and reflection. 
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FROP. Vi. 


13. Let B and b be two spherical bodies moving in the same direction with 
the velocities V and v; it is required to find the velocities of B and b after B hus 
impinged on b. 

(1.) [f the bodies are inelastic, it is obvious that the bodies p d 
will move on together after impact, because there is no O0————o 





elastic force to separate them. Let C be their common velocity after impact; 


then BV + bv is the momentum of the system, and since it must remain un- 
changed after impact, we must have 


sid BV + bv 
B+ 6)C=BV+ 2 page Gy meg cet as, 
(B + 3b) + bv Bae 
A atic b(V — v) 

Velocity lost b Bi Vie eG SS ee 
elocity lost by Ba 
“Aap B(V — v) 

locit 3 a — ee a et ee 
velocity gained by v Bas 


~ B+b:b::V—v: velocity lost by B, 
and B + 6:B:: V —v: velocity gained by 6. 
(2.) If the bodies B and 6 are perfectly elastic, the velocity lost by B and 
gained by @ will be the same as we have found above during the compression of 


- their figures; but after the compression ceases, elasticity begins to act, and the 


bodies separate with exactly the same velocity as that with which they were com- 
pressed; therefore B will lose and & will gain as much velocity by the recovery 


of their figures as by their compression; 








ie _ VY — »v) b(V — v) 2b(V — v) 

h locity lost by B= 4,——~ ahs eet, GaN a ae 
ence velocity lost by Bo 15 By B+ 

- yelocity gained by 6 = Bee + oe = a 


Or when the bodies are perfectly elastic, we have 
B+0:2b::V—v: velocity lost by B. 
B+06:2B:: V—v: velocity gained by 0. 
(3.) If the bodies are not perfectly elastic, which is usually the case, then 
when elasticity begins to act, it produces effects proportionally less than perfect 
elasticity does. Let e denote the common elasticity of the bodies; then in con- 


sequence of the restoring force, B and b will be repelled with the velocities eV 


and ev respectively; hence 
b(V — v) vi be(V — v) _ (1 + €)0(V — ») 





-yelocity lost by B = oD ae OTB HE 
velocity gained by 6 = BS et Bay — a+ oe. 

.. velocity of B after impact = V — OF oy —*) = BY + by — bey =) 

velocity of 6 after impact = v + Aly os —v) _— BY bn + Bel). 


The relative velocity of the bodies after impact is the difference of these velo- 
cities, and is hence = e(V — )- 

Cor. If the bodies are moving in contrary directions before impact, attention 
to the signs of the velocities will preserve the truth of the formule above deduced, 
and if the body 0 be at rest, its velocity will be zero, and the formule may be 
readily modified to this or any other casce 
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EXAMPLEs. 


(1.) An inelastic body B impinges directly on another inelastic body 8, at rest, 


with a velocity of 10 feet per second; find the velocity after impact, when - 
B= 6 and d = 4 ounces. 


Here v = 0, and therefore we have, by the first case, 


Oye re Aes m4 = 6 feet per second, the velocity after impact. 





Or, thus:— 
Let 2 = common velocity after impact; then . 
the velocity and momentum lost by Bare 10 — 2 and 6(10 — z) 
the velocity and momentum gained by C are x and 42. 
*. 6(10 — x) = 4z, and hence z = 6, as above. 


(2.) B = 10]b. is moving with a velocity 20; with what velocity must b = 6lb. 
meet B, that their common velocity after impact may be 10 in the direction of b’s 


motion ? Ans. v = 60 feet. 


(3.) A sphere whose diameter is 2 inches i 
10 feet per second on another sphere at re 
will they move after impact ? 

(1) When the spheres are perfectly elastic. | | 

(2) When their common elasticity is denoted by +5. | 

Ans. The two-inch sphere moyes backward with a velocity = 72 feet, 

while the other moves forward with a velocity = 22 feet. And when 

their elasticity is 1s, the velocities are respectively 72 and 211 in the 
same directions as in the first case. 


mpinges directly with a velocity of 
st, whose diameter is 4 inches; how 4 


PROP. VII, 


14. Ifa body B impinge on b at rest, and b on b! 
municated to b! will be a maximum, 
B and b’. 


For the velocity communicated to 4 = (1 te)BV 
B+6 
and the velocity by 5 to ! = Cte F pee 
—_(l'-+'e2BY a Pee 
BCL = maximum. 
b 


at rest; the velocity com- | 
when b ts a mean proportional between 


sp a ae a at ree a minimum. 


Bo’ 


*. we haveu=b + ST minimum. 
du Bo! 
OT i be eth ad 
db b2 : 


. * 6 = Bo andb = Bo. 
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PROP. VIII. 


15. If bodies strike one another obliquely, it is proposed to determine their 

motions after the stroke. 

Let the two bodies B, &, move in the oblique 
directions BA, 0A, and strike each other at A 
with velocities which are in proportion to the 
lines BA, 6A; to find their motions after the 
impact. Let CAH represent the plane in 
which the bodies touch in the point of con- 
course; to which draw the perpendiculars BC, 
bD, and complete the rectangles CE, DF. 





- Then the motion in BA is resolved into the two 


BC, CA; and the motion in 0A is resolved into the two JD, DA; of which the 
antecedents BC, dD, are the velocities with which they directly meet, and the 
consequents CA, DA are parallel; therefore, by these the bodies do not impinge 
on each other, and consequently the motions, according to these directions, will 


~ not be changed by the impulse; so that the velocities with which the bodies meet, 


are as BC and OD, or their equals EA and FA. The motions, therefore, of the 
bodies B, d, directly striking each other with the velocities EA, FA, will be 
determined by Prop. vi. p. 837, according as the bodies are elastic or non- 


elastic; which being done, let AG be the velocity, so determined, of one of them, 


as A; and since there remains also in the body a force moving in the direction 
parallel to BE, with a velocity as BE; make AH equal to BE, and complete the 
rectangle GH; then the two motions in AH and AG, or HI; are compounded 
into the diagonal AI, which therefore will be the path and velocity of the body 
B after the stroke. And after the same manner is the motion of the other body 
6 determined after the impact. 


FUNDAMENTAL EQUATIONS OF MOTION. 


PROP. IX. 


16. In uniform motion, the space s described with a velocity v in time t 1s 
s = tv. 
For v is the space described in each unit of time, and ¢ is the number of units 
of time; therefore the whole space described is 
BEE Are ston) carp iniecet’s iene eam now, ee; a Ute (1) 


PROP. X. 


17. In uniformly accelerated or retarded motion, the velocity v generated by 

the force f in time t ts 
; v = fi. 

For the yelocity generated in each second is f, and hence in ¢ seconds, it is ft, 

and therefore | 
Beaton ciel wo 0 SPs Spr. O COIL (2) 

Cor. If u = velocity when ¢ = 0, the velocity at the end of the time ¢ is 
v=u-+ft, the + being used when the force is accelerating, and the — when it 
is retarding. 
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PROP. XI. 8 


18. The space described Jrom rest by = body, acted on by a uniformly acceles 
rating force is s = 1Yyt. t 

Let s = space described, in the time t, by the action of the uniformly accele- 
“ing force f, and vy = velocity acquired in time ¢. Divide ¢ into n equal inter- 


vals, and therefore each = . ; then velocity acquired in each interval =~, and 
n 


the space described in time ¢ with the velocity at the end of each interval conti- 
nued uniform during that interval is 


vt 2vt Sut not vt ( 1 
— — os = 0 0.0 04006 ee — eon 1 
n? aR n* a n2 aF 5 n ; 
and the space described in the time ¢ with the velocity at the beginning of each 
interval continued uniform during that interval is 


ae (n— 1)vt _ vt I 

eh he eae OLS ate ta Ca) 
Now s manifestly lies between these two spaces, being described with veloci- 

ties intermediate to the velocities with which these are described. 

the number of intervals without limit, and we have 


Pave 


Increase n, 


t 








oD. eg te * soy ae Se eae (3) i 
Cor. |. By Prop. x. v = ft te Eft, OL) cece (4)7 
and vi = 2s) yt = Sfstpor v? = Of, 0. 3) Ae (5) 
Cor. 2. The space described in ¢ seconds = i ft 
er a ae (tL) = af (pS eed a | 
.. the space described in the ¢t* second = 1f(2¢— ae ee -» (6) } 


Cor. 3. Hence the spaces described in equal successive portions of time are 
as the odd numbers, |, 3, 5, 7, 


Scholium.—If the body, instead of beginning to move from rest, 
with velocity w; then the space described in time ¢ is 
S=ut+ 1? . 
the + applying when the force accelerates, and the — ‘when it retards the 
motion. : 
For wt is the space described with the velocity of projection alone, and there- 
fore the space described from both causes is s = ut + 4 f# (7) 


i! Cee ea oe ae 
. 


be projected — 







PROP. XII. 


19. If the accelerating or retarding force be variuble, then ds = vdt. 


Let s, and s, be the spaces described in the times 7, and 4, where 4 =t—@, 
and t, = ¢+ 6; then whatever is the nature of the motion, the space will be a 
function of the time; and hence by Taylor’s theorem 

ds d’s. 6 d's.) 865 


mt pf ca la) eS ae a el 
A Ap adds d@° 127 a Tag 7 
ds a ds 
i ey (4) Tick bi Gig eee 
ad erat Naps eel de 1237 
2 2 3 3 
space in preceding time 6 = 5 —s, =& ey pa 3 a ae “aa 


Bs mate ds d*s @ | Bs 
space In succeeding time @= 5, —5 —@ Of ee dais 
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But the space described with the uniform velocity v in the time 0 is =ve, 
which is always intermediate to the spaces s—s, and s,; — s, however small @ 
may be; therefore we have . 


ds 
==. 0, Soe man bel os. a! a ane PUeTe Chel soa =) ale s6 ¢, 06 st eis ° 
v a or v Bp (8) 


‘ Cor. }. In the same manner it is proved, that if fbe the accelerating force at 
‘the end =f the time ¢; then 


[ 





PALO 
Geter alec ¢ Gre, ide On <41 er tis a er aS (9) 


Cor. 2. Hence, since v = S by (8) and dv = fdt by (9); therefore 


Ben ciate ae Re ae a ao a (10) 
i : . ee GS, et. diy sds ae di? s 
Cor. 3. Again, v = seh Saar etre OF Lise Bie ay ee phe ae: Git) 
20. In variable motion we have therefore the general equations 
lS (a) DAG ane FOS Rin bn seein dike as Et « {c) 
d’s 
| b Py ah mi siiaad vcd OS were te - (d 
ee (2) f= EF eves (4) 


‘which are applicable either to the case of the motion being accelerated or 
retarded; but in the latter case, dv is a negative quantity. 


THE LAWS OF GRAVITY; THE DESCENT OF HEAVY BODIES; 
AND THE MOTION OF PROJECTILES IN FREE SPACE, 


PROP. XIII. 


21. All the properties of motion delivered in Proposition x1., its corollaries 

and scholium, for constant forces, are true in the motions of bodies freely descend- 

ing by their own gravity; namely, that the velocities are as the times, and the 
spaces as the squares of the times, or as the squares of the velocities. 


ca 
* 


For, since the force of gravity is uniform, and constantly the same, at all 
places near the earth’s surface, or at nearly the same distance from the centre of 
the earth, and that this is the force by which bodies descend to the surface; they 
therefore descend by a force which acts constantly and equally; consequently, 
all the motions freely produced by gravity, are as above specified by that propo- 
‘sition, &e. 
22. Scuot1um.—Now it has been found, by numberless experiments, that 
gravity is a force of such a nature that all bodies, whether light or heavy, fall 
perpendicularly through equal spaces in the same time, abstracting from them the 
‘resistance of the air—as lead or gold and a feather, which in an exhausted 
receiver fall from the top to the bottom in the same time. It is also found, that 
the velocities acquired by descending are in the exact proportion of the times 
of descent; and farther, that the spaces descended are proportional to the 
squares of the times, and therefore to the -squares of the velocities. And hence 
it follows that the weights, or gravities of bodies near the surface of the earth, 
/are proportional to the quantities of matter contained in them; and that the 
spaces, times, and velocities generated by gravity, have the relations contained 
1m the proposition to which we have above referred. Moreover, as it is found, 


’ 


by accurate experiments, that a body, in the latitude of London, falls nearly 16, 
feet in the first second of time, and consequently that at the end of that time | 
has acquired’ a velocity double, or of 32+ feet; hence it is obvious, if 3g denot 
16, feet, the space fallen through in one second of time, or g the velocity gene 
rated in that time; then, because the velocities are directly proportional to th 
times, and the spaces to the squares of the times, 
therefore, 1": 7?’ :: g: gt = v, the velocity, - 
and 17: #:: 19: 19 = 5, the space. 
And hence, for the descents of gravity we have these general equations, namely, 
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Hence, because the times are as the velocities, and the spaces as the squares 0} 
either, therefore 


If the times be as the numbers 1, 2,3, 4, 5,&c, 
The velocities will also be as 1, 2,.3,..455 Goa: 
And the spaces as their squares 1, 4, 9, 16, 25, &c. 


And the space for each time as 1, 3,5, 7, 9, &e.; 
namely, as the series of the odd numbers, which are the differences of tne squares 
denoting the whole spaces. So that, if the first series of natural numbers be 
seconds of time, namely, 

The times in seconds Lo oa 4", &e. 

The velocity in feet will be 3231, 644, 961, 1282, &c. 

The spaces in the whole times 16,, 644, 1443, 2574, &e. ; 

And the space for each second 16,, 481, 80.3;, 11247, &e. 

These relations may be aptly represented by the } 

abscisses and ordinates of a parabola. Thus, if PQ pe eee DENY ee 3 
be a parabola, PR its axis, and RQ its ordinate; and ; 
Pa, Pd, Pe, &c., parallel to RQ, represent the times 
from the beginning, or the velocities, then ae, bf, cg, & 
&c. parallel to the axis PR, will represent the spaces 
described by a falling body in those times; for, in a rt 
parabola, the abscisses PA, Pi, Pk, &c., or ae, bf, cg; . Q- : 
&c., which are the spaces described, are as the squares of the ordinates, he, af, kg 
&e., or Pa, Pb, Pe, &e., which represent the times or velocities. 









therefore, 
Ist. A body thrown directly upwards, with any velocity, will lose equal velo. 
cities in equal times. ; 
2nd. \f a body be projected upwards, with the velocity it acquired in any tim 
by descending freely, it will lose all its velocity in an equal time, and wi 
ascend just to the same height from whence it fell, and will describe equal spaces 
in equal times, both in rising and falling, but in an inverse order; and it wi 


have equal velocities at any one and the same point of the line described, bot 
in ascending and descending. 
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| 3rd. If bodies be projected upwards, with any velocities, the height ascended 
ty will be as the squares of those velocities, or as the squares of the times of 
/cending, till they lose all their velocities. 


} 
24, When the body, instead of being permitted to fall from rest, is projected 
/owards or downwards with a given velocity u; then by Art, 17 and the scholium 
» Prop. x1. we have 

wo e+ gt s= te 496 
‘here the — must be employed when the projection is vertically upwards, and 
1e + when the projection is vertically downwards. 


‘ 
PROP. XIV. 


95. Let two weights W and w hang over a fixed pulley, to determine their 
1otion, neglecting the inertia of the pulley, and the weight of the string. 








Here the moving force of W is Wg, and that of w= — wg; also the mass 
‘sisting motion is W + w; hence the accelerating force on W = See . 
nd therefore we have 
W—w W —w 
= ty ands gt’. 
v w+ a ana § W ry ig 


EXAMPLES. 


(1.) Find the space descended by a body in 7 seconds of time, and the velo- 
ity acquired. 
s=ig? = 167, X 7? = 1l6z, X 49 = 7881,ft = space descended. 
ya=gt = 82k XT =.-es ... = 2251 ft. = velocity acquired. 
(2.) A body is projected vertically from the bottom of a tower 200 feet in 
eight, with a velocity of 120 feet per second; in what time will it reach the top, 
nd what will be its velocity at that time ? Also, to what height above the top 


f the tower will it rise ? 
Here 200 = tu — 392 = 120¢ — 163,0° 


ae 
; 1633, 16,1; 


‘a wv £ == 2°513" or 4948", 
he former of these values of ¢ is the time at which the body in its ascent passes 
he top of the tower; and the latter, the time at which the body in its descent 
gasses the top. 

Again, » = u — gt = 120 — 323 Xx 2°513" = 89°165 feet per second, the 
yelocity of the body at the top of the tower. 


When v = 0; then gt = u, ort a and therefore we have 


_ “Lap ad a2 — @ — 120° — 993,88 feet. 
| s=tu—ig? = ; (u u) 59 ea: 
Hence height above top = 22383 — 200 = 23°83 feet. 


Ba” 


ee 
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(3.) Find the time of generating a velocity of 100 feet per second, and t 


whole space descended. Ans. 3,335" time, 155.83, ft. spa 
(4.) Find the time of déscending 400 feet, and the velocity at the end of tl 
time, Ans. 476" time, 16022 veloci 
(5.) A body is projected downwards with a velocity of 80 feet per secor 
what space will it describe in 6 seconds ? Ans. 759 fe 


(6.) A body is projected upwards from the top of a tower 200 feet in heigl 
with a velocity of 40 feet per second, at the same time that another is project 
upwards from the bottom of the tower with the velocity of 90 feet per secon 
where will they meet ? Ans. 97+ feet below the top of the tow 

(7.) Two weights W and w weighing 8 and 5 pounds respectively, hang free 
over a pulley; how far will W descend after the commencement of motion in 
seconds ? Ans. 1411 fe 

(8.) Two weights W and w hang over a pulley, and W = 2 w; find the spa 
through which a body will descend by the force of gravity, whilst W descen 
2 feet. Ans. 6 fee 

(9.) The space described by a heavy body in the 4th second, is to the spat 
described in the last second except 4, as 1 to 3 ; find the whole space describec 

Ans. 3618 feet 9 inche 

(10.) A body has fallen from A to B, when another body is let fall from € 

how far will the latter body descend before it is overtaken by the former ? 
Ans. If AB = a, and AC = ; then space descende 
_(b — at 


4a i 

: 

PROP. XV. hd 

26. Ifa body be projected in free space, either parallel to the horizon, or in a 
oblique direction, by the force of gun-powder, or any other impulse ; it will, ri} 
this motion, in conjunction with the action of gravity, describe the curve line of « 













parabola. : i 
D q 
y| | 
rs 4 2B Cc D | 
Peel me ma wee Reet 4 | 
a 
Bt G * q | 
3 {une tee ee : | 
; i : | 


Let the body be projected from the point A, in the direction AD, with am 
uniform velocity; then, in any equal portions of time, -it would, therefore 
describe the equal spaces AB, BC, CD, &c., in the line AD, if it were not draw 
continually down below that line by the action of gravity. Draw BE, CF, Dg 
&c., in the direction of gravity, or perpendicular to the horizon, and equal fo 
the spaces through which the body would descend by its gravity, in the sa FI 
times in which it would uniformly pass over the corresponding spaces AB, AG 
AD, &c., by the projectile motion. Then, since by these two motions, the bod 
is carried over the space AB, in the same time as over the space BE, and the 
space AU in the same time as the space CF, and the space AD in the same time as 
the space DG, &c.; therefore, by the composition of motions, at the end of the 
times, the body will be found respectively in the points E, F, G, &e.; and ¢ 
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Bieutty the real path of the projectile will be the curve line AEFG, &. But 
‘ne spaces AB, AC, AD, &c., described by uniform motion, are as the times of 
-escription; and the spaces BE, CF, DG, &c., described in the same times by 
ie accelerating force of gravity, are as the squares of the times; consequently, 
te perpendicular descents are as the squares of the spaces in AD, that is BE, 
JF, DG, &c., are respectively proportional to AB’, AC’, AD’, &c.; which is the 
‘roperty of the parabola. Therefore, the path of the projectile is the parabolic 
ine AEFG, &c., to which AD is a tangent at the point A. 
| Corol.1. The horizontal velocity of a projectile is always the same con- 
sant quantity, in every point of the curve; because the horizontal motion is ina 
‘onstant ratio to the motion in AD, which is the uniform projectile motion. 
ind the constant horizontal velocity, is in proportion to the projectile velocity, 
's radius to the cosine of the angle DAH, or angle of elevation or depression of 
Je piece above or below the horizontal line AH. 

Corol. 2. The velocity of the projectile in the direction of the curve, or of 
s tangent at any point A, is as the secant of its angle BAI of direction above 
ae horizon. For the motion in the horizontal direction AI is constant, and AI 
P to AB, as radius to the secant of the angle A; therefore, the motion at A in 
iB, is every where as the secant of the angle A. 

Corol. 3. The velocity in the ceetine DG of gravity, or perpendicular 
9 the horizon at any point G of the curve, is to the first uniform projectile 
velocity at A, or point of contact of a tangent, as 2GD to AD. For, the times 
n AD and DG being equal, and the velocity acquired by freely descending 
hrough DG being such as would carry the body uniformly over twice DG in an 
‘qual time, and the spaces described with uniform motions being as the velocities, 
herefore the space AD is to the space 2DG, as the projectile velocity at A, to 
he perpendicular velocity at G. 


, 


PROP. XVI. 

27. The velocity in the direction of the curve, at any point of it, as A, is equal 
0 that which is generated by gravity in freely descending through a space which 
s equal to one-fourth of the parameter of the diameter of the parabola at that 
r0int. 

Let PA or AB be the height due to the velocity 
of the projectile at any point A, in the direction of 
he curve or tangent AC, or the velocity acquired by 
‘alling through that height; and complete the paral- 
elogram ACDB. Then is CD = AB or AP, the 
eight due to the velocity in the curve at A; and 
SD is also the height due to the perpendicular velo- 
sity at D, which must be equal to the former: but, by the last corol., the velocity 
at A is to the perpendicular velocity at D, as AC to2CD; and as these velocities 
re equal, therefore AC or BD is equal to 2CD, or 2AB; and hence AB or AP 
1s equal to 4BD, or 1 of the parameter of the diameter AB.” 
Corol. 1. Hence it appears, if from the direc- 
swix of the parabola which is the path of the projec- oe tie Oa 
dle, several lines HE be drawn perpendicular to the 
Resctrix: or parallel to the axis; that the velocity 
of the projectile i in the direction of the curve, at any 
point E, is always equal to the velocity acquired bya 
ly falling freely through the vervendicular line HE. 
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Corol. 2. If a body after falling through the height PA (last fig. but on 
which is equal to AB, and when it arrives at A, have its course changed, } 
reflection from a firm plane AI, or otherwise, into any direction AC, witho 
altering the velocity; and if AC be taken — 2AP or 2AB, and the par, 
lelogram be completed; the body will describe the parabola passing throug 
the point D. 

Corol. 3. Because AC = 2AB or 20D or 2AP, therefore AC? - 
2AP x 2CD or AP.4CD; and because all the perpendiculars EF, CD, G) 
are as AE’, AC’, AG®, therefore also AP. 4EF — AE’, and AP. 4GH = AG 
&c.; and, because the rectangle of the extremes is equal to the rectangle | 
the means of four proportionals, therefore, always 

Itis AP : AE :: AE: 4EFP, 
And AP: AC :: AC: 4CD, 
~ And AP: AG :: AG: 4GH 
And so on, 


PROP. XVII. 


28. Having given the direction, and the impetus, or altitude due te ihe Jin: 
velocity of a projectile ; to determine the greatest height to which it will rise, an 
the random or horizontal range. . 

Let AP be the height due to the projectile velocity 
at A, AG the direction, and AH the horizon. Upon 
AG let fall the perpendicular PQ, and on AP the 
perpendicular QR; so shall AR be equal to the 
greatest altitude CV, and 4QR equal to the horizontal 
range AH. Or, having drawn PQ perpendicular to 
AG, take AG = 4AQ, and draw GH perpendicular 
to AH; then AH is the range. 

For, by the last corollary, AP : AG :: AG : 4GH; : 
And, by similar triangles, © AP : AG :: AQ: GH, ] 

y NOES ie SAL a teres AP : AG :: 4AQ : 4GH;_ 
therefore AG = 4AQ; and, by similar triangles, AH = 4QR. 2 

Also, if V be the vertex of the parabola, then AB or AG = 2AQ, or AQ = 
QB; consequently, AR = BV, which is = CV by the property of the parabola, 

Corol. 1. Because the angle Q is a right 4 
angle, which is the angle in a semicircle, therefore, 
if- upon AP, asa diameter, a semicircle be described, 
it will pass through the point Q. 

Corol. 2. If the horizontal range and the 
projectile velocity be given, the direction of the 
piece, so as to hit the object H, will be thus easily 
found: Take AD=3AH, draw DQ perpendicular 
to AH, meeting the semicircle described on the 
diameter AP, in Q and g; then AQ or Aq will be the direction of the piece 
And hence it appears, that there are two directions AB, Ad, which, with th 
same projectile velocity, give the very same horizontal range AH. And these 
two directions make equal angles gAD, QAP, with AH and AP, because the ar 
PQ = the arc Ag. 

Corol. 3. Or, if the range AH, and direction AB, be given; to find tn 
altitude and velocity or impetus. Take AD = aAH, and erect the perpe adi 
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mlar DQ, meeting AB in Q; so shall DQ be equal to the greatest altitude CV 
Also, erect AP perpendicular to AH, and QP to AQ; so shall AP be the 
eight due to the velocity. 
_ . Corol. 4. When the body is projected with the same velocity, but in dif- 
, erent directions; the horizontal ranges AH will be as the sines of double the 
‘ingles of elevation. Or, which is the same, as the rectangle of the sine and co- 
ine of elevation; for AD or RQ, which is AH, is the sine of the arc AQ, 
which measures double the angle QAD of elevation. . y 
_ And when the direction is the same, but the velocities different, the horizontal 
ranges are as the square of the velocities, or as the height AP, which is as the 
square of the velocity; for the sine AD or RQ or 7AH is as the radius, or as 
the diameter AP. 
Therefore, when both are different, the ranges are in the compound ratio of. 
ithe squares of the velocities, and the sines of double the angles of elevation. 
| Corol. 5. The greatest range is when the angle of elevation is 45°, or half 
aright angle; for the double of 45 is 90, which has the greatest sine. Or the 
‘yadius OS, which is 4 of the range, is the greatest sine. 
| And hence the greatest range, or that at an elevation of 45°, is just double the 
altitude AP which is due to the velocity, or equal to 4VC. And consequently, 
in that case, C is the focus of the parabola, and AH its parameter. Also, the 
ranges are equal, at angles equally above and below 45°. 

Corol. 6. ‘When the elevation is 15°, the double of which, or 30°, has its 
sine equal to half the radius; consequently, then its range will be equal to AP, 
or half the greatest range at the elevation of 45°; that is, the range at 15", is 
equal to the impetus or height due to the projectile velocity. 

Corol.7. The greatest altitude CV, being equal to AR, is as the versed © 

‘sine of double the angle of elevation, and also as AP or the square of the velocity. 
Or as the square of the sine of elevation, and the square of the velocity; for the 
square of the sine is as the versed sine of the double angle. 

Corol.8. The time of flight of the projectile, which is equal to the time of 

a body falling freely through GH or 4CV, four times the altitude, is therefore 
as the square root of the altitude, or as the projectile velocity and sine of the 





elevation. 
92. Scnorium.—From the last proposition and its corollaries, may be deduced 
the following set of theorems, for finding all the circumstances of projectiles on 
horizontal planes, having any two of them given. Thus, let e denote the eleva- 
tion, R the horizontal range, ¢ the time of flight, » the projectile velocity; h, the 
greatest height of the projectile; g = 32; feet, and a the impetus or altitude 
due to the velocity v; then 





R = 2a sin 2e = = sin 2e = 1gt? cote = 4hcote 

| » = /2ag = ee = 1gt cosece = cosec er/2gh 
, t= sine = aa o /aag = pee an é — 2 Nihon 

g g g g 

7 “k= asin®e = ja vers 2e =4irtane = qnenie = 4gt*. 


| And from any of these, the angle of direction may be found. Also, in these 
(gs, 


e | 
ta 
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theorems, +g May in many cases be taken — 16, without the small fraction ? 


which will be near enough for common use. ‘ 


PROP. XVIII. ¥ 


30. To determine the range on an oblique plane, having given the impetus or 
velocity, and the angle of direction, f 


Let AE be the oblique plane, at a given 
angle, either above or below the horizontal 
plane AH; AG the direction of the piece, 
and AP the altitude due to the projectile 
velocity at A. 

By the last proposition, find the hori-- 
zontal range AH to the given velocity and 
direction; draw HE perpendicular to AH, 
meeting the oblique plane in E; draw EF 
parallel to AG, and FI parallel to HE; so 
shall the projectile pass through I, and the range on the oblique plane will be 
Al, For if AH, AI, be any two lines terminated at the curve, and IF, HE 
parallel to the axis; then is EF parallel to the tangent AG, 7 

31. Otherwise, without the horizontal range. Draw PQ perpendicular to 
AG, and QD perpendicular to the horizontal plane AF, meeting the inclined 
plane in K; take AE— 4AK, draw EF parallel to AG, and FI parallel to AP 
or DQ; so shall AI be the range on the oblique plane. For AH — 4AD, 
therefore EH is parallel to FI, and so on, as above. 





| 
OTHERWISE, 


32. Draw Pg making the angle APg =the angle GAI; then take AG= 
4+AQ, and draw GI perpendicular to AH. Or, draw gh perpendicular to AH, 
and take AI= 4Ak. Also, kq will be equal to cv, the greatest height above 
the plane. ! i 

For, by corol. 2, Prop. xvi. AP : AG :: AG: 4GI; 
and, by similar triangles, APs AG. 2: 20r= aaa 
OL ei fe Bee eee ne AP : AG ::4Aq : 4GI; | 
therefore AG = 4Aq; and, by similar triangles, AI = 4Af, 

Also, gk, or 1GI, is = to cv. 





Corol.i. If AO be drawn perpendicular to the plane AI, and AP be 
bisected by the perpendicular STO; then with the centre O describing a cirele 
through A and P, the same will also pass through g, because the angle GAT 


| 
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: 
formed by the tangent AI and AG, is equal to the angle A Pg, which will there- 
‘fore stand on the same are Aq. 


_ Cor, 2. If there be given the range and velocity, or the impetus, the direction 
‘will hence be easily found, thus: Take Ak = 3AI, draw hq perpendicular to 
AH, meeting the circle described with the radius AO in two points g and qg; then 
‘Aq or Aq will be the direction of the piece. And hence it appears, that there 
sare two directions, which, with the same impetus, give the very same range AI. 
And these two directions make equal angles with AI and AP, because the are 
Pq is equal the arc Ag. They also make angles with a line drawn from A 
vhrough §, because the arc Sq is equal to the are Sq. 


Cor. 3. Or, if there be given the range AI, and the direction Aq; to find the 
velocity or impetus. Take Ak = 4AI, and erect kg perpendicular to AH, meet> 
ng the line of direction in g; then draw gP making the angle AgP = angle Akq; 
430 Fatal AP be the impetus, or the altitude due to the projectile velocity. 


_ Cor, 4. The range on an oblique plane, with a given elevation, is directly as 
che rectangle of the cosine of the direction of the piece above the horizon, and 
the sine of the direction above the oblique plane, and teciprocally as the square 
pf the cosine of the angle of the plane above or below the horizon. For in the 
sriangles APg and Akg we have 
AP: Ag::sin AgP :sin APg::sin Akg : sin gAI 
/ ::sin Akd : sin gAI :: cos HAI: sin gAI 
/ and Aq : Ak: : sin Akq :sin Agk):: sin Akd : sin PAg 
. ::cos HAI : cos gAH 
°- AP: Ak::cos?HAIL: Te een ae ae 
: see Cy cos gAH sin g 
- Alb= 4Ak = 4AP. SAH Ge 


33. The range is the greatest when Ak is the greatest; that is, when hg 
ouches the circle in the middle point 8; and then the line of direction passes 
‘hrough 8, and bisects the angle, formed by the oblique plane and the vertex. 
Also, the ranges are equal at equal angles above and below this direction for the 
‘faximum, 


(——— ee 


= range on oblique plane. 


Cor. 5. The greatest height cv or hq of the projectile above the plane is 

is p. sm gAI _ Da 5 

A cos TAH APvsin® gAI sec? LAH 
For AP: Aq::sin AgP_ :sin APg::cos HAI: sin gAl, 
and Ag :kg ::sin Akg :singAl :: cos HAI: sin gAI. 

> AP :kg :;cos* HAI : sin? gAI. 
: “. k¢g = AP sin? gAI sec? HAI. 

2 sin gAl 2AP 
cos HAL ota 
‘me of describing the curve is equal to the time of STS freely through GI or 


Cor. 6. The time of flight in the curve AvI = For the 


hq = 4AP. / ees hence by the laws of gravity, the time of flight 
Qs — 2sin gAl 2AP 
: g cos HAT g 


| (34. Scuottum.— From the foregoing corollaries may be collected the follow- 
G theorems, in which 7 denotes the inclination of the plane to the horizon, e the 
HHH 
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angle of avis above the horizon, and the other letters as in the fortis 








equations. ; 
2 . or . 2 et pas pe. 
R — 2u*. cose sin (e t)__ sin (2e y sin @ — 4q , 008 € sin (e 2) 
g cos* 7, g cos cos* 7 
\ 
= ig? , __ cose = 4h, 008 
sin (e — —?) sin(e — 2) i 
de ps ica eB Lie Gece ae sin in (ety agt? : 
cos* 2 29 cos* 7 Cos € 
_ wo é gk — 1m. eet = igh. COS 2} 
Parmar MOREA | Oo ae sin(e—7) — —- sin(e—2) : "sin(e—t 
pa 2sin(e—it) 2a _Qw sin (e—i)_ fee sin (¢ — 7) _4 /2 
cos 2 g g cos 7 OSA aK 


Also sin (2e — ¢) = gk cos’ 7 + sin 7; whence e may be found. 
v 


35. The principal properties of a projectile in a non-resisting medium, may be 
very elegantly deduced, by the method adopted in the following proposition. 


PROP. XIX. 


36. A body is projected from a point A, with 
a velocity v, in the direction AT, mahing an angle 
e with the horizon; it is required to find where it 
will strike the plane Al, passing through the point 
of projection, and making an angle i with the hori- 
zontal plane AH. 

Let t=time of flight, or the time in which the body A 
describes the path AVI. 


R = AI, the range on the oblique plane AT. 
g = 321 feet, the accelerating force of gravity. 


‘ tv = AT = space described in ¢ seconds by velocity of projection. 
ea = TI = space described by force of gravity in ¢ seconds, 


Hence AT... sin AIT _ sin AIK _ cos IAK _ cos i 
AI sin ATI” cos TAH” cosTAH cose 





sor >, 


gt? sin (e —2) o @ @ © @ @)2@ 
From equations (a) and (b) we have 
R=w. cose 





c= 








, cos € sin (e — 2) 


FS 


. cos* ¢ e 7 @eorvreveeenvneeanseeve oS 36 wale eight 
sin (2e —%) —sin 7 


cos? z 


R=? 


I 
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If a = altitude through which a body must fall from rest to acquire the velocity 
of projection; then v* = 2ag, and 


Meer cosesin(e—7) 5, sinfge—-t)—sint BAF (1) 


cos? 7 cos? 7 
| pa 2 2ag sin(e—t) _ We 2 sin (e — 7) (5) 
ager oe capers: tials ashy i 
Cor. 1. When the plane AI is horizontal; then « = 0, and we have 
2 Q 
R = = . cos ¢ sin ¢ = > sin 2e = 2a sin 2e 2 aie PREM AM (6) 
al 
t= 7 sine = EPPO Ga te ela ores 8 ew eee MERAY S 
g g 


Cor. 2. If AK = zx and KI = y; then we have 
y= KT — Tl=2c tane — ig?’. 
But z = AK = AT cos TAK = tv cos e, and eliminating ¢ by these two 


; 


‘equations we have ne 
a 
y= xtane— 4 5 = 2 tan e — ~—,-— 
2 #2 cose 4 a cos‘ é€ 


- 


& : l 
= x tane — 7 , 22sec %e = xe tane — — .a*sec*e.. (8 
2 v 4a S) 
_ This is the equation to the curve, and is of great advantage in the solution of 
equations in reference to projectiles. 


/ a « <4 ae ? /t 
. 


PRACTICAL RULES IN PROJECTILES. 


I. The velocity varies nearly as the square root of the charge, when the shot 


are the same ; that is, if V and v are the velocities, and C andc the charges ; then 
ip ee ey 
cee Neary, 
v A/C y 


II. With equal charges, the velocity varies inversely, as the square root of the 
weight ; that is, if B and b are the weights of two shots; then 


Wi. sp 
= nearly. 
III. When unequal shot are projected with unequal charges, then 
Ve / Cate n (0 
ere rant nearly. 


LV. If the charges are proportional to the weight of the shot; then the velocities 
-will be the same for all shot. For let C= mBandc= mb; then we have 


; 
Semen Ch) afb Saf ot Bi afd) oh eg 


SN ge ee en 


. fame Ji me /B 


V. It has been found by experiment, that if the charge be 4 of the weight of 
the shot ; then the velocity is 1600 feet per second nearly. 
Let c= 40 and v =1600; then we have 


Pe | eee 40 Jb _ VU Vb — 3C . = 1600 Ae 
yD ie. a/ B ip ZB Bate B 
HHH2Q 
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VI. With the same elevation, the range varies as the charge ; that is, if R ar 
R, are the ranges, then an 
R _v?_c 2 7 

Ri at eae : 

VII. When the plane is horizontal, dnd the velocity the same, the range vari 
as the sine of twice the elevation; that is, if e and e 


, are the elevations, then 
R: R, :: sin2e: sin 2e,. 


EXAMPLE IN PROJECTILES. 


Find the velocity and angle of elevation, that the projectile may pass through 
the two given points I, I’; supposing AK = 300, AK’ = 400, KI = 60, and 
K'l’ = 40 feet. 








Here we have y= ztane — 2, . af sec? 5:45 ee (1) 
yi =, tan e— 7, @* sect ¢ + 4 0is'e eee ( 2) 
rs by Ot e Se ne — io: ee ee ee 
by (2) Def = — 3 & Ab ey he (4) : 
tan e -—s = ce q 


__ 4002.60 — 3002.40 


Pn 





“7 © -300:400:500.1- seme 
. € = tan 7} = 26° 33’ 54” = angle of elevation. 
From (1) v = z sec e i ee = 25,/g = 141°79 feet, the velocity. — 
ztane—y 


Also, if in equation (1) we make y = 0, we have the range 


SP Nigga Sa RS: 


2 
AH =2z=™ gin 2% = 625 sin Qe = 500 feet. 
g 


To determine the greatest height of the projectile above the horizontal plane, 


we must find the maximum value of y from equation (1); hence by differentiating 
the equation ; 










y=xtane— 4 | x2 sec % 
2v? 


dy g 
we have 4% = tané = =~ x sec®e = 0) a eee 5) 
dx vy (5) 
US ° ° 
“. = — cos’ e tne =2asinecose=asin2e > 


uf 
which is evidently half the whole range; therefore putting this value for 2 in the 
equation of the curve we have for y 


Y = 2a sin* e — asin? e =‘asin® e ...)).5eeeee (7) 
2Q - 
Pa 625 . 
= —. sin? e = ——~ sin? e = 62°5 feet. 
2g 2 


ADDITIONAL EXAMPLES FOR EXERCISE. 


Exampce 1. If a ball of IIb. acquire a velocity of 1600 feet per second, 
when fired with 51 ounces of powder; it is required to find with what velocity 


| 


x 


| powder, viz. 
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each of the several kinds of shells will be discharged by the full charges of 


Nature of the shells in inches... 13] 10 8 
Their weight in lbs. ......... 196 | 90 | 48 
Charge of the powder in lbs.... 9) 4] 2 


—_————— ————_ | | | - 


Ans, The velocities in lbs. 594 584 | 595 | 693 | C93 
| 





Exam, 2.—If a shell be found to range 1000 yards, when discharged at 
an elevation of 45°; how far will itrange when the elevation is 30° 16/, the charge 
of powder being the same? - Ans. 2612 feet, or 871 yards. 

Exam. 3.—The range of a shell at 45° elevation, being found to be 375i 
feet; at what elevation must the piece be set, to strike an object at ihe distance 
of 2810 feet, with the same charge of powder ? Ans. at 24° 16/, or at 65° 44/. 

Exam. 4.—With what impetus, velocity, and charge of powder, must a 
13 inch shell be fired at an elevation of 32° 12’, to strike an cbject at the distance 
of 3250 feet ? Ans. impetus 1802, velocity 340, charge 2°95 lb. 

Exam. 5.—A shell being found to range 3500 feet, when discharged at 
an elevation of 25° 12’; how far then will it range at an elevation Of 36 "Lae 


with the same charge of powder ? Ans, 4332 feet. 


Exam. 6.—If, with a charge of 9 Ibs. of powder, a shell range 4000 feet ; 
what charge will suffice to throw it 3000 feet, the elevation being 45° in both 
Ans. 63 lbs. of powder. 
Exam. 7.—What will be the time of flight for any given range, at the 
elevation of 45°? 
Ans. ‘The time in seconds is 4 the square root of the range in feet. 
Exam. 8.—In what time will a shell range 3250 feet at an elevation of 
32°? Ans. 113 seconds, nearly. 
Exam. 9.—How far will a shot range on a plane which ascends 8° 15, 
and another which descends 8° 15’; the impetus being 3000 feet, and the 
elevation of the piece 32° 30/? 
Ans. 4244 feet on the ascent, and 6745 feet on the descent. 
Exam. 10..—How muchpowder will throw a 13 inch shell 4244 feet on an 
inclined plane which ascends 8° 15/, the elevation of the mortar being 32° 30’? 
Ans. 4°92535 Ib. or 4 lb. 15 oz. nearly. 
Exam. 1].—At what elevation must a 13 inch mortar be pointed, to 
range 6745 feet, on a plane which descends 8° 15’; the charge being 413 lb. of 
powder ? Ans. 32° 8'. 
Exam. 12,—In what time will a 13 inch shell strike a plane which rises 


8° 30’, when elevated 45° and discharged with an impetus of 2304 feet ? 
Aus. 142 seconds. 
37. Suppose in ricochet firing AK=1600 feet, KI=12, feet, and KH=200 feet; 
required the elevation and velocity, that the pro’ectile may just clear I and 
hit H. 


e7ses ? 
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DESCENTS ON INCLINED PLANES. \ 


PROP. XX. 


38. Let i = inclination of a plane to the horizon; then f the Sorce acceleratin 
down the plane is a uniform force, and f = g sin i. 


Let AB be the inclined plane, and angle BAC = 7. B 
Draw CD at right angles to AB; then if the force of ¥ 
gravity be represented by BC, the effective part of it 
which accelerates the body down the plane is BD; 
hence we have 
f= BD = BC sin BCD = BC gin A = g sini. 

Cor. 1. Let 2 = length of plane AB, and h = height BC; then we have 


h 


A c 


f=gsini=g.-—, and if this value of f be substituted for g in the several 





d 
expressions deduced in Prop. x11. for bodies falling freely, we shall have 
2 

$= igé sin? = 4" = 404 i 1 
te okt ha RG aan a Sr 

i ees —, 
v=gtsn~ = 7 = /2gl sin i. 2 (2) 
i= SY -4* - /*.. ee | 

J sin 2 VU gsin zi 


Cor. 2. Let u = velocity with which a body is projected up or down the 
plane; then we have as before 








27 _2 

s=tu Pigtsni=m “+? Ree ee ye 4 

Te 29 sinz ( ) 

vu + gisini.......... ds. ee ca ee (5) 

Cor. 3. If i = 0, and R = constant resistance to motion; then 
ake 
ge tde = RE m= a oy hans din 

Vu — Ree. nese eee ees ce (7) 

When the motion ceases v =o,.and ¢ =u ~ R. ; 
| 
PROP. XXI. | 


39. The velocity acquired by a body descending Jreely down an inclined 
plane AB, is to the velocity acquired by a body falling perpendicularly, in the 
same time, as the height of the plane BC is to its length AB. i 

For by Cor. 1. Prop. xx. we have v = gt sin 7, and if the body fall vertically, 
then v, = gt; hence we have : 

viv i: gtsing:gt::sinz:1 
BC 
he [1 3:3 BC :a3 Agee 

Cor. 1. Hence it is very evident that the velocities are as the times of descen 
ing from rest ; that the spaces descended are as the squares of the velocities, o 
squares of the times; and that if a body be thrown up an inclined plane, wit 






f 


( 
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| 
‘the velocity it acquired in descending, it will lose all its motion, and ascend 
‘to the same height, in the same time, and will repass any point of the plane 
with the same velocity as it passed it in descending. 
\ Cor. 2. Hence also, the space descended down an inclined plane, is to the 
space descended perpendicularly, in the same time, as the height of the plane 
CB, to its length AB, or as the sine of inclination to radius. For the spaces de- 
scribed by any forces, in the same time, are as the forces, or as the velocities. 
Cor. 3. Consequently, the velocities and spaces descended, by bodies down 
different inclined planes, are as the sines of elevation of the planes. 
Cor. 4. If CD be drawn perpendicular to AB; then while a body falls freely 
through the perpendicular space BC, another body will in the same time descend 
' down the part of the plane BD. For, by similar triangles BC: BD:: BA: BC, 
_ that is, as the spaces descended by cor. 2. 
- Or, in any right-angled triangle BDC, having its hypo- 
tenuse BC perpendicular to the horizon, a body will 
descend down any of its three sides BD, BC, DC, in the 
same time. And therefore, if upon the diameter BC a 
| circle be described, the times of descending down any 
_ chords, BD, BE, BF, DC, EC, FC, &e. will be all equal, 
and each equal to the time of falling freely through the 
| perpendicular diameter BC. 





PROP. XXII. 


| 40. The time of descending down the inclined plane BA, is to the time of 
_ falling through the height of the plane BC, as the length BA to the height BC. 


For by Cor. 1. Prop. xx. we have ¢ = fa; ane 
: g sin? vr eae 
and when the body falls vertically, ¢, = ee hence ae | 
N\ g Z j 
we have A are 
ines Sah Zh inet 
Bisoky: 23 ceeeg eee ——~ in 8 Bae OG / 
NE sin 2 a/ g \/ sin 2 Ac 
Bes K : Sh 23 Era eh: 


h 
Cor. 1. If i, = inclination of another plane of the same height BC, and /, its 


length; then if ¢, be the time of descending down this plane, we have 
v v 


“gt ES aaa eee Ree : Sin 2, : sin2 
gsmt gsint 
A h 
= ope cate) ey 
d : 


that is, the times of descending down different planes of the same height, are to 
one another as the lengths of the planes. 
PROP. XXIII. 


41. A body acquires the same velocity in descending down any inclined plane 
BA, as by falling perpendicularly ‘through the height of the plane BC. 


! For by Cor. 1, Prop. xx. we have v = tt and by the formule for descents 


; . Qh : ee . 
by gravity we get vu = — 3 hence the velocities acquired are equal. 
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* 
Cor. 1. Hence, the velocities acquired by bodies descending down any plane 
from the same height to the same horizontal line, are equal. 4 

Cor. 2. If the velocities be equal, at any two equal altitudes D, E; they wi 
be equal, at all other equal altitudes A, C. 


Cor. 3. Hence, also, the velocities acquired by descending down any plane: 
are as the square roots of the heights. | 


PROP. XXIV. 


42. To find the plane of quickest descent Jrom a point within a vertical circle 
to its circumference. . 


Let P be the given point, O the centre of the given circle, A. 
and OA vertical. Join AP and produce it to meet the given 
circle in Q ; then PQ is the plane of quickest descent. For 
join QO and draw PR parallel to AO. Thensince AO — OQ; 
therefore PR = RQ, and a circle described from centre R with *X® 
radius RP or RQ will pass through P, and touch internally 
the given circle at Q; hence the time down the plane PQ will { 
be less than that down any other plane, from P to the circumference of the given 
circle ; because every plane from P to the circumference of the circle, whose 
centre is O, except PQ, will fall partly without the circle, whose centre is RK. 





{ 
q 
PROP. XX V : 


43. Ifa body descend down any number of contiguous planes AB, BC, cD, 
et will at last acquire the same velocity as a body Salling perpendicularly through 
the same height ED, supposing the velocity not altered by changing from one 
plane to another. 


Produce the planes DC, CB, to meet the hori- 
zontal line EA produced in F and G. Then by 
Prop. xxuu. the velocity at B is the same, whether 
the body descend through AB or FB. And there- 
fore the velocity at C will be the same, whether 
the body descend through ABC or through FC, . 
which is also again, by Prop. xxi. the same as by descending through GC, 
Consequently, it will have the same velocity at D, by descending through the 
planes AB, BC, CD, as by descending through the plane GD ; supposing no ob- 















5 4 
struction to the motion by the body impinging on the planes at B and C; and 


this again is the same velocity as by descending through the same perpendicular 
height ED. p 

Cor. 1. If the lines ABCD, &c., be supposed indefinitely small, they will for n 
a curve line, which will be the path of the body: from which it appears that a 
body acquires also the same velocity in descending along any curve, as in falling 
perpendicularly through the same height. ; 

Cor. 2. Hence, also, bodies acquire the same velocity by descending from th e 
same height, whether they descend perpendicularly, or down any planes, or down 
aly curve or curves. And if their velocities be equal, at any one height, they 
will be equal at all other equal heights. Therefore, the velocity acquired by 


descending down any lines or curves, are as the square roots of the perpendicular 
heights. 
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f Corol. 3. Anda body, after its descent through any curve, will acquire a 
~ velocity which will carry it to the same height through an equal curve, or 
through any other curve, either by running up the smooth concave side, or by 
being retained in the curve by a string, and vibrating like a pendulum: also, 
the velocities will be equal, at all equal altitudes; and the ascent and descent 
will be performed in the same time, if the curves be the same. 


PROP. XXVI. 


44. The times in which bodies descend through similar parts of sunilar 
curves ABC, abe, placed alike, are as the square roots of their lengths. 


That is, the time in AC is to the time in ac, as 4/ AC to \/ac. 

For, as the curves are similar, they may be considered 
as made up of an equal number of corresponding parts, 
which are every where, exch to each, proportional to 
the whole; and as they are placed alike, the corre 
| sponding small similar parts will also be parallel to each 
- other. But the time of describing each of these pairs 
of corresponding parallel parts, by article 39, are as 
the square roots of their lengths, which, by the supposi- 
tion, are as ,/ AC to 1/ ae, the roots of the whole curves. ‘Therefore, the whole 
times are in the same ratio of ,/ AC to \/ac. 

Corol. 1. Because the axes DC, De, of similar curves, are as the lengths 
of the similar parts AC, ac, therefore the times of descent in the curves AC, ac, 
are as 4/ DC to ,/ De, the square roots of their axes. 

Coro], 2. As it is the same thing, whether the bodies run down the 
smooth concave side of the curves, or be made to describe those curves by 
vibrating like a pendulum, the lengths being DC, Dc; therefore, the times ot 
the vibration of pendulums, in similar arcs of any curves, are as the square 
roots of the lengths of the pendulums. 





QS - 


45, Scuottum.—Having, in the last corollary, mentioned the pendulum, it 
may not be improper here to add some remarks concerning it. 

A pendulum consists of a ball, or any other 
heavy body B, hung by a fine string or thread, 
moveable about a centre A, and describing the 
are CBD; by which vibration the same motion 
happens to this heavy body, as would happen 
to any body descending by its gravity along the 
spherical superficies CBD, if that superficies was 
perfectly hard and smooth. If the pendulum be 
carried to the situation AC, and then let fall, the 
ball in-descending will describe the arc C3, and in the point B it will have that 
velocity which is acquired by descending through CB, or by a body falling freely 
through EB. This velocity will be sufficient to cause the ball to ascend through 
an equal arc BD, to the same height D from whence it fell at C: having there 
lost all its motion, it will again begin to descend by its own gravity ; and in 
the lowest point B it will acquire the same velocity as before, which will cause 
‘+ to reascend to ©; and thus, by ascending and descending, it will perform 
continual vibrations in the circumference CBD: And if the motions of pendu. 
lums met with no resistance from the air, and if there were no friction at the 





= 


i 








858 DYNAMICS. 


‘ 


centre of motion A, the vibrations of pendulums would never cease. But from 
those obstructions, though small, it happens, that the velocity of the balkin the 
point B is a little diminished in every vibration; and, consequently, it does not 
return precisely to the same points C or D, but the ares described continually 
become shorter and shorter, till at length they grow insensidie; unless the mo- 
tion be assisted by a mechanical contrivance, as in clocks, called a maintaining 
power. 


DEFINITION. ao Uk 


46. If the circumference oa 
of a circle be rolled on a B ~~ {A 
right line, beginning at any di 
point A, and continued till 
the same point A arrive at 
the line again, making just 
one revolution, and thereby A B A 
measuring out a straight line 
ABA equal to the circumference of the circle, while the point A in the circum- 
ference traces out a curve line ACAGA: then this curve is called a cycloid ; 
and some of its properties axe contained in the following lemma: 





LEMMA, 


47. If the generating or revolving circle be placed in the middle of the 
cycloid, its diameter coinciding with the axis AB, and from any point there be 
drawn the tangent CF, the ordinate CDE perpendicular to the axis, and the: 
chord of the circle AD; then the chief properties are these: - 

The right line CD = the circular arc AD; 

The cycloidal are AC = double the chord AD; 

The semi-cycloid ACA = double the diameter AB, and 
The tangent. CF is parallel to the chord AD. 


PROP. XXVII. 


48. When a pendulum vibrates in a cycloid, the time of one vibration, is to 
the time in which a body Julls through half the length of the pendulum, as the 
circumference of a circle is to its diameter. 

Let ABa be the cycloid; DB its axis, 
or the diameter of the generating semi- 
circle DEB; CB = 2DB the length of 
the pendulum, or radius of curvature at 
B. Let the ball descend from F, and, 
in vibrating describe the arc FBf 
Divide IB into innumerable small parts, 
one of which is Gg; draw FEL, GM, 
gm, perpendicular to DB. On LB de- 
scribe the semicircle LMB, whose centre 
is O; draw MP parallel to DB; also 
draw the chords BE, BH, EH, and the radius OM. % 

Now, the triangles BEH, BHK, are similar; therefore, BK: BH :: BH: BE, © 
or BH? = BK. BE, or BH = \/ BK. BE. Also, the similar triangle MnP, 


a 
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_ MON, give Mp : Mm :: MN: MO, And, by the nature of the cycloid, Hh is 
equal and parallel to Gg. 

If another body descend down the chord EB, it will have the same velocity as 
_ the ball in the cycloid has at the same height. So that KA and Gg are passed 
over with the same velocity, and consequently the time in passing them will be 
as their lengths Gg, Kh, or as HA to Kk, or BY to BK by similar triangles, or 
/ BK . BE to BK, or ,/ BE to ,/BK, oras ,/BL to \/ BN by similar tri- 
_ angles. 

That is, the time in Gg: time in Kk :: ,/ BL: ,/BN. 

Again, the time of describing any space with a uniform motion, is directly as 
the space, and reciprocally as the velocity; also, the velocity in K or Kf, is to 
the velocity at B, as ,/ EK to ,/ EB, or asy/LN:4/LB; and the uniform ve- 
locity for EB is equal to half that at the point B, therefore the time in Ké: time 


5 Kk EB : : Nn LB 

os Se ene ; Fe ees - Mop: 
in EB : SiN > 4y/L8.*’ (by sim. tri.) TALS SpE oh Nn or Mp: 
24/BL.LN 


That is, the time in KZ : time in EB :: Mp : 2 BL. LN. 

_ But it was, time in Gg : time in Kk ::4/BL :,/BN; therefore, 

By comp., time in Gg : time in EB :: Mp: 24/ BN. Nu or 2NM. 

But, by sim. tri., Mm : 20M or BL:: Mp: 2NM. 

Therefore, time in Gg : time in EB :: Mm: BL. 

Consequently, the sum of all the times in all the Gg’s is to the time in (B, 
or the time in DB, which is the same thing, as the sum of all the Mom’s is 
to LB; 

That is, the time in Fg: time in DB:: Lm : LB. 
And the time in FB: timein DB :: LMB: LB. 
Or the time in FBf : time in DB :: 2LMB: LB. 
‘That is, the time of one whole vibration, 
is to the time of falling through half CB, 
as the circumference of any circle, 
is to its diameter. 


Corol. Hence all the vibrations of a pendulum in a cycloid, whether 
great or small, are performed in the same time; which time is to the time of 
falling through the axis, or half the length of the pendulum, as 3:1416 to 1], the 
ratio of the circumference to its diameter; and hence that time is easily found 
thus. Put p = 371416, and J the length of the eg also +9 the space 
fallen through by a heavy body in 1” of time: 


Then)/ig:+/sl i: Wid “; the time of falling through 3/,. 
Therefore, 1 : p =? 1/ Ab py -, which therefore is the time of one vi- 
bration of the pendulum. 


49, And if the pendulum vibrate in the small arc of a circle; because that 
small are nearly coincides with the small cycloidal arc at the vertex B; there- 
fore the time of vibration in the small arc of a circle, is nearly equal to the 
time of vibration in the cycloidal arc; and consequently the time of vibration 


in a small circular are is equal to p 4/ > where / is the radius of the circle. 
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50. So that, if one of these, g or /, be found by experiment, this theorem 
will give the other. Thus, if 3g or the space fallen through by a heavy body in 
1" of time, be found, then this theorem will give the length of the seconds pen- 
dulum. Or, if the length of the seconds pendulum be observed by experiment, 
which is the easier way; this theorem will give+g the descent of gravity in 1", : 
Now, in the latitude of London, the length of a pendulum which vibrates seconds, 
has been found to be 394 inches; and this being written for Z in the theorem, 


e 
it gives p vo = 1”; and hence is foundig= jp7= 3p? x 393 = 193-07 


inches == 16,4 feet, for the descent of gravity in 1”; which it has also been 
found to be very exactly, by many accurate experiments. 


SCHOLIUM, 


91. Hence is found the length of a pendulum that shall make any number 
of vibrations in a given time. Or, the number of vibrations that shall be made 
by a pendulum of a given length. ‘Thus, suppose it were required to find the 
length of a half seconds pendulum, or a quarter seconds pendulum ; that is, a 
pendulum to vibrate twice in a second, or 4 times in a second. Then, since the 
time of vibration is as the square root of the length, 

Therefore 1 : 3 :: 4/392 : V4, 

Orl :3:: 393: ae = 9} inches nearly, the length of the half 
seconds pendulum. 

And 1: 4, :: 393: 2,7, inches, the length of the quarter seconds pendulum 

Again, if it were required to find how many vibrations a pendulum of 80 
inches long will make in a minute, 

394 
80 





Here ,/80 : 4/393 :: 60” or Il’: 60\/ = 7h/31'3 = 41°95987, or 


alinost 42 vibrations in a minute. . 

52. In these propositions, the thread is supposed to be very fine, or of no 
sensible weight, and the ball very small, or all the matter united in one point 5 
also, the length of the pendulum, is the distance from the point of suspension, — 
or centre of motion, to this peint, or centre of thé small ball. But if the ball be 
large, or the string very thick, or the vibrating body be of any other figure 
then the length of the pendulum is different, and is measured, from the centre 
of motion, not to the centre of magnitude of the body, but to such a point, as 
that if all the matter of the pendulum were collected into it, it would then 
vibrate in the same time as the compound pendulum ; and this point is called the 
Centre of Oscillation, which will be treated of in what follows. 

The pendulum may be applied to three several important purposes. 
(1.) To measure portions of time, or to subdivide the units we derive from 
astronomical phenomena, into smaller and equal portions. 


(2.) To determine the measure of the force of gravity, at different places, and 
under different circumstances; and thus to enable us to infer the variation in the 
apparent intensity that is due to the centrifugal force ; and the variation in the 
actual intensity at the surface, that is due to the figure of the earth. Hence the 
figure of the earth may be determined. 


(3.) The standard unit from which all lineal measures are taken, is the length 
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of a pendulum vibrating seconds of mean time in the latitude of London, in a 
/yacuum at the level of the sea, Fah. thermometer being at 62°, and the barometer 
, at 30 inches. 


OF THE CENTRES OF PERCUSSION, OSCILLATION, AND 
GYRATION. 


- 
| 53. Tur Centre of Percussion of a body, ora system of bodies, revolving about 
‘a point, or axis, is that point, which striking an immoveable object, the whole 
‘mass shall not incline to either side, but rest as it were in equilibrio, without 

acting on the centre of suspension. 

54. The Centre of Oscillation is that point, in a vibrating body, in which 
if any body be placed, or if the whole mass be collected, it will perform its vibra- 
| tions in the same time, and with the same angular velocity, as the whole body, 
about the same point or axis of suspension. 

55. The Centre of Gyration, is that point, in which, if the whole mass be 
golleoted, the same angular velocity will be generated in the same time, by a 
‘given force acting at any place, as in the body or system itself. 

. 56. The angular motion of a body, or system of bodies, is the motion of a 

| line connecting any point and the centre or axis of motion ; and is the same in 

‘all parts of the same revolving body. And in different, unconnected bodies, 
each revolving about a centre, the angular velocity is as the absolute velocity 
directly, and the distance from the centre inversely ; so that, if their absolute 
velocities be as their radii or distances, the angular velocities will be equal, 


PROP. XXVIII. 


57, Lo find the centre of percussion of a body, or system of bodies. 


Let the body revolve about an axis passing through 
any point S in the line SGO, passing through the 
centres of gravity and percussion, G and O. Let 

MN be the section of the body, or the plane in which 

the axis SGO moves. And conceive all the particles 

of the body to be reduced to this plane, by perpendi- 
 culars let fall from them to the plane; a supposition 
which will not affect the centres G, O, nor the angu- 
lar motion of the body. 





Let A be the place of one of the particles, so re- 

duced ; join SA, and draw AP perpendicular to AS, 
,and Aa perpendicular to SGO: then AP will be the direction of A’s motion, 
_as it revolves about S; and the whole mass being stopped at O, the body A will 
urge the poiut P forward, with a force proportional to its quantity of matter 
and velocity; or to its matter and distance from the point of suspension S: that 
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is, as A, SA; and the efficacy of this force in a direction perpendicular to SO, at 
the point P, is as A. Sa, by similar triangles; also, the effect of this force on 
the lever, to turn it about O, being as the length of the lever, is as A. Sa. PO 
= A.Sa.50—SP = A.Sa. SO—A.Sa.SP = A. Sa. SO — ae 
SA* In like manner, the forces of B and C, to turn the system about O, 
are as, 


B.S. SO —\B., SBinas 
C.Se. 80 — C SSC aa 
But, since the forces on the contrary sides of O destroy one another, by 
the definition of this force, the sum of the positive parts of these quantities, 
must $e equal to the sum of the negative parts, 
that is, A. Sa. S0 4+ B.85.S0+4+C.Sc.S80,&.= - - - 
A. SA’ +B. SB? + C. SC’, &e.; 
2 2 
and hence SO = i ee oe eS oe ——— | which is the distance of 
the centre of percussion below the axis of motion. 
And here it must be observed that, if any of the points a, 6, &c. fall on the 
contrary side of 5, the panics product A.Sa, or B. 86., &c. must be 
made negative, 


Corol. |. Since, by cor. 8, pr. 15, A + B + C, &c. or the body d x 
the distance of the centre of gravity, SG, is = A. Sa + B. 8d +4 C. Se, &e. 
which is the denominator of the value of SO; therefore the distance of the = 


z 2 V2 
tre of percussion is SO = bP is aa ee SC’ &e. 








Corol. 2. Since, by Geometry, theor. 36, 37, 
itis SA? = SG? -+-- GA’ — 2S8G. Ga, 
and SB* = SG’ + GB’ + 28G. Gé, 
and SC? = SG? + GC’ + 28G. Ge, &e. 
and, by cor. 5, pr. 13, the sum of the last terms is nothing, namely, 
— 25G .-Ga 4+ 25G. Gb + 2S8G, Ge, &. = 0; — 
therefore the sum of the others, or A. SA? + B.SB% && ..... ~~ 
= A+B, & . SG + A. GA? + B. GB? + C. GC, &e 4 
or = 6. SG? +.A.-GA? + B. GB’ + CGC" &e : 
which being substituted in the numerator of the foregoing value of SO, gives, — 
6.8G’ + A. GA’? + B. GB + &e. 





oh Oe 5 SG 
Ie z . GB? + C. GC, &e. 
or SO = SG. + oS ee 


Corol. 3. Hence, the distance of the centre of percussion always 
exceeds the distance of the centre of gravity, and the excess is always 


ep — A: GA + B. GBY &. 


6.5G 
on A.GA? - B. GB?, &e. . 
58. And hence also, SG. GO = Se aT aaa that is, SG, GO 


is always the same constant quantity, wherever the point of suspension S is 
placed; since the point G, and the bodies A, B, &e. are constant. Or GO is 
always reciprocally as SG, that is, GO is less, as SG is greater; and conse- 
quently the point rises upwards, and approaches towards the point G, as the 
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point S is removed to the greater distance; and they coincide when SC is 
infinite. But when S coincides with G, then GO is infinite, or O is at an 
infinite distance. 


PROP, XXIX, 


59. If a body A, at the distance SA from an axis passing through 8, be made 
to revolve about that axis by any force f acting at P in the line SP, perpen 
dicular to the axis of motion ; it is required to determine the quantity or mat- 
ter of another body Q, which, being placed at P, the point where the force 
atts, it shall be accelerated in the same manner, as when A revolved at the dis- 
tance SA; and, consequently, that the angular velocity of A and Q about S, 
may be the same in both cases. 


‘p 


By the nature of the lever, SA: SP :: f: a . f, the effect 


of the force f, acting at P, on the body at A; that is, the force 
ey acting at P, will have the same effect on the bedy A, as the 





SP 
force <4 f, acting directly at the point A. But as ASP re- 


volves altogether about the axis at 5, the absolute velocities of 


the points A and S, or of the bodies A and Q, will be as the 


radii SA, SP of the circles described by them. Here then we have two bodies 
17> 


SE 
A and Q, which being urged directly by the forces f and Sa Js acquire veloci- 


ties which are as SP and SA. But the motive forces of bodies are as their 


mass and velocity ; therefore 

oy of: Peon OQ. Ob, andiob. A 5 As Q = a A, 
which therefore is the mass of matter which, being placed at P, would receive 
the same angular motion from the action of any force at P, as the body A re- 
ceives. So that the resistance of any body A, to a force acting at any point P, 
is directly as the square of its distance SA from the axis of motion, and reci- 
procally as the square of the distance SP of the point where the force acts. 


Corol. 1, Hence the force which accelerates the point P, is to the force 
; free 
of gravity, as “;—Ga? to 1, or as f. SP* to A. SA®, 


Corol. 2. If any number of bodies, A, B, C, be 
put in motion, about a fixed axis passing through 8, by 
a force acting at P; the point P will be accelerated in AQ 
the same manner, and consequently the whole system 


will have the same angular velocity, if, instead of the S' 
bodies A, B, C, placed at the distances SA, SB, SC, yy, a 
A? SB? SC Sie ace 


a Ss 
there be substituted the bodies SP A, gps B, ap: ©; 


these being collected into the point P. And hence, the 

moving force being jf, and the matter moved being 2 2") 2. we 
y ec SB* Cc. sc 

2 aii Ce ; therefore the accelerating force is 


4 
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SP2 } 
AC SAP hy SBTC which is to the accelerating force of oe : 


as f. SP? to A. SA? ++ B. SB?+ C. SC? 














Corol. 3. The angular velocity of the whole system of bodies, is as 


AceAME xe . ae OSC For the absolute velocity of the point P, is ss 





ihe eae force, or directly as the motive force f, and inversely as the 


. SA’, &e. 
mass ——gpe : but the angular velocity is as the absolute velocity directly 





and the radius SP inversely; and therefore the angular velocity of P, or of the 


whole system, which is the same thing, is as A. SAE ve ae fam SC. 4 
| | 





: 
60. To determine the centre of oscillation of any compound mass or body MN, ? 
or of any system of bodtes A, B, C. Ri 

4 


PROP. XXX. 


Lir MN be the plane of vibration, to 
which let all the matter be reduced, by 
letting fall perpendiculars from every 
particle, to this plane. Let G be the 
centre of gravity, and O the centre of 
oscillation ; through the axis S draw 
SGO, and the horizontal line Sq; then 
from every particle A, B, C, &c. let fall 
perpendiculars Aa, Ap, Bb, Bg, Ce, Cr, 
to these two lines; and join SA, SB, 
SC; also, draw Gm, On perpendicular 
to Sg. Now, the forces of the weights 
A, B, C, to turn the body about the axis, 
are A. Sp, B. Sg, —C. Sr; and there- 
fore, by cor. 3, prop. 29, the angular 
motion generated by all these forces is 


Ais Bris) — Crasr 
a Sra SB ao see Also, the angular velocity which any particle p, 








tnd Ge f . ’ Re Xn 
placed in U, generates, in the system, by its weight, is peso or Sop or 
iS 
SG-s0" because of the similar triangles SGm, SOn. Put, by the problem, 
the vibrations are performed alike in both cases, and therefore these two ex- 
uressions must be equal to each other, that is, ) 
Sm A.Sp +B.S8Sq—C.S&r 
SG. SC 180 pe SA’ + B. SB? + C. SC 
A. pee oe SB? + C. SC# 
~-Sp+B.8¢—C.S&r ° 
But, by cor. 2, prop. i iene Sp-+ B.S¢g—C€.Sr=(A+ B40 
A, SA? + B. SBC. + SS 
SG. (Aq Bp OC) 


And hence SO = an x 


Sm; therefore the distance SO = 


| 
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A.SA’?+ B. SB? + C. SC : 
=. Sr Sh mad So by prop. 16, the distance of the centre of 
oscillation O, below the axis of suspension; where any of the products A. Sa, 
B.S, must be negative, when a, 5, &c. lie on the other side of S; which is 


' the same expression as that for the distance of the centre of percussion, found 
in prop. 29. 


Hence it appears, that the centres of percussion and of oscillation are in the 


very same point. And therefore the properties in all the corollaries there 


found for the former, are to be here understood of the latter. 
Corol. 1. If m be any particle of a body and 7 its distance from the 


_ axis of motion S; also, G, O, the centres of gravity and oscillation. Then the 
| distance of the centre of oscillation of the body, from the axis of motion, is 


Zo = 


= (mr?) _ moment of inertia 
SG.3sm SG. mass 


Corol. 2. If 6 denote the matter in any compound body, whose centres 

of gravity and oscillation are G and O; the body P, which being placed at P, 

where the force acts as in the last proposition, and which receives the same motion 
from that force as the compound body 6, is P = ie t 

" A 3 2 2 

For, by corol. 2, prop. 29, this body P = Eile oe ee A ea 





But, by corol. 1, prop. 28,SG.SO.b=A. SA? + B.SB+ C.SC; 


SG.SO 


therefore P = —opr° b. 


61. Scuot1tum.—By the integral calculus, the centre of oscillation, for a 
regular body, will be found from cor. 1. But for an irregular one ; suspend it 
at the given point ; and hang up also a simple pendulum of such a length, that, 
making them both vibrate, they may keep time together. Then the length of 
the simple pendulum, is equal to the distance of the centre of oscillation of the 
body, below the point of suspension. 


62. Or it will be still better found thus: suspend the body very freely by 
the given point, and make it vibrate in small arcs, counting the number of 
vibrations it makes in any time, as a minute, by a guod stop watch ; and let 
that number of vibrations made in a minute be called n: then shall the dis- 


140850 
“inches. For, the length 





tance of the centre of oscillation, be SO = 


of the pendulum vibrating seconds, or 60 times in a minute, being 394 inches, 
and the lengths of pendulums being reciprocally as the square of the number 
of vibrations made in the same time ; therefore, 
n? : 60° s: Pip ip case = 140850 
nn nn 
the length of the pendulum which vibrates n times in a minute, or the distance 


of the centre of oscillation below the axis of motion. 


63. The foregoing determination of the point, into which all the matter of 

a body being collected, it shall oscillate in the same manner as before, only 

respects the case in which the body is put in motion by the gravity of its own 

particles, and the point is the centre of oscillation! but when the body is put in 

motion by some other extraneous force, instead of its gravity, then the point is 
Bert 
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" 
different from the former, and is called the Centre of Gyration; which is dc 
mined in the following manner : 

PROP. XXXI. | 


64. To determine the centre of gyration of a compound body, or of a ‘yam 
tem of bodies. 






Let R be the centre of gyration, or the point into 
which all the particles A, B, C, &c. being collected, it 
shall receive the same angular motion from a force f 
acting at P, as the whole system receives. © 
Now, by cor 3, prop. 29, the angular velocity ge- 
nerated in the system, by the force f, is as : 
aoe CES = = Spree! and, by the same, the an- 
gular velocity of the system placed in R, is 
f.SP 
(A + B+ ©, &). SR?? 
two expressions equal to each other, we have 
A.SA?+B.SB?+ C. 8C 
oe ee a ae BC ; 
for the distance of the centre of gyration below the axis of motion. 

Corol. 1. Because A. SA* + B.SB*, &. = SG. SO. 3b, where G is 
the centre of gravity, O the centre of oscillation, and d the body A +- B -+ GC 
&e.; therefore SR? = SG . SO; that is, the distance of the centre of gyration, | 
is a mean proportional between those of gravity and oscillation.  : 

Cor. 2. If m denote any particle of a body at distance 7 from the axis 
= (m7*) __ moment of inertia _ fr’dm 


of motion: then SR? = ——— =) Se 
sms mass Sika 





then, by making these 


PROP, XKKIT 


65. To determine the velocity with which a ball moves, which being shot againstl 
a ballistic pendulum, causes it to vibrate through a given angle. © 


- Tue Ballistic Pendulum is a heavy block of wood MN, 
suspended vertically by a strong horizontal iron axis 
at K, to which it is connected by a firm iron stem. This 
problem is the application of the last proposition, or of - 
prop. 29, and was invented by the very ingenious Mr 
Robins, to determine the initial velocities of military 
projectiles ; a circumstance very useful in that science ; 
and it is the only method yet known for determining them 
with any degree of accuracy. M 






; 


ny 
| i 
IN 






Let G,S, O be the centres of gravity, gyration, and 
oscillation, as determined by the foregoing propositions ; 
and let P be the point where the ball strikes the face of me pendulum ; the 
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momentum of which, or the product of its weight and velocity, is expressed by 
the force f, acting at P, in the foregoing propositions. 
Put » = the whole weight of the pendulum, 
6 = the weight of the ball, 
g = KG the dist. of the centre of gravity, 
o = KO the dist. of the centre of oscillation, 


r = KS = go the dist. of the centre of gyration, 
i = KP the distance of the point of impact, 

v = the velocity of the ball, 

wu = the velocity of the point of impact P, 

e = chord of the arc described by the point O. 


By Prop. 30, if the mass p be placed all at S, the pendulum will receive the 
7 KS? 
same motion from the blow in the point P; and as KP’: KS* :: p: = . por 
3 
a = p or & Py (prop. 29) the mass which being placed at P, the pendulum will 


still receive the same motion as before. Here then are two quantities of matter, 


o * ° . ores 
namely, 6 and “ p, the former moving with the velocity v, and striking the 


latter at rest; to determine their common velocity u, with which they will 
jointly proceed forward together after the stroke. In which case, by the law 


of the impact of non-elastic bodies, we have 2 pt+6:6::v: wu, and there- 


fore v = toaehae u the velocity of the ball in terms of w, the velocity of the 


point P, and the known dimensions and weighis of the bodies. 

But now to determine the value of wu, we must have recourse to the angle 
through which the pendulum vibrates; for when the pendulum descends down 
again to the vertical position, it will have acquired the same velocity with which 
it began to ascend, and, by the laws of falling bodies, the velocity of the centre 
of oscillation is such, as a heavy body would acquire by freely falling through 
the versed sine of the arc described by the same centre O. But the chord of 
that arc is c, and its radius is 0; and, by the nature of the circle, the chord 
is a mean proportional between the versed sine and diameter, therefore 


mc 6.23 Cys =<, the versed sine of the arc described by O. Then by the laws 


of falling bodies, 4/167, : Vee 33 322 ; oe, the velocity acquired by the 


point O in descending through the arc whose chord is c, where a = 16, feet: 
2 
and therefore 0 : i :: ¢ vo? gos 3 <, which is the velocity u, of the point P. 
Then, by substituting this me for u, the velocity of the ball, before found, 
__ bi + gop 
becomes v = bio 
rectly as the chord of the arc described by the pendulum in its vibration. 

66. Scuo.ium.—lIn the foregoing solution, the change in the centre of oscil- 
lation is omitted, which is caused by the ball lodging in the point P. But the 
allowance for that small change, and that of some other small quantities, may 
be seen in my Tracts, where all the circumstances of this method are treated at 
full length, 


2. 
ie va So that the velocity of the ball, is di- 


Leis? 
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67. For an example in numbers of this method, suppose the weights and 
dimensions to be as follow: namely, ae és 


p = 570 lb. 3 
b Seaii8.07, 14alr. |" Then - 
==" W191 Ib. ¢ || 90? |e mBGeassc CO”; 
g = ‘785 inches, bio Visl x Urs Aees 
o = 842 inches. x 18.73, — 656°56. 
= 17-065 feet, . eh a “ae | 
ae iss 3: a 
£ etieinctes | and yf = v Fees =v aay = 218 
| Therefore 656°56  2°1337, or 1401 feet, is the velocity, 
per second, with which the ball moved, when it struck — 
the pendulum. 4 
. 
| 
OF HYDROSTATICS. 
-1. Hyprosratics is the science which treats of the pressure, or weight, 
and equilibrium of water, and other fluids, especially those that are non-elastic, - 
2. A fluid is elastic, when it can be reduced into a less bulk by compres 
sion, and which restores itself to its former bulk again when the pressure is 
removed; as, air. And it is non-elastic, when it is not compressible or expan 
sible; as, water, &c. 


PROP. I 


3. If any part of a fluid be raised higher than the rest, by any force, and } 
then left to itself; the higher parts will descend to the lower places, and the 
fluid will not rest, till its surface be quite even and level. | 


3 





For, the parts of a fluid being easily moveable every way, the higher parts will 
descend by their superior gravity, and raise the lower parts, till the whole come 
to rest in a level or horizontal plane. 


Corol. 1. Hence, water which communicates 
with other water, by means of a close canal or pipe, will 
stand at the same height in both places. Like as water 
in the two legs of a syphon. 





Corol. 2. For the same reason, if a fluid grayi- 
tate towards a centre; it will dispose itself into a sphe- 
rical figure, the centre of which is the centre of force. 
Like as the sea in respect of the earth. 

















}- 


J 


7 
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PROP. II. 


4, When a fluid is at rest in a vessel, the base of which is parallel to the hort- 
zon; equal parts of the base are equally pressed by the fluids. 


For, upon every equal part of the base there is an equal column of the fluid 
supported by it. And, as all the columns are of equal height, by the last pro- 

_ position, they are of equal weight, and therefore they press the base equally ; 
that is, equal parts of the base sustain an equal pressure. 

266. Corol. 1. All parts of the fluid press equally at the same depth. 

For, if a plane parallel to the horizon be conceived to be drawn at that 
depth ; then, the pressure being the same in any part of that plane, by the pro- 
position, therefore the parts of the fluid, instead of the plane, sustain the same 
pressure at the same depth. | 

267. Corol. 2. The pressure of the fluid at any depth, is as the depth of the 
fluid. 

For the pressure is as the weight, and the weight is as the height of the fluid. 


PROP. III. 


5. When a fluid is pressed by its own weight, or by any other force ; at any 
point it presses equally, in all directions whatever. 


Tuts arises from the nature of fluidity, by which it yields to any force in any 
direction. If it cannot recede from any force applied, it will press against other 
parts of the fluid in the direction of that force. And the préssure in all direc- 
tions will be the same. For if it were less in any part, the fluid would move 
that way, till the pressure were equal every way. 

Corol. 1. In a vessel containing a fluid; the pressure is the same against 
the bottom, as against the sides, or even upwards, at the same depth. 

Corol. 2. Hence, and from the last pro- 
position, if ABCD be a vessel of water, and. 
there be taken, in the base produced, DE to 
represent the pressure at the bottom ; joining 
AE, and drawing any parallels to the base, as 
FG, HI; then shall FG represent the pressure 
at the depth AG, and HI the pressure at the 
depth AI, and so on; because the parallels, 
FG, HI, ED, by sim. triangles, are as the 
depths, AG, AI, AD; which are as the pres- 
sures, by the proposition. 

And hence the sum of all the FG, HI, &c. or area of the triangle ADE, is as 
the pressure against all the points G, I, &c. that is, against the line AD. But 
as every point in the line CD is pressed with a force as DE, and that thence 
the pressure on the whole line CD is as the rectangle ED . DC, while that 
against the side is as the triangle ADE or 3AD . DE; therefore the pressure 
on the horizontal line DC, is to the pressure against the vertical line DA, as 
DC to 4DA. And hence, if the vessel be an upright rectangular one, the 
pressure on the bottom, or whole weight of ihe fluid, is to the pressure against 
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one side, as the base is to half that side. And therefore the weight of the fluid _ 
is to the pressure against all the four upright sides, as the base is to half the 

upright surface. And the same holds true also in any upright vessel, whatever . 
the sides be, or in a cylindrical vessel. Or, in the cylinder, the weight of — 
the fluid, is to the pressure against the upright surface, as the radius of the base | 
is to double the altitude. 7 | a) 

Moreover, when the rectangular prism becomes a cube, it appears that the — 
weight of the fluid on the base, is double the pressure against one of the upright 
sides, or half the pressure against the whole upright surface. 4 

Corol. 3. The pressure of a fluid against any upright surface, as the 
gate of a sluice or canal, is equal to half the weight of a column of the fluid | 
whese base is the surface pressed, and its altitude the same as the altitude of 
that surface. 

For the pressure on a horizontal base equal to the upright surface, is equal — 
to that column ; and the pressure on the upright surface is but half that on the 
base, of the same area. : 

So that, if 4 be the breadth, and d the depth of such a gate or upright sur- 
face; then the pressure against it, is equal to the weight of the fluid whose 
magnitude is 44d° = LAB. AD*. 

If the fluid be water, a cubic foot of which weighs 1000 ounces, or 624 
pounds; and if the depth AD be 12 feet, the breadth AB 20 feet ; then the © 
content, or 3AB. AD? is 1440 feet; and the pressure is 1,440,000 ounces, or 
90,000 pounds, or 40} tons weight nearly. { 

| | 


PROP. IV. 


6. The pressure of a fluid, on the base of the vessel in which it is contained, 
ts as the base and perpendicular altitude ; whatever be the figure of the vesse 
that contains it. 


Ir the sides of the base be upright, so that it be a prism of 
a uniform width throughout, then the case is evident; for 
then the base supports the whole fluid, and the pressure is 
just-equal to the weight of the fluid. 





But if the vessel be wider at top than bottom; then the 
bottom sustains, or is pressed by, only the part contained 
within the upright lines aC, 6D; because the parts ACa, 
BD6 are supported by the sides AC, BD; and those parts 
have no other effect on the part abDC than keeping it in 
its position, by the lateral pressure against aC and dD, 
which does not alter its perpendicular pressure downwards. 
And thus the pressure on the bottom is less than the weight of the contained fluid. 

And if the vessel be widest at bottom; then the bottom 
is still pressed with a weight which is equal to that of the 
whole upright column ABDC. For, as the parts of the 
fluid.are in equilibrio, all the parts have an equal pressure 
at the same depth; so that the parts within Cc and dD 
press equally as those in cd, and therefore equally the same 








HYDROSTATICS. 871 


| as if the sides of the vessel hal gone upright to A and B, the defect of fluid in 
the parts ACa and BDO being exactly compensated by the downward pressure 
- or resistance of the sides aC and 6D against the contiguous fluid. And thus 
. the pressure on the base may be made to exceed the weight of the contained 
fluid; in any proportion whatever, 
So that, in general, be the vessels of any figure whatever, regular or irregu- 
Jar, upright or sloping, or variously wide and narrow, in different parts, if the 
_ bases and perpendicular altitudes be but equal, the bases always sustain the 
game pressure. And as that pressure, in the regular upright vessel, is the whole 
~ column of the fluid, which is as the base and altitude, therefore the pressure in 
all figures is in the same ratio. 
| Corol, 1. Hence, when the heights are equal, the pressures are as the 
bases, And when the bases are equal, the pressure is as the heights. But 
_ when both the heights and bases are equal, the pressures are equal in all, though 
their contents be ever so different. 
Corol. 2. The pressure on the base of any vessel, is the same as on that 
_ of a cylinder, of an equal base and height. 
Corol. 3. If there be an inverted syphon, or bent 
tube, ABC, containing two different fluids CD, ABD, that 
balance each other, or rest in equilibrio; then their heights 
in the two legs AE, CD, above the point of meeting, will 
be reciprocally as their densities. 

For, if they do not meet at the bottom, the part BD ba- 
_-lances the part BE, and therefore the part CD balances the 
| part AE; that is, the weight of CD is equal to the weight 

of AE. And as the surface at D is the same, where they 
act against each other, therefore AE: CD :: density of 
CD : density of AE. 

So, if CD be water, and AE quicksilver, which is near 
14 times heavier; then CD will be = 14AE; that is, if AE be 1 inch, CD will 
be 14 inehes; if AE be 2 inches, CD will be 28 inches ; and so on. 





PROP. V. 


7. If a body be immersed ina fluid of the same density or specific gravity ; 
it will rest in any place where it is put. But a body of a greater density well 
sink ; and one of a less density will ascend to the top, and jivut. 


Tur body, being of the same density, or of 
the same weight with the like bulk of the 
fluid, will press the fluid under it, just as much 
as if its space was filled with the fluid itse!f. 
The pressure then all around it will be the 
same as if the fiuid were in its place; con- 
sequently there is no force, neither upwards 
nor downwards, to put the body out of its 
place. And therefore it will remain wherever 
it is put. 

But if the body be lighter, its pressure down- 
wards wil be less than before, and less than 
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the water upwards at the same depth; therefore the greater force will overcome 
the less, and push the body upwards to A. ; 

And if the body be heavier, the pressure downwards will be greater than the 
fluid at the same depth; and therefore the greater force will prevail, and care 
the body to the bottom at C. 


Corol. 1. A body immersed in a fluid, loses as much weight, as an equal - 
bulk of the fluid weighs, And the fluid gains the same weight. 

Thus, if the body be of equal density with the fluid, it loses all its weight, . 
and so requires no force but the fluid to sustain it. If it be heavier, its weight 
in the water will be only the difference between its own weight and the weight | 
of the same bulk of water; and it requires a force to sustain it just equal to that 
difference. But if it be (ones it requires a force equal to the same difference | 
of weights to keep it from rising up in the fluid. 


Corol. 2. 'The weights lost, by immerging the same body in different | 
fluids, are as the specific gravities of the fluids. And bodies of equal weight, — 
but different bulk, lose, in the same fluid, weights which are reciprocally as the 
specific gravities of the bodies, or directly as their bulks. 


Corol. 3. The whole weight of a body, which will float in a fluid, is 
equal to as much of the fluid, as the immersed part of the body takes up, when 
it floats. 

For the pressure under the floating body, is just the same as so much of 
the fluid as is equal to the immersed part; and therefore the weights are 
the same. . 


Corol. 4. Hence the magnitude of the whole body, is to the magni- 
tude of the part immersed, as the specific gravity of the fluid, is to that of 
the body. 

For, in bodies of equal weight, the densities, or specific gravities, are reci- 
procally as their magnitudes. : 


Corol. 5. And because, when the weight of a body taken in a fluid, is | 
subtracted from its weight out of the fluid, the difference is the weight of an 
equal bulk of the fluid; this therefore is to its weight in the air, as the specific 
gravity of the fluid, is to that of the body. 

‘Therefore, if W be the weight of a body in air, , 
w its weight in water, or any fluid, 
S the specific gravity of the body, and 
s the specific gravity of the fluid ; 
then W —w: W:: s : S, which proportion will give either of those specific 
gravities, the one from the other 
| 
| 


weber 


Thus S = a s, the specific gravity of the body; 








and s = is ~ S, the specific gravity of the fluid. | 
So that the specific gravities of bodies, are as their weights in the air directly, } 


and their loss in the same fluid inversely. 


Corol, 6. And hence, for two bodies connected together, or mixed 
together into one compound, of different specific gravities, we have the follow- 
ing equations, denoting their weights and specific gravities, as below, viz. 
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-H = weight of ihe heavier body in air, 
h = weight of the same in water, 

L = weight of the lighter body in air, 
1 = weight of the same in water, 

C = weight of the compound in air, 
c = weight of the same in water, 

«9 = the specilic gravity of water. Then 

Ist, (H —h) S= Hw, From which equations, may be found any of the 


S its specific 9 ravity . 
‘ s its specific gravity ; 


, JS its specific gravity 





2d, (L—7) s = Ly, | above quantities, in terms of the rest 
3d, (C—c) f = Cw, Thus, from one of the first three equations, 
4th, H + L =O, | is found the specific gravity of any body, as 
Sth, A  Sehsfem L 

j H + L s=[L = p by dividing the absolute weight of the 


Saat = JS | body by its loss in water, and multiplying by the 


_ specific gravity of water. 


But if the body L be lighter than water; then / will be negative, and we 


must divide by L + / instead of L — /, and to find 7 we must have recourse 


to the compound mass C; and because, from the 4th and 5th equations, 


re Lw . 
oo OC — c— H —A, therefore s = 40, he) (H — hy; that is, 


divide the absolute weight of the light body, by the difference between the losses 


_ in water, of the compound and heavier body, and multiply by the specific gra- 


L 


' yity of water. Or thus, s = soy as found from the last equation. 


Also, if it were required to find the quantities of two ingredients mixed in a 


compound, the 4th and 6th equations would give their values as follows, viz. 


SJ )> na Sa 
B= py yom b= Gays’ 


the quantities of the two ingredients H and L, in the compound C, And s0 
for any other demand. 


PROP. VI. 
To find the specific gravity of a body. 


8. Cast L—When the body is heavier than water ; weigh it both in water 
and out of water, and take the difference, which will be the weight lost in 


B 
water. ‘Then, by corol.6, prop. 4.8 = a _ 7 





where B is the weight of the 


body out of water, } its weight in water, s its specific gravity, and w the specific 
gravity of water. ‘That is, 
As the weight lost in water, 
Is to the whole or absolute weight, 
So is the specific gravity of water, 
To the specific gravity of the body. 
Examp.e. Ifa piece of stone weigh 10 1b. but in water only 63 lb., required 
its specific gravity, that of water being 1000 ? Ans. 3077, 
9. Case 1]1.—When the body ts lighter than water, so that it will not sink ; 
annex to it a piece of another body, heavier than water, so that the mass com- 
pounded of the two may sink together, Weigh the denser body, and the com- 


4 
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pound mass, separately, both in water, and out of it 3; then find how much each 
loses in water, by subtracting its weight in water, from its weight in air; and 
subtract the less of these remainders from the greater. Then say, y 
As the last remainder, S| 
Is to the weight of the light body in air, } 

So is the specific gravity in water, 
To the specific gravity of the body. 1 : 
That is, the specific gravity s = C=C by cor. 6, prop. 4, _ | 
Example. Suppose a piece of elm weighs 15 lb. in air; and that a piece of 
copper, which weighs 18 lb. in air and 16 Ib. in water, is affixed to it, and 
that the compound weighs 6 Ib. in water ; required the specific gravity of the 


elm ? Ans. 600, 


10. Case III.—For a fluid of any sort. Take a piece of a body of known 
specific gravity; weigh it both in and out of the fluid, finding the loss o 
weight by taking the difference of the two; then say, 

As the whole or absolute weight, 
Ts to the loss of weight, , 
So is the specific gravity of the solid, a 
To the specific gravity of the fluid. 


‘Om 





That is, the specific gravity w = B % by cor. 6, prop. 4,” | i 

Z : 

Example. A piece of cast iron weighed 34,83, ounces in a fluid, and 40 
ounces out of it; of what specific gravity is that fluid? Ans. 1000. 


PROP. VIL | é 

11. To find the quantities of two ingredients in a given compound. 
Take the three differences of every pair of the three s 
the specific gravities of the compound and each in 
specific gravity by the difference of the other two. 

As the greatest product, 

Is to the whole weight of the compound, 

So is each of the other two products, 

To the weights of the two ingredients, 


That is, the one H — =n C; and the other L — =n 


pecific gravities, namely, 
gredient; and multiply each 
Then say, 7 

: 


" 










C, 
by cor. 6. prop. 4. 


Example. A composition of 112 Ib. being made of tin and copper, whose 
specific gravity is found to be 8784 ; required the quantity of each ingredient, | 
the specific gravity of tin being 7320, and that of copper 9000 ? 

Answer—There is 100 Ib. of copper, 2 , ae 
and consequently 12 Ib. of tin, in the composition, 


12. Scno.tium.—The Specific pvavities 
from experiments, are expre 
following Table : 


of several sorts of matter, as found 
ssed by the numbers annexed to their names in the 
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A Table of the Specific Gravities of bodies. 


latina (pure) 


- - 23400 | Brick - - - - 2000 
Fine gold - - - 19640 | Common earth - - 1984 
Standard gold - = 19888 | Nitre th PES 1900 
Quicksilver - - - 13600 | Ivory - - - - 1825 
Lead - - - - 11325 | Brimstone - - - 1810 
Fine silver - = - 11091 | Solid gunpowder - - 1745 
Standard silver - - 10535 | Sand - - - ~ 1520 
Copper Eee 9000 | Coal Smo yl ee 1250 
Copper halfpence - - 8915 | Box-wood - - - 1030 
G un metal - = - 8784 | Sea-water - 2 - 1030 
Cast brass _ - - ‘. 8000 | Common water - - 1000 
Steel - - - - 7850 | Oak - - - - 925 
Iron - oe = - 7645 | Gunpowder, close shaken 937 
Cast iron - - 7425 | Ditto, in a loose heap - 836 
Tin 3 ta 7320 | Ash Sonia heii es aa 800 
Clear crystal glass - - 3150 | Maple - - - - 755 
‘Marble and hard stone’ - 2700 | Elm - - - - 600 
Common green glass « 2600 | Fir - Stan Ji a 550 
Flint - - - - 2570 | Charcoal - - - 
‘Common stone - - 2520 | Cork - - - - 240 
‘Clay ih} = - - 2160 | Air at a mean state - 13 


13. Note. The several sorts of wood are supposed to be dry. Also, as a 
cubic foot of water weighs just 1000 ounces avoirdupois, the numbers in this 
table express, not only the specific gravities of the several bodies, but also the 
weight of a cubic foot of each, in avoirdupois ounces ; and therefore, by pro- 
portion, the weight of any other quantity, or the quantity of any other weight, 
may be known, as in the next two propositions. 


PROP. VIII. 
14, To find the magnitude of any body, from its weight. 


As the tabular specific gravity of the body, 

Is to its weight in avoirdupois ounces, 

So is one cubic foot, or 1728 cubic inches, 
To its centent in feet, or inches, respectively. 


Example 1. Required the content of an irregular block of common stone, 
which weighs 1 cwt. or 112 lb.? Ans, 1228% cubic inches. 


Example 2. How many cubic inches of gunpowder are there in 1 Ib. weight? 


Ans. 30 cubic inches nearly, 


Example 3. How many cubic feet are there in a ton weight of dry oak ? 


Ans. 384238 cubic feet. 
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15. To find the weight of a body, JSrom its magnitude. 


As one cubic foot, or 1728 cubic inches, 
Is to the content of the body, 

So is its tabular specific gravity, 
To the weight of the body. of 
Example 1. Required the weight of a block of marble, whose length is 63 
feet, and the breadth and thickness each 12 feet; being the dimensions of one 
of the stones in the walls of Balbec ? : | 
Ans. 683, ton, which is nearly equal to the burthen of an East 

India ship. 


Example 2. What is the weight of 1 pint, ale measure, of gunpowder ? ; | 





Ans. 19 oz. nearly, 
which measures 10 
Ans. 433515 Ib, 


Example 3. What is the weight of a block of dry oak, 
feet in length, 3 feet broad, and 22 feet deep ? 





3 


OF HYDRAULICS. { 


16. Hypravtics is the science which treats of the motion of fluids, and J 
forces with which they act upon bodies. i 


PROP. X. 






17. If a fluid run through a canal or river, or pipe of various widths, always 


Jilling it ; the velocity of the fluid in different parts of it, AB, CD will be 
reciprocally as the transverse sections in those parts, % 


Tuat is, 
] 1 
‘AB CD: 
or :: CD: AB; _ 
where AB and CD denote, not the diameters 


Veloc. at A: veloc. at C : 





AB: CD :: length of column thro 
But the uniform velocity of the wat 


the columns; therefore AB: CD :: velocity through CD: velocity through 
AB. 


Corol. Hence, by observing the velocity at any place AB, the quantity 
of water discharged in a second, or any other time, will be found, namely, by 
multiplying the section AB by the velocity there. 
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| But if the channel be not a close pipe or tunnel, kept always full, but an 
ppen canal or river; then the velocity in all parts of the section will uot be 
{he same, because the velocity towards the bottom and sides will be diminished 
by the friction against the bed or channel; and therefore a medium among the 
three ought to be taken. So, 
| If the velocity at the top be ; 100 feet per minute. 

That at the bottom ‘ , han 

And that at the sides ‘ ; 50 


———— 


3) 210 sum; 
Dividing their sum by 3 gives 70 the mean velocity, 
which is to be multiplied by the section, to give the quantity discharged ‘in a 
minute. 


PROP. XL 


18. The velocity with which a fluid runs out by a hole in the bottom or side of 
a vessel, kept always full, is equal to that which is generated by gravity 
through the height of the water above the hole; that is, the velocity of 4 
heavy body acquired by falling freely through the height AB. 


Divine the altitude AB into a great number of very 
small parts, each being 1, their number a, or a= the 
altitude AB. 

Now, by prop. III. the pressure of the fluid against the 
hole B, by which the motion is generated, is equal to 
the weight of the column of fluid above it, that is the 
column whose height is AB or a, and base the area of 
the hole B. Therefore the pressure on the hole, or small part of the fluid I, is 
to its weight, or the natural force of gravity, as a, to 1. But “since the 
velocities generated in the same body in any time, are as those forces; and be- 
cause gravity generates the velocity 2 in descending through the small space I, 
therefore 1: a:: 2: 2a, the velocity generated by the pressure of the column of 
fluid in the same time. But 2c, is also, (formerly -shown,) the velocity 
generated by gravity in descending through @ or AB. That is, the velocity of 
the issuing water, is equal to that which is acquired by a body in falling through 
the height AB. 

Corol. 1. The velocity, and quantity run out, at different depths, are 
as the square roots of the depths. For the velocity acquired in falling through 
AB, is as \/ AB. 
| Corol. 2. The water spouts out with the same velocity, whether it be 

downwards or upwards, or sideways ; because the pressure of fluids is the same 
in all directions, at the same depth. And therefore, if the adjutage be turned 
upwards, the jet will ascend to the height of the surface of the water in the 
vessel. And this is confirmed by experience, by which it is found that jets 
really ascend nearly to the height of the reservoir, abating a small quantity 
only, for the friction against the sides, and some resistance from the oblique 
motion of the water in the hole. 

Corol. 3. The quantity run out in any time, is equal to a column or 
prism, whose base is the area of the hole, and its length the space described in 
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that time by the velocity acquired by falling through the altitude of the fluid 
And the quantity is the same, whatever be the figure of the orifice, if it is o 
the same area. ; 
Therefore if h denote the height of the fluid, . 
a the area of the orifice, and ne 
49 = 167; feet, or 193 inches; ‘| 
then a »/2gh will be the quantity of water discharged in a second of time, 
nearly 8,,a,/h cubic feet, when a and & are taken in feet. 
So, for example, if the height 4 be 25 inches, and the orifice a = 1 squar 
inch; then @ 4/2gh = 2 4/25 X 193 = 139 cubic inches, which is the ov 
that would be discharged per second. : 
19 Scnotium.—When the orifice is in the side of the vessel, the peri | 
different in the different parts of the hole, being less in the upper parts of it tha 
in the lower. However, when the hole is but small, the difference is incon 
siderable, and the altitude may be estimated from the centre of the hole, ta 
obtain the mean velocity. But when the orifice is pretty large, then the 
mean velocity is to be more accurately computed by other principles, given in 
the next proposition. ; 
20. It is not to be expected that experiments, as to the quantity of water 
run out, will exactly agree with this theory, both on account of the resistance 
of the air, the resistance of the water against the sides of the orifice, and the 
oblique motion of the particles of the water in entering it. For, it is not merely 
the particles situated immediately in the column over the hole, which enter . 


r 


and issue forth, as if that column only were in motion; but also particles fro 
all the surrounding parts of the fluid, which is in a commotion quite around ; anc 
the particles thus entering the hole in all directions, strike against each other, 
and impede one another’s motion: from whence it happens, that the real 
velocity through the orifice, is somewhat less than that of a single body only, 
urged with the same pressure of the superincumbent column of the fluid. And 
experiments on the quantity of water discharged through apertures, show tha 
the velocity must be diminished, by those causes, rather more than the fourtl 
part, when the orifice is small, or such as to make the mean velocity equal to 
that of a body falling through 2 the height of the fluid above the orifice. Or 
else, that the orifice is not quite full of particles that spout out with the whole 
velocity, assigned in the proposition. 
21. Experiments have also been made on the extent to which the spout 
of water ranges on a horizontal plane, and compared with the theory, by 
calculating it as a projectile discharged with the velocity acquired by descend- 
ing through the height of the fluid. For, when the aperture is in the side of the 
vessel, the fluid spouts out horizontally with a uniform velocity, which, combine l 
with the perpendicular velocity from the action of 
gravity, causes the jet to form the curve of a par- 
abola. Then the distances to which the jet will 
spout on the horizontal plane BG, will be as the ! 
roets of the rectangles of the segments AC . CB, | 
AD. DB, AE. EB. For the spaces BF, BG, are as | 
the times and horizontal velocities ; but the velocities 
are as 4/AC, and the time of the fall, which is : : 
the same as the time of moving, or as ,/CB; there- 


fore the distance BF is as \/ AC. CB; and the distance BG as VY AD. DB. 





‘ 


4 


. 


. 
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And hence, if two holes are made equidistant from the top and bottom, they will 
sroject the water to the same distance; for if AC = EB, then the rectangle 
AC. CB is equal the rectangle AE. EB ; which makes BF then the same for both. 
Or, if on the diameter AB a semicircle be described; then, because the squares 
of the ordinates CH, DI, EK are equal to the rectangles AC . CB, &c; there- 
‘ore the distances BF, BG are as the ordinates CH, DI. And hence also it 
‘ollows, that the projection from the middle point D will be farthest, for DI is 
the greatest ordinate, 

_ These are the proportions of the distances : but for the absolute distances, it 
will be thus. The velocity through any hole, C, is such as will carry the water 
horizontally through a space equal to 2 AC in the time of falling through AC: 
but, after quitting the hole, it describes a parabola, and comes to F in the time 
a body will fall through CB; and to find this distance, since the times are as the 
roots of the spaces, therefore ,/ AC + 4/ CB:: 2AC: %/AC.CB= 2CH = BF, 
the space ranged on the horizontal plane. And the greatest range BG = 2DI, 
or 2AD, or equal to AB, 

And as these ranges answer very exactly to the experiments, this confirms 
the theory as to the velocity assigned. 


PROP. XII. 


22. If a notch or slit EH, in form of a parallelogram, be cut in the side 
of a vessel, full of water, AD ; the quantity of water flowing through it, 
will be 2 of the quantity flowing through an equal orifice, placed at the whole 
depth EG, or at the base GH, in the same time; it being supposed that the 
vessel is always kept full. 


For the velocity at GH is to the velocity at IL, as ,/ EG 
to ,/EI, that is, as GH or ILto IK, the ordinate of a 
parabola EKH, whose axis is EG. Therefore the sum of 
the velocities at all the points I, is to as many times the 
velocity at G, as the sum of all the ordinates IK to the 
sum of all the IL’s, namely, as the area of the. parabola 
EGHis to the area EGHF;; that is, the quantity running 
through the notch EH, is to the quantity running through an 
equal horizontal area placed at GH, as EGHKE to EGHP, 
or as 2 to 3; the area of a parabola being 3 of its circumscribing parallelogram. 

Corol. 1. The mean velocity of the water in the notch, is equal to 2 of 
that at GH. . 
Corol, 2. The quantity flowing through the hole IGHL, is to that which 
would flow through an equal orifice placed as low as GH, as the parabolic 
frustum IGHK, is to the rectangle IGHL. As appears from the demonstra- 
tion. 








OF PNEUMATICS. 


95. Pneumatics is the science which treats of the properties of air, or 
elastie fluids, 
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PROP. XIII mt 
24. Air is a heavy fluid body ; and it surrounds, and gravitates on, all parts 
of the surfuce of the earth. } 


THESE properties of air are proved by experience.—That it is a fluted 
evident from its easily yielding to any the least force impressed on it, withoné 
making a sensible resistance. But when it is moved briskly, by any means, 
as by a fan or pair of bellows; or when any body is moved very briskly througli 
it; in these cases we become sensible of it as a body, by the resistance it makes 
in such motions, and likewise by its impelling or blowing away any light 
substances. So that, being capable of resisting, or moving other bodies by its 
impulse, it must itself be a body, and be heavy, like all other bodies, in propor- 
tion to the matter it contains; and therefore it will press on all bodies that are 
placed under it. 

Also, as it is a fluid, it will spread itself all over on the earth; and, like 
other fluids, it will gravitate and press every where on the earth’s surface. 

25. The gravity and pressure of the air is also evident 
from many experiments. ‘Thus for instance, if water or 
quicksilver, be poured into the tube ACE, and the air be 
suffered to press on it, in both ends of the tube, the fluid 
will rest at the same height in both legs of the tube : but if 
the air be drawn out of one end as E, by any means, then 
the air pressing on the other end A, will press down the 
fluid in this leg at B, and raise it up in the other to D, as 
much higher than at B, as the pressure of the air is equal to. 
By which it appears, not only that the air does really press, but also what the 





quantity of that pressure is equal to. And this is the principle of the 
barometer. 


PROP. XIV. 


26. The air is also an elastic fluid, being condensible and expansible. And 


the law it observes is this, that its density is proportional to the force which 
compresses tt. . . 


Tuts property of the air is proved by many experiments. Thus if the handle 
of a syringe be pushed inwards, it will condense the enclosed air into less space, 
thereby showing its condensibility. But the included air, thus condensed, will 
be felt to act strongly against the hand, resisting the force compressing it more 
and more; and, on withdrawing the hand, the handle is pushed back again to 
where it was at first. Which shows that the air is elastic, | 

27. Again fill a strong bottle half full of water, and 
then insert a pipe into it, putting its lower end down near 
to the bottom, and cementing it very close round the 
mouth of the bottle. Then, if air be strongly injected 
through the pipe, as by blowing with the mouth or otherwise; 
it will pass through the water from the lower end, ascending 
into the parts before occupied with air at B, and the whole 
mass of air become there condensed, because the water is not 
compressible into a less space. But, on removing the force 
which injected the air at A, the water will begin to rise from 
thence in a jet, being pushed up the pipe by the increased 
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‘elasticity of the air B, by which it presses on the surface of the water, and forces 
‘it through the pipe, tillas much be expelled as there was air forced in; when 
the air at B will be reduced to the same density as at first, and, the balance 
being restored, the jet will cease. 

28. Likewise, if into a jar of water AB, be inverted an 
‘empty glass tumbler CD, or such like, the mouth downwards ; 
‘the water will enter it, and partly fill it, but not near so 

high as the water in the jar, compressing and condensing 
the air into a less space in the upper parts CD, and causing 
the glass to make a sensible resistance to the hand in push- 
ing it down. Then, on removing the hand, the elasticity 
of the internal condensed air throws the glass up again. 
All these showing that the air is condensible and elastic. 

929, Again, to show the rate or proportion of the elasticity 

to the condensation; take a long crooked glass tube, equally 
wide throughout, or at least in the part BD, open at A, but 
close at the other end B. Pour ina little quicksilver at A, 

just to cover the bottom to the bend at CD, and to stop the 
communication between the external air and the air in BD. 
Then pour in more quicksilver, and mark the correspond- 
ing heights at which it stands in the two legs: so, whemit 
rises to H in the open leg AC, let it rise to E in the close 

one, reducing its included air from the natural bulk BD to 
the contracted space Bit, by the pressure of the column He ; 

and when the quicksilver stands at I and K, in the open leg, 
let it rise to F and & in the other, reducing the air to the 
respective spaces BF, BG, by the weights of the columns If, Kg. ‘Then it is 
always found that the condensations and elasticities are as the compressing 
weights, or columns, of the quicksilver, and the atmosphere together. So, if 
the natural bulk of the air DB be compressed into the spaces BE, BF, BG, or 
reduced by the spaces DE, DF, DG, which are 3, 3, 7 of DB, or as the numbers 
1, 2,3; then the atmosphere, together with the corresponding columns He, 
If, Kg, will also be found to be in the same proportion, or as the numbers 1, 2, 
3. Andthen He = iA, If = A, and Kg = 34; where A is the weight of 
the atmosphere. Which shows, that the condensations are directly as the com- 
pressing forces. And the elasticities are in the same ratio, since the columns 
in AC are sustained by the elasticities in BD. 

From the foregoing principles may be deduced many useful remarks, as in 
the following corollaries, viz. 

30. Corol. 1. The space which any quantity 

of air is confined in, is reciprocally as the force 
that compresses it. So, the forces which con- ult 
fine a quantity of air in the cylindrical spaces 
AG, BG, CG, are reciprocally as the same, or 
reciprocally as the heights, AD, BD, CD. And | 
therefore, if to the two perpendicular lines, DA, 
DH, as asymptotes, the hyperbola IKL be de- ; 
scribed, and the ordinates AI, BK, CL be drawn; then the forces which confine 
tne air in the spaces AG, BG, CG, will be directly as the corresponding ordi- 
nates AI, BK, CL, since these are reciprocally as the abscisses AD, BD, CD, 
by the nature of the hyperbola. 
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Corol, 2. All the air near the earth is in a state of compression, 7 the 
weight of the incumbent atmosphere, 

Corol, 3. The air is denser near the earth, than in high places; or denser 
at the rx of a mountain than at the top of it. And the higher above the earth, 
the less dense it is. 

Corol. 4. The spring or elasticity of the air, is equal to the weight of 
the atmosphere above it; and they will produce the same effects; since “a 
always sustain and balance each other. - 

Corol. 5. If the density of the air be increased, preserving the same 
heat or temperature ; its spring or elasticity will likewise be increased, and in 
the same proportion. 

Corol. 6. By the gravity and pressure of the atmosphere, on the surface 
of fluids, the fluids are made to rise in any pipes or vessels, when the spring or 
pressure within is decreased or taken off. 


PROP. XV. 


31. Heat increases the elasticity of the air, and cold diminishes it. Or, heat 
expands, and cold condenses the air. 


This property is also proved by experience. | 

32. Thus, tie a bladder very close with some air in it; and lay it before 
the fire : then as it warms, it will more and more distend the bladder, and at 
last burst it, if the heat be continued, and increased high enough. But if the 
bladder be removed from the fire, as it cools it will contract again, as before. 
And it was upon this principle, that the first air-balloons were made by Mont- 
golfier: for, by heating the air within them, by a fire underneath, the hot air 
distends them to a size which occupies a space in the atmosphere, yngge weight 
of common air exceeds that of a balloon. 

33. Also, if a cup or glass, with a little air in it, be inverted into a vessel of 
water ; and the whole be heated over the fire, or otherwise: the air in the top 
will expand till it fill the glass, and expel the water out of it; and part of the 
air itself will follow, by continuing or increasing the heat. 

Many other experiments, to the same effect, might be adduced, all proving the 
properties mentioned in the proposition. 

34. Scno.ium.—So that, when the force of the elasticity of air is considered, 
regard must be had to its heat or temperature; the same quantity of air being 
more or less elastic, as its heat is more or less, And it has been found, by ex- 
periment, that the elasticity is increased by the 435th part, by each degree of 
heat, of which there are 180 between the reqeine and boiling heat of water. 

35. N.B. Water expands about the 55355 part, with each degree of heat 
(Sir Geo. Shuckburgh, shoe Trans. 1777, p. 560, &c). 


Also, the 
Spec. grav. of air -  } ; 
Ppec. Braves ‘ when the barom. is at 29°27, 
water 856 
and the thermom. at | 53° 
mereury 11365 : 
dr 4 pir = tA ' 
Or thus, } when the barom. is 29°27, 
water 632 C 
.,. \ and the thermom. at 55° 
merenry LI315 


IIe = 


7 
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water 826 and the thermom. is 55°, 
mercury 11227 ) which are their mean heights in this 
country. 


Orthns, air - 1 when the barom. is 20°5, 


Or thus, air 1°20] or 14 
water 1000 in the last circumstances. 
mercury 13592 


Or thus, air 1-222 
or 12{ nearly, when the barom. is 30, 
water 1000 and thermometer 5G. 


mercury 13600 


PROP. XVI. 


36. The weight or pressure of the atmosphere, on any base at the earth’s sur- 
face, is equal to the weight of a column of quicksilver, of the same base, and 
the height of which is between 28 and 31 inches. 


Tuis is proved by the barometer, an instrument which measures the pressure of the 
air, and which is described below, For, at some seasons, and in some places, the air 
sustains and balances a column of mercury, of about 28 inches ; but at other times 
it balances a column of 29 or 30, or near 31 inches high; seldom in the extremes 
28 or 31, but commonly about the means 29 or 30. A variation which depends 
partly on the different degrees of heat in the air near the surface of the earth, 
and partly on the commotions and changes in the atmosphere, from winds and 
other causes, by which it is accumulated in some places, and depressed in others, 
being thereby rendered denser and heavier, or rarer and lighter; which 
changes in its state are almost continually happening in any one place. Bnt 
the medium state is commonly about 29} or 30 inches. 

Corol. 1. Hence the pressure of the atmosphere on every square inch at 
the earth’s surface, at a medium, is very near 15 pounds avoirdupois. 

For, a cubic foot of mercury weighing 13600 ounces nearly, an inch of it will 
weigh 7°866 or almost eight ounces, or near half a pound, which is the weight 
of the atmosphere for every inch of the barometer on a base of a square inch ; 
and therefore 30 inches, or the medium height, weighs very near 143 pounds, 

; Corol. 2. Hence also, the weight or pressure of the atmosphere, is equal 
to that of a column of water from 32 to 35 feet high, or on a medium 33 or 34 
feet high. 

For, water and quicksilver are in weight nearly as 1 to 13°6; so that the at- 
mosphere will balance a column of water 13°6 times as high as one of quicksilver ; 
consequently 

13°6 times 28 inches = 381 inches, or 31 feet, 
13°6 times 29 inches = 394 inches, or 522 feet, 
13°6 times 30 inches = 408 inches, or 34 feet, 
13°6 times 31 inches = 422 inches, or 354 feet. 

And hence a common sucking pump will. not raise water higher than about 
34 feet. Anda syphon will not run, if the perpendicular height of the top of 
it be more than about 33 or 34 feet. 

Corol. 3. If the air were of the same uniform density at every height 
up to the top of the atmosphere, as at the surface of the earth; its height would 


be about 5} miles at a medium. | 
KK K2 
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For, the weights of the same bulk of air and water, are nearly as 1°222 + 1000; 
therefore as 1:222 : 1000 : : 333 feet : 27600 feet, or 54 miles nearly. And so 
high the atmosphere would be, if it were all of AGERE density, like water, 
But instead of that, from its expansive and elastic quality, it becomes continually 
more and more rare, the farther above the earth, in a certain proportion, which 
will be treated of below, as also the method of measuring heights by the 
barometer, which depends on it. 

Corol. 4. From this proposition and the last it follows that the height is 
always the same, of a uniform atmosphere above any place, which shall be all 
of the uniform density with the air there, and of equal weight or pressure with 
the real height of the atmosphere above that place, whether it be at the same 
place at different times, or at any different places or heights above the earth; 
and that height is always about 53 miles, or 27600 feet, as above found. For, 
as the density varies in exact proportion to the weight of the column, therefore 
it requires a column of the same height in all cases, to make the respective 
weights or pressures. Thus, if W and w be the weights of the atmosphere 
above any places, D and d their densities, and H and / the heights of the 
uniform columns, of the same densities and weights; 

Then H x D= W, 
andh xd = w;3 


WwW f w ; 
therefore por H is equal to azo h, the temperature being the same. 


FROP. XVII. 


87. The density of the atmosphere, at different heights above the earth, de- 
creases tn such sort, that when the heights increase in arithmetical progression 
the densities decrease in geometrical progression. 


Let the perpendicular line AP, erected on the earth, be 
conceived to be divided into a great number of very 
small parts A, B, C, D, &c, forming so many thin strata of 
air in the atmosphere, all of different density, gradually 
decreasing from the greatest at A; then the density of the 
several strata A, B, C, D, &c. will be in geometrical pro- 
gression decreasing. 

For, as the strata A, B, C, D, &c. ate all of equal thick- 
ness, the quantity of matter in each of them, is as the den- 
sity there; but the density in any one, being as the com- 
pressing force, is as the weight or quantity of matter from 
that place upwards to the top of the atmosphere ; therefore the quantity of 
matter in each stratum, is also as the whole quantity from that place upwards, 
Now, if from the whole weight at any place as B, the weight or quantity in the 
stratum B be subtracted, the remainder is the weight at the next stratum C; 
that is, from each weight subtracting a part which is proportional to itself, leaves 
the next weight ; or, which is the same thing, from each density subtracting a 
part which is always proportional to itself, leaves the next density. But when 
any quantities are continually diminished by parts which are- proportional to 
themselves, the remainders form a series of continued proportionals ; consequently 
shese densities are in geometrical progression, 
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Thus, ifthe first density be D, and from each be taken its nth part; then 


: ode oe a 
there will remain its -—— part, or the = part, putting m for n—1 ; and there- 
n n 


, oe ‘ m ne. mM m' 
fore the series of densities will be D, =D: Pree oo UD, i D, &c. the common 


_ ratio of the series being = 
38. Scnoium.—Because the terms of an arithmetical series, are proportional 
to the logarithms of the terms of a geometrical series ; therefore different alti- 
tudes above the earth’s surface, are as the logarithms of the densities, or weights 
of air, at those altitudes. 
So that, if D denote the density at the altitude A, 
andd - _ the density at the altitude a ; 
then A being as the log. of D, and aas the log. of d, the dif. of alt. A—a, 


D 
will be as the log. D — log. d or log, =. 
And if A = 0, or D the density at the surface of the earth ; then any alt. above 


D 
the surface a, is as the log. of 3 


D 
Or, in general, the log. of q is as the altitude of the one place above the 


other, whether the lower place be at the surface of the earth, or any where else. 

And from this property is derived the method of determining the heights of 
mountains and other eminences, by the barometer, which is an instrument that 
measures the pressure or density of the air at any place. For, by taking, with 
this instrument, the pressure or density, at the foot of a hill for instance, and 
again at the top of it, the difference of the logarithms of these two pressures, or 
the logarithm of their quotient, will be as the difference of altitude, or as the 
height of the hill; supposing the temperatures of the air to be the same at both 
places, and the gravity of air not altered by the different distances from the 
earth’s centre. 

39. But as this formula expresses only the relations between different alti- 
tudes, with respect to their densities, recourse must be had to some experiment 
to obtain the real altitude which corresponds to any given density, or the density 
which corresponds to a given altitude. And there are various experiments by 
which this may be done. The first, and most natural, is that which results 
from the known specitic gravity of air, with respect to the whole pressure of 
the atmosphere on the surface of the earth. Now, as the altitude @ is always 


D D : 
as log. 33 assume / so thata =h X log. —, where A will be of one constant 


value for all altitudes; and to determine that value, let a case be taken in which 
we know the altitude a corresponding to a known density d; as for instance 
take @= 1 foot, or one inch, or some such small altitude; then, because the 
density D may be measured by the pressure of the atmosphere, or the uniform 
column of 27600 feet, when the temperature is 55°; therefore 27600 feet will 
denote the density D at the lower place, and 27599 the less density d at one foot 
27600 : ‘ 
above it ; consequently 1 = h x log. 375993 which, by the nature of logarithms, 
43429448 oh 


is mearly =h X —o7G09 = 63551 


nearly ; and hence 2 = 63551 feet; which 
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. 


gives, for any altitude in general, this thecrem, viz. @ = 63551 & log. a 


M M . 
br == 65551 X log. ~ feet, or 10592 X log. oF fathoms; where M is the column 


of mercury which is equal to the pressure or weight of the atmosphere at the 
bottom, and m that at the top of the altitude a; and where M and m may be 
taken in any measure, either feet, or inches, &c. 

40. Note, that this formula is adapted to the mean temperature of the air 55°. 


But, for every degree of temperature different from this, in the medium between 


the temperatures at the top and bottom of the altitude a, that altitude will vary 
by its 435th part; which must be added when that medium exceeds 55, other- 
wise subtracted. 

41, Note also, that a column of 30 inches of mercury varies its length by 
about the ,1, part of an inch for every degree of heat, or rather s¢455 of the 
whole volume. 

42. But the formula may be rendered much more convenient for use, by 
reducing the factor 10592 to 10000, by changing: the temperature proportionally 
from 55° : thus, as the diff. 592 is the 18th part of the whole factor 10592 ; and 
as 18 is the 24th part of 535; therefore the corresponding change of temperature 
is 24°, which reduces the 55° to 31°. So that the formula is, a= 10000 x 


log. a fathoms, when the temperature is 31 degrees; and for every degree 


above that, the result is to be increased by so many times its 435th part. 

43, Exam. 1.—To find the height of a hill when the pressure of the atmos- 
phere is equal to 29°68 inches of mercury at the bottom, and 25°28 at the top ; 
the mean temperature being 50° ? Ans. 4363 feet, or 727 fathoms. 

Exam. 2.—To find the height of a hill when the atmosphere weighs 
29-45 inches of mercury at the bottom, and 26°82 at the top, the mean tem- 


perature being 33° ? Ans, 2448 feet, or 408 fathoms. 
Exam. 3.—At what altitude is the density of the atmosphere only the 
4th part of what it is at the earth’s surface ? Ans. 6020 fathoms. 


By the weight and pressure of the atmosphere, the effect and operations of 
pneumatic engines may be accounted for, and explained; such as syphons, 
pumps, barometers, &c ; of which it may not be improper here to give a brief 
description. . 


OF THE SIPHON. 


44, Tue Siphon, or Syphon, is any bent tube, 
having its two legs either of equal or of unequal 
length. 

If it be filled with water, and then inverted, with 
the two open ends downward, and held level in that 
position ; the water will remain suspended in it, if the 
two legs be equal. For the atmosphere will press we 
equally on the surface of the water in each end, and Z==yrgedi 


support them, if they are not more than 34 feet Ligh, —— 








‘ 
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and the legs being equal, the water in them is an exact counterpoise by their 
equal weights; so that the one has no power to move more than the other ; and 
they are both supported by the atmosphere. 

But if now the syphon be a little inclined to one side, so that the orifice of 
‘one end be lower than that of the other; or if the legs be of unequal length, 
which is the same thing ; then the equilibrium is destroyed, and the water will all 
descend out by the lower end, and rise up in the higher. For, the air pressing 
equally, but the two ends weighing unequally, a motion must commence where 
the power is greatest, and so continue till all the water has run out by the lower 
end. And if the shorter leg be immersed into a vessel of water, and the syphon 
be set a running as above, it will continue to run till all the water be exhausted 
out of the vessel, or at least as low as that end of the syphon. Or, it may be 
‘set a running without filling the syphon as above, by only inverting it, with its 
shorter leg into the vessel of water ; then, with the mouth applied to the lower 
orifice A, suck the air out, and the water will presently follow, being forced up 
into the syphon by the pressure of the air on the water in the vessel. 


OF THE PUMP. 


45. Tuerrare threesorts of pumps; the sucking, the lifting, and the forcing 
pump. By the former, water can be raised only to about 34 feet, viz. by the 
pressure of the atmosphere ; but by the others, to any height; but then they 
require more apparatus and power. 

The annexed figure represents a common 
sucking pump. AB is the barrel of the pump, 
being a hollow cylinder, made of metal, and 
smooth within, or of wood for very common 
purposes. CD is the handle, moveable about 
“the pin E, by moving the end C up and down. 
DF an iron rod turning about a pin D, which 
connects it to the end of the handle. ‘This red 
is fixed to the piston, bucket, or sucker, FG, fh | 
by which this is moved up and down within the |''' 
barrel, which it must fit very tight and close 
that no air or water may pass between the 
piston and the sides of the barrel ; and for this 
purpose. it is commonly armed with leather. 
The piston is made hollow, or it has a perfo- 
ration through it, the orifice of which is 
covered by a valve H opening upwards. I is 
a plug firmly fixed in the lower part of the 
barrel, also perforated, ard covered bya valve = 
K opening upwards. 

46. When the pump is first to be worked, and the wateg is below the plug is 
raise the end C of the handle, and the piston descending, compresses the air in 
HI, which by its spring shuts fast the valve K, and pushes up the valve H, and so 
enters into the barrel above the piston. Then putting the end C of the handie 
down again, raises the piston or sucker, which lifts up with it the column of air 





' 


above it, the external atmosphere by its pressure keeping the va.ve H shut; the 
air in the barrel being thus exhausted, or rarefied, is no longer a counterpoise 
to that which presses on the surface of the water in the well, this is forced up 
the pipe, and through the valve K, into the barrel of the pump. Then pushing 
the piston down again into this water, now in the barrel, its weight shuts the 
lower valve K, and its resistance forces up the valve of the piston, and enters 
the upper part of the barrel, above the piston. Then, the bucket being raised, 
lifts up with it the water which had passed above its valve, and it runs out by 
the cock L; and taking off the weight below it, the pressure of the external 
atmosphere on the water in the well again forces it up through the pipe an 
lower valve close to the piston, all the way as it ascends, thus keeping the barre 
always full of water. And thus, by repeating the strokes of the piston, a con- 
tinued discharge is made at the cock L. 


8d8 AIR PUMF. 


OF THE AIR PUMP. 






47, Nearty on the same principles as the water pump, is the invention o 
the Air pump, by which the air is drawn out of any vessel, like as water i 
drawn out by the former. A brass barrel is bored and polished truly cylindri- 
cal, and exactly fitted with a turned piston, so that no air can pass by the sides 
of it, and furnished with a proper valve opening upwards. Then, by lifting up 
the p'ston, the air in the close vessel below it follows the piston, and fills th 
barrel; and being thus diffused through a larger space than before, when i 
occupied the vessel or receiver only, but not the barrel, it is made rarer than it 
was before, in proportion as the capacity of the barrel and receiver together, 
exceeds the receiver alone, Another stroke of the piston exhausts another | 
barrel of this now rarer air, which again rarefies it in the same proportion as 
before. And so on, for any number of strokes of the piston, still exhausting in 
the same geometrical progression, of which the ratio is that which the capacity 
of the receiver and barrel together exceeds the receiver, till this is exhausted to 
any proposed degree, or as far as the nature of the machine is capable of per- 
forming ; which happens when the elasticity of the included air is so far dimin- 
ished, by rarefying, that it is too feeble to push up the valve of the piston, and 
escape. : 

48. From the nature of this exhausting, in geometrical progression, we may 
easily find how much the air in the receiver is rarefied by any number of strokes 
of the piston; or what number of such strokes is necessary, to exhaust the 
receiver to any given degree. Thus, if the capacity of the receiver and barrel 
together, be to that of the receiver alone, as c to r, and 1 denote the natural 
density of the air at first; then, 


¢:7::1:—, the density after 1 stroke of the piston, 


A » . 

CLriiven ies the density after 2 strokes, 
x? 

Eis erg , the density after 3 strokes, 


+ ast eels 


&e., and rs the density after n strokes, 
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| : 4n 
_ So, if the barrel be equal to 4 of the receiver; then c: 7 :: 5: 43 and =, 


— 0:8" is = d the density after n turns. And if n be 20, then 0°3° = “0115 is 
“the density of the included air after 20 strokes of the piston ; which being the 
' 86,7, part of 1, or the first density, it follows that the air is 86,7, times rarefied 

by the 20 strokes. 

49. Or, if it were required to find the number of strokes necessary to rarefy 


alt 


* : Li : 
the air any number of times; because (; 1S = the proposed density d; 
: i r __ _log. d 
therefore taking the logarithms & X log. >= log. d, and x = (> Te the 
number of strokes required. So, if 7 be ¢ of c, and it be required to rarefy the 


‘ , log. 100 
air 100 times; then d = 33, or ‘01; and hence % = pP—14 = 202 nearly. 


So that in 202 strokes the air will be rarefied 100 times. 


OF THE DIVING BELL, AND CONDENSING MACHINE. 


50. On the same principles, too, depend the operations and effect of the 
condensing engine, by which air may be condensed to any degree, instead of 
rarefied as in the air pump, And, like as the air pump rarefies the air, by 
extracting always one barrel of air after another; so, by this other machine, 
the air is condensed by throwing in or adding always one barrel of air after 
another; which it is evident may be done by only turning the valves of the 
piston and barrel, that is, making them to open the contrary way, and working 
the piston in the same manner : so that, as they both open upwards, or outwards, 
in the air-pump, or rarefier, they will both open downwards, or inwards, in the 
condenser. | 

51, And on the same principles, namely of the compression and elasticity 
of the air, depends the use of the Diving Bell, which is a large vessel, in which 
a person descends to the bottom of the sea, the open end of the vessel being 
downwards; only, in this case, the air is not condensed by forcing more of it 
into the same space, as in the condensing engine; but by compressing the same 
quantity of air into a less space in the bell, by increasing always the force which 
compresses it. 

52. If a vessel of any sort be inverted into water, and pushed or let down 
to any depth in it; then by the pressure of the water some of it will ascend into 
the vessel, but not so high as the water without, and will compress the air into 
less space, according to the difference between the heights of the internal and 
external water; and the density and elastic force of the air will be increased 
in the same proportion, as its space in the vessel is diminished. 

So, if the tube CE be inverted, and pushed down into water, till the external 
water exceed the internal, by the height AB, and the air of the tube be reduced 
to the space CD; then that air is pressed both by a column of water of the 
height AB, and by the whole atmosphere which presses on the upper surface of 
the water ; consequently the space CD is to the whole space CF, as the weight 
of the atmosphere, is to the weights both of the atmosphere and the column of 


890 BAROMETER. } 


water AB. So that, if AB be about 34 feet, which is : 
equal to the force of the atmosphere, then CD will be A 
equal to 3;CE; but if AB be double of that, or 68 feet, 
then CD will be CE; and so on. And hence, by — 
knowing the depth AF, to which the vessel is sunk, we> gf =a 
can easily find the point D, to which the water will = 
vise within it at any time. For, let the weight of the == 
atmosphere at that time be equal to that of 34 feet of FIE==m: 
water ; also, let the depth AF be 20 feet, and the length 
of the tube CE 4 feet; then, putting the height of the 
internal water DE = a. 

itis 384+ AB: 34:: CE: CD, 

that is, 34 4+- AF — DE: 34:: CE: CE — DE, 

or 54.— 2 *+.342: 4408 
hence, multiplying the extremes and means, 216 — 582 -4- x* = 136, and the 
root is x = 1:414 of a foot, or 17 inches nearly; being the height DE to which 
the water will rise within the tube. 

53. But if the vessel be not equally wide 
throughout, but of any other shape, as of a bell-like 
form, such as is used in diving; then the altitudes 
will not observe the proportion above, but the 
spaces or bulks only, will respect that proportion, 
namely, 34 -+- AB : 34 :: capacity CKL : capa- 
city CHI, if it be common or fresh water; and 33 
+ AB: 33 :: capacity CKL : capacity CHI, if it 
be sea-water. From which proportion, the height 
DE may be found, when the nature or shape of the 
vessel or bell CIL is known. 





Or er I 





OF THE BAROMETER. 


54. Tue Barometer is an instrument for measuring the pressure cf the 
atmosphere, and elasticity ofthe air, at any time. It is commonly made of a 
glass tube, of near 3 feet long, close at one end, and filled with mercury. When 
the tube is full, by stopping the open end with the finger, then inverting the 
tube, and immersing that end with the finger into a basin of quicksilver, on 
removing the finger from the orifice, the quicksilver in the tube will descend 
into the basin, till what remains in the tube be of the same weight with a column. 
of the atmosphere ; which is commonly between 28 and 31 inches of quicksilver ; 
and leaving an entire vacuum in the upper end of the tube above the mercury, 
For, as the upper end of the tube is quite void of air, there is no pressure 
downwards but from the column of quicksilver, and therefore that will he an 
exact balance to the counter pressure of the whole column of atmosphere, acting 
on the orifice of the tube by the quicksilver in the basin. The upper three 
inches of the tube, namely, from 28 to 31 inches, haye a seale attached to them, 


_ 
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| yided into inches, tenths, and hundredths, 
¢ measuring the length of the column at all 
nes, by observing which division of the scale 
e top of the quicksilver is opposite to; as it 
cends and descends within these limits, ac- 
nding to the state of the atmosphere. 

So the weight of the quicksilver in the tube, 
sove that in the basin, is at all times equal to 
ie weight or pressure of the column of atmos- 
here above it, and of the same base with the 
ibe; and hence the weight of it may at all 
mes be computed ; being nearly at the rate of 
alf a pound avoirdupois for every inch of 
uicksilver in the tube, on every square inch of 
ase; or more exactly, it is 7% of a pound on 
he square inch, for every inch in the altitude 
f the quicksilver : for the cubic inch of quick- 
ilver weighs just 7°75 lb., or nearly 5 a pound, 
n the mean temperature of 55° of heat. And 
sonsequently, when the barometer stands at 30 
nehes, or 2} feet high, which is the medium 
wr standard height, the whole pressure of the 
itmosphere is equal to 143 pounds, on every square inch of the base. And so 





on proportion for other heights. 


OF THE THERMOMETER. 


55. Tus THERMOMETER is an instrument for measuring the temperature of 


the air, as to heat and cold. 
It is found by experience, that all bodies expand by heat, and contract by 


‘cold: and hence the degrees of expansion become the measure of the degrees 


of heat. Fluids are more convenient for this purpose, than solids: and quick- 
silver is now most commonly used for it. A very fine glass tube, having a pretty 
large hollow ball at the bottom, is filled about half way up with quicksilver: the 


whole being then heated very hot till the quicksilver rise quite to the top, the 


top is then hermetically sealed, so as perfectly to exclude all communication 


with the outward air. Then, in cooling, the quicksilver contracts, and conse- 


| quenily its surface descends in the tube, till it come to a certain point, cor- 


respondent to the temperature or heat of the air. And when the weather 
becomes warmer, the quicksilver expands, and its surface rises in the tube; and 
again contracts and descends when the weather becomes cooler. So that, by 
placing ascale of any divisions against the side of the tube, it will show the degrees 
of heat, by the expansion and contraction of the quicksilver in the tube ; observing 


at what division of the scale the top of the quicksilver stands. And the method 


of preparing the scale, as used in England, is thus:—Bring the thermometer 
into a temperature of just freezing, by immersing the ball in water just freezing, 
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or in ice just thawing, and mark the scale where the mer- 
cury then stands, for the point of freezing. Next, immerge 
it in boiling water; and the quicksilver will rise to a cer- 
tain height in the tube; which mark also on the scale, for ly 
the boiling point, or the heat of boiling water. Then 
the distance between those two points is divided into 180 
equal divisions, or degrees; and the like equal degrees are 
also continued to any extent below the freezing point, and 
above the boiling point. These divisions are then num- 
bered as follows, namely, at the freezing point is set the 
number 32, and consequently 212 at the boiling point ; and 
all the other numbers in their order. 

This division of the scale, is commonly called Fahren- 
heit’s. According to this division, 55 is at the mean tem- 
perature of the air in this country; and it is in this tem- 
perature, and in an atmosphere which sustains a column of 
30 inches of quicksilver in the barometer, that all measures 
and specific gravities are taken, unless when otherwise 
mentioned ; and in this temperature and pressure, the rela- 
tive weights, or specific gravities, of air, water, and quicl- 
silver, are as 12 for air, 1000 for water, and 13600 for 
mercury ; and these also are the weights of a cubic foot of 
each, in avoirdupois ounces, in that state of the barometer 
and thermometer. For other states of the thermometer, each of these bodies 
expands or contracts, according to the following rate, with each degree o' 
heat; viz. 








19 


Air about x35 part of its bulk, 
Water about 5355 part of its bulk, 
Mercury about »,4,5 part of its bulk. 


OF THE MEASUREMENT OF ALTITUDES BY THE 
BAROMETER AND THERMOMETER. 


56. From the principles laid down in the Scholium to prop. 17, concern. 
ing the measuring of altitudes by the barometer, and the foregoing descriptions 
of the barometer and thermometer, we may now collect together the precepts 
for the practice of such measurements, which are as follow: 

First, Observe the height of the barometer at the bottom of any height, or 
depth, intended to be measured; with the temperature of the quicksilver by 
means of a thermometer attached to the barometer, and also the temperature of 
the air in the shade by a detached thermometer. 

Second, Let the same thing be done also at the top of the said height. or 
depth, and at the same time, or as near the same time as may be. And let 
those altitudes of barometer be reduced to the same temperature, if it be thought 
necessary, by correcting either the one or the other, that is, augment the height 


! 
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he mercury in the colder temperature, or diminish that in the warmer, by 
sein part for every degree of difference of the two. 
Third, Take the difference of the common logarithms of the two heights of 
» barometer, corrected as above if necessary, cutting off three ffgures next 
» right hand for decimals, the rest being fathoms in whole numbers. 
| Fourth, Correct the number last found for the difference of temperature of 
9 air, as follows :—Take half the sum of the two temperatures, for the mean 
_e; and for every degree, which this differs from the temperature 31°, take so 
any times the z3, part of the fathoms above found, and add them if the mean 
mperature be above 31°, but subtract them if the mean temperature be below 
©; and the sum or difference will be the true altitude in fathoms; or, being 
‘ultiplied by 6, it will be the altitude in feet. 
| ExaMPLe 1.—Let the state of the barometers and thermometers be as 
‘lows; to find the altitude, viz. 











| | Thermom. 
Barom. attach. | detach. Ans. the alt. is 
| Lower 29°68 | 57 57 720 fath. 
Upper 25°28 43 4.2 | 





EXAMPLE 2.—To find the altitude, when the state of the barometers and 
hermometers are as follows, viz. 





| Thermom. 

{  Barom. attach. | detach. | Ans. the alt. is 
Lower 29°45 38 31 410 fath. 
Upper 26°82] 41 35 








OF THE RESISTANCE OF FLUIDS, WITH THEIR FORCES 
AND ACTION ON BODIES. 


PROP. XVIII. 


Ns 


57. If any body move through a fluid at rest, or the fluid move against the 
body at rest ; the force or resistance of the fluid against the body, will be as 
the square of the velocity and the density of the fluid. Thatis,R « dv* 


For, the force or resistance is as the quantity of matter or particles struck, 
‘and the velocity with which they are struck. But the quantity or number of 
particles struck, in any time, are as the velocity and the density of the fluid. 
“Therefore the resistance or force of the fluid, is as the density and square of 
the velocity. - 

Corol. 1. ‘The resistance to any plane, is also more or less, as the plane 
is greater or less; and therefore the resistance on any plane, is as the area of 
the plane a, the density of the medium, and the square of the velocity. ‘That 
is, R « adv’, ha. 

Cordl. 2. Ifthe motion be not perpendicular, but oblique to the plane, 
or to the face of the body ; then the resistance, in the direction of motion, will 
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be diminished in the triplicate ratio of radius to the sine of the angle of inelin; 
tion of the plane to the direction of motion, or as the cube of radius to the cul 
of the sine of that angle. So that R « ade's', putting 1 = radius, and ¢ = 
sine of the angle of inclination CAB, .% 

For, if AB be the plane, AC the direction of motion, A cisbet Ua 
and BC perpendicular to AC; then no more particles fe 
meet the plane than what meet the perpendicular BC, aa al 
and therefore their number is diminished as AB to BC, ee i 
orasltos. But the force of each particle, striking Sa 
the plane obliquely in the direction CA, is also dimin- | 
ished as AB to BC, or as 1 to s ; therefore the resistance, which is perpendicu 
lar to the face of the plane, by art. 8 is as 1? tos. But again, this resistane 
in the direction perpendicular to the face of the planes, is to that in the direc 
tion AC, by art. 8 as AB to BC, or as 1 to s. Consequently, on all thes 
accounts, the resistance to the plane when moe perpendicular to its face, i 
to that when moving obliquely, as 1* to s*, or 1 to s*. ‘That is the resistance it 
the direction of the motion, is dimiiaheds as 1 to s*, or in the oes rati 
of radius to the sine of inclination. 


PROP. XIX, 

58- The real resistance to a plane, by a fluid acting in a direction perpendicu- 
lar to its face, is equal to the weight of a column of the fluid, whose base i: 
the plane, and altitude equal to that which is due to the velocity of the motion 
or through which a heavy body must fall to acquire that velocity. 


THe resistance to the plane moving through a fluid, is the same as the force 
of the fluid in motion with the same velocity, on the plane at rest. But the 
force of the fluid in motion, is equal to the weight or pressure which generate: 
that motion ; and this is equal to the weight or pressure of a column of the 
fluid, whose base is the area of the plane, and its altitude that which is due to 
the velocity. 

Corol. 1. If a denote the area of the plane, v the velocity, 2 the density 
or specific gravity of the fluid, andar 163, feet, or 193 inches. ‘Then, the 


vw . s 
altitude due to the velocity v being , the whole resistance, or motive force R, 


vy __ anv? 
ill bea X n pa, 
Ww X"2XZ 29 3 7 
Corol, 2. If the direction of motion be not perpendicular to the face os 
the plane, but oblique to it, in an angle whose sine iss. ‘Then the resistance 


anv*s* 





to the plane will be 
Corol. 3. Also, if w denote the weight of the body, whose plane face 
a is resisted by the absolute force K; then the retarding force f, or ne will be 


anvs® 
Qgw 





Corol, 4. And if the body be a cylinder, whose face or end is a, and 
radius r moving in the direction of its axis; because then s =], and a = pr*, 


pny? 
2: 





where p = 3°1416; the resisting force R will be , and the retarding force 


: 


pner 


z2gw 
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Corol. 5. Thisis the value of the resistance when the end of the 
ylinder is a plane perpendicular to its axis, or to the direction of motion. 
3ut were its face an elliptic section, or a conical surface, or any other figure 
very where equally inclined to the axis, or direction of motion, the sine of 
nclination being s: then, the number of particles of the fluid striking the face 
»eing still the same, but the force of each, opposed to the direction of motion, 
liminished in the duplicate ratio of radius to the sine of inclination, the resist- 
2.2.2 


“ng force R will be pees 
29 





PROP, XX. 
59. The resistance to a sphere moving through a fluid, is but half the resist- 
ance to its great circle, or to the end of a cylinder of the same diameter, 


moving with the same velocity. 


| Ler AFEB be half the sphere, moving in the direction 
CEG. Describe the paraboloid ATEKB on the same base. 
‘Let any particle of the medium meet the semi-circle in F, 
‘to which draw the tangent FG, the radius FC, and the 
‘ordinate FIH. Then the force of any particle on the sur- 
face at F, is to its force on the base at H, as the square 
of the sine of the angle G, or its equal the angle 
‘FCH, to the square of radius, that is, as HE’ to CF’. 
Therefore the force of all the particles, or the whole fluid, 
‘on the whole surface, is to its force on the circle of the base, 
_as all the HE” to as many times CF. But CF*® is = CA? = AC . CB, and 
HF? = AH. HB by the nature of the circle; also, AH. HB: AC. CB:: 

HI : CE by the nature of the parabola ; consequently the force on the spherical 
‘surface, is to the force on its circular base, as all the HI’s to as many Cl’s, 
that is, as the content of the paraboloid to the content of its circumscribed cylin- 











‘der, as 1 to 2. 
) é F Pner ys 
Corol. Hence, the resistance to the sphere is R = —— , being the 
4g 


half of that of a cylinder of the same diameter. For example, a 9Ib iron ball, 
whose diameter is 4 inches, when moving through the air with a velocity of 
| 1600 feet per second, would meet a resistance which is equal to a weight of 
132% Ibs., independent of the pressure of the atmosphere, for want of the coun- 
' terpoise behind the ball. 


FINIS, 
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JANEWAY’S TOKEN FOR CHILDREN, 

32mo. 6d. 

JUVENILE SCRAP-BOOK, TALES, &c. 4s. 

JUVENILE EVERY-DAY BOOK, 4s. 

LOOKING-GLASS FOR THE MIND,2s.6d. 

LOVE TOKEN FOR CHILDREN, by Miss 

SEDGWICK, 2s, 

MOTHER ’S STORY BOOK, by Mrs. Cuixp, 

18mo. 3s. 6d. 

PETER PARLEY’S GRAMMAR OF GEO- 

GRAPHY, 4s. 62. 
PETER PARLEY’S LIVES OF FRANK- 
LIN AND WASHINGTON, 4s. 6d. 

PETER PARLEY’S TALES ABOUT 

Evuropg, Asta, AFkIcA, AND AMERICA, 7S. 6d. 
The Sea and Pacific, Animals, Cuts, 7s. 6d. 


Ocean, 4s. 6d. The United States of 
The Sun, Moon, and America, 4s. 6d. 
Stars, 4s. 6d. Rome and Modern Italv, 


4s. 6d. 
Mythology of Greece 
and Rome, 4s. 6d. 

Plants, edited by Mrs. 

Christmas and its Fes-| Loupon, 7s. 6d. “ 
tivals, 7s. 6d. Universal History,4s.6 .- 

PHILIPS’S CONVERSATIONS ABOUT 
THE WHALE FISHERY, 4s. 64. 

PHILIPS’S CONVERSATIONS ABOUT 
the TOOLS and TRADES of ANIMALS, 4s. 6d. 

RICH POOR MAN AND POOR RICH 
MAN, by Miss SzepGwick, 2s. 

STORIES ABOUT POLAND, 2s. 6d. 

TEGG’S PRESENT FOR AN APPREN- 
TICE. New Edition, 4s. 6d. 

TOM TELESCOPE’S NEWTONIAN PHI- 
LOSOPHY. Cuts, 4s. 6d. 

VILLAGE AND THE VICARAGE, 2s. 6d. 

WATTS’S DIVINE SONGS, 6d. : 

WATTS’S DIVINE SONGS ; with Essay 
by ScortT. 6d. 

WHITE’S NATURAL HISTORY OF 

a SELBORNE, by Lady Dover, 3s. 6d. 

WRIGHT’S OCEAN WORK, 18mo. 2s. 6d. 

YOUNG MAN’S AID TO KNOWLEDGE. 
24mo. 2s. 6d. 

YOUNG LADIES’ STORY-TELLER, by 


Miss LEstieg, 2s. 


England, Ireland, and 
Scotland, 7s. 6d. 
Ancient and Modern 
Greece, 4s. 6d. 


SMITE AND DUCLESTAS TICAT. HISTORM 
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ADAMS’ PRIVATE THOUGHTS ON RELIGION. 18mo. . 
AMBROSE'S (?) LOOKING UNTO JESUS,AND HIS OTHER WORKS. 8vo. 
ALLEINE’S ALARM TO UNCONVERTED SINNERS. 32mo. 
BARROW’S (REV. I.) WHOLE WORKS. 3 vols. 8yvo., 
BAXTER’S SAINTS’ EVERLASTING REST. 18mo. - 
—— WORKS. 4 vols. Imperial 8vo. 

BEAN’S FAMILY WORSHIP. New Edition. 18mo. 





BERKLEY’S (BISHOP) WORKS, NOTES TRANSLATED. 2 vols. 8yo. 
BLAIR’S (DR. HUGH) SERMONS, 8vo. 


BOLTON'S TREATISES ON COMFORTING AFFLICTED CONSCIENCES 


— 


_— 


BOOTH’S (REV. ABRAHAM) SELECT WORKS. 12mo. 3 
BRIDGE’S (REV. WILLIAM) WORKS, Now first collected. 5 vols., 8vo. 
BUNYAN’S PILGRIM’S PROGRESS. And Life by Apam CrarKe 
With Plates. 8vo. ‘ 
HOLY WAR. New Edition. 18mo. 
BURDER’S FIFTY-TWO VILLAGE SERMONS. 12mo. 
—— RITES AND CEREMONIES OF RELIGION. 8vo. ; 
BURNET’S EXPOSITION OF THE THIRTY-NINE ARTICLES. §8vo. 
BUTLER’S (BISHOP) ANALOGY OF RELIGION. With Index. 12mo. 
SERMONS. 12mo.  . ° g A 
CALVIN’S INSTITUTES OF THE CHRISTIAN RELIGION. 2 vols. 
—. (Selections from), by the Rev. Samuen Dunn.  12mo. 
CAMPBELL’S LECTURES ON ECCEESIASTICAL HISTORY. 8vo. 
DISSERTATION ON THE MIRACLES. 8yo. . : ; 
(D.D.) WORKS NOW FIRST COLLECTED. 6 vols. 8vo. . 
———— PULPIT ELOQUENCE AND PASTORAL CARRE. 8vo. 
CAVE’S PRIMITIVE CHRISTIANITY. New Edition by Cary. 8vo. , 
CHILLINGWORTH’S RELIGION OF PROTESTANTS—A SAFE WAY 
TO SALVATION. 12mo. ; - ° 

CLARKE ON THE PROMISES OF SCRIPTURE. 32mo. ro . : 
CLARKE’S (DR. ADAM) CHRISTIAN THEOLOGY. By Dunn. 12moa. . 
LETTER TO A YOUNG PREACHER, AND 
TRAVELLER’S PRAYER z ° : . 

: SERMONS. With great Additions. 4 vols. 
COLES ON GOD’S SOVEREIGNTY. 12mo. 3 ; : ‘ 
COOPER’S SERMONS ON THE LEADING DOCTRINES OF THE GOSPEL, 

PRACTICAL AND FAMILIAR ; : ; 
CUDWORTH’S INTELLECTUAL SYSTEM, WITH MOSHEIM’S NOTES 
TRANSLATED. 3 vols. 8vo. " 
DAVIES’S LECTURES ON PROPHECY. 12mo. ‘ ? 
DODDRIDGE’S MISCELLANEOUS WORKS. Imperial 8vo. 4 
—— RISE AND PROGRESS OF RELIGION IN THE SOUL 

DUNN’S SELECTIONS FROM THE WORKS OF REV. J. HOWE 
ee CALVIN 
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HILL’S (REV, ROWLAND) VILLAGE DIALOGUES. 34th Edition. 12mo, 
HOOKER’S ECCLESIASTICAL POLITY. 2 vols. 8vo. ‘ 
JENKS’S FAMILY DEVOTION. By Stron. 12mo. 


° . e 


DWIGHT’S SYSTEM OF THEOLOGY. 5 vols. 8vo. : : 10 
5 vols. Pocket Edition 14 
EDWARDS'S (REV. JONATHAN) THEOLOGICAL WORKS. 2y. Imp. 8vo. 10 
ELLIS'S KNOWLEDGE OF DIVINE THINGS FROM REVELATION : 6 
EVANS’S SKETCH OF ALL RELIGIONS. New Edition. 12mo. " 5 
FINNEY’S SERMONS ON IMPORTANT SUBJECTS. 12mo., 4 0 
FISHER’S MARROW OF MODERN DIVINITY. 12mo. ‘ : § € 
FULLER’S (D.D.) DISCOURSES ON THE BOOK OF GENESIS. 12mo. . 5. @ 
FULLER’S HOLY AND PROFANE LIFE. Portraits. 8vo. a : : 10 6 
GILL’S BODY OF PRACTICAL DIVINITY. 2 vols. 8vo. ; is 1 ¢ 
CAUSE OF GOD AND TRUTH. 8vo. i A i 12 0 
GOODWIN’S CHRISTIAN THEOLOGY. By Dunn. 12mo. “ ; 6 6 
———-——— REDEMPTION REDEEMED. "New Edition. 8vo. P : 12, a 
GURNALL’S CHRISTIAN IN COMPLETE ARMOUR. By Campsett. 8vo 12 8 
HALL’S CONTEMPLATIONS ON THE OLD AND NEW TESTAMENTS. 8vo. 9 0 
(REV. ROBERT) SELECT THEOLOGICAL WORKS. 12mo. ¥ 3. Gi 
HALYBURTON’S THEOLOGICAL .WORKS. 8vo. ‘ : . ‘ 14 0 
HANNAM’S PULPIT ASSISTANT. New Edition. 8vo. Z P 12.4 
HAWKER’S (REV. ROBERT) POOR MAN’S MORNING PORTION AND 
EVENING PORTION. 8vo. “ 3 2 4 a kaa 
HERVEY’S THERON AND ASPASIO. -8vo. . 7 ; a» a 6 
————— MEDITATIONS AND CONTEMPLATIONS. 8vo. 0 0 
0 0 
0 
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THEOLOGY, &c. &c., CONTINUED. 5 
| £ 8s. 
AWS OF CHRIST RESPECTING CIVIL OBEDIENCE, &c. 8vo. 0 16 
EIGHTON’S (ARCHBISHOP) WORKS. 8vo. : a aS 

———_—$—_——__—_—_- LECTURES, THEOLOGICAL, Se. ied Ub 
owmTirs (BISHOP) SERMONS. By Haze. 8vo. 0 12 
‘ASON ON SELF-KNOWLEDGE. 32mo. . 2 
——— SPIRITUAL TREASURY FOR THE CHILDREN OF GOD. dass 7 
“ASSILLON’S SERMONS. New Edition. 8vo. ; ‘| ‘ 9 
TILNER’S CHURCH HISTORY. By Hawris. 8vo. a , ~ 12 
ORE’S (HANNAH) PRACTICAL PIETY. 32mo. Be 


(ORNING EXERCISES AT CRIPPLEGATHE, anp GILES- IN-THE- FIELDS. 
Svo. 
(OSHEIM’S ECCLESIASTICAL HISTORY. 
‘ELSON’S FASTS & FESTIVALS OF THE CHURCH OF ENGLAND. 
EWTON’S (REV. JOHN) THEOLOGICAL WORKS. 
‘LNEY HYMNS. By Cowper and Newron. 
RTON’S (REV. JOB) PRACTICAL WORKS. 2 vols. 8vo. 


New Edition. By J. Nicnots. 6 vols. 


ALEY’S WORKS. New Kdition. 


8vo. 


NOTES AND ILLUSTRATIONS, 
18mo. 
‘EARSON ON THE CREED. A New Edition. 

ITMAN’S SERMONS FOR EVERY SUNDAY IN THE YEAR. 
—_—_____—_——__ SECOND COURSE. 
‘ORTEUS’S (BISHOP) LECTURES ON ST. MATTHEW. Bra. 


-ASCAL’S THOUGHTS ON RELIGION. 


?ULPIT (THE BRITISH). 6 vols. 


SAURIN’S SERMONS. New Edition. 


TODD'S SABBATH SCHOOL TEACHER 


WORKS ON SUNDAY TEACHING, &c. 
12mo. A 
WAKE’S (BISHOP) GENUINE APOSTOLICAL EPISTLES. 
WARDEN’S SYSTEM OF REVEALED RELIGION. By Nicuots. 
WATTSS PSALMS AND HYMNS. 48mo. 


VENN’S COMPLETE DUTY OF MAN. 


SCRIPTURE HISTORY. 


GUIDE TO PRAYER. 


HOPEFUL YOUTH FALLING SHORT OF HEAVEN 
DEATH AND HEAVEN. 32m. _ 


WESLEY’S SERMONS, Edited by Drrw. 


WHEATLY ON THE COMMON PRAYER. 
WILBERFORCE’S PRACTICAL VIEW OF CHRISTIANITY. 
WILLIAMS’S CHRISTIAN PREACHER. By Jackson. 
WITSIUS ON THE COVENANT BETWEEN GOD AND MAN. 2 vols. 


8vo0. (Scarce) : . 
| dgboiowiere DIVINE AND MORAL EMBLEMS. Sar. 35th. 

————_—. SCHOOL OF THE HEART. Sar. 32mo. 3 
JUESNEL’S REFLECTIONS on tot GOSPELS. Essay by Wirman, 3 vols, 12mo. 
LOBERT’S ORIENTAL ILLUSTRATION OF THE SCRIPTURE, 8vo, 
LOBINSON’S SCRIPTURE CHARACTERS. 
tOMAINE’S THEOLOGICAL WORKS. 8vo. o 
8OWE’S DEVOUT EXERCISES OF THE HEART . 
By Burorr. 
sSCOTT’S (REV. THOMAS) THEOLOGICAL WORKS. Curswick. 
SIMPSON’S PLEA FOR RELIGION AND THE SACRED WRITINGS. 12mo. 
S3OUTH’S SERMONS AND POSTHUMOUS WORKS. 4 vols. 
SPRING’S OBLIGATIONS OF THE WORLD TO THE BIBLE. 
STURM’S REFLECTIONS ON THE WORKS OF GOD. By Dr. Crarxs. 2 vols. 
THE SABBATH SCHOOL AS IT SHOULD BE. Royal 32mo. 


8vo. ] 
Pocket Edition 
(Baxriety’s Edition.) 8vo. cloth : 
12mo. é 
32mo. A 
2 vols. 8vo. - Z F 
8vo. ; 
32mo. 
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8vo. é 
8vo. 
8vo. - ; 
32mo. A ‘ ; 
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“By Paxton. 5 vols. 


By Nicnots. 
2 vols. 


8vo. : 
2 vols. . : é 
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SOPODe © 


3 vols. , : 


8vo. s 
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8vo. 


Tomek : 


12mo. 
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CHEMISTRY, NATURAL HISTORY, BOTANY, MEDICINE, &c. 


ABERCROMBIE’S POCKET GARDEN- 
ER’S CALENDAR, 18mo. 2s. 

BERTHOLLET ON DYEING, by Urg, 12s. 

BEST’S mete OF ANGLING, by Tickson, 
32mo. 2s. 

BUCHAN'S DOMESTIC MEDICINE, 
8vo. 7s. 6d. 

BUFFON’S NATURAL HISTORY, New 
Edition, by Wricut, 466 Cuts, 4 vols. 12. 4s. 

CHEMICAL CATECHISM (PARKE'S*, 5s. 

DAVY’S AGRICULTURAL CHEMISTRY, 
8vo. 9s. 

GARDENS & MENAGERIE or tue ZOO- 
LOGICAL SOCIETY. 222 Cuts. 2 vols. 12.18. 


GRIFFIN’S SCIENTIFIC MISCELLANY 
8vo. 12. 15s. 

HUBER’S OBSERVATIONS ON THE 
HONEY-BEE, 12mo, 6s. 

MAWE’S EVERY MAN HIS OWN GAR- 
DENER, 6s. 

NATURAL HISTORY or INSECTS. 
2 vols. 10s. 

RYDGE’S VETERINARY SURGEONS’ 
MANUAL, 4th Edition, 6s. 

THOMSON’S INORGANIC CHEMISTRY, 
2 vols. 8vo. ll. 5s. 

WHITE’S NATURAL HISTORY OF 
SELBORNE, by Lady Dover, 2s. 6d. 


Cuts, 


GENERAL ENGLISH LITERATURE. — 


ABBOT’S HOARY HEAD AND THRE VALLEY 





BELOW, 2s. 6d. 

ABBOT’S (JACOB AND JOHN) WORKS. 
Jl vols. 64mo. Cloth,.Gilt, 12, 

ANECDOTE BOOK, OR FIVE HUNDRED 
CURIOUS NARRATIVES, &c. 12mg, 3s, 

BARROW’S HISTORY OF THE MUTINY OF 
THE BOUNTY, 5s. % 

BLAIR’S LECTURES ON RHETORIC, AND 
BELLES LETTRES; with Introduction by 
Date. 8vo. 

BOOK OF TRADES, or PARENT’S GUIDE 
(T8GG’s). 8vo, 8s. 

BUCK’S ANECDOTES, MORAL, RELIGIOUS, 
AND ENTERTAINING. 12mo, 5s. ; 

BUCKE’S HARMONIES AND SUBLIMITIES 
OF NATURE. 3 vols. 8vo, 12. lls. 6d. 

BUCKE’S RUINSor ANCIENT CITIES. 2yls. 10s. 

BULWER’S ATHENS. 2 vols. 8vo, 1d, Ils. Gd. 

BURTON’S ANATOMY OF MELANCHOLY. 
New Edition, Plates, 8vo. 192s. 

CAMPBELL’S PHILOSOPHY OF RHETORIC. 
8vo, 9s. 

CHANNING’S (DR. W. E.) WORKS. New Rdit. 
2 vols. 8yo, 12s. 

CHILD’S (MRS.} FRUGAL HOUSEWIFE. New 
Edition, 2s. 

CHILD'S (MRS.) FAMILY NURSE. Companion 
to the above, 3s. 6d. 

CHILD’S (MRS.) MOTHER’S BOOK. 32mo, 2s. 

COLERIDGE’S SIX MONTHS’ RESIDENCE 
IN THE WEST INDIES, 5s. 

COMMON SENSE FOR COMMON PEOPLE. 
By Marrin Doyte, Is. 

COWPER’S LIFE AND WORKS. 

SHAWE. 8 vols. 22, . 

COWPER’S POEMS. By Ditto. 18mo, cloth, 4s, 

CROKER’S FAIRY LEGENDS, &c. OF THE 
SOUTH OF IRELAND, 5s. : 

CURTIS’S SIMPLICITY OF LIVING AND PRE- 
SERVATION OF HEALTH. 6s. 6d. 

CYCLOPEDIA-OF POPULAR SONGS. 5s. 
DE FOE’S NOVELS AND MISCELLANEOUS 
WORKS, 20 vols., Separately at 5s. 


By Grinm- 


Robinson Crusoe complete, 2 vols.—Lifeand Adven- 
tures of Captain Singleton.—Fortunes and Mis- 
fortunes of the famous Moll Flanders.—Life and 
Adventures of Colonel Jack, — Memoirs of a 
Cavalier. — New Voyage Round the. World. — 
Memoirs of Captain ‘Carleton and Mrs. Davies. 
—History of the Plague; and the Consolidator. 
—History of the Devil.—Roxana; or, the For- 
tunate Mistress.—A System of Magic.—History 
and Reality of Apparitions.—Religious Court- 
ship, with an Appendix.—Family Instructor, 
complete, 2 vols.—Complete English Tradesman, 
2 vols.—Memoirs of Duncan Campbell.—Life &c¢, 


DIARY OF AN AMERICAN PHYSICIAN, Qs. 

DOUCE’S ILLUSTRATIONS OF SHAK- 
SPEARE. 40 Engravings. 8vo, 14s. . 

ELEGANT EXTRACTS, PROSE. 6vyols. 18mo, 
12. 10s. 

ELEGANT EXTRACTS, VERSE. 6 vols. 18mo, 
1d. 10s. 

ENFIELD’S HISTORY OF PHILOSOPHY. 
8vo, 14s, 

EPHRAIM HOLDING’S DOMESTIC AD- 
DRESSES, 32mo, 2s. 

FERGUSSON’S LECTURES ON MECHANICS, 
&e., 8vo. 10s. 


FLOWERS OF LOVELINESS. 12 groups. By 
Paris. Folio, 1. 11s. 6a. 
By 
Unwin, ll. Ils 6d. 
By 


L. E. L., 12. 1s. 6d. 







FOX’S BOOK or MARTYRS Abridged.16mo, 25. 
FAMILY LIBRARY, THE, IN EIGHTY VO 
Sold Separately at 5s. 


Life of Buonaparte, 2 vols.—Life of Alexander 
Great.—Lives of British Artists, 6 vols.—His 
of the Jews, 3 vols.—Insects, 2 vyols.—Court 
Camp of Buonaparte.—Life and Voyages 
Columbus.—Life of Nelson, by Southey.—L 
of British Physicians.—History of British In: 
4 vols.—Demonology and Witchcraft, by Scot’ 
Life and Travels of Bruce.—Voyages of Col: 
bus’s Companions.—Venetian History, 2 vols 
History of the Anglo-Saxons.—Lives of Scoti 
Worthies, 3 vols.—Tour in South Holland.—!_ 
of Sir Isaac Newton.—Mutiny of the Boun 
—Reformation in England.—Lander’s Tray 
in Africa, 2 vols.—Salmagundi, by Washingt 
Irving.—Trials of Charles I. and the Regicid 
—Brewster’s Natural Magic.—Life of Peter t 
Great.—Six Months in the West Indies.—Sket 
Book, by Irving, 2 vols. — Tytler’s Genet 
History, 6 vols.—Croker’s Fairy Legends.—M 
moirs of the Plague, by De Foe and Brayley. 
Life and Times of General Washington, 2 vo 
— Knickerbocker’s History of New York. \ 
Wesley’s Philosophy, 3 vols.—Segur’s Narrati 
of Napoleon's Expedition to Russia, 2 vols. 
Life of Ali Pasha.—Lives of Banditti and Ro 
bers.—Sketches of Imposture, Deception, ar 
Credulity.—History of the Bastille-—History | 
Gustavus Adolphus. — Chronicles of Londo 
Bridge.—Life of Duke of Marlborough.—Life « 
Cervantes, by Roscoe.—Life of Cicero.—Ruit 

of Cities, 2 vols.—Life of Richard Coeur @ 
‘Lion.—Life of Mahomet.—Peril and Suffering 
2 vols.—Eustace’s Classical Tour in Italy, 3 vol 
—Lives of Eminent Men.—Mutiny at the Nore 


HISTORY OF THE MUTINY AT THE NORE 
By W. J. Neate, 5s. 

HONE’S EVERY-DAY BOOK. Numerons Cuts 
2 vols. 8vo. 16s. 

HONE’S TABLE BOOK, 8vo. 8s. 

HONE’S YEAR-BOOK, 8vo. 8s. 

HOLUAND’S DOMESTIC COOKERY. 12mo, 3 

HOWARD’S BEAUTIES OF BYRON. 18mo,2s.6d 

INCHBALD’S BRITISH THEATRE. 20 vols. 30s 
Any Play separately at ls. 

IRVING’S (WASHINGTON) SKETCH-BOOK. 
2 vols. 10s. 

KAIMES’S ELEMENTS OF CRITICISM, 8vo, 7s. 

LAVATER ON PHYSIOGNOMY. 400 Cuts. 
8vo, 16s. 

LELAND’S VIEW OF DEISTICAL WRITERS. 
By EpmMonps,. 8vo, 19s. ; 

LIVE AND LET LIVE, By Miss Sepewick, 2s. 6d. 

LOCKE’S ESSAY ON THE HUMAN UNDER- 
STANDING. 8vo, 9s. j 

LOCKE’S EDUCATION. With Notes. By Sr. 
JOHN, 12mo, 6s. 

MANUAL OF ASTROLOGY. New Edition. By 


RAPHAEL. 8vyo, 5s. 
MASON’S TREATISE ON SELF-KNOWLEDGE, 
32%no, Qs. ] 


MEMOIRS OF JOHN SHIPP. 12mo, 5s. : 

MILITARY REMINISCENCES. By Cou. WELSH. 
2 vols. 8vo. 16s. : 

4 


EGERTON BrypGes. 1vol. 8vo, 16s. 
MILTON’S POETICAL WORKS. 
—— PARADISE LOST. 


18mo, 2s. j 





—_— 


SELECT PROSE WORKS AND 





MILTON’S POETICAL WORKS. By Sir 
18mo, 3s. 6d. 


NOTES, By St. Joun. 2 vols. 125. 
MORE ON FEMALE EDUCATION. i8moe, 2s. q 
MORE’S (HANNAH) TALES FOR THE COM- 
MON PEOPLE, 32mo, 2s. 6d. 
MORE’S (HANNAH) STORIES FOR THE MID- 
DLE RANKS, 32mo, 2s. 6d. | 
MORE’S (MRS. HANNAH) MISCELLANEOUS 
WORKS, 2 vols. 8vo, 12. 4s. ; 


FOX’S BOOK OF MARTYRS. By MILner. 8yo, 1 5e. MORE’S DRAMAS, SEARCH, & ESSAYS, 2s. 6d 
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GENERAL ENGLISH LITERATURE, &c., CONTINUED. . 7 





RRATIVES OF PERIL AND SUFFERING. 

By Davenport, 2 vols. 10s. 

TEN’S BOOK or ROADS. 18mo. New Edition, 2s. 

TTERSON’S BOOK OF ROADS. 8vo, 18s. 

RKINS’S TREATISE ON HABERDASHERY. 
18mo, 4s. 

ILOSOGPHY OF COMMON SENSE, 32mo. 2s, 

‘ST CAPTAIN, OR THE WOODEN WALLS 

* WELL MANNED. Royal 32mo, 2s. 6d. 

ID’S ESSAYS ON THE INTELLECTUAL 
POWERS OF THE HUMAN MIND, with 
Examination Questions, &c. 8vo, 12s. 

‘JD’S ESSAY ON THE ACTIVE POWERS OF 

' MAN, AND INQUIRY INTO THE HUMAN 

- MIND; Essay on Quantity, &e. 8vo, 12s. 

CHMOND’S ANNALS OF THE POOR. 32mo, 

ae Bey * 

ENES INSCOTLAND. By LeicaTon. 12mo, 5s. 

-ENES FROM THE LIFE OF EDWARD LAS- 

- CELLES, Gent., with Illustrations by G. 

_> CruiksHank, 1 vol. 12mo, 12s. 

JOTT’S- LETTERS ON DEMONOLOGY 
AND WITCHCRAFT. 12mo, ds. 

‘OTT’S MINSTRELSY OF THE SCOTTISH 

- BORDER. 8yo, 7s. 6d. 

IAKSPEARE’S DRAMATIC WORKS. Dia- 
mond Edition, 7s. 

{AKSPEARE’S DRAMATIC AND POETIC 
WORKS. 8vo, 10s. 6d. 

GOURNEY’S LETTERS TO MOTHERS, Qs. 

MPSON AND WISE’S READIEST READY 

RECKONER ever invented, 12mo, bound, 5s. 








SKETCHES OF IMPOSTURE, DECEPTION, 
AND. CREDULITY, 5s. 

STEWART’S (DUGALD) PHILOSOPHY OF 
THE HUMAN MIND. New Edition, with 
the Latin Quotations, translated. 8vo, 10s. 6d, 

THREE EXPERIMENTS OF LIVING. 32mo, 2s. 

TODD’S STUDENT’S MANUAL. 32mo, 3s. 

TODD’S LECTURES TO CHILDREN. 32mo, 2s 

__—_. TRUTH MADE SIMPLE. 32mo, 2s. 

—__———- SIMPLE SKETCHES. 32mo, 2s. 

TREASURY OF WIT AND ANECDOTH. Royai 


32mo, 2s. 6d. 
TRIALS OF CHARLES THE FIRST AND THE 
REGICIDES. 12mo, 5s. 


TWO YEARS BEFORE THE MAST. 24mo, 2s. 

VOCAL COMPANION, OR SINGER’S OWN 
BOOK, 12mo, 3s. 6d. 

WARTON’S HISTORY or ENGLISH POETRY. 
New Edition. 3 vols. 8vo, 1/. 16s. 

WATTS ON THE IMPROVEMENT OF THE 
MIND. 18mo, 2s. 

WESLEYANA, A SELECTION FROM WES- 
LEY’S WRITINGS. 18mo, 3s. 

WESLEYAN METHODIST CONFERENCE. By 


RYERSON. 8VvO, 2s. 
WESLEY’S NATURAL PHILOSOPHY. By 
Ropert Mupig. 3 vols. 15s. 


WESLEY FAMILY. By Dr. A. Ciarkg, 2 vols. 12s. 

WONDERS OF HUMAN NATURE. 12mo, 5s. 

YOUNG ENTHUSIAST IN HUMBLE LIFE. 
18mo, 2s. 6@. 

YOUNG’S NIGHT THOUGHTS ON LIFE, 
DEATH, AND IMMORTALITY. 18mo, 28. 





SCHOOL 


DAM’S ROMAN ANTIQUITIES. New Edition, 
by Boyp, with Questions, 12mo. 7s. 
SCHYLUS, a New Translation. 18mo. 5s. 
SOP’S FABLES. (Chiswick Press.) 3s. 6d. 
INSWORTH’S LATIN-ENGLISH DICTION- 
ARY, by Dymock, 18mo. 7s. 
LEXANDER THE GREAT, LIFE OF, by 
Rev. J. WILLIAMS, 5S. 
LDERSON’S ORTHOGRAPHICAL EXER- 
CISES, Is. 
NTHON’S HOMER, 12mo. 
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